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CHAPTER 10:

LINEAR DISCRIMINATION



Likelihood- vs. Discriminant-based

Classification
- J
0 Likelihood-based: Assume a model for p(x | C), use
Bayes’ rule to calculate P(C. | x)

gi(x) = log P(C;| x)

1 Discriminant-based: Assume a model for g(x | P);
no density estimation

- Estimating the boundariesis enough; no need to
accurately estimate the densities inside the
boundaries



Linear Discriminant
S

1 Linear discriminant:

d
.
gi(xlwi'WIO):Wi X+W;, :Zwijxj TW
=1

o Advantages:
0 Simple: O(d) space /computation
o0 Knowledge extraction: Weighted sum of attributes;
positive /negative weights, magnitudes (credit scoring)

0 Optimal when p(x | C.) are Gaussian with shared cov matrix;
useful when classes are (almost) linearly separable



Generalized Linear Model
S

1 Quadratic discriminant:

gi(x | VvirWuWio):XTVViX+WiTX+Wi0

-1 Higher-order (product) terms:

— — — 32 . —
Z, =Xy, Zy =Xy, Z3 =X, , Z, = X5, Zs = XX,

Map from x to z using nonlinear basis functions and use a linear
discriminant in z-space

g,-<x>:ilw,.j¢,<x>



Two Classes

. ) (%) =0,(x)-g,(x)
g(x)=w,x,+wx,+w, =0 _ (W1TX + Wlo)_ (W;X + WZO)

g(x)<0 e '
= (Wl _Wz) X+ (W10 _WZO)
c>‘i =W'X+w,
o .
C. ifaglx)>0
X choose! * g( ) .
y C, otherwise




Geometry

g(x)=0

g(x)<0 g(x)>0

wol/l 1wl

() |/[|wl]




Multiple Classes

I
T
gi(xlwi'WiO):WiX+WiO

ChooseC,if

K

g;(x)=maxg;(x)

Classes are

linearly separable




Pairwise Separation

o A gij(xlwij'WIjO):Wl?j-'X_l_WUO
H12 x ( >0 ifXECI-
. ‘: 8 O Cj gij(x):< <0 ifXECj
2 o O O t don't care otherwise
N \
- * H5'1
+
Hx\ . chooseC(, if
23 \Jr 3 ) ]
Vj # /,g,.j(x)> 0




From Discriminants to Posteriors

Whenp (x | C.) ~N (M., D)
g;(xlwirwio):WiTX_l_WiO

1
W, =37, W= —EM,-TZ_lu,- +|OgP(Ci)

y=P(C,|x) and P(C,|x)=1-y
( y>0.5
choosecC, ify y/(1-y)>1 andc, otherwise

log[y/(1-y)]>0




Ple X PlE.IX)
1Pl 1x) OP(C, Ix)

logit(P(C, | x))=log

_apxic) - P(C)

=199 e Mo%c)

_ |Og (27z') d/zm—l/zexp[— x_ul)Tzl(X—ul)]_Hog P(Cl)
( )75 P expl- (1/2)x -, Y = (x—p,)| - P(C,)

] 1 ]
wherew =, —p,) wo == (y +1) 27 —ny)

The inverse of logit

=W'X+w,

1+exp|— (W'x+w, )|

C, | x)=sigmoic(WTx+wo):

j,
—_



Sigmoid (Logistic) Function

-4

Calculateg(x)=w"x+w, andchoosec, if g(x)> 0, or

Calculatey = sigmoic(wa+ wO)and choose(, if y>0.5



Gradient-Descent
B

o E(w | X) is error with parameters w on sample X
w*=arg min, E(w | X)

- Gradient - 7
vV F— OE OE ’ 8_E

w ’
ow, ow,

)
ow,

1 Gradient-descent:

Starts from random w and updates w iteratively in the
negative direction of gradient



Gradient-Descent

ol
Aw, =—n——Vi
ow,

/

I




Logistic Discrimination

Two classes: Assume log likelihood ratio is linear

Iogp(xlcl)szx+wg
P(chz)
- P(C, ) px|C) . P(C)
logit(P(C, | x))=log—2 =log———% +|log——4
=109 e 19 ™"l c,) T%%(c,
=W'X+w,
P(C.)
h =w, +I :
where w, W°+OgP(C2)
1

y=P(GIx)= 1+ exp|- (W x+w, )



Training: Two Classes

X = {xf,rf}t ré|xt~ Bernoull(yt)
1
1+ exp{— (WTX +w, )J

I(w,w, IX)=H(yt)(rt)(l—yt)( )

t

y=P(C1|X)

E=-logl

E(w,w, | X)= Zrtlogy ( t)og(l—

y')



Training: Gradient-Descent

WWO|X Zrtlogy ( t)og(l—yt)

If y =sigmoida) Z—y—yl y)

( jy oY
_"Zr_ i

Aw, =17 aa; 7> (r =)
0 t

Aw
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For j =0.....d
w; <—rand(-0.01,0.01)
Repeat

For j =0,....d
Aw; «— 0
Fort=1,... . N
o— 0
For j =0,...,d

0O +— 0+ Wy r:‘;

y «— sigmoid (o)

1, ; 5, ’ -..t
Aw; — Aw; + (1

)t
y)a’

For j =0,...,d
w; — w; + nAw;
Until convergence




1000

100

10

45

3.5

V)

_._.I._

19



K>2 Classes

| _exfwixew,
Zj_ exp[W x+wjo]

l({Wi'WiO}ilx):HH(yi ) |

E({W W,O |X Zrlogy

Aw, :UZ(rjt —y. )‘t Aw ZUZ(rjt —y;)
" t

i=1...K softmax
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Repeat
Fori=1...., K, Forj=0,...,d, Awi; < 0
Fort=1,....N
Fori=1.... . K
0; — 0
For  =0,..., d

0; «— 0; + Wy 1;

Fori=1.... . K
yi < exp(0:)/ Y, exp(ok)

Fori=1...., K
For j =0,..., d
Aw;j — Aw;j + (?:: — i ]‘1‘3
Fori=1..... K
For j =0...., d

Wij «— Wij + nAw;;
Until convergence




Example

e e,
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Generalizing the Linear Model
T

7 Quadratic:

Ing(xlC,) =X WX+W X+w,
p(x|C,)
= Sum of basis functions:
p(x|C)
log =W, g(X)+w,
p(chK) ( ) ’

where (x) are basis functions. Examples:

o Hidden units in neural networks (Chapters 11 and 12)
o0 Kernelsin SVM (Chapter 13)



Discrimination by Regression

Classes are NOT mutually exclusive and exhaustive
r'=y' +gwhereg~j\f(0,c72)
1
1+ exp[— (Wx" +w, )J

-]

y' =sigmoidw’x’ +w, )=

I(w,w, | X) H\% 5o
E(w,wy | X)=23( —y'



Learning to Rank

Ranking: A different problem than classification or
regression

Let us say x* and x¥ are two instances, e.g., two
movies

We prefer u to v implies that g(x¥)>g(x")

where g(x) is a score function, here linear:
g(x)=w'x

Find a direction w such that we get the desired

ranks when instances are projected along w



Ranking Error

We prefer u to v implies that g(x¥)>g(x"), so
error is g(x*)-g(x"), if g(x’)<g(x")

Ewl{r',r"}) = > [g(xV]0) —g(x"0)],

ru<rv

where a. is equal to a if a = 0 and 0 otherwise.
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