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CHAPTER 4:




Parametric Estimation
o X={xt},where xt~ p (x)

® Parametric estimation:

Assume a form for p (x | @) and estimate 8, its sufficient
statistics, using X

e.g., N (u, 0%) where 0= { u, o?}
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Maximum Likelihood Estimation

e Likelihood of @given the sample X
[(8]X) =p (X |6) =1, p (x|6)

® Log likelihood
L8]0 = log 1(8]X) = 3, log p (x!|6)

e Maximum likelihood estimator (MLE)
6" = argmax, L(6|X)
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Examples: Bernoulli/Multinomial

® Bernoulli: Two states, failure/success, x in {0,1}

il
LpX=logllprt_p )%
MLE: p,=2. x'/ N

® Multinomial: K>2 states, x; in {0,1}
P (x,x,,...,x) = [ piti
L(p,sPoy--sPx| X) = log IT, IT, pi



Gaussian (Normal) Distribution
T T TN T T T p(X)=N(IJ, 0'2)

p(x)=—= EXp|:_ (x_é,)T

27TO 25

MLE for u and o?:

D>«
m = t
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Bias and Variance

Unknown parameter &
Estimator d; = d (X,) on sample X;

variance
Bias: b(d)=E [d] - 0 d < >
Variance: E [(d—E [d])] ————— >
Eldl o
Mean square error: <
r (d,6’) —F [(d—H)Z] bias

= (E [d] = 6)* + E [(d—E [d])?]
= Bias? + Variance
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Bayes’ Estimator

* Treat 6 as a random var with prior p (6)

* Bayes’ rule: p (6|.X) = p(X]6) p(6) / p(X)
 Full: p(x|X) = J p(x|6) p(6]X) d6

e Maximum a Posteriori (MAP): Oy 1p = argmax, p(6|.X)
* Maximum Likelihood (ML): 6,, = argmax, p(.X]|6)

* Bayes’: O, = E[0]X] = | 0 p(6]X) d6



Bayes’ Estimator: Example
* xt~N(0,0,2) and 0 ~ N ( u, 0?)

> GMAP % 6Bayes’ =
N /o2 1/()'2
Lo m+ = U

E|Q| X |=
[l ] N/002+1/G2 N/002+1/G
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Parametric Classification
gi(X):p(chi)P(Ci)

g.(x)=logp(x|C.)+logP(C.)

1 A
p(xIC;)= exg| - ﬂz’)
210, 20,

2
gi(x):—élogZﬂ—logo; — (x—,uz,.) +logP(C.)
2 20,
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_Given the sample XWZT

lifx' eC
0ifx' €C,, j=i

1

Xem r.t:{

ML estimates are

2
¥ 34 Se ol
st m t

. o 5
’D(C/) N e Zr,t 97 = Zr,t
t t

Discriminant becomes

2
g,(x):—%logZﬂ—logsi — (x;nz,) +Iog13(C,)
S.

/
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Likelihoods
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Likelihoods
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Regression ﬁ
o f(X)+ c H|i|_’1:-|=n~_x-+u~ ]
estimatorg(x|9) E R x XL ><
p(r|x)~ N(g(x 10),0
X* ;
L] X) Iong(x I

=| ong(rt | x¢ )+ | ogﬁp(xt)
t=1 t=1
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Regression: From Logl to Error

N B t t 2
L(01X)=log] | 2; exp,_[f —g(x'10))
t=1

207

N 2

"—g(x'10)

=—NlogJ2rx
20 —

£01X)= 23 ~gl 10]

t=1
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“Linear Regression

t P t
g(x | Wl,WO)— W X +Ww,

D orf =Nwy +w, ) x*
t t
Zrtxt =WOZXt +le(xt )2
t t t
N th _ {Wo} - Zrt -
W = y =

t

3% 4 C D %

t t [t a

w=A"y
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“Polynomial Regression

t

g(x

o t t Y t
|Wk,...,W2,W1,WO)—Wk(X )k+---+wz(x ) + WX +w,
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Other Error Measures
Square Error: 6’|X Z[” —Q(X |¢9)]
3l ~glx10)
Relative Square Error: E (9] X)=-

Z[r 7]
Absolute Error: E£(0 |X) =5, |r'—g(x‘| 0)]

g-sensitive Error:
E(O1X) =5 1(|rr—g(x*| 0)[>€) (|rF—g(x*[T)] —€)
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Bias and Variance
E {(r —g(x))2 |xJ:E Kr —E [r | x])2 |xJ+(E [r | x]—g(x))2

squared error

Ex|(Elr 1x]-gx)Y 1x]= (Elr | i B )] < [(g(X)f Ex[gx)) |



Estimating Bias and Variance

°* M samples X={x*;, r'.}, i=1,...M
are used to fit g;(x), i =1,....M

Blas2 Z[g( ) ( )]
Variancég) :WZZ[%(X )—Q(Xt)]z
g )=$ZQ,(X)
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Bias/Variance Dilemma

® Example: g.(x)=2 has no variance and high bias

g(x)= 5, r'/N has lower bias with variance

® As we increase complexity,
bias decreases (a better fit to data) and
variance increases (fit varies more with data)
® Bias/Variance dilemma: (Geman et al., 1992)

21



(a) Function and data (b) Order 1
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(a) Data and fitted polynomials

| | | | | | ] |
0.5 1.5 2 25 3 3.5 45 5
(b) Error vs polynomial order
= Training
rooe Validation
Best fit, “elbow”
) \
] ] ] ] ] |
3 4 5 § 7 8
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Model Selection

® Cross-validation: Measure generalization accuracy by
testing on data unused during training

® Regularization: Penalize complex models
E’=error on data + A model complexity

Akaike’s information criterion (AIC), Bayesian information
criterion (BIC)

® Minimum description length (MDL): Kolmogorov
complexity, shortest description of data

e Structural risk minimization (SRM)
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Bayesian Model Selection

® Prior on models, p(model)
p(datalmode)p(mode)

p(data)

p(modeldata)=

® Regularization, when prior favors simpler models
® Bayes, MAP of the posterior, p(model|data)

® Average over a number of models with high posterior
(voting, ensembles: Chapter 17)
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Regression example

Coefficients increase in
magnitude as order
Increases:

1: [-0.0769, 0.0016]
2:[0.1682, -0.6657, 0.0080]
- 3:[0.4238, -2.5778, 3.4675,
LT -0.0002

4:[-0.1093, 1.4356,
-5.5007, 6.0454, -0.0019]
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reqularization: E(w | X)= [r - (x |W)] +AD W}
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