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Multivariate Bernoulli

e A probability table with binary states

p(x1,x2) | T2 =0 | 29 =
x1 =0 Poo Po1
r1 =1 P10 P11

1— 1— 1— 1—
p(x1,20) = péo z1)( xz)pélU(_l)( xz)p(()l ml)a:ngHxZ

= €exXp ((1 — T — T2+ 5615132) log poo + (a:l — 561582) log p1g
+(x2 — T1272) log po1 + z1x210g p11)

—  €exXp (lngOO —|— T log@ _|_ To log@ + 129 log pOOpll)
Poo Poo P10Po1
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Multivariate Bernoulli

e Independent case p(z1,x2) = p(x1)p(x2)

p(x1,x2) | 22 =0 | x5 =
x1 =20 040 Poq1
r1 =1 140 P1q1

p(r1,m2) = exp (logpoqo + 21 log@ + x5 log Poqa + zy2 log poQoPﬂh)

Poqo Poqo P14dopPoq1

= exp <logp0q0 + 21 log% + X9 log% + 1129 log 1)
0 0

e The coupling parameter is zero
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Multivariate Bernoulli

p(x1,22) = exp(g+ hix1 + hoxa + 01 22122)
hy = logPto
Poo
hy = logP%
Poo
91’2 _ logpoopu
P1oPo1

e Canonical parameters
— h; : threshold
— 0, ; : pairwise coupling
— p are the moment parameters

e Coupling parameters are harder to interpret but provide direct information
about the conditional independence structure
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Example

T; € {O, 1}

p(r1,x2) o exp(2z1 — 0.5x9 — 3x173)

q(x1,x2) o exp(—2x; — 0.5x2 + 0.01x122)

e Are x1 and x, independent, given p (or given q) ?

o Whatis p(z1) (¢(%1))?
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Odds and the Cross Product Ratio (cpt)

For two events A and B

p(A)

p(A°)

p(A|B)

p(A€|B)

p(AN B)p(A° N B
p(A°cN B)p(AN B°)

—  odds(A|B)/odds(A|B°)

odds(A) =

odds(A|B) =

cpr(4,B) =

e When the events A and B are independent, we have p(A|B) = p(A)

cpr(A,B) = odds(A4)/odds(A) =1
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Odds and the Cross Product Ratio (cpt)

e (Univariate) Bernoulli distribution is parametrised by the event A : 21 =1

p(r1) = exp (logpo + 21 log E) x exp (x1 logodds(z; = 1))
Po

e (Bivariate) Bernoulli distribution

p(z1,02) = exp (logpoo + 14 log@ + 29 log@ + 2125 log poopu)
Poo Poo P1oPo1

x exp (z1logodds(xy = 1|ze = 0) + z9logodds(x, = 1|z = 0)
+x122logepr(zy = 1,20 = 1))
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Multivariate Bernoulli

For trivariate case, we have pairwise and triple interactions

(I—z1)(1—22)(1—x3) wx1(1—x2)(1—23) (1—x1)z2(1—23) x172(1—23)

p(mlafﬂ%f’f:’)) = Pooo P100 Po1o P110
(1—z1)(1—x2)z3 x1(1—x2)x3 (1—x1)T23 T129T3
Poo1 P1o01 011 P111

IOgP(X) = log pooo

+ lo g—x1+1 —x2+1 p001x3
Po0oo pooo pooo

4 log PoooP1 10x1$2 4 log PoooP101 T334 log PoooPo11 Zolis
Po1oP100 Poo1P100 Po0o1Po10

1 Poo1Po1oP1ooP111

— 10 L1X2X3

PoooPo11P101P110
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log p(x)

log pooo

+logodds(zy = 1|xe = 0,23 = 0)x4
+logodds(xze = 1|2y = 0,23 = 0)x
+logodds(xzs = 1|x1 = 0,22 = 0)x3
+logepr(zy = 1,20 = 1]zz = 0)x122
+logcepr(zy = 1,23 = 1|zo = 0)x123
+logcepr(ze = 1,23 = 1|z1 = 0)x223

cpr(z1 =1, 20 =1|z3 =0
+ log CErExi — sz — 1}3; 1§x1:v2333
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Canonical Parameters versus Moment Parameters

e Canonical parameters are harder to interpret but give information about the
independence structure

e Inference in exponential family models turns out to be just conversion from a
canonical representation to a moment representation. Sounds simple but can
be easily intractable
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The Multivariate Gaussian Distribution. N (s; u, P)

1 is the mean and P is the covariance:

N(s;p,P) =

log N (s;p, P) =

1

2P e (5= ) P s - )

1 1 1
exp | —=s'"P s+ p' P ls——u' Py — |27 P|
2 2 2
1
—isTP_ls + ' P71s+ const

1
—3 Tr P 'ss' + ' P~ 1s+ const

1
—iTrP_lssT —+ ,LLTP_ls

Notation: log f(z) =" g(z) <= f(z) x exp(g(x)) <= Ic € R : f(x) = cexp(g(x))
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Gaussian potentials

Consider a Gaussian potential with mean p and covariance X on .

¢(z) = aN(wX) (1)

= alrS| Fexp(—5(a — w75 (@ — p) @)

where [ dz¢(z) = o and |27%] is a short notation for (27)? det 3, where X is d x d..

e If o =1 the potential is normalized.

e A general Gaussian potential ¢ need not to be normalized so « is in fact an
arbitrary positive constant.

e The exponent is just a quadratic form.
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Canonical Form

1 1 1
o(x) = exp({loga — 5 log [27X] — §uTE_1,u} +uty e — ia:TZ_lzz:)

1
= exp(g+h'z— ia:TKa:)

e Alternative to the conventional and intuitive moment form.
e Here we represent the potential by the polynomial coefficients h and K.

e Coefficients h and K as natural parameters.
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Canonical and Moment parametrisations

The moment parameters and canonical parameters are related by

= »!
h = X7y
1 | S P
g = loga—§log\2ﬂ21—§,u YTXY T
1
— logoz+§log|— ——hTK 'h
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Jointly Gaussian Vectors

e Moment form

| 1 i1 X R [
— 9" exn(—= ( 14 — _ 11 212 1 —
¢ = af2mx]"= exp( 2( 1w ) ( 291 292 T2 — 2 )

e Canonical form
B 1 1 K11 Kio x1
otanen =eplo+ (b ) (32 ) =g (o o) (50 & ) (0))

e need to find a parametric representation of K = X! in terms of the partitions
2111, 2012, 221, 222
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Partitioned Matrix Inverse

e Strategy: We will find two matrices X and Z such that W becomes block
diagonal.

LYR = W
Y = L 'WR!
> = RW'L=K
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Gauss Transformations

e Add a multiple of row s to row ¢

e Premultiply X with L(s,t) where

I, 2=
L@j(S,If) = v, i:sandj:t
0, o/w

e Example: s=2,t=1

1 a b B a—+vyc b+ vyd
0 1 c d o c d

e The inverse just subtracts what is added

1) - ()
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Gauss Transformations

e Given X, add a multiple of column s to column ¢

e Postmultiply > with R(s,t) where

I, 1=
Ri,j(s,t) = Y, J =sand: =t
0, o/w

e Example: s =2,t=1

a b 1 0 B a+vb b
¢ d v 1 - c+~yd d
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Scalar example

LY =

(
(
o~ (
(
(
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Scalar example (cont)

Y = L'WR!
1 = RWIL

B 1 0 (a—bd~tc)™t 0 1 —bd!
- —d e 1 0 1 0 1

I
B (@ —bd 1)1 0 1 —bd™!
N —d te(a —bd~tc)~t d71 0 1
(@ —bd~tc)™1 —(a —bd~ ) tod!
B —d tc(a—bd te)™ dt+dre(a—bd7te)Tbd !

)
)
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Scalar example

We could also use
Y=

LY =

<
<

= (L (D)
<
<

. L 4ab(d—ca'b) ca”! —a'b(d—ca b))
RW-1I — a ~+a ( ca ) ca a ( ca 1)

— (d — ca_lb)_l ca” ! (d — ca_lb)_

|
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Partitioned Matrix Inverse

In matrix case, this leads to following dual factorizations of > as

- I —%1%5, 11— 212(X22) 71891 0 I 0
0 I 0 Yoo D SO |

B I 0 Y11 0 I —21—11212)
N — Yo 3t I 0 Yoo —01(X11) 11 0 I
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The Schur Complement

We will introduce the notation

¥/Y00 = Y11 — B12(Ba2) 1o
/Y1 = Yoo —Y01(Z11) i
Determinant
Xl = |E/E0][E1] = [X/30]| X
sl _ I 0 (B/X92)"t 0 I —X1%5
S DI | 0 It 0 I

(I =X'T Y 0 I 0
- 0 I 0 (/%) ! —Yo X T

)
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Partitioned Matrix Inverse

1
Kll K12 _ Z11 Z12
K21 K22 E21 Z22
( (X/X22) 7" —(5/S22) 1 T12555
— 355 501(5/T22) 7t B35 + B5p 201(8/T02) "1 1255,

_ (21_11Jr21_11212(2/211)_122121_11 —37 T12(2/E0n) 7!

—(3/511) 718 B (X/%10)~"

e Quite complicated looking formulas, but straightforward to implement

e Caution: X,/ # K, in general!

)
)
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Matrix Inversion Lemma

e Read the diagonal entries

(B11 — 212(B22) 1 80)) 7t = O IS 0(E/E0) S 2

(A-BC™'D)"' = A'+A'B(C-DA'B) DA

Cemgil CMPE 58K Bayesian Statistics and Machine Learning. Lecture 5. Fall 2009, Bogazici University, Istanbul

24



Factorisation of Multivariate Gaussians

Consider the joint distribution over the variable
(=)
€T p—
)
where the joint distribution is Gaussian p(z) = N (x; u, X3) with
_ H1
o ( e )

21 212 )
Y
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Factorisation of Multivariate Gaussians

Find the following

1. Conditionals

(@) p(x1|xz)
(b) p(x2|z1)

2. Marginals

(a) p(x1)
(b) p(x2)
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Factorisation of Multivariate Gaussians

Using the partitioned inverse equations, we rearrange

T 1
L[ 21— 21 212 T1—
’ € A
p(:m ;UQ) X XP( 5 ( To — [1 ) ( ZlTQ S, To — lis

bring the expression in form of p(x1)p(x2|z1) (O p(x2)p(x1|x2)) Where the marginal
and conditional can be easily identified. (See also Bishop, section 2.3.)
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Factorisation of Multivariate Gaussians

We have the two decompositions

—1 _ —1 _ —1
( le Y19 ) _ (T — S1255'50) 1 — (31 — Z1255'2])
2ip 2 NI (2 - 28 'uh) T S+ 5 e (B - 2yt

_ _ _ —1 _ _
_ S S S (B — TLY 11212) SLETT =T (B -
— (S —2LE ') Ly (T2 — 21,3

We let s; = x; — pu; and use the first decomposition.

p(s1,82) o< exp L= ! X1 X1 - °1
b2 2\ S2 ¥y X S9
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—1 _ —1
— (21 = Z0E)'E,) Tk

T 15T
— exp (_1 ( S1 ) ( (21 — Y192 212) B >
2 52 _22_1212 (El — E1222_121T2) Z2_1 + E2_121T2 (El o E1222_121T2)
1 —1
= exp(—531 (21 — 2122 212) S1
1
D Shad S0 (21 - 2122;1212) 51
I 11T 1aT) ! 1
sy is ] (21 — YLy, 212) S1255 s

LT
_552 2 32)

0. N(Sl, 21222 S92, 21 2122;12]—2)./\/’(82; 0, 22)
= N(x1;p1 + 21222_ (x2 — p2), X1 — Z1222_12?2)-/\/‘(5’32; L2, 22)

This leads to a factorisation of form p(x2)p(x1|x2). The second decomposition will
lead to the other factorisation p(x1)p(x2|z1).
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Keywords Summary

Multivariate Bernoulli
Multivariate Gaussian

Partitioned Inverse Equations, Matrix Inversion Lemma
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