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Example: Poisson change-point model revisited

» We have a sequence of counts ;.
» Is the count distribution changing or not ?
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Generative model

» We model the counts with Poisson random variables X,
j=1...M

oL
POXN) = eAg

= exp(+xlogA — X\ —log(x!))

» The unknown intensity can be modelled by a Gamma
random variable

1
I(a)
= exp((a—1)logA — b —logI'(a) + alogb)

G(\;ab) = b2\ L exp(—b))

» The unknown intensity \; is jumping to a new unknown
value )\, after an unknown index m
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Generative model

m ~ U{l...M}
Ai o~ g()\i;a,b)
. PO(X;M1) 1<j<m
% {PO(X,-;)\Z) m<j<M

Goal: Compute p(m[x1.v)
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Full Joint Density

P(X1m, A1, A2, M) = p(Xe:m| A1, A2, M)P(A1)p(A2)p(m)

= ( p(X A1)<Hp Az) A1)p(A2)p(m)
=1 j=m+1
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Integrating out A\; and A,

D0am, M) = / dA1dAap(Xam| Az, Az, MIP(Aa)P(A2)p(m)
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Compound Poisson

CP(xab) = /d)\P(’)(x;)\)Q()\;a,b)

CP(x;a,b) = /d)\ exp((a+x—1)logh — (b+ 1)\
—log(x!) — logT'(a) + alogb)
/d)\g()\; a+x b+ 1)exp(logT(a+ x) — (a+ x)log(b+ 1)

—log(x!) — logT'(a) + alogb)
b?(a+ x)
(b+1)@ET(x+ 1)I(a)
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Full Joint Distribution

L = logp(Xu:m|A1, A2,m) +logp(A1) + logp(A2) + log p(m)
m
= (+xlog Ay — A1 — log(x!))
=1

M
+ Z (+xlog X2 — A2 — log(x!))
j=m+1

j
+(a—1)logA; —bA\; —logT'(a) + alogb
+(a—1)log A2 — bX\, — logT'(a) + alogb — logM
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Full Joint Distribution

b3 (a + Zjnilxj)
I(a)(m+ b) @ 2= T, 1 (x; + 1)
br@+ M%)
T(@)(M — m+ b)) [IM T + 1)
Pla+ Yt 4@+ ZjM:erlxj)
(m+ b)(a+E,-'11Xj)(M —m+ b)(a+ZjM:m+1XJ)

pP(Xm, M) =

X
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Implementation

cx = cunsun(data. x);

cxi = cx(end) - cx;

tlp = gammual n(data.a + cx) + gammal n(data.a + cxi)

- (data.a + cx).=*log((1:data.M + data.Db)

- (data.a + cxi).*log(data.M- (1l:data.M + data.b);

bar (nornmalize_exp(tlp, 2));
set(gca, 'xlim, [0 data. Mtl])
x|l abel (" m)
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BT (a+ M, )
T(@)(M + b) &%) TIM 1y 4 1)
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Multiple Change Points — Indicator representation

)\o ~ g()\o;a,b)
rp ~ B(rj;w)
Al Ai-r -~ [ =0]6(A = Aj—1) + [rj = 1 G(Nj; 8, b)
XA~ POX; A)
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Multiple Ch

ange Points

) Wﬂ W W ﬁ Tﬁm WJT W Wﬂmﬁf Sl A T il




Multiple Change Points — Alternative model

C1

Ac
X[ A

AV

Gi—1 + B(rj; w)
g()\& a7 b)
PO Ag)
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Assignment 3

1. Derive and Implement a MH algorithm for the single
changepoint model to sample from p(m|Xy.m)

2. Derive and Implement a Gibbs sampler for the multiple
change point problem to sample from p(ri.m|Xi.m)

3. (Optional) Derive and Implement an exact algorithm for the
multiple change point problem to compute p(rj|x1:m) for
j=1...M.

. (Reading) pp122-124 from Liu
. (Reading) Section 6 pp63-66 from Bristol notes

[S20F N
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