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CHAPTER 4
DIFFERENTIATION
(FUNCTIONS OF SEVERAL VARIABLES)

4, I, FUNCTIONS, LIMIT, CONTINUITY

A, FuncTions. DoMAIN, RANGE, GRAPH

Let D be a non empty subset of R2

i -and iet further be’
\ not a set of f1n1te number .of points or not a curve. Then a re]a;
' t1on from D to R is called a functzon lof two (1ndependent)
varzables, if to each point P(x, y)gD tz;re is assigned a s1ng]e
value z= f(x, y). ’
2= flx, y) is the-image of P(x, y) under f or Ahe
value of f at P(x, y) ‘ o ‘
The notation for a function def1ned by the rule .z = f(x, y).is
f:.0 - R, 2 = f(x, y)
where D is thé domain of f, written Dom f . or bf. The set
of all images as a subset of R 1is the range of f. '
In the function z = f(x, y), the variables x is the
abscissa or the first variable, y is the ondinate or the second
variable, and z is the dependent variable. x and y very in-
_ dependently of each other over D. i '
v The graph of i = f(x, y) is a surface S (any liné parallel
to z-axis lntersects it at one po1nt atmost). ' |
(See Book 11, Part 1, § 3. 3).
The fo]low1ng are familiar examp]es of

funct1ons g1ven exp11c1t1y

v ;'% # R%h (Volume of a cone)
. ék = % m yz, : (kinefic énergy)
= RI - . {voltage)
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A functiqn of two variables may also be defined jmp]icit]y
as F(x, y,»-z) = 0 (by a restrictioh).>Un1ess othéfwise stated
it is considered that z s the dependent vari;blé. Hovever
CF(x, ¥y, 2) =0 may define .x (or y) .as a functicn of the other
" two vériablés.v ' ' ‘

Example 1. Which cnes of the following relations are func-

tions. If not, write a restriction to be a function.
>a) X?+y2+22 = 16 b} x2+y—'zz =0
c) -2z = 2x2+y2 ‘ d) 23 = X

Solution.
~a) This re]atipn'is an a fhnction, since P(X,‘y) has

: . r . N .
more than one image. A restriction for this to be a function is

z>0, Another restriction 1is, for instance, the point (O, /7; =3).

lies on the surface. . ‘

B) Same as in (a), A restriction is z>5. Observe that y
is a function of x  and z. |
‘ . ¢) This is a function, sincelfo,each pair " (x, y) there
is assigned a single image, namely 2z = fiz-yzlz,, :
7 d)‘Tt‘is‘a function:u z - f(x, y) = ¥x.

Example‘Z. Find and sketch the domains ‘of the fo110w5ng

functions:.

a) z = eV -

J——
= _/1-x2-y2

N

c) z

Solution.

’a) D =>R2‘ ' }
v

4

b) z = an (xy)
X
: e
d) z = T:y

b) D =" {(x, y): xy>0}

N

o

i

Sl

--)“
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@0 i )0 iy D)
' : : 4zzf,42§999 .

- NEIGQBORHOODS: | _ ‘

Let z= f(x, y) be a function of two variables, and )
P, (X5 y )st. Then by a §-neighborhood of P is mgaht the set
of all points (x, y) sat15fy1ng ‘ ‘

(x-x )% + (y=y)2 < 6% (6>0)
that is, the set of all points in;jde_the,circle_with center Po
- and radius &, written ’N‘s [Po]. This vse’t . /2\ N
excludesits boundary, that is, the points K%\ :
' he circunt If al ludes the’ ===
ft ir ence. ~als t the -

0 e circumference. f o excludes the \ﬂf::z::fj
.center Po one talks about the deleted L »j-—’

.ne1ghborhogd NG(PO) of P,. s-neighborhood of P§ |
A point of D 1is an interior (exterior) point, if there

exists a neighborhdod all points bf‘wﬁich are o

- (are not) in D. .A_ poinf of D is a boundary‘ .

l'point if every neighborhood of that point . /

contains interi&r and exterior pofnts. The \_/

set of all bouqdar_y points of D is the‘

boundary(*) of D, written 'an which belongs or does not belona to D.‘
R2 has no exterior points and no boundary, N (P) has

both .inter'lor and exterior po1nts as, we‘l] as boundary, ’but the.

boundary does not ‘bélo'n_g* to N (P).

(*) Domains will be taken closed (open) including (excluding) its boundary
depending upon “the funct'lon and we make no difference between the terms
"domain® and "reglon" ‘
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FUNCTIONS OF MORE THAN TWO VARIABLES:

v f: D -+ R, U= f(x, y; z)
representé'a fﬁéctibn of three variables, where’ D 1is a solid as
a subset of (R3, and X, ¥, z are the first, second, third ﬁ&ri-
able. . _ :
4 Since thé graph-of f 1is a subset of R4 its skétching
cannct be realizedin RS, ‘ . ‘

More generaT]y
f: D >R, z‘= f(x]-,_... s xn)
s avfunétion of n variables, where D¢ R" is the domain, and’
. the image of the point P(x]‘,_... s xn)sRn is z = f(P)eR. The
grdph of f is a subset of 'RV,
If Py = (xq, g, cer s X,, g)eD,  then the &-neighborhood

NG(PO) wfll'fépresent inside the sphere (hypersphere) with center

at P, and radius &, namely

0)2<62.

2 ]
(x]-x]’.o) oot (xn-xn,

. CONNECTEDNESS OF DOMAINS: . i
A domain is called connected iff any two of its interior
points.cah be joined'by a po]ygona]iline (or by a continuous curve)

lying entirely in the domain. Otherwise it is disconnected.

The following figures illustrate some connected and discon-
2,

nected domains -in R

, ) ) - )
Connected domains . Disconnected domains
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Two_of the above connected domains, (a) and‘(b), aré
simély connected. A simply ;onnected dorain ic a conhected'dohain
in which any closed c¢urve T can be shrinked to a point in' D. .
Observe that the connected domain (c) above is not simply connected.
This concept can be generalized to domains of fUnctions of ‘

more than two variables.

B, LimiT AnND CONTINUITY

The function’ f: D - R, z = f(x, y) is said to have the
limit & at Po(xo,ryo)eD if |f(x, y).a’z can»be,made érbitrarily
small by taking P(x, y) sufficiently close to P, written

Tim - f(x, y) (1im' f(x, y)\é L)
(x, y)—»(xo. Yol : PPy S ,

. or ) :
F6 y) 2 as (xe y) > (xgs ¥y)
 In other words f(x, y) has a limit & at Py (X y;), if
éﬁvén e > 0 there exists a S(e) > 0 such that
fix, y) - 2| <e
whenever

2 'or P(x, y)eN (P, )

(x-X') +(yy) 6
For a funct1on of two {or more) var1ab1es, a po1nt P(x, y)
may approach Eo(xo, yo) in infinitely many directions. Recall
that in the case of a function of a éingle variable thé approach
was only from right or left. ‘
If any two directions givé two definct'Iimits, it is Sbvious
that the function has nob11mit. If f(x, y) approach the same
va]ue % independently from d1rect1on that the value & is- (1s not) the

Timit can be checked’ by the use of ¢, 6.



It can be verified that po]ynom1a1 and rational funct1ons

have limits at any point of thelr domaln.

- lim P(xs y) = P(xgs ¥,)
(xs ¥)r(xgs ¥o) '

P(x, y) _ P(Xgs ¥o) Yo
.(x,]1)+(x ¥, ) ¢{x, y) T WE, ) 1Al Yo f °
where ‘ ‘ j‘ R
Toom, n. r, s ,
. - _ P ,q P 4
P(x, V.V) 0520 apq x :.V . Q(x, .V)‘ 0’20 Pq L |

‘EvaLuaTion oF LimiT: : ,
A point P(x, y) may approach Po(xo’ yo) in the following

4 2_ . .‘é

. IJ

ways

> %

- > |
- . [«

o Tim o ( lim f(x, y)) . 1im : f(x, y)
Y+ Y x> Xy o (x y)(xgs yo)~ :
_along ' Iy

. : along T: y = f(x)
Tim ( ]im f(x, y))
X > X,y yo ~
along rz.v
If one of these . < If it _does not exist the
itergted'fiﬁits « function has no limit. If
does not exist - exists, it is the limit of
or if both exist . the function. along that curve.
but wnequal, the To show its 1ndependenqe of
_ function has no_ . ~direction, one dses the sQBs-
vimit., titution x=x_+r cos@,

0
y=y *r $in8 and find limit
(1naependent of 8) as r =+ 0.
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In the case of existence of limit along a curve one may
“verify it to be the Timit of the function by the use of ‘e, &
definition. '

Example 1. Evaluate

- lim (xz-y) TN
(x5 y)=(-1, 3) v
X Sb1ution,,Sincéf x2~y' is a'polynomia1, we have

it (x%-y) = 1-3 = -2
(x, y)+(-1273)

‘Examgle 2. Show that

. lim Xty
(x5, y)+(0, 0) XY
does notiexist by two ways. B

Solution.

1) vim { Tim XYy = tim (L) = tim (-1) = 1
y+0 x=>0%Y ys0 Y ya0

n.o

lim { lim iﬁy)' dim (%)= lim (1) = 1
x*+0 y=+0 y x + 0 x + 0 )

' . " r cosO+r sing . cos@+sinB _ cosB +sind
2) lim rcosO =T sTRe © V1M CosB-sind T cosP-sTnt
r+0 " - ) r+0 """

dependent on 8.

Example 3. Evaluate the'fo]]owiﬁg Timit

lim y sinmx
(x, y)=(1, 1y ¥

'_ along the’cufve y =.x3,
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Solution.

i S y*s*z’n;:)_(% xah ,5)3“)5(3,-{,2“ = [%]
= linm 3x% s1n1rx + x3'cos1rx - _'% .
x0T e 3x S

Examgiek4. If 1“: ) .' . .
| f(x}'ys - 2*; - 3xXy + yz . .H (1)

2x° + Xy - _y2
show that ‘

a)-lim f(x, y) at (1, 2)  is independent of direction,

. b) the 1imit obtained in a) is the limit.
Solution. Setting
. X = 1+r cos8, ~y = 2+r siné

Y

in;(i) and reb]acing cos@, sind by ¢, s, thén‘(]) becomes

‘ f(1+r;, 24rs) = 2(1+rc)§-3(1+rc)(2+fs)+(2+rs);
] 2(1+rc)” + (T+rc)(2+rs)~-(2+rs)”.

- n(4c+2rc2-6c-3s-3rs+4s+rszj
% (4c+2rc+s+2csres-4s-rs’)

and we have

. ’ . _ =2c+s _ 1‘

r]lmo f(T-n'(_:, 2+TS) = ®c=3s ° ~ 3

B . 3y 2 2
5 [Fix, y)-(- ) = [BLR L
2XTH+XYy-Y
2 . 2
_ | ExS-sxy+2y =2 l (Zx-y) |
I 2% +Xy-y (2x= YI(X+Y)

. 2lex -~ y
X+y| -
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Let . €>0. We need to find ~ &(e) >0 such that for all -

(x, y) in
2

()2 v (y-2)% < o (a)

Since (a) = |x-1] <&, |y-2| <& or l-g<x<1+8,

2-§<y<2+6 , we have
l2x-g| -, 2&]+62-(2-61 _ 65
2» X4y < 2 - J¥=8+2-6} |3~26|
" Then : ' R
3g§§ <€ 58 < B%%E for 3-2550
Any 6§ satisfying the inequality proves that =-1/3 .is the limit
(6 >0 as e »0). I . , S -
” The concept of limit can be extended’to function of &ore
- than two variables.
Example 5. Evaluate
. X Ay« z
plim R Toe
B o -
“along T: r(t) = (t,et']; t-1) where P (1, 1, 0).

Solution.

. X ANy +.2 _ . qs tyt—li+t-l
Tim W— lim

PP, 1t e T a1
- _ L L L = o e

Tt 1 tetTlat-2 t a1 et latetT 0

Theorem. If the functions f, g have limits at'a point

Po,,then
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/-

a) tim  (F(P):g(P)) = lim  F(P): lim  g(P)
Foo PO ' P - o P Po

k) Tiee (F(P) g(P)) = lim  f(P} lim  g(P)
S e e v FaP P aP

¢ o o- o

o) lim o (F(P):g(P)) = Tim - £(P): 1lim  g(P)
B P+ P P+ Py

(if tim g(P) # 0).
::The proof is the same as that of Theorem 2 on limits of a
_furcticn of 3 single vériable.
ContinurTy, : o
» functicn f: D >R, z a-f(P) is Saiqvtp_be.contiﬁucu;
at iz point P eD if ' i
Tim F(P) = F(P,),

P> o

otherwise it is discontinuous at'.PO{
If f is continuous at every point of D we call f -
Lcentinuous funetion,'wriften"féC[D] ‘or feC(D) according 2s
does (does nct) contain ifs tounaary.
o Any pelynomial and any rat1ona1 funct1on are continuous on

thelr dona1ns of def1n1t1ons.
Examgle 1. Discuss ;ontinhity of .~

2x -_y2 + 2

u{x, y; z) = =&
. zZ.-~x" -y

Solution. u being a rational function we have
1im u(P) ="'u(Po)‘
P+P : ;

if z- xz-y2 # 0. Hence u  is continuous when Po does not lie



" defined on- R, - (0., 15 0,71-x)

'

-x=C and " y=0. Then M=5,
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. . : N n .
on the parabeleid . S: z = x2+y‘.-There is disccn*inui*y.yhenb

PocS Tbe d1scont1nu1ty may be removable a]ong the curve of inter-

section of the surfaces S: z- xz-y2 T. 2x y2+z = 0,

The propert1es and Theorems on cont1nu1ty on contlnuous

‘funct1rns are valid for funct1on of several var1ab1es.

Example 2. Given the fdnction

x+%;§=

‘ . ’

a) find m. and‘ M for 2z,
b) find points on R,y such that
Sblutiqg‘

a) z = (20-10x-5y)/4 ~is max when

E From the figure, min 2 ‘occurs
cither at A or at B: _ _
z(A) 5/2, ~z(3)‘=15/4; = m=5/2.

(5 15

‘b) u = % 2,*:5).= Lt

3 -]745 = ____4__2b-'|0x-5y ;_:) '2x+y' = 1
(x, y)e(BC).
IE_compliEated casés, so]utiop‘may invo1vé soiﬁtion‘of max
min problems of functions of several'vaEiables.

EXERCISES (4 [)

1. Nh1ch ones of the fo1low1ng relations are runct1ons of x and y?
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a) f(x, y} = 2n(x2+y2) b) x2+y2-z?\= 0
c) x2+y2+102 =0 \,‘ : .d) sin{xy) =.z2
2. Determinefand sketch thé dom;in of definition of the following
functions: ‘ ; o ‘
e;)‘ z =‘/‘:§ ’ o - b)z= znlxz-yz +\9,n(x‘y)
_3. Same quéstibn for: ’ )
a) z = arcsin xy ) : o b)vi = Argsech %
4. Same question fof:. .
a) z = Argch % o b) z = (xzfy-])x/y
5. Determine and sketéh‘the dﬁmain of the foT]owing functjons:
| :‘a) u —-VA - - 2o %; - . b) v = 1n-xy+9 7zox
6. Same question for . W » xhz
a) v = arcsin 5:%:3. ‘ b) v = tTanh(z-xz-y?jey_
7. Evalﬁate the.%ollowing ijiés-of the given functiop;

. 2 o
a) f(x, y) ='%G%% ‘at- (0, 0) along 'y=x3

b) f(x, ¥) = gy at (0, 1) along. y=xP41.

. Same question for the functions:

xe¥*?
ye*™?

é)‘f(x,,y, z)

“b) f(x, y, z) = x cosy sint . (0, w/2, ©/3)  a1on§

wy

y sinx cosz

Pt = (t, 3+ t, 3+ t)

.VEvaluate the iteratec¢ limits:

b

a) Vim ( lim o 3 . b) Tim- ( linm
yr@ x=+C y . E x >0 y~>20

b
<

at (0, 0, ¢n2) along r(t)=(t, 2t, £n(t+2))
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11.

12.

13.

5.
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Eva]uate the 1terated 11m1ts
- ’ 2 2 - T . U
93 i . : : T+y
a) lim x+y+x +y e b) ]1m ~sin x + an{
X F 0 xey-xS-yto . : » 0 sinys+an{lex) o -
y>0 ' o i + 0 '

Same questlon for .
' (y - x )(y - 2x? ) + s1n5x

Tim
x+0 (y - x )(y - 2x¢ )+ n (1+y) -
y=+0 i ;
'D1scuss the lndependence of d1rect1on. 7
. - 2. 02 o .
a) lim ToxTey” Do 7 b) .y sinx

1 i -
(x,y)+(0, 0) XY ,(X’*;?*“’ 0) X

Given o R R
when ' (x, y) # (0, 0)
when  (x, y) = 10: 0Y

show that (x, 0) .is continuous, f(0, y) is continuous
v ) . S

but f(x,fy)” is not€ontinuous at (0, 0).
. Discuss the ¢onff;::;y at the given point:

N : :Xln_y ' :
a) f(x,.y) = }‘Iﬁf?\ at ,(1,_1)

b)Y f(x, y) =-Argth L at (1, 1) )
Find m and M for z = x2+y? on-R...= (0, 25 0, 2).

2.2) D= ((x, y): FF>0) - {(x. y):

Xy

. ANSWERS TO EVEN &UMBERED
‘fEXERClSES )

X-y

'ﬁ(xgry): (X*y)(x-y)«> 0,  xfy]j :



b)

b)

6. a)

bf

10, )
12.

14,

indep.

D = {(x, y):

(%, y):
D= {(x, ¥):

= {(x, y):
D» =
THE

X+y+2 ;.1.

i y>.'|-x2, .

22‘7&3 . : | .‘ - g:{;

|x2-y?| #.0, xy>0}

~
;’\\

X 5
v . .

x2+yf] >0, ¥y #‘0}

. y‘¥ 0} .

{(x, ¥y, z): l51¥§5;ﬂi < 1} = {(x, ¥, Z)f, ]:5 |x+y+z!'s1}

region is between and on the parallel planes x+y+z =1,

D= {(x,y, 2): z-x2y250, y # 0}

The -region is inside the paraboloid z =

the plane .y
2, b)
1, b)

discont.,

x2+y2 excluding . -

0. SR .

Ry

i
dep.

discont.
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-“4, 2, DIFFERENTIATION
A, PARTIAL DERIVATIVES , _
Let‘_f:kD'» R; ~z-= f{(x, y) be a function of two variables

defined on the domain D (where gr;ph is a surface §).
Let P(x, y)eD. L - ' -

N When the second variable y is held censtant, then

z = f(k, y) will be a function‘of the_variéb]e-Ax alone, and the

derivative of z = £(x, y) with respect to x at P(X; y), that

is ) A

iim

h + 0 . -
v B ’ L ~

£(x+hs, y).; (x5 y)

‘will be called. the partial derivative of z = f(x, y) with respect
to xz at P(x, y).‘ B
If above limit exists, it is denotéd by any one of the

syribols:

of . -y o

e G fie Tle e B Dyl e
3z P )

IX ? .Zx’ z]s r4 ) z 1° D .z, D.IZ

wherg Dx' stands for the partial derivative cperator ;% .
"Similarly holding x constant instéad’of y at P(x,'y);‘
then z = f(x, y} will be a function of y alone, .and we talk

about

rin £ yok) - fx, y) ..
k-0 S

which is the partial derivative of  z = f(x, y) with respect to y
at P(x,'y), written -

fl

2o Dyfi Dpfs a

y?
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3Z

3y * Iy % ;'y; 2'5, Dz, Dy
The notations for partial derivative at a b§rtiéular
.1 Po(xo, yq) are
1 I ' Co
a0 m T Yohs  m F(PQ)s s (P
X=X :
y=Y, -
af| L . oy 3 :
WI o Tl ¥o)s R Py (P))
X=X :
0 - -
y=yq
. The partia]'derivativejoperator \Dx( or Dy‘) is lfﬁe

A t?ét is D (cfrg) = ¢ Dxf:;ng.:m“

f ncfipﬁS» . ] .
o : h . C o
a) z = 2x2y - 3y3 ! .

' Solution.

o L o2 a0l
a) z, = 4xy, zy r;Zx,.By‘ )
. : 1 : _ .
B s () sy
. S A X X +y
L, )
X
g ool 1 _x
 y'~ . yz‘" X x2+y2

G;EMETRIC'INTERbkETATION.

'b) z = Argtan’%

point -

ar,

Examgle l.fF1nd'§he*part1al der1va§1Ves _zx.:zy‘ of the

“Let \z = f(x, y) be a function defined on its domain ‘D

" with gfaph B

Since in defining fy . at Po(Xgs. ¥,)eD, * the variable .y

‘is held cqnstaﬁt,iéay Yos then z = f(x}lyo) will be a curve
N _ ; - " ‘

-



281

',r]’ on- S _wifh;domein’as'the'line through P, - and pafa1fe1 to\x-axis..e
Hence. f (P ) yi]i be the slope of ryoat Po.o PV
Similarly fy(Po)' is the slope of a-

curve:T, on .S with domain through P (x . y,)
and parallel to y-axis. Hence F(Py) will,

0" . ) : o + //.)’ -
> LTe

HerGHER ORDER DERIVATIVES' _
The partial derivative = (x, y), (x, y) of f(x, y).

. be the slope of »rz‘ at P

be1ng aga1n functions of the same var1ab1es, they have in genera]

part1a1 der1vat1ves, name]y

—a—("f)--82 'I-J>‘f=f = f ;f" Y LI
TBX Vax Y T 5 4 XX XX 1 - XX 11
a 3 - a - - - . - " —- n
EX7 (§§ f)-'rayax f f\nyf = fxy fip = f Xy 12
.and . N = ’ o
22 V-Waz"f'— D F=f =,y = 0 = f
X By T dxdy. T Cyx oyx o 2l o Tyx - 2]
R A A L P TR T
e By By U T Ty yy s ez yy e
Under certain continuity conditions it will be proved that
‘the mixed derivative fxy- and fyx are equal, and fxx’ fx--fyx'

fyy are denoted by"r; s; t’ (or~_px,<py=qx, qy)‘~re§pective1y{
.The concept of partial derivative can be extended to func-

tion of more than two variab]es 2 = f(x],, RSN xni. Thus

- o f(f.:, xs4hs, e )= f(aas X5aeal)
r—§§—<‘='zi = lim 11 —— 2
i . _h,*O' - R L

is the partial cerivative of z with respect to Xio vhere the

S
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variab1g5>othef than X3 are hold.constant;
" ECUALITY oF ﬁfXED.DERiVATIVES; o
Theorem. (SCHMARZ). If “z = f(x, y), (%, y). fp(x, 5}
u’and‘ flz(x, Y)s f2](x, y)} .are continuous on Df; then
N O AT
© Proof, Consiagr the é*preés{on 7
F.= f(x+h, y+k) - f(x+h, y) - f{x, y+k) + f(x, y)
at (x, y}eD?.:Sefting ‘ '
o el = At yrk) - £t y)
() = F(x+h, t) - (X, t)

© F - becomes

s (x+h) - ¢(X) W(y+k) - w(Y)

Sirce ¢, ¥ are continupus, by-the‘MVT app11ed to ¢\and w; one has

he*(c, ) = ky'(c,) .
= h[f (cys yk)=filep, ¥)I = kify(x+k, c,p)-f (x. CI

with c]s(x, X+h), cze(y, y+k7y. _
Again by the MVT applied to f,, f, one gets
n o hk f]2(c1, c‘2) = kh f21(ci1f €2) ,
with, c' €TX; *%+h), c',cTyy y#K) implying o
Fra(xs ¥) = for(x,0y) ' B
as h -0, k>0, ®

PARTIAL DERIVATIVES OF A VECTOR FUNCTION:
If ' ' '

r(u;rﬁ) = x(u, v)i+ y(u, v)j + z{u, v)k -
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with scalar components x(u, v), y(u, v), »z(q, v) “admit partial

. : )
-"derivatives, then

ry = = Xy Ty #Zuk = (xu, y“,~qt)
ar _ : . Y .
ry =av = Xy Ty +zvk = (xy» Yys z,).

v v v
us Ny are tangent vectors to v-constant, u--

constant curves ‘1ying on the surface defiﬁed by the position vector .

The vector 'r

r{u, v).

B. IbTAL INCREMENT, ToTAL DIFFERENTIAL ., ToTAL DERIVATIVE
By the Zotal fncrement of z ;~f(k] y eei s x,) s meant
the aifference ‘ _ ) ' » 7 o S v
| Az = f(xi + 8%y, e s Xy +4xn)4f(x],:,.,:,'xn) N
where' Ax{ is'thé ind%vidua] increment 6f'fhe variable ;%L
Theorem. If ka)‘ and the pahtié]‘ﬁerﬁVafives
fi(P)., <o s £ (P) are gdntinhous,'then

AZ = f] AX] PR fﬁ Axn + e].AxT reoof £y Axh

where  £ + 0, {7. » €, » 0 as Axl + 0, oo axg = 0.~
Proof. ThQ prpof is given for n=2 only.
£(x, y)- |
f(x + Ax, y + Ay) -.f(x, y) ‘ i
: [f(x,+ Ax, y + Ay - f(x, y + ayl + [f(x, y4:Ay)-f(x, y{j
[x f1(cps v + 8] + T8 Fo(x, ¢, '

o let -z

Az

by continuity of f with ceTX; X+h), c,oeTy, y+KJ. We have -
L Az = f](cl; y-pAy)Axgpfz(x, cz)Ay. ‘

Settfng
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f (c], y + by) = fi(x, )+ £,
f (X], cz) = f (X, .y) + 62
where. e} - G,v‘e2 ~ 0 és AX, Ay +_0 by continuity of -f1, Tss

Az (f](g, y) ;él)Axn+(f2(x{ y)+e,)ly

.
]

v
i

- f](P)Ax.+f?(P)Ay + e]AXf-esz. e
" The sum _ N
CFp(P)AXy ee.d F (P)Ax
in the total increment Az ‘1s ca]]ed the prznczpal part of Az.
“The prlnc1pa1 part where Ax] s ;..‘, Axh are replaced by
‘ the differentials dx] sieen s dxn is called the total‘differéhfiale
dz of z:" ‘ ' ' ' »
| .z = fT(P)dx]‘+;,.+ o (PYdX .
If x; = %i(t),‘ then E o
' Codxy T odx
< dz._ S R n
) H-f.'~f](P) gqT trect fn(P) i

i's ‘the total derivative of YZ, with respect to t. ]

A " The function f: D + R, z =7f(x, Y) is said to be
‘differentiable at P(x; y)eD, if fy (or fy)‘ exists at P
~and. fy_ (or ) exiSts inva-néighborhood N(P}) of P.

) ‘ If f 1is differentiable at every point of D, then it is.
said to be differentiable on D, written fed(D).

APPROXIMATIONS"' ' - _ -

We have

“»sz.= f]v(P)Ax]"+...+ f"i(P)Ax;]+Z Xy Ax
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as “total 1ncrement of z at P(xi', ... . xn);rNég1ehting the
_'second order sma11 quant1t1es xihxi, we get the approximatg
1ncrement
o n - )
Az = Z f,i(P)Axi

of =z wh1ch is the. pr1nc1pa1 part of- the increment- and 1s equal‘

'to the total d1fferent1a]
X f (P) dx

when Bxg s replaced by dxg. 7 ' I
: . The funct1ons used frequent]y are in exp11c1t forms
z = f(x, y) and. u = f(x, y, z), and have total d1fferent1a]s;
‘dz ='fxdx +fydg

“dw fqu + fy‘oy +f,dz.

ERRQR; Let u= f(x,’y,‘z)\ be a function‘héving~ fx”fy
. If x, y, z are measured with errors dx, dy, dZ respectively,
1t is requ1red to f1nd the error made in Mﬁ. ’ 7
: Thg error-in u is ,

. | - du = fxd)& +\fyf1_y' + de:: -
Then du/u. and 100du/u will be the relative and percentage
errors respect1ve1y ' . )

|du| = Iu -u nl is the absolute error in u, where Uos
u, are the correct and measured values of\ . Hence

uc -i +du . - . . . .
"Example 1. If. the sides ‘of a rectangle are méaSured,as
60:0,2 m, 80 £0,3 m “what-is the relétive error in the area 6f

the -rectangle? = . o . . . N
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So]ution A=xy* = dA =y dx+x dy. Then the maximum

vrelat1ve error 1s

_ldx | S0,2 0,3 1,7 . 4
'A"\m %0 * g0 - z4o - 0-007.

Examp]eg By the use of,total-d1fferentia1,eva1uate .

v(0,98)% + (2,01)2 -+ (1,94)2  approximately.

Solution. Consider the function

u(a) = Az+y2+zz

ClLet Po(l, 2, 2) for an easy evaluation. From,

u(P) = u(Pé) ¥du‘P

. b\
we get .
: Y 2, au
u(P) = /1+27+2 ax dx"_lP azIP
S3a X I (-0,02) + ¥ \ (0,01) + Z-| ~0,06
T ip e, (S u |p,(-0,06)
g 1oy 2 2
. , .= 3- 3 (0,02) + 3 (0,01) - 5 (0,06)
=3 - 0,006 + 0,006 - 0,04 = 2,94
C.vUIFFERENTIATION‘OF CoMPOSITE AND IMPLICIT
~ FuncTions, CHAIN RULE IN DIFFERENTIATION :
A function z = f(xT JREEE xn) where Xy = x](t],...{tb),
"xn = x (t] s eee t ) is a composite function or a func-

t1on of funct1ons or a cha1n funct1on
- /7

vThen. z. is-a function of the variab]es‘_ti JREPRFIL S

Now question may arise as how to obtain partial derivativeso?
z -with respect to the new variables t; , ..., tpl
In particular, for the function
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z = (x5 y), x = x(+, t), Y=yl t),
we have o ' ’ '
3f ... of
T dx '+ Iy dy

. af [ ax _ax 3 ( 3y 3y '

dz

- af.ax _ 3f dy CAf ax  of a3y
-[W.a—s-*?ys;] 5[3? 3t * 3y "s'f]d-t
, , . )

If t 1is held cohstant,rthen, dt = 0, and dz/ds .becomes
" partial derivative -3z/3s, implying . '

oz _ af 3x  of
3s T dx Fs T dy

-+
<

—
f

o8
W

In the same mannér

"9z _ af ax -9f 9y

317 3% 8t 3y st (7 3E) .

Such‘a rule of partial difféhentiatjon is called the chatn rule.
" For a function » ‘

| u=f(x, y, z) with. # - x(s, t),A y = y(s, t3, i= z(s, t)

the chain rule is

ﬂ:ﬁ %-yif. Q_X-f.if _B_Z_(=a_f_)
3s X 9S dy 23S 3z 3s 3s
at ox at ay’ at_' 9Z 9Ss 3t B
Example 1; Given 2z.= xZ arctan y and x = u2-vZ,
y = uv,- find Z,s Z,-
Solution.
z, =z, X, + zZy ¥y
. x2 A
= (2x arctan y)2u + — v
. Ty
Zy T Ix Xy Iy Yy

- : 2x arctan u)(-2v) + V-h
( y(-2v) Toy?
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_Example 2. Given .z = f(x"y, x"~y~), find z.5 zy.
N S S L
_ Solution. -Setting u = x"y, v =x"-y~ -we have
= f(u,'v),'Then : ;
) : ? = f u, +Ff, v, = fu‘2xy +f9 2x
- v =f] 2')(_y+f'"2 .2x
— g ) _ 2 _9,
z, = £, uy;+ fy Vy = fu.x2‘+ fy(=2y). _

=Af] X~ - f2 2y
 Example 3,fG%ven f(x? sfny), find f,, fy " and
(xF, )%+ (2f)%,
. Solution. ; )
o ~fy =‘ff 2x siny, fy = f! xZ cosy, B
and . B E o . - .
o2 2 2.2
(xf, )"+ (ny) = AT »
Example 4. Given u = xy &n 2z and. x-.= 2?-?35, y = r-s,
z = rs find us(r, s) at (1, e).

Solution.-

(y 20 2)3 + (x 2n 2)(-1) + 2L r

w1, ) = (1-e)3 + (2+3) (1) » L213e)(3z2)

: 2
=3 -3e-542re-3e -
) . : g )
; < -1 - 6e+ 2e”)
" Example 5.‘Eva1uate‘
' : 3., 9.2,.3 2
A= (2 3x * 3y) (X7 + 3x7y)

ay

'
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- Solution. ‘ ‘ ]
O T E TR TR0 TLRLE Y A
s (9&2 +‘]2x¥) +f§§ (9x? f;jQijz)

2(18x + 12y) + 12x .= 48x + 24y,

IMPLlciT DIFFERENTIATION:

Let a funct1on be given 1mp11c1t1y in the form oo 13

F(x, Y, z) = 0 where fz is the dependent var1able Tak1ng tota]

d1fferent1a1 of each s1de, one géts - L %

dex’+,F dy + F, [ax dx + 5y dy]_, 0 o |
-, < 92Z+ ‘ T |
o (Fy + F, Bx] dx + (F + Fy sy) dy.= 0 » f
T e oz _ . Fy
= 9. . 9z .
j XU F Wl R _

;If the-funetipn'dsggiven implicitlyas f(x, _y)"= 0 wjth
y as dependent variable,vwe hare Similarly ' '
D _ . . _x <
fody + fydy T 0o 5 al £,

'y part1a1 derivative of an. 1mp11c1t function w1th respect
to a var1ab1e can a]so be obtained in the way done for a funct1on
of a s1ng1e_var1ab1e by,term-byrterm d1fferent1at10n with respect
~ to that variable. ‘

Examp]e Given X &n.yz - yz sin x =5

a) cons1der1ng -z = Z(%, ¥)» find.'az/ay; : E l .

) cons1der1ngv'y’ iy(x, i),iSfind» dy/az.



290

So]ut1on

a) D1fferent1at1ng every term w1th respect to .y, we get

zZ +yz o .
X —~—Yi——¥— - (z+y zy) sin"x = 0

X s X .
: Z - sin x)z, + (% - z sinx) =
> (- )2y A5 | )
; -z sin x
3ty ST T———x -
- \‘y _ys'lnx-i

b) Differentiating every term with respect to z, we get

yrtzy, SO
X —z " (y +fy%'z) sin x = 0

X ) . X L ’,_
= (y~— z-sin x)yZ + (2 -y sin x) =

R :7
DY TR

D, EULER S THEOREM ON - HOMOGENEOUS _FuncTions

A non zero function f(x] s eie Xn) +is said to be

posvtzvely homogeneaus of degree V‘1n the all var1ab1es

Xy s eee 5 Xgo on Df 1f for every - ‘0 one has

f(t x] SRR tx )= e f(xi s eee s xn)’ (1)
whefe the degree‘f is a positive or ierb or.a negaiive real,number.

Examp]e Which ‘ones of the fol]ow1ng funct1ons are

’ (p051t1ve1y) homogeneous and find the1r degrees

' 3

2 b)gu,y)=2i+y

a) f(x, y) = x2-+2xy -y

)bt v, 2) =% - B3 ) ke v = ()2 d
RERE S 7 4 kb
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Solution.

(tx)2 4 2(tx) (ty)-(ty)?

= t2(x2'+2xy -yz)\= t2 f(x,.y)

"

a)vf(ox. ty)

fo is homogenéous with degree 2

/b) g(tx, ty) = 2tx +t3y3 = t(2x +t2y)

g “is non homogeneous

¢) h(tx, ty, tz) =‘ﬁ;j,h(x, ¥y, z) >~

h is homogeneous:of degree P
.d) k is c1éar1y homogeneous of degree 0

Clearly the sum (d1fference) of two homogeneous funct1on
of the same degree Y s homogeneous of degree Y, and ‘the product
(rat1o) of two homogeneous funct1ons of degree» Hs Y is homogene-

ous ofwdegree nyY .(u/Y).

" Theorem. (EULER) “A function Flxy s oen s %) admit -
ing partial derivatives IR s f,. at any point PéDf' is

positively homogeneous of degree Y, if and only if
lel(xl R N xﬁfn(xj s s ,»xh) =Y fxy » e x ) 92)

that is, (1) < (2)7
Proof. For simpjicity we- give it for a function of two
variables. z = f(X, y). e

Let f(x, y) be - homogeneous of degree Y . Then

' : f(tx, ty) = tYE(x, ) (1).

holds. » ' ~ _‘

Differentfating'édch sfde,olel),wifh respect to t,

‘we have T A ' » k
x fr{tx, ty) Y fz(fcx, ty) =y t\f-l Fixs y)




which yields (2) for ‘t=1.

N

hold. Let

'We"have ..

~

—
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_Cbbn‘versely'_]ej;
X F(xe y) ey fplxa y) =Y f(xy)
t(‘xo, yo)st,- and consider the fur]ctmn'>

() = flt xgs ty

‘

) for t>0.

) .

. _ " e C- . .
"fﬁ) = Xofp(t X y )y folt xo. t oy,

St ;.(txo)f](txo,.ty°)+(tyo)f2(fxo; ty,)

= N (f('txb.,_tyo) by (2)
T ll"(t)\ .

<

Tt (t ‘,_ \a » _~(|r(t) E '_ dt :
‘i_((—rt)»»—¥ ) .[.’—(Trdt-rf{T
. R’n(‘(t) = v.an t o+ 2n C

—

CN(E) et o Es ) = kg y)

SR = (g v) R

B ftxgs tyg) =t fxgay) . () e

fExamp]e.‘Veri'fy EULER's Theorem. for

a) x2 + 2xy - _y2 b) x?y_f:?y:g,- sih3‘§

So]utidn.

y

a) x f;<+y-f = »x(2x_+2y) + y(2§.- »2yy) o

= 2x2 + 4xy‘: 2y2‘= 2()‘<Z-+ 2xy -V—yz)
. 2.f(x.y)  (Verified).
b) X fe+y fy: = x{2xy - 3s‘in2x_ cosX) . y(x2_+’6y2)'
. ’ _/ = 3x2y +_6y2 -3x sin’x cosx »
= >,3(kxA2_y + 2_y3'- %’ sinlx cos_x)’

(not verifieq)
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N

E. TANGENT PLANE. NORMAL LINE ‘
Let a su}face~ S be given by its Qector equation
r{u, v) = x{(u, v)i + y(u, v}j + 2(u, V)k ‘
Hé]ding v. constant (= yo),_ r(u;'vo) rébrgsents a parametricvbi
 curve Ty, and u-constant’ (= qoj.'a curve T, ‘on S. N
jThed the parfiai'derivdtive vectors.‘ru(Po),vrrV\v(Po)~
Vnepfesent;téngént vectors tov'fi,' T, at 1?0. '
Ahy curve_f on_‘S through P0 ’bging rebresehtgd by -

r(u(t), v(t)), its tangent vector is given by

_ dv'

dr du
dt = "udE Ty a9t -

;showing that it is a ]inear‘comﬁihation of tahgént Vectdrsv ryr Tyt

- Thfs result proves the existence of. a plane .7 at. P, which is .
taﬁgent,to all curves of S _through .PO. This piané isithe tangent

plane of S a; PO' and. its normal 2 at. Py 'the‘norma1:1£ne 2

of S at Po' . : ’ p
. A vectqr'parallel to the normal 1inevis therefpre
ru(Ro) X rV(Po). . ‘ . '
‘ Considering now the-surface S 'bf z = f(x, y) its
vector equation befng . |
r(x, y) = xi e yie f(x, ¥k,

we have

=
]
-
x
-
U

QO — -

k .
p = (_pa -q, 1)
q : :

q = 2&. Hence we have

.X -AXO y - yo zZ - Zo

| Z, () " 7,1 R
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o ) ‘ . o
as the equations of the normal 1ine, and..
2, (Po) o (K=xg ) 2 (Po) . {y=yy)-(z-2,) =

as that of the tangent p]ane at Po:'

If. the surface is g1ven by the 1mp11c1t equat1on

F(x, y, z) =0, hav1ng p =z‘= -F /F , q‘ézy = —Fy/FZ, we get

z
Fo - Fy Lo
(pa q, ']) (' E r»' ‘F“z ) '])// (FX’ »Fy’ FZ)'
B AN ‘
Then the eqdationg become:
{ . X =Xy ; Yy - ¥, - z.-z,
CERS) F (po) FZ'(PO).

X 0 -y
wi F (Po}(x-x,) +Fy(Po){y-y9) in(Po)‘z'zo) =q>

‘Example 1l Given the paraboloid =z = 4x2 +9y2, - find the

equations ‘of the normal 1ine and tangent plane at CA(2,°1, 25).

< Solution. N

i

(Ps a. -1)p= (8x, 18y, -1),
(16,-18,‘-1) ' :

@ x-2 _ 4-1 z-2
B IR - 3 _~T_

mio16(x-2) + 18(y-1) - (z-25) -
Example 2. Given the cone .

(x-2)% 4 a(y-1)? - (243)°
'a) show that all tangent p]anes pass through the vertex
v(z, _, —3)
b) find.po1nts-pn the cone "at which norma]\lihes are

. parallel ‘to yzQplane;
'So1ufion. Settihg

F(x, y. 2) = (%2)2+ a(y-1)% - (2+3)% -
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i

and taking a point, Po(xo‘ Y. zo) on the cone, we have

[o]
(x,-2)% + a(y -1)7 - (2037 = 0 () -
Now, .. B , | ‘ ( A ‘
FlPg) = 20557200 Fy(PG) = Blygol)s Fy(Pg) = 2(zge3)
n (-2 (xex o) 4y )y, )= (24e3) (22,) = O

Sett1ng‘ X =2, Ty 1,z = 73 " we have
o . ; r
. "(XO'Z)Z/ < 4(‘y0-])2't (Zo-+3)v =
which is k*). ) ‘
~b) From (a), N =jlx 2, 4(y0-1), “(2573)).
N/ yz- p]ane --,§x0-2 =0 ‘
() i Ay % - (20 3)? = 0
2(y;-l)+(z b*3)=0 ‘or 2(y°-1) (2. +3)

which'together'wiﬁh the equatlon of the cone represent the gene-

rators as yz-traces-of the cones

F. DIRECTLQNAL;UERIYATIVE

“Let. zi = f(x, ¥) bé’defihed on . D and 1et r be a

fe
curve on xyfplane'thfough' P(x, y)EDfl Then the dtrpclvonap éprz-
vative of f(x, y) along T:at P(x, y)EDf i§ defined to ‘be

AF(P) :

Tim __ZE—— ds

As =+ 0
zwhich is.equal to (by chaihjrule)

df(P) _ af dx , af dy _
ds~  9x ds T 3y ds .

The unit tangent vector of © at P "being
(35 » q¢ ) = (cosa, cosg),

we have
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Cdf o

) gs = Fy cos “'ffy cos B
The direc;ionai.derivative of f in the direction of
‘ any vector:@ a = (a], aé) can be written as |

o df
fa = as fxTT*fﬂ—r :
since d1rect1on cosines of a -(a], a2) ‘are a /Ial,‘ '2/|a|.
This concept can be genera11zed to funct1ons of 'n.

var1ab1es for a direction in n-space:

df _ e :
I f] cos o +"f+ f cns B .

“A partial der1vat1ve of a function can be cons1dered as
id1rect1ona] derivative in the direction of related coord1nate ax1s.'

1t ls to be remarked that the dzrecfzonal derzvatzve of
any function at a point in any direction can be ‘computed is two
senses which are opposite in sign. A

Example 1. Find the directional derivative of z=y eX1
along the curve T: y=x%+3 at A1, 4) '

. a) in the positive sense (of T)

b) in the negative -sense.

Solutibn. '

The direction of the tangent vector T. (see Fig.) is in

the positive sense, wmd that of

-T is in the negative sense.

_yf'='2x A =2 o tan @=2 i

.cos a=1//5, sina=2//5 ; Jor

. i . : 4 !

_-since a is acute. o ) é. B
Y] L *
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df(A) _y ux-1 1 . x-12| &4 2 &

) s yel L gp e’ " gpla 7 tys 75
by SRy X1 (- et M- K- -

Example 2. Given .u=xy &n z, find its directional deri-
vative along the curve T: x=2n t, y= t2/2, z=2t at: '
A(0, 1/2, 2) in the positive sense.

, So]utioﬁ, A tangent vectqf of I at A (in the pbsitive sense

of T) being _ .  o
Ceys )y = (/e 6 2)y = (1,1, 2)

;he un{t tangent vector T ‘has comﬁéhents

cos a= ]//6_; cos 'B>= 1//8, cos Y=2//6,

and

Y () g vt g5 B Fla = 0 D) 5
EXémgle 3. If the temperature distribution in a room
(xe[0, 4], ye[0, 12}, ze[0, 3)) is given by -

’

_ z L
T-= T 7+ (in degrees)f

find the rate of change of T along the diagonal [bB]'of the room

“in the sense from 0 “to B, at the center .C.

Solutiof. ‘
a= (4,12, 3), a/la] = (4,12, 3)/13, C(2, 6, 3/2)

dT _ + .+ 4 .. 12 3
T -y TS'TC
where R ’
= - Z = -
_Tx(C) b X+ y+ |C = - 1/48
= - [4 = - -
'kTv(c) = WZIC = - 1/128

P
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T TZ(C) = + Y+ C‘= 1718
Theh . ; ,
’ . .
A 4 1 12 ]. 3 -1 . : :
T IE T3~ T?B T? “ T3 = 1748 deg/unit length

’/HEiGHEﬁ OrRDER DIRECTIONAL DERIVATIVES:

o " The d1rect10na1 derivative of . f at P(x, y) in the

d1rect1Jn of the vector LAy = (cos ays COS 3]) is’

: %g} = €o0S§ ar’. %; + co; B] 2; s (coszalﬁrcoszs] = 1)

whitch ié a funq%ion of x “and y. Then it can be d1fferent1ated

.in the ﬁirectién; sgy A, = {cos az, cos 82), obtaining
d - df 4 R df
-agzI— a;l- COSGZ 3x (a—) + C0582 ay (as—]) .'
Let fcbs a; = h;» cos 8 =‘ki‘ Then
4 df _ e 4 df
a—s—z a-—._- h]hzf]]+(h]_k2+hlk])f] +k k 22 = d—s—]— 1—Sz—

If the directions are the same (é] =a,=a=(h, k)) the

second order directional derivative is

; L AL L S I L
' ‘dsz L Xl X3y a2
2 2 2 v
| 2 9 ) 2 3 -
= (h + 2hk + k ) f
. ax axay Y
/ . . . N
/ - (h 2 22
; . = (h % l‘( ay) . F

where ha/ax-#ké/ay is the d1rect1onal der1vat1ve operator in the
direction of (h, k) if hZek?-

By induction one may obtain

"
—
>
L+3
><|°’
Yol
-



d" . 3 3 .n
—— .= (h + ¥ h =—) f
‘ dSn 1 ax] n axn o
in the direction (h, ', ... , h ) with (h]21+._,+ h2o..

G. DeL OPERATOR V. AND ITS APPLICATIONS
‘The del operator in R3 is ‘the sympolic vector
T- sy wr)
whose cdmbonents are .the partial derivafive operators.

It {s aﬁvoperator wﬁibh can be applied to-a scalar func-
tion f, éhd to a vectdr fﬁnction’ F by " dot" and “cross*® ope-
“rations: | . )
: vf
- V.F

grad f =/gradient/of _f,»

div F-= divergence of F,

CVxF = curT F.= curl of- F

GRADIENT OF A SCALAR FUNCTIONS:
If f(x,y, z) isa funétion having the first order
partial derivatives, then _‘ i v _
o P T T SRR S /
?radfr-Vf—(ﬁ-,“gyraz)p :
“which is a vector function. :

The gradiént vector’ (fx,'f f,) at P is seen to be

y’ :
normal to the 1¢Veﬁ surface f(x, y, z)=c passing through P.
' The directional derivative fa(P)

! . CoL ;o . L.

" in the direction of a unit vector a (tangent

to a curve 'T)  is related to 7f by

fa =,fxvcos a-+fy c9$’3-+fz cos y=9f.a

v
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‘Therefore thé direétibﬁal derivative is.e*tremum when ‘the direc-

- tion “a“‘js-Parélle] to grad f, ana it is zerdlif fhe‘vedtqr "é“
is tangent tp thé level surface. 7 .
Propérties: L ‘

1. ?(cf*-g$ =c 7f~&79vv (lfnearity ofNV)

2. 9(fg) = (vf)g + flvg) o

L f _ (vf)g - f(#
3-?§=LL2—LQ_

- g

N

a

Observe analogy between the roles of ‘yand D,
Example 1. Given f(x, ¥y, z) = /42 +_y2 +zz, _find the
directiona] derivative in the direction of" a~='(1; -2, 2) af
A(4, 2, 4). | '
' a)-as df/ds _ b).by %f.a/|a]
) Solutjon. :
df 1 2 2 4 ;
a) s = fx 3 - fy’_} +f, - 3 lp= 79 g1nc§
fx(A) f 4/6, fy‘A) =-Z/6, fZ(A) = 4/6

b) VF = (£ . £, = (4/6, 2/6, 4/6)

affal = (1, -2, 213 5 7. 2 - .

Example 2. Given’ f(x, Y, zZ) = xZ?y2+4z \\(DfeR3), find
the Tocus S = {(x, y; z): |grad f| = 6}. ‘

Solution.

grad f = (2x, -2y, 4) 3 |grad f| = 2/4.ylet
=2 /QE:;E:j;= 3= x2+y2v= 5, Then 4

s - fon{(‘x, v 2): xZay? o 5}
R3A {{xs y, 2): 'x2+y2 = 5} =

{Ux, vy, z): x2+y? =5} . (a cylinder).

"
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DIVERGENCE AND CURL OF A VECTOR FUNCTION
If f(x, ¥, 2)

(P, Q, R) 1is a vector function, then

3P , 30 , 3R

- d1v'F=’_7.F=-a—i+W _,'a'i'
i§ ok 7 _
N - 9 . 9. i C N - _
» Cgrl F = ‘ _37 'a—i 3Z = (R_Y st FZ RX’ QX' Py) B
P Q R '

which are scalar and vector function respectively.
Example. Given the vector functions

F(x, ¥y, z)=(x_2,"2xy, xyz),  G(x, y, 2)=(yz, .22', Xy),

find )
a) div F, _b) curl G; ¢). div curl G.
Solution.
a) div F,=2x+f2x+>'<'y_ K
' i J k|
SR I T W V) DR .
b) curl G * i 3y 3z T (x-2z, .0, 2)
P Q R
c) div(curl G) = 0.
Propert;ies. For a 'scalar function f and vector functio
F, G E '

“(Vf).F + f V.F
(Vf)xF + f VxF

1. V.fF
2. UxfF

1]

2
3. V.(FxG) = (VxF).6 - F.(VxG)
4. V.VE = (V.U)F
5
6

. IxVF =0 ,
5. V. YXF'= o, oo 7. yor=3, ¥xr=0, F.Yr">

_where r is the position vector.
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-Proof of (4):
3, af af of

_ .49 3
v.7f = (5; 3y 5;)-(3; s 5} s gy)
2. L2, 2 -
= 3_§ + E_; + 3.; (Y. v)f ®

» ax -3y az _
9% s cai]ed fhe LAPLACIAN of - f where ~V? 4s the LAPLACE
o?e‘z’bator.’"‘72‘1"= 0, that fé . - '
| "f ’ E _3_2_;+§_i£+£§= 0
ax 3y 9z K ) \
is the LAPLACE's szferentzal Equatzon, and any so]ut1on is. cal]ed
a“harmonic funetion. o

The differential equation

7of = -4n
.is the POISSON's Differential Equation.

Exémp]e. Given 'f(x,'y)‘=_e§x cos y, for what values of .

the constant “a", it is a harmonic function?

Solution.
e 2 ax g __.ax
fxxA_ a e cos y, fyy = -e cos y.
: ax [aC_71Y 5 g
fix *fyy = (e"" cos y)(a®-1) = 0 = a = #1.

H DERIVATIVE UNDER THE INTEGRAL SlGN.

Cons1der the def1n1te 1ntegra]
o F(t) = f f(x, t)dx " (a, b const)
where t s a parameterl
" Theorem (LEIBNIZ). If

b
F(t) = [ f(x, t)dx
a N
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‘with agxg<bh, o stgB, a, b const. and if f(x, t),
£,(x, t)eC(Df); then | ‘
CAEEL - g g% f(x, t)dx. -

- Proof. v

CAF(t) = F(t+At)-F(t)

b : .
= [ (F(x, t+at)-f(x, t))dx
b t. ‘
= [ at fz(x, T)dx , o Te(t, tiAt)
B \AF L oy | L
' A_t = I fz(x, T)dX L
a’ ! . )
4aF ... b : b :
48 = Vim o [ fy(x, T)dx = J falx, t)dx
a

At ~ 0 a
. Coro]]ary. If in

o p(t) v
. F(t) = [« f(x, t)dx
. ' a{t) , i
a(t), b(t) are differentiable and f(x, t, ?,ax; t) are

continuous, then ' ' ‘
b(t)

L Ry ft(g, t)dt + £(b, t)b'-f(a, t)a’

o
 Proof. Let - S

F(t) = 6(aft), b(t), t) = {t) fx, t)dx
a

Then - R ‘ ‘ .y

‘dF(t) _ 26 da 3G db
- Tdt T 3@ dt T 9b dt T

. L . / ] b- .
e = -f(a, t)a'+f(b, t)b'+ [ foodx. @&
. a o

(2]
]u;
[}

1

Q]
Q|

t -
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Example. Evaluate S
d o : . 2
:  xt N - d . . X
a) ] 805 XL 4x b) [ arctan dx
T ap X BN e

<

Solution.

L d T cos xt ™ 3 cos xt
a) L == dx = [ S 222 dx
dt al2 X T ar2 X X
- T x.sin xt &x _ cos xt |=
wj2 X to dx=w/2

S cosmt-cos gt

t
2 o

b) -4 fy arctan X dx

Ay cran Tz ox

o Yy

. 2 ‘ v . 2
= (arctan Y Y2y - (arctah b)0‘+ fy 2 arctan X dx
P o o
= % y + / —izélw dx = % y -y an2,
0 X" +y ] .
. EXERCISES (4. 2)
. 16. Evaluate -
a)iiL x=-y+1° b) 9 x-y+l
L% XY e, o) ¥ *x¥=T Lo, 0
2 2.2, . s
17. If u(x, y» 2) = x“y+y“z+2%, verify that
{ B Ey e eyt
18, Verify the.equanty fxy = fyx fqr _ » |
' a) f(x, y) = cos xy2 ' b) f(x, y) = sin?x cos y
= = X2+y-

) flx, y) = /X g f(x, ¥)
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19. PrpVe

a) fF(x, y) = ‘2n(x2+y2)+arctah% > fx

)
K=

f =
Yy

b) f(x, ¥y, Z) ;72———2--2'- > f., fo=0
<+ y© 4z LL

: ZOQtSuppose L ys xf(z)+ g(z) defines z=2z(x,'y). Shhw that
vy . )

. . 2 _
_Zx Zyyt' 2 z, zy zxy + zy zxy = 0
21. Show that . o
u(x z) = arczan ¥+ arctan Z+arctan X
‘ 9ys_ vu z ’X 'y
verifies
‘ u s+ u o+ u '=»0

XX yy -zz

‘ 22.'If f(x, y) =.x e* cos Yy, then eialuate'

ate , , ot o
axl . ayzaxz S;I

23. Find an approximate value of

A9 02) + (11,99)2

28, F1nd approximate “increments of the fo]]ow1ng functions from
the point P to P': ‘ '
a) f(xs y) = x2 + 3xy - y2, P(1,2), P'(1,02;5 1,99)- \
b) £(x, y) 2y + X, (2, 0), P'(1,98; 0,30)

25. Same question for'

a) f(x, y, 2)

n

% &n Yy, wn zz zn x, P(1, 1, 1),
P(09 0,85 1,2)

.

arctan xyz, P(]; s 2), P (1,25 0 6, 1, 7
' ?

b) f(x, ¥y, z)
26. Find the approximate error in ca1cu1ating,the

area of a triangular p1ece of land, if the 15

foo-n
error in measurement. the sides is 0,2 m

and that of the ang]e is 10,
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dx dy.

" 27..a) Show =z = - arctan x - arctan y = 4z = 2 ——y - —
a S . . 1+x 1+y°
b) Show 2z = arccos. ===%:5¥-—z > dz < -.—252 - -912
: 1S ey S Tax T+y
28. Find du/dt, if L .
a) u = arctan % where >x'=-et;eft,' y=etet
. ) B ' ) !
b) u = eX sin yz where x= tz, y=t-1,-2z=1/t

29. Evaiuate
N T R 2. .00 -3 3 - )
a) 3y. 3?r51n(2xy —4;) . b) 3% 3y f(2x-3y, 2x+3y)

130. Let F(x+y, xy)=0 define y=y(x). Show that

: dy _ y-Plx+y) - . - X
a) g% = eI Y whereff js a convenient funct1o¢y

dy - 1-x 9{xy) o U . .
b) X X OOxy)-T where ¥ is a convenient function.

31. Evaluate dy/dx for the implicit function:

X 4ny + Y n X _ i
. yAn X X fny

a) xzév_y2 = exp 2 arctan % b)
¢) x{sin % + exzy)-ky =0 d) T+xy = &n Sh xy
32. Evaluate dy/dx, -if '

F(arctan %é%%}} , arctan %%%%%% ) =0

33. Given that z = F(x, y), x = eucos{v, y =,eusin v, show that

2u

/ ZyytZyy = e (v 200)
3. If z = f(x+2y)+g(x-2y), show that
Pt Tyt 0
35. If "xy = x+y -defines y = y(x),‘show
) yraayd a0, 0 by ymeey?a0

36. Show that the function z=r-a cosO where 1= /x2+y2,



37,

- 38.

39.

40
a1,

42

43.

44

‘Same quest1on for

g Showbthat'every 1ine normal to the curve . z% = 3x

307,

9 ¥.arctan %‘ (a constant) satisfies

2 2 o2l
2 37z 3 2 2 .

X - + 2xy +y C=
e XYy oy

If in H(x, y) one makes the'substitutipn

2 2(au +bv), <y?= 2(au - bv);b

evaluate 8 H/3xdy in terms of partial derivatives of H 'with

respect to  u, v.

Find. Z,00 ifo z= x2-2xy-y2 where

X 2 uz—vz,‘ y=2uv - ' o
a) by chain rule
b) by finding =z in terms of .u‘ and v.
Whichlone o% the fo]]owing is homdgeneous and find its degree;
172, , X

. a). f(X, y) = (X +y =3xy) b)Y f(x, y)‘= X &n y-y nx

X3+_y +2xy2

Ver1fy EULER s Theorem for the function f(x,'y) =2n %-»arctan %

X -~ ¥

‘a) u = arcsin ‘TT"_“Z

X" 4y
b) u= (x+y+z)d - (,X+y‘+2)3 Sx - yez) - (x+y-,2)3
2 2, 3,2

“intersects z-axis.

Find the equation of the tangent p]ane and the'equation,qf‘the

normal ]1ne to the g1ven surface at the given point:’

a) z = eX sin v, o, _"27_ . e) b)‘ /X + VY e T =I,6, (4, 1, 9)

.> Show that the sum of the squares of . the intercepts of any plane

tangent -to the surface
(213, 213, 208 203

is constant.



45.

. b) z

46,

47.

48,

a9.

50.

51

52.

1308

Find the equations of the tangent'Wine_to curve‘pf intersec-

tion of two surfaces, at the given point:

2

ca) z = x"+y,

2

z=2x+4y+20, (4, -2, 20)

Vs - 16x?, 2= M2, (1,0, 3)

Find the point(s) on the surface 2z = _xz-y2 at which the

tangent plane "is paraliel to

N

Find the points of the surface

s

2'3
/ +y

2/3

->

V= (2, 1, 3)

L2203 o g

\

at wh1ch the normal line is parallel to V- (2, 1, -1).

~Show that the . tangent p]ane of the fol]ow1ng surfaces at any

point passes "through a fixed po1nt and f1nd this fixed p01nt:

‘a) (X'])

+ (y—Z)‘ - Z'= 0

. b) (X-Q) + (y’B) ;.{Z—;) =0
a b c

Find the equations of the tangent plane and the normal 1|ne

of the following surfaces at the given po1nt

‘a) z=1tn XY,

(1, e , .2)

b) z=xPe2xy-y?, (0, 1, -1)

Find the dﬁfectional.derivative of the following function in

the g1ven direction at the g1ven po1nt in the pos1t1ve sense

a) z=x -2xy

b) z=x gn sin y

along y = x2

at (2, ",-12)

along y = 5 x_at (1/3, «/6, -2/3)

.. Find the directional derivative of the following function at

the given point in the given direction:

b) w =eX

Sa)w=x an yz
2

sin y cos z .

at A(1l, 1, 1) toward ‘B(3, -1, 2) .

Same' question for:

a) f(x, y, z) = eX cos y+e

b) f(x,

Y, 2)

='2n(x2+22)+ey

y

at A(0, w/2, 0) toward B(-1, /2, 2)

]

sin z at P(2, 1, 0) toward P'(-1,2,2)
t P(0, 0, 1) toward P'(-4, 3, 2).
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53.. In"which direction is the directional derivative of B
“f{x, ¥) =,ex sin y at (0, w/6) is a maXimhm?
: 54{‘Find‘direcfiona1iderivative D, f at the point P. when a is - -
a unit vector: ) : . ‘
Ca vy eteza o b2 0 s L -3 8
"b) sin xz+cos xy; P(0, -1, 2), a = (1, -1,2)//6.
55. Find Vf (gradient) at the given'ﬁoint
y - w2 vy e(s, -2y
z +:1) + e2xy; P(0, -2). - . o

va).x3'? 2x?

b)vzn(x? +.y
56. Show that there is a vector -u such that
' div(v-X a) = w.a
for any'conétant vector a’
57. Find div(fvg - gvf) .
58. Find curl u, If curl u = 0, find f such that vf = ui.
a) u=(2x-y+32)7 + (-x+3y+22)j + (2x+3y-2)k.
b) u= (2xy+zz)i + (Znyxz)j + (2x24y2)k'
59. Compute v2u _ for u = f(r); r ='V42 +y2 +z?<
60. Evaluate sz(x, y) for
a) f(x, y) =eX cos y © . b) f(x, y) e* siny
61. Find divy and curl U for -
afVU=eXshyz i+eY Sh zx j+e? Sh xy k
b) U=x 2n yz i+y 2n zx j+z &n xy k-

62. Find the 1ocﬁs of the points

a)y when divU=0 . by curl ¥=0
- where U = xy i+ yzj+xzk C

63. Given
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Cx 2 . .
z.= e¥ cos(x-y)dy
o ‘
find Z,- Zy'
64. Same question for
. ) 2
X
z = [ an xy dy
X

1 65. Show that
: o |
Yy = dj f(a) sin k{x-q)da
satisfies the relation
Ly (.
ANSWERS TO EVEN NUMBERED EXERCISES
16. a) -2, b) 0
22,0

24, a) 0,17, b) 1,35

26, 74,0 n
S o t-1, t2
28. a) -Sech 2t, b) (—? cos —x— + 2t sin —?—)e
t - ’
3y +1 :
32. - 3%

38. 12u® - 24uv - 12v2
46. on T: 4x - 2y =3, z = x% - y?
48. a) (]a 2; 0)’ b) ((!, B, Y)

50. a) -20//T7, b) ( = - 2n 8y7/e+ 72

52, a) (-3é? cos 1 - e?

sin 1+2e)//i4, b) 5//26
2 | 7

54. a) (-12e“+5e-5)/7, b) 2//6
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58.:a) i+j, = b).0, f(x, y,‘z)= x2y4-y?z+ 22x+ c
60. a) 0, b) 0
62. a) x+y+2z = mvib)z=0

'v64. a)-zx = 2x &n x3 - n x2+ x=1," b} zy=,0

t

4. 3. SOME' APPLICATIONS
A. ReLaTeD RaTes

Consider the total derivative ‘
. 4 ’ ot
e L 94X dx

W@ fiw et @ (M
of a.functicn of n var1ab1es with respect a variable «a.

In (1) there are. n+1 rates of change with respect to a .-
of which n’ of'them are 1ndependent‘and the remaining'pne is
dependent Then (1) is a relation between these rates of change.
'So one of them can be computed in terms of ‘the known n  rates

“of change

Finding-one'of these'races of change this way, is a related
rate problem.”

Examgle; Three poincs P(x, O, ‘0), gq(o, y,0), R(O, 0, z)
on the>codrdina£e axes, initially uk the origin,-move with veloci-

'ties 2,3, 4’ un1ts/sec respectively. How fast the area IPQRIzls

chang1ng when P .is at P (6 0 0)?

Solution. We have

A= 1parl= 3 1F0 x PRI = 5 AT 2Bl ekl

4A? = yzz2 +22x +x2y2

¥ Since in (1) dx1/da are known, the variables x; and (hence) f are express1b1e
as functions of ' a. Then the problem is reduc1b1e to that of a function of a
s1ng]e var1ab1e
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an $E - xly +zz) dx+yv('22+><2) o +Z(X2+y2) %5

Nhén-_P '1s at P (6 0y 0), then Q is at Q (0, 9 0) and

R isat Ry(0, 0, 12) with [P Q, Rl = 9/1. Then

Oll

4.9/61 ;g% . 6(225)2+9(680)3+ 12(117)4 .

- 9/61 $8 - 675+ 27.45+12.117

dA Y e - agE -
/61 e .75+ 135+ 156 - 366
g% = ;%%_f 6/31 ,unitzlsep.
B, TavLorR’s FORMULA AND SERIES .

" Theorem. If f(x, y) ha§ continuous partial derivatives

up to order n+l ‘in a neigﬁborhpod-of ‘(é, b)euf,'then

| . | o)
\ = f(a, PR (OO R APPSR L TPR L E
f(X!’y)=f(as b) + [x-a. - + (y- -—-] XY | + -
where the remainder is given by ‘ C
o : : Co s 1 (x a) 4 ( b) 5 n+'|1'.(X )
. T Bl £ 14 3% * ) 53 *Ylx vy

with\ (x%, y*) ja‘pyint-on the openrsegment (POP) Joining

Polas b) to P(x, ¥) )
¥ I

- Proof. S1nce every~p01nt of the 11ne segment [P P] can

be:represented parametr1ca1]y as

‘. B ‘vl (2)

/

‘x=asht, y=bskt Ogtgl

Fhe'ehdlpOiﬁts of the segmént correSbond,

to t=0° and t=1 (observe that “hy k- @)
are d1rect1on numbers of -the Tine segment)

Subst1tut1ng (2) in f(x, y) gives the. function ]
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"UF(t) = fla+ht, bekt) ’
of a.single variable t. Since the TAYLOR's formula for (x, y) at
" (a,'b): is the MACLAURIN's Formula for- F(t), we have

F(n+1)(t*)

—oon o e(k)
Fle) = FO) + T P t‘+

[C L
Now ' : . : -
F(t) = fa*ht, b+kt) > F(0) = f(a, b) »
Fr(t) = fhefyk > F'(0) = hfy(a, b) sk fyla,.b)
S FU(t) = fqh? +2f12 hk + 5k k2 3 : S
Y F*(0) = h f]](a, b) +2hkf]2(a, b) +k f(a, b)
- - . 2 ’
. 3 ¥
‘o ko £(x, y)l(a’ '
S 5 OO P LE .

and - . .

L I I 3 |¥ N,
F(t) =f(a, b) f; x Mtk gy Fxy) [t + R
where ' ‘

_ - - n+1 )
© 1 3 ) n+1
Ruet = TRoT)T [h & k-a_y'] Fxs ) |
: recalling that X =‘a+kt, y = b+kt. Then for t=1, having h=x-a,
- k=y-b we obta1n (1) B '

)

The series ’

Fxs 9) = #(a, D)+ I [(x 2 &+ o0 ) e )

(3)
{a,b) v
is called the TAYLOR s series 1f (%, y) at (a, b).. :

The TAYLOR's Ser1es for a function.of more than two vari-
ables at a po1nt (a] ..ﬂ», an) can be bbtained‘by simi1ar‘subs-
t1tutjonb X; = 3y +h t. .

The TAYLOR s Formula written with ‘R] is called the MVT for -
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a functfon of two variables:

(s y) =f(a, b) + (x-a)f, (x*, y*)+(y-b)F (x4, y*)
where (x*, y*) is on the open line segment joining (a, b) to
(x, y). If (a, b) and (x, y) are known, one can find at least
one point {x#*, y*) - satisfying the same condition.
: “"Example 1. Given the function

'y - ,

2
-y

‘ flx, y) = 2x4 + 3xy

a) obtain the TAYLOR's Formula with R3- at A(2, 3)

. .. . TN . 3 N
"b) evaluate (1,9 ; 3) approximately

- c) show existence of (x*, y*) on (AB) where B(1, T);

Soiution.

a) £k, y) = £(2, 3) s (D)t () lr-8)E )]
* 3 [(X.-Z)z fox(A) +2(x-2)(y-3)F, () +.(y_3)3fyy(A,)] .

| "R
where

£(2, 3) = 59, £, (a0 = 8x® 4 3y?[, - 9,

R |

fgx(A) = 24X|A= 96, fxy(A) =59|A fie’,fyy(A)=5Xr5y|A=‘-6.

Heﬁce '

f(x, y);59+[91(xf2) +'9("y-3)]
2 %"[48(x-2)2_+ 35(x-zj(y-3)-6(y-3)2] + Ry
5) (1,9 5 3) ¥ 594 (91(=¢,1)] +3 [48('—‘-0, n- |
' .59 -9, 40,24 = 50,14 ’
By functional va;ue |

(1, 95 3) < 50,4
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;

c) £f{(1, 1) =F(2, 3) +(1-2) fx(x*, y*) +(1-3) fy(xf, y*)\

1]

' 3.

59 - (8x*%

3

+3y42) - 2(6xsg+ - 3y+?)

S 55 Bx*3u l2xyr ‘ [

Since (x*, y*) lies on; AB, we have

RAREZLER I o (2) .

| and (1), (2) 'g%ve

?(x*) } 8x#*

3

+28x#% - 12x%-55 = 0 :

Since Since (1) = -35<0, T(2) = 81>0 hold, x* must:lie

between 1 and 2.

Example 2. Given

f(x;-y) =\Arctan ¥

a) obtain TAYLOR's Formula with R

b) evaluate f(2, 3)

X

3 at A1, /3)

c) Show existence of (x*, y*) on the open line segment

joining . A(1, v3)

Solution.

to B(V3, 1).°

\

2) £0xa y) = £1, )+ (1) £(0) + (y-70) 7,(8)

3 [ £ (B 20310 (930 £, (A)+ (- /30 P 1y ()

+R3‘
‘where :
’ "1, /3) -
' _ 3
fxx(A) R
f(X. _Y) = %

wi=

+

+ .

.3 1

’ fxv(A) =T 7 fy(A) =7
_ ] | X
fxy(A).- 3 fyy(A) = 3

- i’f,v(x-n + % (y-45))

3B w0 b i B r;
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s {4?14 Te-aA -8 (3 - /‘) ] Y1,12
,So,ar;tan > g ],12‘

S e} £l y) = T, /B) e (x1) £ (0 y)e(yY3) 50000 y4)

-yt *
L f(V3,°1) = T+ (V3-1) —1r17_4(1q@)-_7i_7
: ) 3 XETay* Xt +y#

'n x XAy '
=2 - (/3 -.1) . (1)
5 3 . x*Zay* AR

"Since (X*, y*)  i§'on AR we have

Xt eyt = V341 ¥ o (2)

), (@) . T
o (x4) = x*% - (Bl xr s (2498 = &) -
Since (1)<0, (/3) >0, then 1<x#*< /3 and have
1<Y%< /3, -

C. ENVELOPE ,

I. EnveLope oF A FamILY OF‘PLANE—CURVES

wé say that‘thg family .

' o L FoyaA) =0 (1)
admits an énveiope;‘if,a curve SR
| ‘ -?3 e(x, y) =
‘exists to which every curve Ty of (1) is tangent.

1 Tne‘cnrve e ‘is called the enveZope and the po1nts of

‘tangencyv "°f.rx with e are . the character1st1c point of PA'
| Hénce the envelope is the locus of character1st1c points.

“For instance a plane curve is the envelope of 1ts tangent

fr 11nes (of the fam11y of. tangent 11nes) s
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A fam1ly (1) dependent on a- s1ng1e parameter adm1ts in
general an envelope, and the equat1on of the enve]ope is g1ven'

in the theorem:

Theorem. If the family

L Fl v a) M

depend1ng on a SIngle parameter X admits an envelope e, the cha-

racter1st1c po1nt C of FA sat1sf1es the" snmultaneous equation;

Y

V'eﬁ Hx,y,x)_ 0',f“x;y,));

"Proof. Each curve ry has at least one pdint of contact

with the.envelppe,(characteristit'pbint).:Let‘ cx'pbe one of these.

‘The coordinates of ¢y depend

on A and verify  F(x, ¥ A)b=

- identically.

-~ e

Let us express tangency SR . *\

of T, and the enve]ope at €, : RN [ \
A N S

7 ‘Sjope of F, at CA: F /F v

", Slope of .e at C,: (dy/dA)/(dx/dA) =0

, F, . :
X - dy/dx. dx
S Mt =§‘-"xi;p:.*Fya'x-

Using this result-in the -total derivative'of F(x, y,’x) ;with
respect to A, we have » ‘ '
v dx: dy o . . L .
'an.x+Fa—+F)‘.—0='—7F)_‘—0-¢.
\_———W___.J
Example 1. Find the envelope of the femi]y,of circles of

constant radii ”, centers on x-axis.
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Solution. R A o _ T+
Tt F(x, vy A) =(x-2)2 ay2r? o0 -

A _ re=t L i m e

Fy = -2(x - 1) =0 S X =A.

Then ' | B \6 0i9) x
. _\_(X_A)2+y2_r2 - 0, X = A ,_.’_‘,‘-__ .

“are the parametric equation of the envé]ope.

~Then eliminating A, one gets

yzi-‘r2=0 3y = gr, B

'shohing that the envelope consists of two lines parallel to x-axis.
This enve]qpe is the locus of heighest and lowest points'(charac-‘
teristic points) of the circles.

Example 2. Find the envelope of the family
. )

r,  F(x, s Av)'=: 2(x-2)3-3(y-2)? = 0
3

3y2.

» Solutfbn. The curve ry s relatéd to T, s 2x =0

-by the t;anslation, (X, A), and-jrov admits a chsp(]) at the‘origin.

' Since . )

Ry (xs ys A) = -6(x-2)2 +6(y-2) =

we' have the enve]ope )
e:-2(x-2)3-3(y-1)% =0, (x-2)2-(y-2) =0
'To eliminate 2, setfing y-1 = (x-2)2

~in the f1rst we have - - ?,
/
2(x-1)-3(x-1)* -0 3 (x-2)° lz 3(x~ x)] 0
(i) x-x = 0, , (11) X=3 = % B 0

\

(1 A cusp is a double point at which two tangent lines are coincident.

A double point ' A cusp ' A cusp "
B " of the first kind - of the second kind
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(i) x-a =

"
o
3
<
1
>
]
(=]
J
~=
"
b3

(i) x-x1. % =§‘ A =x - % .
= 2.,£§--;3(yex-+§)2'=,0
' 2,2 16
= (y-x+3)" = g7
L
=) _y-x+§" = i-g—
= Yy =X-g Or . y=X- 3
Thus we have obtained three equations:

10

Y =X, Y = xv—fé and y = x - 5

The first one, y=x, is the locus of cusps, the second, y=x - %,
is the ehve]bpe,whi]e the third is not.
Corollary 1. The envelope of the family -

F(x, y‘, A, u) =0, ‘f'(l; u) =0 '

is given by

.0, .l
F=0, ¢=-0, ~4._1
N (‘fx .{’u ) . -
Proof. Since (A, u) =0 = u=u(A) theoretically,
. . ~ '» du_ — CoL '
the envelope 1;/‘E(x, y,‘l, w) =0, F + Fu o = 0 A
Now eliminating du/dA  between the latter and , + du

A u 3’5\'_;—
one gets:. : RV TS ‘

Exémg]e. Find the envelope of circles centered on the

parabola y = x? and tangent to x-axis.

Solution. Let (o, B) be the cénter_of a circle.

Then the radius being.|g| we have - o , . !

F(x, -V:‘ds; B) = (x-a)zf (y-8)%-8%=0

‘with: : "(u., B) = az—e = 0 'asbthe equation- . 6

of the family.
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e Feo. oo, m2ix-w) | -2(y-B)-28 (_
:e-;Ff 0, .j— 0; 70 ." T | (f ?y)

X ,. . - _/".“ ~ "- . - ~ X -

) E_ 0, vT- 91 x-a= Zu; (@ = =73)
Setting o =. X __ " and .B'=v X in F =0,

, . -2y (1 - 2y)2
. we get’ o
‘ (% - X )2""_ (y% -2 " x? y =0 L
T Zyn ST Geey? T
= 4xgy? + y2(1-’2y)2 - 2x2y =0

B o
s y[eeysn v yizyn?) = o
s vy fedaey?) <00 (ey-14 0)
‘ 2 1)2 1

4:‘()’—1- = .1_5

s a0 o x
‘Hence the envelope cons)is‘_tsr'of the x-ékis and the circle
‘of the radius 1/4 centered at (b,"‘1‘/4). _ k
n ‘Solve this by eléminatiﬁg one of a, ‘Bl -
Cdro]'lary'Z;)The envelope of the family
‘ Ty:ox o= f(t, A), ¥y =glt, A)
is. given by ' | '
S £, f

e : x=f(t,\)\),‘ y=g(ts A), t_ X
. ) gt 9

© Proof. The characteristic point €, of r, is a function
of A so that t = t(1). ’
51 f : ot
Vope o] PA . ?;
SR thy g, .
dy/dx 9t b+ 9y
.Slope of . e O v v Pus A
) X/ dx t "+ "2

’Equati‘hg these one gets" ft/gt = f)./QA-'
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Example Find the enve]ope of the fam11y
S PSi X=X + 3 cos t, .y % + 3 sin t
{ .
" ‘solution. v ‘
erix=X + 3 COS‘t, y =»?A'; 3 éin t,_ *%‘%%g—%‘= %
2x-y ;‘Gleosrt - 3 sin t, tah\t = - 1/2
with cos't = +2/v5, sin t = x1//5 -

2x-y = +3/5  (two parallel lines)

EvoLuTE. . . -
The evolute of a p]ane curve is the enve]ope of its norma]s.
i Let y ; f(x) be the equat1on of 4
a p]ane curve: ‘

’r i f(x)

s s .
‘rkf-y ‘ f(A)_- ) (x-2) l(fam11y:of nor@als)

The enve]ope‘of r,. is the evolute of T.

3

~

g Theorem. The evolute of a. plane curve 1s the 1ocus of

center of curvatures (Book II, p. 241)

\Proof D1fferent1at1ng the equation L
|
3 FTA) - F() F1(A) 4 x-A = 0

of T with'respect to 1, we have

A
y Fr(n) - ffz(X)'- F) £1(0) =1 =0

N\
x
i

2
SRR PV LA AL B

Y
- 0« 1ads

~
i

Rt Example. Find the. evolute of L y© = x.
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-Solution. Taking y = A as parameter, the eqnati6n of
‘norma] at'.(A?, A) being .
A oy - A=- 2A(x’? AZ)
differentiatipn with respect to A gives

.2 1

R PO S L A PE.
y = A - 22 (3x?+%4 xz);-4x3
Then .
cer x = 3A2 + % WY o= ‘4A3
is the evo]ute _ : ' o

0bta1n the same resu]t by d1rect application of the’ formu]a ( )

2. ENVELOPE oF FAMILY OF SURFACES
We say that a fnmily nf surfaces admits an envelope, if
- there exists a surface E “such that each surface of the family
is tangent to ‘E. 'E is the envelope. - o

For.inStance a cylinder is the'envelope of its tangent’
‘planes (a tangent p]ane depends on a single parameter and is tangent
to the cy11nder along a generator), and an ellipsoid is the enve-
V]ope of its tangent p]ane (the tangent plane depends on two para-

meters).

EnvELOPE OF SURFACES DEPENDENT ON ONE PARAMETER'

Theorem. The envelope of the family.
Syt F(xs ¥, 2, 1) =0
is given by

E: F(x, ¥y, 2z, A)

0, F) (xs ¥» 2, 1) =

Proof. Let E be the envelope of ’SA. We show that the

coordinates of every point of .E- satisfies F=0 and ’FA = 0.
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Let P{x, y, z) be any point of thé_cha}acteriétic curve
o -a]ong which s, - is. tangent tb E.‘Thé coorﬁinafes,of P ‘are
“functions. of X(whiéh fixes SX) and of a'parémeter'ﬁ which fixes
P on C); x(Aym), y(A, u), z(ry 0) safisfy F=0 'fdentjca11y,
and then ‘ . ’ ' 7 .
‘ F; dx + F dy + Fodz + ) dy =0
holds, whefe ~dx, dy, dz are direction numbers of’the taﬁgént line
to C at P and this‘line being on the tangent p{ané,Aone'has -

F, dx +'Fy dy + F, dz = 0, and F, =0 follows. ®

Corollary-1. The envelope of
S: N F(X, .yv Z: As u) = 0‘9 1()\’ u)'_'o

is giveﬁ by
: ) .- F, F
& F=0, =0, 2..M
Sy Ty

Corollary 2. The enve]ohe 6f‘

S F(X, Y Z,‘)\! U Y,) =0, ‘f(A! Us Y) "", 0
is given by . : ‘ ’
, . F, F_F
(-:; . Fv-'-' 0, Lf: 0, T = —_l]- = _‘!.
B P YRR £

ENVELOPE OF FAMILY OF SURFACES DEPENDENT ON TWO PARAMETERS:

* Theorem. The envelope, of

’

Sx, ui Flxs ¥y, 2o 2, u) =0
is given by ‘ '
' | E: F=0, Fy =0, F =0
Proof. The coordinates x, y, z of the characteristic
poiﬁt C are functions of A, u <and satisfy F=0 identically,

‘7 and for the total differenfia]
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| :F*‘dx;+ Fy dy + F, dz.+ F, dA £ F d = 6
ho]ds. where the sum of the first three terms is zerc. s1nce dx,
: ‘dy. dz are d1rect1on numbers of a.tangent 11ne to E vat c, o
]y1ng on the tangent plane. . v ’ .
‘ "Hence ,FX dy i+ F d, =0 “holds for every A, n%- jmplying
Foo=0, Foo=0. - ‘ S - '
| 'gonollary: The envelope of v
; #(x. Yezs Ay, ¥) =0, wx('l, By Y) =

is. given by

e F.F. F
F=20, lf=‘ 0, '._A' = —.P"= 4
A Ty ty
Example.~Find the envelope of the family - 3

a) of‘ﬁpheres with centers on z-axis and radii are half .
“the third coord1nate of the centers

b) of’ p]ane 4ux. + 8vy'-vz - (2u + ay? ) =0

- Solution.

22

R AR CR VLN T O,

a) S

'Differentiafing evéry term with respect to ) one gets ' ‘ ‘

040 - 2(z-1) - % A = A= 82/37 |

2, .2 4 2
X +Yy ‘*(Z -3 ) (g)

- 2 )
_xz +y?-- %T =0 (a cone)

‘b)'Differentiating,every'term with‘nespecf to u and 'v
one- gets ] )
4x - 4u'=0, -8y -8vy=0

‘o u o= x, ‘,v'.=4y

v



66.

\_ x=z in xz-plane with speed 3 ‘Units/sec: How.fast is their .

'67Q

./ are constant. If o increases at the” - %
- rate of 45p tad/sec, and B decreases LS

‘at the rate of 5-14'—0 " vad/sec, how fast
‘a) the side’ ¢, _b) the area |ABCD|,

325 -
4 4x?’-’{- 8y2 - 2x2A - 4y

z= 2x%+ 4y% . (An elliptic paraboloid).

2 9

EXERCISES (4, 3)

Y

_A particle is moving onf the line 'y=x in xy-plane with speed

4 units/sec, ‘and a sgcond particle is moving ,6n the’ 11’ne'_/_

,d1stance changmg when ‘the first part1c1e is at (2, 2,.0):

In the given f1gure the s1des s by d T D v’ T

-

" s changing when o = /2 and g = #/3 !

68.

69.

'70.

Expand xz—gy about the point. (1, -2).

Same question for _vexcos y = about (O, 0).

G‘iven‘the functfcn' f(x, y) = 2~+ Xy - yz, i

a) obtain the TAYLOR s Formu]a with R2 at A(2 ) T

b) find. (x*,'y*) on (AB) where B(1, -2).

n.

72,

Expand vln(xu+y)"'1'n powers of x-1 and y-2 u‘Pvto_'sec‘_qndv

" degree terms (with R3) e e

Given - f(x, y) X3-2xy

" a) obtain the,TAYLOR s Formu]a with Ry at A(2, 2)

b) evaluate “f(2,1 3 1,9) approximately

) find: (x*, y*) on (AB) where B(1, 3)
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73. Find the envelope of the féilowing family

a) x? + (y-x2 =1 ' S b) (t%-1)x s+ 2ty =1
c) y2 = fX .« t2 ' ' d) x2 * 2y24= A

2 . 2 ! 2 2
e) (x-t)% + y% = 4t £ (xe0)? ¢ (=07 =2

g),y=x/m..+r.n2‘
74. Show that the envelobeb

a) of the line UV such that
[ou|? + jov|? - &% s

213, 213 q2/3

. b) of the»b]ane UVW such that
lou? % Jov|Z « jou|? = a? s
K213, 213, 213 _ 213

+

75.1f -z = f(x, y) . is the\envelope of
m(t): z = a(t)x + b(t)y + c(t)
2 2 .2 _ ‘ S 0

xx ~fx f

show f y

76. Let a variaﬁle line { intersect the axes at (e 0), (0, B).

Find the envelope of @ under the condition:

“a) o+ B =c ‘ b) a8 = ¢’
77. Find the envelope of the ellipses
x2/a2 + yz/b2 = 1
under the condition o
a)a+b=u = const ~ b)-ab = u® = const.

78. Show-that the en&e]ope'of circles passing thréugh‘thé origin

and having centers on the hyperbola ‘xz-yz = a? is a lemniscate.-

79. If the coefficients a, B, ¢, p» q are functions of x and

y,,shbw‘that ﬁne enve]bpe-of




a) at2 + bt +c =0 s b2 - dac =

0
3. . 3. '
b) t” 4+ pt + q. = 0 is 4p” + 27q =0
c) a cost+b sint+c=0 is a? + b2 = cz ‘
) 2 2 2

d) a Chtib Shtec=0 s a° - b2 =c¢

80;-F1nd the envelope of. the fam1ly of curves:

a) ty = 4(x + TT) i b)‘tx - Vtz - 9 y.= 9‘/ 

c)\(x-)\) + _yz = 25. Cod) tx o+ /5 - 'y =25

ANSWERS TO EVEN NUMBERED EXERCISES
66. 5 unit/sec. ]
- . \ 1 2 . AK
68. 3 + (4(x-1)-(y+2)] + 3 [Z(x-l) -2(x-1) (y+2) |
70. a) 5+ 5(x:2) +R,,, b) (x*, y*) = (3/2' -1/2)

72. a) 8(x-2)-4(y-2) + 3 [124x 2) —4(x 2)y- z)] Ry

b) 0.4 - ) (13/7, 15/7) . S
76. a) Vx| + /iyl =V]cl , b) xy = c?
80. a) _y_?' ='8)'(, “b) x2-_y2=9, . €)y = %5, d) X2'+y2 = 25.
4, 4, - EXTREMA AND THE METHOD OF LEAST SQUARES
A. Free EXTREMA
Let

Cfr De v Rey oz o= f(xg o, il Xn).
be a function of n variables (n32) yith domain - ng R"™ and

(unknown) range’ Re=R.
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fhe ]qrgest\(sma]]esf) é]ement 'M(m) in “R%; ff'any,
is the ‘global of_absalute mazimum (minimum) Qf f  over qu"

If £(P,)eR; is the largest (smallest) in.a neighborhood
N[é ‘

o] of a point P eD., then f(P ) is ZocaZ or reZatzve maximum

(minimum) of .f afl P , and »Po. is said’ to be an extremum point
of f. S1née’no conditions are 1mpos€d on the 1ndependent var1ab1es
-i(var1ab1es varying free]y) the extrema will be called a free
extrema , ‘

For the g]pba]-makimum.(minﬁmum) 6? ;f at a point Po’
one has N . o : ,
’ - F(P, ) f(P) (f(Ro)§ f(P))' fbr‘an‘ PeDc, wuhile fofba
]0ca1\max1mum (m1n1mum)'of at 'Po;, k : o ‘ ]
o F(P)> F(P) '(f(p )< F(P)) for all PeN[PO]. y

DETERMINATION OF LOCAL EXTREMA (for a function of_two 
var1ab]es) : o '

Lét' 7- f(x, ¥). beva function of two variables defined on
D. If its f1rst part1a1 der1vat1ves ex1st and both zero at Po(a,b)eD;‘;
‘then by the geometr1c 1nterpretat10ns : S -
~of f (P o)s . Fy(Py), the po1nt Py
is a critical point of both of the

‘curves

lfy;b,rz=fu,y)

rzl: >x=a:s‘ z = f(x, .Y) /

If f has'a local extréma at Po, then,_fx, f, vanish -
both at- P, as stated in the following theorem.
: A point P, ‘at which partial derivatives f , fy vanish

simultareously -is Called'a eritical point of - (X Y):
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Theorem. For.a function 2z=f(x,y) »
.17 an extrema point is a critical point (the'converse is
.not true) » .
2. a cr1t1ca1 po1nt P
a) is an extremum po1nt if
f

f

11 Fi2 s max when f]] (or fzz) <0

f f2L f2é ;;? 1 m1n.when fj] (or fzz? >0
b) a saéd]é poi: if i 

- It f12]

R o el <o

a1’ 22l

;) is.uncertain: in type if A = d.

Proof.
1: Let -f have a relative maximum boint Pd(a,,b) so that

£(P)-f(P,) <0 holds for all "P(x,y) in a neighborhood -N(P)

.':of ,P . Then, Ffrom TAYLOR s Formu]a,

0

f(P) -f(P, ) =h (P )+ k f2(P )+ R2< 0
% h f, (p )+ k £,(P, ) <0

siﬁcg‘ RZ; ‘1nvo1v1ng heigher powers of h= X-a, k=y-b, is
“negligible in N(P ). o
} Jk.NOw,‘A‘ ) |

hek>0 = F1(Py) s Fp(Pg) <0 N ,

o v 2 £(P,)=0, Fa(Pg)=0
h= ’k<"_0" = F1(Py) «Fo(Py)> 0

The same result is obtained for relation minimun.

2. At a criti§a1 point the TAYLdR'§ Formila becomes

]
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, 1 (.2 2 o
FPY-£(P) = 5 (K2 £17(P ) 20k £1,(P ) +k? £,,(P )] + Ry
Neglecting 'Ry in N(P ), the sign of _f(P)-f(P ) is that of
/ [0, k) = h2F 3 (Pg) + 20kE ) (o) + K2 £y (P)

where oﬁe of h=x-a, k=y-b, say k ‘s not zero for P £ P
" For an extremum at P

o o’
the sign of > {(h, k) or of ' '

E]Z‘ 30, k) = (P ()2 2 2 F1(Po) (1) + FpplPy)

must‘an change in.sign. This is the case if the discriminant ¢
~ of this quadratic (in h/K). is negative:

’

_e 2 (= -
8= f1p = Fy fap <0 (= iy 12> 0)
or that if
fn fi2
A = ) >0
oy f

{(h, k) .being positive when 4 >0 and f]](Pd) >0
(f]](PO) <0) there is a local maximum (minimum). '

(Note that for 4>0, the signs of f11» fpp at P, are the
same). B ' ' . - /
b. If §>0 (a<0), then the sign of %(h, k)
changes in N(P ). Such a poiﬁt is called a. saddle point of f.
c. When- A=0 at P, one needs an‘inVestigation of .
hefgher o?der derivafives.‘ )

Example. Given

Cf(x, y) = 3x2+3y2- 3x2_y {y3 -4,
find and classify all critical points '
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Solution.

a) f] = 6x—§xy =0 > x(1-y) = 0 2 x=0 or y-= 1°
» .

£, = 6y-3x2-3yF =0 = 2y - x% - yF -0
x=0 = 2y-_0-y2 =0.= y=0 or y=2
y=1:-= 2-x2-] =0 =). x='1_ or x=-1°

'There are four cfitica] points, namely

A0, 0),  B(0,2), C(1, 1), D(-1, 1)

b) iy 7= 6-6y, . fy, =v-6g, fzz = 6-6y
6 0 ,
a(A) = >0, fi(A) = 6>0, rel.min.
. lo 6 o .
o ]-6 0 _ : .
o a(B) =1 > 0, flT(B) < 0, rel.max.
0 -6 _
. | o -6 v
a{C) =}, . < 0, a saddle point
- -6 0 .
0 6 , ,
a{D) = |. < 0 a saddle point.

For a funct1on of three variables we state the fo]]owidg

theorem without proof

Theorem. ' For a function ‘u = f(x, y, z).
1. an extremum point is a critiéal pqint,

2. a critical point P_ is -a

[o]
o [fn izl o T fae Tas
a) m1n.po1nt‘uf f]] >0, | >0, f21 f22 f23
fa1 faz) f31 32 33



b) max. point if f17 <05

- Example. Find;thefquadréng]e of largést‘arearins

a circle of radius R.
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‘|f11 12

|21 f22

Solution. Referring to the figure, .
—_— :

.-the area S ‘js the sum of the areas of

four triangles:

* which is verified, is particUlar for ap =

wa we'testlthe

fiq = -sinoy + sinda = Fy4(P,)
f'ij‘= s'i)nkz o =3 ,f‘ij(Po)
o EERE | S A
fii(Pg) = w2<0, | -
R . 21 fez)
- 1 f12 T3
fa1 fa2 fa3) =
' 3 33

L 2s.=
. f.“(a]w (12’
since ) af = 27.
: ;o
f
2
f3

'

a3) =

Theh

= cosa, - cos(a],+a2'fq3)_

2

=

w

= sina; +sina, + sinag - s'in@a-l +ay+03)

boéa] - cos(q]uiuz +az)

- co§a3vf cos (o +a2‘+a3)‘

>

RZ(Sind1 +sina2-psina3lf$ina4)

_az =,

point . P (n/2, w/2, m/2) for

[f11 F12 fi3

0 |f

3 fa2

%3 =% =7
extrema: '
)

-1 (for i 4 §)

21 T22 f23

a3

Cribed in
o

-1
- 3>0,
Y
-1 -
-2 -1 = -4<o0
-1 .

<‘0
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-

. . Ll ) i -’\. : V .
Then, Pd' is’a relative maximum point giving f(po).= 4 which
" is the largest value of ZS/RZ.

o Test eXtrema for the point P,(7, o, 0)' satisfying;(*)t

B CONSTRAINED EXTREMA (w1th s1de cond1t1onﬁﬂ)

If 1t is requ1red to find the extrema of a funct1on
z =;f(x, y)‘ under a condition . (x,‘y) =0, the extrema 15 ca]]- -
ed-the cemstrainediextréma or ex;rema‘uith a eide condetmon'(SIde :;
' funct1on) A ' ’
If the funct1on is of three variables U= f(x, Y, Z)
may be requ1red to f1nd its extrema under one side- cond1t1on .
Cgi{x, y, z}) = 0, . or two s1de cond1t1ons g(x, y, z)

0:

h(x, .y, z) ‘

‘The tonstrained extrema problem for

. & ‘Z =-,f(X] > e ;Xn)
under the side conditions .

; gj =0 ,....>, gk =0 (1< k< n- 1)

is redhced by LAGRANGE to the free extrema- problem for a: funct1on
‘which is a 11near comblnat1on of f, . 9y ,t,.. I

Cons1derva function

’

S u = f(x, vy, z)
with -a side condition g(x; Y, z) = 0 which defines z as a .
function of . x. and y.iThen u- becomes a function of two variables,

~u(x, y). Hence the necessary conditions‘?or an extrema for u(x, y)

“are S
u _af . af 2z
39X "@x | 3z dx ~
3u _ 3f  af 3z _
3y ey ez ay 7 \
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-
N

_ du u o af . . af of 2z
> 5% dx +.57 dy = X dg + 3y dy + 3z (5_ dx + oy dy) =
- . dz
- T af af '

= EY‘d¥_+ 3y dy + si dz 0 - (a)

Now, g=0 gives - o S

3 R g _
-a_gdij.gdy\u—;dz-o (b)

!

Multiplying (b} by SAscaIar A and adding‘to (a) we get

GF 2 3o o (§_§ )dy N (._+;\ )dz - (c)

which is satisfied by the extremal points of 'u under the side
condition g=0. Then if one-chooses A such that

- ) fx +'Agx = 0" fy+ Agy = 0’ fz +Agz = 0,‘, g=0

we obtain the critical points of the function
F(X, y,'z) = f(xs y, 2) +‘Xg(x’ Ys 2).

Thus th1s a constrained extrema is reduced a free extrema
of the linear combination. f + Ag of the or1g1nal function and the
side function. ' b : |
It can be sﬁbwn that the extremal points of
zZ = f(x] s eee s xn)
under. the side conditions.

gy(xs ... s%y) = 0, s g (xys eee sx ) = 0 (1skg n-1)

are the critical points of the function

- R VF(x],.u.,xn, A]f;.,,gk)

= f + A]g] LN lkgk

- of" n/¥x variables where ;Ai's. are ca]léd theLAGRANGE mu]tip]iets-f?

Example 1. Find the minimum distance of the point A(0, 5)

'



from the parabola,

solution.
tion to be minim

whe

the line of inte

Solution.
f(x,
0,

its ' square

X+2y-2z-3

V,F(_xs ..Ys' z
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2
y=x".

‘If P(x, y) 1is a point on y Qx? then the func-

ized is Vk® + (y-5)%. or its square f(x, y) =

x2 . (y—S)2 re x, y satisfy g(x, y) = xty = 0 as the side
condition. i
Forming
R ys A) = X2 (re5)? e Ay,
we haQe ! | - '
o Fi = 2x+2ax=0 3 (1sA)x=0 5 x0 or A=-1
F, = 2(y=5)-1' = 0 % x = 2y-10
F3 = xz;y =0 (sige cond.5.
x=0 B y-0 5 (0,0
A=l D e 2ym10 D oy =92 9 Kl =Y o x=1317F
Then we have three critical points 0(0, 0),> B(é/ff; 9/2),"
¢(-3/v3, 9/2). | ) '
 d(A, B) =,d(A-_C) J2~+(7 - 5)2 \/é I /2 (min)
“d(A, 0) = 5 (max).
Example 2. Finﬂ the shortegt d{stance of/the ﬁrigin ffom

3,

) ‘sz + y2.+ 22 ‘ or

rsection of the planes

X+2y-2 2Xx+y+z

The function to minimized being

y,:z) = x2+y2+z2 with side conditions
2x+y+2 {1 = 0, we cbhéider the function
,‘A,iuj = 2+,y2+22+v>\(x’+2y—’z-1)+ﬁ(2x\»y+z—3_)
Fl=2x+x+ 2u=0
F, 2+ 2% 44 =0 ‘
Fg=22-X+ u= 0
F =x4+2y -2-1-=

0
0 } side conditions

2X +y + 2z -1
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':Setfing ) _
‘ ‘2x'='-‘x-2u, 2y = ~2% - . 2z = Ac m

Cin the side cond1t1ons

‘o

n
SN

2x +8y -2z = 3, : 4x.+2y +22

we have .

o

-2y - s R Lo
x o S A= -10/9, u = 2/9
-3) - 6u= 2 ' :

© s P(x =1/3, y=1, z'=-2/3)
= d(0,p) = vi78 + 1 5 479 = /i4/3

' ABSOLUTE EXTREMA (GLOBAL'EXTREMA)

Let f be a funct1on w1th (largest) doma1n foVSupposeAnf
'\as restr1cted to a reqlon R conta1ned 1n Df (R<=Df) ;‘ '
He reca]] -that the symbo]s ‘[R], (R) denote regions w1th or
or w1thout boundary aR, if any. B ' 7
‘ The abgolute maanmum ‘ M (the absolute minimum m). of f
;:'over R s the maxnmum (m1nimum)'of bhe set of values f(R) f
These extrema are obta1ned by free extrema of f for (R),
and by constrained one for (R} if R ex1sts, w1th the conside-
ration'of values of (f on the'corners of the boundary (observe
similarity between the corners of the boundary and the end. po1nts -
of an 1nterva1 for a function oan s1nglekvar1ab1e).\1n the case
.of exfstence of boundary ah,‘sinte fi may have 1oca1vextrema on
3R g1ven by some number of relations g9; = Oyrthere is constrained

extrema with s1de conditians .g9;=0.

- Example. .Given the paraboloid

2z = g(?#yz -2x -4y + 6,
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.‘f1nd the he1ghest and 1owest po1nts of the surface over the reg1on

Hx,y) x2+y2<, x;O y>0}

- Solution. The regior ‘R is as shown in the f19ure where the
boundary cons1sts of a quarter of
. circular arc (AB) rd two line
segments ! (0A), (08) with the

corners 0, A, B.

Free extrema in_(R):

2x-2"= 0

<zx . . . - - i i . .
3 P15 2)e(R) -~
2y-4 = 0 ;

N
1

Z(?]) ; 1 (a min) .

--Contrained extrema

fdr‘(ﬂﬁ)- gix, y) =,x2+y2-9 Z0, x>0, y>0

x2 2

F = 2x 2y+6+ )(x +y -9).

. T= 2%~ 2+2XX

0} . S
) Cyos X=X 2=y Ly oy
0}=“-~T-—y¥

:le ;2y-4+2k¥

Fy = )'(2\+y2-'-9 =0 o x&4:(2x)%.9 o x=t gk, y-e 6//5

?,(37/8 . 6//5) cRB -

2(P,) = 15-6v5 (¥ 1,72)
“for: (0A):. _y._=0, D<x<3
z(x, 0) ;x242x+6 z' =2%x-2 =0 > x=1
Pa(1, 0) = z(P3) = 5

for -(0B): x=0, 0<y<3 - ) ':- S -A
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y
Pa(052) = 2z(Py) =

2(0, y) = yi-4y+6 o z' = 2y-8 =0 a5 y=2

~n

~At the corners:

~-2(0) = 6, -z{A) =9, - z(B) = 3

The ‘set of obtained values, in increasing'érder;vbeing»
{1, 15-6/5, 2,3, 5,6, 9}
we have h!=9, m=1 at the corner A(0, 3) and the interior

point ‘P](l,r2) respective]y}

C. THE MeTHOD OF LEAST SQUARES. (MLS)
1. Let qj s e s Qp "be n direct measured values of ‘a
. imagnitude, and let 0 -represent the sum. of squaréS’of their de-
viations from a number q: ’

. , . ) _

Q =1 (q;-q) ' C (1)
i=1 - i ‘ »
The value of ¢q making Q minimum, is the best value of

the measurement, since Q ‘involves squares of.deviations which

.are non negative. This best value q of P PIEEERRI is shown

to be the-arithméti; of the measured values: S
0 _ ., § 0 7 0
i iZ] (a4-q) =0 = 1§1qi “na =0
- q-I *e..+ @
= q = n n s
d%q ' ‘ -
: E;Z =2n>0 "= Q is minjmum for ‘q.'

This process of finding @ from (1) is known as the method

of least squares (MLS) i ) . .
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,2;‘Let ‘q] ; R be n values of q = f(x) for n
direct measurements of Xp 0 cee s xn wherg. f is a known func--
tion. In thfs case- q;°s become indirect ﬁéasurements of - q.

It can'be shown that the best valie @ of q 1is Q= f(i)A
Qhere X and y are the arithhetic_means'of xi's and qi's

respectively

Examg]e. The ]ength % of a s1mp1e pendu]um is measured as
A24;8; 25,13 25 0; 24, 8 25,05 25,15 24 s 73 25 1 cm. Then

a) find the beést length T

b) find the best period.

Solution.

a) %

(z24)/8 = 24,95 cm,
%79 = n/24,95/g = 4,997//3.

b) T
3. Let y ‘be related to x by an unknown function f,

and let y; , :.._, Yn be the measured values of y correspond--

ing to a set of seclected values ,x% s o s Xy of x.

When one plots the points Pi(xi,'yi) on_a rectangular

coordinate system >0xy, we obtain a’distribution of -y agaihst X

m’, X
Now the problem is to . ) _ P‘ ®
. ® S ®
determine the best function o T Y )
. h - % H f *~
giving ‘this distribution. - : SIS

The solution of the problem

;ianlves the fbl1owin§ steps:
(i) from the distribution guess the type of the function
a5 linear, quadratic, exponential, ... ,

(ii) write the general form of the function,

(iii) by thé use of the MLS, defermine the unknown parameters, -



. Let
S ()

(ii)

A(iii)

A

where

The
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‘the distribution be as given in the figure

LY

We observe that the points T A*
. oo ’ . 7 )
) . Yo
- Py(xg, yi{ lje qeaﬁly on P; ¥
a~§traight Tine %’n;ﬁ\ -
The genera] equation s’ ‘/-’” -5 b
« sfr ,
Y Ax+B
“* (0] ')K._
By the MLS ,we minimize.
i L 4 U ‘ ”zb N
Q‘(’A’ B_) = Z (yi'Axi',B) , -
. . 1= :
“in whjch/lﬁ, B are the parameters:
. : no
30 . - (
TR ST \
‘ L 1= . . ,
N2 I (y;-Ax;-B) =0
(in)A +nB.= zy,
» S . (m
(ij)A‘f (in)B‘= in¥i~ )
By on N T
= 1. ' /By B=l o o o | /A
Bagyy DB B Iy
VA'=h Exi n
2
x4 in
obta1ned equat1on Y- = Ax fB'VTE called the line af'
the g1ven date,"and its ,

best jit of
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and by the MLS one may obtain the fo]]ow1ng equat10ns for parameterse

X -y
,in .Zyi
2
XS inyj

1

R

n

»,determinantal equation fs_

'Exf
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[
o
o
~
x|

<
—

2 ' 4l
IX{OEXgY EXg

The second row in the last equation show “that the line of

 best f1t passes through ‘the po1nt P(x, y):

Observe that the first equat1on in (1) for parameters can

be obta1ned pract1ca1]y from y; = Axi +B by summation; and the

-1

second by summation after mu1t1p1ying’by Xae !‘ o,

_Example. Given the data

-1 0

X
. , Y
“Find therquation of the

Solution. )
Cxy  x2 - xy
-T2 1 =2

0 1 o 0
10 1 0

2 -3 4 - -6

3 -5 9 15 °

4. -8 16 -32.

g -T3 3T _-55

2 5 4
3

1
2 7T 0-3-5-8

line of best fit, -

. 9A + 6B = -13
31A + 9B = -55

L . 213 .92

'=_)) _A N 705 ° \_B-T T05

- 2,028 x +0,876

Where there are more than one variable, say two variables,

in the case-of linear approximation the genefal linear,equation is

i

z = Ax + By+ C
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Tz, = A Ex; + B Iy, + C Il (£1 = n)
. . 2 '
inzi = A in + B inyi + szi
. _ K 2
Zyjzi = Aiixiyi.+ B in + CIy;

" The non linear cases can be reduced to Tinear case by the

use of some transformations.
A

Example. Plot the data for Olymp{c rununing events given

in the following table. Then find the function of the form y=k x"

that best fits the data

distance (x) SR = time (for men)
100 m dash 10 = 10 sec
200 m dash - 20 - 'Zb sec
400 m run - 44,9 = 44,9 sec
800 m run -t 1.45,7 =105,7 sec
1500 m run . 3.35,6 = 215,6 sec

Solution.

¢

'206 ' , T :

————

o0 ¢

=

. % H A . .

loo 200 - C Yoo — BRI . . T xes
" Taking the common logarithm of both sides of y = k_xr, " we get 4
the ljneaf equatfon

. log y = 109 k +rlog x
in log y and ;log x. Then setting '
‘ ’ v - log x, v = log y,- ~ $= log k ’

we have

I
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ST+ ru
Theh, from 

u - v ) l.l2 _l.j_\}v-~_
2 1 4 2
2,30 - 1,30 5,29 2,99 
2,60 1,64 6,76 4,26

2,90 2,02 8,41 5,86

. 3,18 2,33 10,11 7,41

‘the équation for parameters r aFH s are

12,98 r + - 5s

34,57 r + 12,985

r = 1,14,

"
~nN
. ~N
-
(523
~N

s.= -1,31 = log
log k = -1,31 = 2,69 .k = 0,05
y = 0,05 x' 1%

Example 2. Given the date

- z X ! .
1.0 0
2 1T 1
A 0 1
3 10
4 2 0

find the plane of best fit.

Solution. General equation is

z

= Ax+By+C

-Then the équations for parameters become

Ezi

1z;y;

A‘Exi + B Zyi + C 1

2 N
A in + B inyi- + C ZX1-

A Exjyy

+ B Zy$+ C,Zyi
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\From .
v z - x oy Xy Xz yz xz, y2
1 0 0. 0 0. 0 0 0
. 2.1 .1 12 20 ]
1 0. .1. 0 0 1 0 "1
3 1.0 0 3 0 1 0
4. 2 0 0 8 0 4 . 0
1 a2 0 3. 3. 6 2
we have _
| 4A ¢ 2B+ 5C = 11
6A ¢ B + 4C = 13
A+ 2B+ 2C= 3

~ A =21/15, B = -7/15, - C = 19/15

© EXERCISES (4, 4)
81.-Find,thé“crititai bojnts of

2 2, 2

flx, ¥,0z) = x° 4y 22 4 3 ey -z -2

v

‘32,vExaming the critical:pointS‘of
'fw,y)=xy0+y-3)
83. Same quegtion'fbr J,
a) xz'; 2xy + 2y2 + 4x . ‘b)»4xy’-'x4 f,y4
84. Discuss the’fbilowipg fungtédné for:extréma:

a) x2

+ Xy + y2 -6y +2 - . b) 3x - 3y - y2 + 2xy -
. 85.‘Tgst'the fol]bwing,for Tocal extrema:

A ; L,
a) 2x2,+ y2>+ 4x - 4y - 3 ’ p);82/3'- x2!3 - y2/3



345

86. Show that the maximum -value of

(ax+by+c)?/ (x4 y?

'j 87.‘Prove for x>0, y>0, z>0:

RS AR

by maximuma or minima

+1)  is

. 88. Find the maxihum}volume/of the tetrahedron in the first octant

having faces on fhefcqordjhate‘planes and on the tangent plane

" to the surface Xyz = as..;

89. Find the minimum distance of the origin‘fhom the cone

= e2)? e gyenE

90. Find the maximum distance of (1, 1, 0) from-the cone:

2

D y2

by maxima, minima.

- 2

=0

9. Determineithe slopes .of ‘the axes of the ellipse 5x?-&6ky-+y2

. 8

92.-Find the dihgnsions of a rectén@ular para11e1ebipedAof largest

ydTume which has three faces on the cobrdinate~p1anesrand on

" the plane X'+ y/2-+ z/3 =1

93. Write the number ‘120" as- the sum of three positive numbers

X, 'y, 2z such that “xy?z®

:94. Find the shortest distance between the lines

L: x =y - 3= 1z, R 2

95. Find the distance of A(1, 1,'1) from the line

kg. x-1 _‘y-éA_

."96. Find the méximum volume of a réctangu]ér box without‘tdp_if

its area 'is 12 dmz;

z” is a minimum.

X 7

z+1

i/3



97.

98.

99.

100.

101.

102.

103.

104.

- 105,

--area.
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Prove that the maximum area of a simple quadr11atera1 ABCD

~

with given sides occurs when it is 1nscr1bed in a c1rc1e

ABCDE 1is pentagon with a given

perimeter 25. Find the maximum

Find the absolute maximum and

minimum of z = exp (x2 +y2)

'oyer‘the region {(x, y): .x2 +(y-l)?s'l}.

A circular plate (x2 +y2 54) is heated so that the tempera-

ture gistribution is T(x, y)A= x2‘+y2 - X. Locate'the coldest

'and hottest po1nts of - the plate.

‘The temperature at a point P(x, ' z) in 3e§pACe is given

by T = x4+y=-2z. Then find the lowest dnd heighest temperature

a) on tﬁe sphere

b) on the‘circle x2 +y2 +22;= 4, Z = x+y 1

F1nd a tr1angle of maximum (m1n1mum) area with g1ven c1rcum-

circie (1nc1rc1e)

Show that the centroid of a triangle has the propertylthat

sum of squares of its distances from the vertices is minimum.

Find the distance between the lines

CX=1 _ y-2 _ .z x-3 _ y'_.z—]‘
T Tz T T - Y

by the usé‘of
a) extrema, - b) analytic method, c) vectors.

Find ‘the best volume of the sphere from the following measur-
ements of the diameter in cm: '

3,633 3,59; 3,615 3,57; 3,60.
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106. If F; is the pull required to 1ift a weight W by means of
a pu]]yy-bTock, find a linear law of the form F = aw:+b

connecting F ' and W, using the following data:

Wl 25 35 50 60
F | 6 8 11 13

107. In the following table y is the weight of potassium brpmidé

which will dissolve in 100 g of water at temperature x:

X L7‘0 10, 20 30 - 40 50. .60 70 - 80 90 100

v |53,5 59,5 65,2 70,6 75,5 80,2 85,5 90,0 .95,0 99,2 104,0
» . o ‘ ' \ ‘ . '
Find linear equation of the.best fit to this data.
- 108. If‘ R s the resistance to the motion of 'a train at the
‘speed V, find the curve ofbbest fit of the form R = bV? +§A
under the data: ’ o
Vikn/k) | 10 20 30 40 50
“R(kg/ton) | 8 10 15 21 30 .

109. Find the function of best fit of the form y = axB for the

following data for the olympic swimming events:

X (in meters) | 100 200 . 400 1500

y (in'sec) | 52,2 115,2 249,0 998,9

- 110. Find the equation of the piane of best fit to the fo]]owihg

data:~
X 61 1-0 2 0 2
0 0 1 1 0 2 1
z 2 3 1 6 0.5
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‘ ANSHERS | 70 EVEN NUMBERED EXERCISES
82. A saddle. po1nt at A(O,,Q), m1n at CB(1, 1)
“84. a) min at (-2, 4),  b) max at (1/2, -1)
;83, The té%rqhedron;hés ;onsfént volume T§$3/2.
© 0. (1/2, 12, 1), d=1 "
J92. 1 x %.x>1 | |
94f_/E- o
96. V =2 x 2 x 1,% 4.dm3 B _
'98;_|ABCDE|2‘;_(2-73)52 B ) 5 S SR
100. c¢1dg;£ at . A(1/2, of; ~hotte§t'qtv’s(-2, b)
U102, Equi]aﬁera] (édui]ate;al)'; ’
104. d =3
106.‘f@w)»= 0,24 w +>1,1
k‘108(fR-= 0,009 v2 ‘6.7
A SUMMARYA ' 7 .
(CHW®TER © -

[#. 1. s-weighborhood of Py: N[P) = {P: IP-PO

<8}

1imiti - iim f(P)'; 2 = %toa givene >0 there is'a N (P.) s.t

[f(P)-2] < & for all PeNg(P,)

Continuity: f is cont.at P, & Tlim  f(P) = f(P)).
P o, ) : P - . . .
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. Partial derivative: For F(xj s ... » X,) -
) 5F ]," CF(ea xR by, ) F (s Xy, L) )
d —ax - = . 113 - h — - = 1- \\

LI PR U , i e ‘

| Tneorem (SCHWARZ). f, £, f,, f,s Tp1eC(D) = f,=Fp

;Tofal ihcrgment; - Af(P) ;'rEfi(EgAxifvéiiAxi
: principal part

ey - 0 with Axy 0). . :

Total differential: df(P) = If;(P)dx;

?btql derivative: df(sét ='Zfi(Pgt)) %%

Ihglfcif differentiation: » o

F(x, y) = 0 = dy/dx = -Fx/Fy
. F(x, ¥y, z) = 0. =z, = -Fx/Fz, z, = -Fy/Fz
Tangent plane at B, B ‘ ;
Flxs'ys 2) =0 2 Fu(Po)ix-xy) + Fy(Po).(y-yo)r +Fa(Pg)(z-25) =0

z= flxs y) »flx(P(.,)('x-.xo) ¢ (P ly-yg) - (z-25) = 0 ‘

ﬁormal’line at Pa: i ‘ L .
E( ' y=0 2 %o ~ Y Yo' 27z, v
Xy, ¥Y» Z2) = H ?——(—)- = = _.P_
‘ - X Po’ Fy(Lo) Fat o)
for ' ’ R
: X=X . y-y z-2z
z = f{x, y) 0 . LI 0
PP ML) B

Directional &erivativef‘
AF(Py) R S o
—gs— = fr = Zf{(Po)cos‘ai (T. = ;(cos a, ey JTl} 1)

“where T .is a unit vector defining the direction and sense.

1]

- (Lo O, 28 ;.
Cfr o= VT.T - (V=1 x * i3y +'k'§?)>
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.Gradient.divergence and; Laplacian:

grad £ = = f i+ f 5+ f K (f is a scalar function)
div F = .F =P, f Qy + R, o
_ ‘ i j k
anl F'= xF = |93/ax 3/dy a/3z (F=Pi+QJj+ RKk)
. P 0 R S
W2 < f e f e f
’ XX yy' 2z

Derivative under the integral sign:

d jhxt)f( )dx = f(b, t)b' - f(a, t) fbf (x, t)d
: X, t)dx = , ' - f(a, a's (X, X
at a(t) ‘ T : a t

TAYLOR's Formula:

i

' R I o Dk '
Fo v) = Flau )+ Togr [(ea) v (vb) o] f(x,y)g * Rog

, k a,b)
‘'when the remainder is given by N '
’ 1 5 ' 5 n+1
Rpel = [Cren) [(x-a) X ¢ (y'b)'57] fx, y)|

‘ (x>, y*)
with  (x*, y*)e(P,P), P.(a, b), . P(x, y).

TAYLOR's Series;’ .
‘ Ty S R R L |
flx, y) = f(a, b) + kZ] T | (x-a) 3%+ (y-b) 35| Fx,y)

Envelope:

Family - ‘ , Envelope.
F(x, ¥y, A) =0 F=0, Fy =0
F(X, ¥y 23 A) =0 F=0, F =0
F(X, ¥» 25 Ay ) = 0 F=0, Fp=0, Fo=0

. .Evolute of a plane curve: is the envelope of it.nomels or

the locus of centers of curvature:
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4. 4. Critieal points of "flxy , ... , xﬁ) are the solution
points of the system 'f] =0, ..., f =0.

For a function of two variables f(x, y) a critical point

is a

© rel.mazx. if A>0 and f,,<0 f f
‘ » _ . 11 C with A= 11 12
rel.min. if A >0 gnq f]_1 }0- f2] f22 :

saddle pot. if A < O
Global or absé;utq maximum>(ﬁinimum) of a function .f over
D s the ]érgeét (smﬁllest) element u(m) 'in. R ’
Constrained extrema. for z = f(x], Jee s xn) under k
side conditions 94 =A0,‘... 29 =0 (1<k<n-1), s feduc-_
ed to free extrema for F = f . A]g] +..u; A9y -
'?hevméthod of least squares: If qy 5 ..o ,vqﬁ are direct
.. measured values of a’maguitude, the their arithmetic we q
is the iEast value of the maguitude. |

The line of best fit to a linear distribution ¥; against

X5 is
X. y 1 I
Ix; Ly; L Ex =20
2 .
l Exi IXi¥;5 IX ‘

MISCELLANEQUS EXERCISES

111. Which ones.of the fb]]owing relations are function§of Xy y?

a) z = N Cob) xemP e (y-k)? - (z-0)% = 0
c) 22 = xy : . d) tan z = x2 4 y2 '
 112. Find the domain D and sketch it: ’

: ' Z)Qn X . Vx-y?

_é)_z = (y-x b) z = (arcsin x)

~




114.
115.
11s.
7.

8.

1194
120.

121.

122.
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.vvFind and sketch the largest possibie-domains: of the, follow-

ing functions:

ka) zZ = (x_y)'/;("y o b) z = 9,n(x+_y)(x2+y2-4)
Same ques'non'for?w o ’ - ;
X +2 ‘ : s 2 2.
a) z _7_3' b) z = arcsin (x"+ y\)
Same quest1on for: ' C
T 7 2 2 . «2 4 v2, .2
a) u '==\/z, -X. -y © - 'b) u = arccos - -
Show that the following limits do not ex1st
2 2 .
x“=2x-y“+1 Cx-y-1
a) lim - b) 1lim. —y
(x, ¥)+(1, 0) x“=2x+1ay® 0 (x, y)o(2, 1) XY 3

Show that the following limits are 1ndepend of d1rect1on
. 2 2 2

. SxXT ¥ . X -5

a) ————%— b) Tlim ; _LZ'_—

(x,y)+(o, 0) ¥ (x,y)»u ) e

F1nd the Timit of the fo]]owmg functlon a]ong the glven

curve at the 1nd1cated po1nt

2
a)—-—-—’-‘ﬂ, T ¥ =X, (0 0)

b) l—:—glﬂi ., Tiy=x . (0, 0)
Find 1lim ' sin_xy alo ong = x
{x,y)+(0, 0) cocmx +-2)(y+1)]]
e y-e 2

Evaluate , Hm

along y=X
{(x,y)+(0,0) exwv-e

Two‘fl‘mctliohs F and G are of onevvar‘ia'b‘le_and z is of

two variables. Th}ay are related by
[Foovem]? 00 ¥ <2 prx) 6 )

/

whenever F(x) + G(y) # 0. Show that the mixed derivative

22] 1S never ZEI"O

: o o O
- f R - X+
Show fxy f_yx : fxx ‘f}’){ for »rf(x,.y) ;z—:yﬁ-



123,

124.

125..

126.

127,
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Prove .
CF(%s ys Uy V) = O] : ;
2T u, Yy, + VY, =
G(xs ys Us V) = OJ T Ju x T
If"u(x, ¥) ,v(x; y) are defihedvby

) .‘u-\vz-x;+3_y = 0, u+V-y2-2x =0

find 20/ 3x. S —

If V= V(x, y), where x =-e" cos@, y =e Sine8, then
‘show that : ;

' 2%y . 2%y _ om2r (azv +'azv)

. . ax - ;;Z ar anz-
Show that ~ o s . -

L ‘ . S 3oy 2 %y
V(x, t) = f(x+ct) + g(x=-ct) satisfies e A A
S T oot at
’éhpw _ ‘ :
 fix. v, 20 =0 = 32 3X _ a3y 9z
flxs ¥, 2) =0 = 5 7= 5y 357 3 = !

- “(but in general 3z/3x '. 3x/8z # 1)

128

129,

130.

©131.

Find . aw/3x' and aw/3y  if
“wo=u/v oand X =u+v, y=3us2v
If u(x, y), v(x, y) are defined by .
-u2+v2+y2-2x'=0, ) l]3+v3+3yfx3=_0,'-

then find u v and‘\u sV,

x* X y y
Find 2z/dx, 3z/3y  for ,
2 a) xz? + xyzz - yzz‘= 5, : b) x.z3 - yz + 3xy =0
Verify fxy1= fyx fot ) o ‘ _
a) f(x, y) = cos(x, y) b) f(x, y) = (cos xz)cos y

Q) flny) =Y ) )

(x2-2y)% + vxy



132,
133.

134.

135.

136.

137,

138.

139,

140.

Given 1+ xy = 2&n(Sh xy), find dy/dx.
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Show that_éhe following functions are harmonic:

a)bzn(x2+y2) + arctan % b) 1//x2+y2+z?
Given ,xz-y2+zz =1, find -
a) p, q ’ - .b) ry s, t

If the-dimensions of a rectangular right prizm have relative
errors 0,03; 0;02; 0;04 'respectively, what is the maxiﬁum

relative error made in its volume?

A baseball (of ellipsoid shape) has initial size axbxc

{(a=18, b=10.25,7 ¢=8,4 cm). In blowing up- a, b, ¢ inc-

‘reage 2, 1,5, 1,2 mm/sec respectively. How fast the volume

increases when a = 19 cm?

A triané]e has two sides 50 .m and 70 m long. The angle between
them is 390, If the possible errors are - 1/2°% in the
measurements of,the sides, and 0,5 degree in that of the angle,

find the ‘maximum percentage error in the measurement of the area.

The diamete}.and the altitude of a r{qht circular cone Jare

found by measurements to be 8,0 and 12,5 cm respectively, with

"possible errors of 0,05 cm in each measurements. Find the max-

imum possible approximate and relative error in the computed

volume.
Find the total differentials of ~ :
g\ .
a) U,=|/X +_y‘+z . b)vt—r?—]z—ﬁv
o /X" +y©ez : -
c) z = XL d) 7 = gn tan(x%sy?)
’ X+ y . : ? = ‘ ry

Find y', y", y™ if x3+y3-3$xy =0
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141, If 2z = f(x-zt), show z,+zz = 0

142. What becomes .the equation

v ‘ 2z ~
(Xfy)3;+(xjy)§y7

.under the substitution.

xz-y2—2xy = U, y=vV

]43.;Suppbsé f(x; y, z) = 0, g(x; ¥y, z) -define "y=y(x) and
‘z.= z(x). Evaluate. y', 2'

144. -Verify EULER's Theorem for:

x/y- *2 . 2
a) f(x, y) =¥ b) g(x, y) = '
RN ot Coe X -y
c) F(x, y) = ¥X+y/y ) d) G(x, y) = arcsin (y/x)

145.- Find. the locus of points on-ﬁhe é]]ipsoid x2/a2 +y27b2 +22/p2 =1
at which tangent plane has equal intercepts.

146. Find the points of the parabo]oid z = xz-yz at which the .

~normal line is parallel to the ‘line ' x/4 = y/6 = z/1.

-147. Show thétkthe;surfaceS‘descfibed by 2z = -1+x2+y2 and

. 2z = 1-X2-y2 are orthogonél'to each other at every point -of
intersection. ' '

2. ,.,2

148. Show that the surfaces described by-‘22+25 = 2x"+2y~ and

5z = x2+y2 are tangent to each other at (4, 3, 5).

149, Find thé angle of intersection of the surfaces  x2y-+i-= 3.
and " x gnz ='yg = -4 at (-1, 2, 1).

“150. Find.the direction numbers of the line tangent to the, ourve »

2 .2

of intérséction of the surface z = 4x“+y and the plane

y=x at (1,1, 5)

151. Show that thg'curvé



152.

‘4 of the surfaces
153.

154.

155.

356. °
X = tz, y = 3¢t, .z‘=’2t

vpierqes'the $urface 2x2‘+y2 +z2 = 15 at right angle\at‘the
. i R - .

2

) . t
point- (1,3, 2).

Find the directidnal‘derivative of -
F(x, y, 2) = §in.xy+-sin‘x2f sin-yz
at P(1, 0, m)  in the direction of the curve of intersection

2 2.2 2

XYl o n and 2% = %Py

PR

In which direction the directioné].defivative of f(x, y) =

“sin xy at (2, n/6) “is méximym?
“Find curl U. If it is identically zero  find épa]ar function f“b
“such that Vf =1U ‘ '

a)u = eX(sin y cos z i + cos y cos z j - sin y sin z k)

b) U ='(‘x4zy-i)i ¢ (xmys2)§ + (mxeye22)k
F%nq the directional derivative of .
a) flx, ) - x?y +sin xy at A(1; 7/2) along OA
b) gl(x, y) = Sy v XV at. A1, 1) along y = 7‘3 X + 723 |
Show that ’ N )

" 156.

157.

Tim % [f(x +t cosy, .y+t cos g, z+t cosY)-f(x, ¥ z)]
e a0 ) _ ,

is-the directional derivative of f(x, y, z) at P(x,y, z)

'aJong the direction (cos.a,‘éds,g, cos v)

Find the difection of the maximum rate of change of the.

function given below:

2 o 3

“a) 2z = x +y© at (1, 2)4 ”b) Z = xzyax. at (1, 2)“

158

“Find the direétiona1'dérivatiye of the following function at

’

-the givén pdint in the indicated direction:
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x2y +y3, A(l, V), 8 =1/6

Uoby 2 = x2ay?e2?, B(z, 2, 1), (1, 24 2)

"

q) z

159. Find -the difectiona] dcrivétive of u = x2 +y2 -z? at

(3, 4, 5) along the curve ]
' r: 2x27L2y2 -z2 =25, x“+y" =z
160. Find the gradient of

a) x sin yz + y sin zx- + z sin xy at- (n/2,.1, 0)

b) x e¥¥uy X .z XY cat (an 2, 0, 1)
, . , o
161. Find ' 2
d T Y d t tan X d
a) g ofi {1-t cos-x)“dx b) % 0[ arc an ¢ dx
4 u.
c) Tu YOI tan{x-u)dx
162. Eva]uaieJ
. 1 xt-]‘ . . T ) ] 2 .
a) - [ 3 dx . b) fen{1-2t cos x+ t")dx .
o0 TnX oo 0
by differentiating under the integral sign.
163. Show ,
y(x). = [FE) sintx-t)dt yu ey = f(x)
164. Find the evolute of the -
a) parabola yz = 2ax_ = b) ellipse 'xz/az + yz/b2 =1

165. Show.ﬁhat'the envelope of the trajectories of propectiles
fired from a gun at various angles with the same initial
veloeity is

1 2. _4q 2
3 .y:-zavo —1—2—2 X
v .
N R 0
166. Find the envelope of circles passing through a fixed point

and intercepting on a jiven-line a segment of constant iength 24.
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F1nd the parametr1c equat1on of the envelope.

,uof reflected rays when the incident ones are

168.
169.
170.

n

a)y z = 3y4-4y3x+x_

_Fihd.thebdisiance between the 1ines

perpend1cu1ar to. the diameter (A&] of a mirror

in the shape of a: sem1c1rc1e

F1nd the critical po1nts of g . .
‘a) z = 2x2+2xy+y2 6x - - b) z = x4-x2y2+y +4y2—6x2 -
Find and 1dent1fy the critical” po1nts of:

6 b} z.= 8x3+y -3xy

x _y _z+2 i %1 e _ 23 3
Tz and o

. Find the.absolute maximum and ninimum values of

<

a) fx;.y) = x?+y2-xy-y “in the unit squérei {(x,y): -Tgxgl,
-l¢ygll) T v ‘ L
i'b,‘f(x, yY. = 8X3+y3¥32y in the first quadrant.

172

173,

174,

. x/5 + y/4 + z/3 = 1.

175.

.ASamerquestionhfor; z = x2-2xj+y3-2y over the square

xs 9)e [x]+yl =

Find the poinp‘on the plane x+2y+§z = 4 closest to origin
in two ways: '

‘a) enelyticelly o b) by extrema

Find the maximum'va1ume of a‘retiangulak“box héving'three

faces on the coordinate planes and one vertex on the plane

Find the maximum volume of a rectanguTar‘box that is inscribed
o ) 2 ‘.

“in the ellipsoid x2/9 + y%/4 +« 222 1

176.

Find the maximum value of xyz with the cenditioh x+3y+2z=9
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177! Find the eguation of the plane through (1,2, 3) and making
\ " the smallest tetrahedron with the coordinate planes;'fn the
first octant. ' - o
178. Find the'point_on 4-z = x24y2 which tangent plane at that ;
., point makes the smallest tetrahedron with the éoordinate planes.
'179. Find the equation of the line of ‘best fit to the data
\‘:x'.-l 0o 1 2.3 4 ‘
y 4+ 2 2 4 5 -6 8

180. Find the equation of thefﬁarabo1a of best fit to ‘the following

data

x| o1 213" 4
‘ in_the form y,='AX

ANSWERS TO EVEN NUMBERED EXERCISES.

12, a)

S
| . ba : *‘ . B .
' s
14, a) //zi//é By " b)
. .2z N o
Z
Rk i
118.7a) 0, b) -1
120. 2
124. ux = (3x% + 4)/4u
- w -y o aw X
e, Mooy 0 AW,
. ‘3)( (3x—y)



130.

134.
136.

138

140.
142.
146.
iso.
152.

154.

158.

160.
162.

164,

166.
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la)iz - szyzz;_ ’z’ =-__22-2xy£
X Zyz-yzx-2xz v Y 2yz-y©x-2xz
3
Z " +3y Z-3x
b) 2z, = —— cZ, = -
X 3xzt -y Y 3xzfey
dv/v-= 0,09
2,51,
a) du = xdx + ydy H?gz 6) dv :_5dx+ydy+zdz
) (x"+y+27) . (x"+y~+27)
2 -2 . S 2,.2 2
c) dz = Y 9x+x dy d) dz = 238 (X Y ) (xdx s ydy)
- (x+y) S tan (xT+y7)
-y/x ‘
9z/av = 0
(-2, 3, -5)
1,1, 1/10
£(1 + 12)/V2(1-nen?)
a) 0, f = e* siny cos z + ¢, b) -k
16/3
a) (1 + m)k, b) i + (2.8n 2 + 2)i + k
o N .2 o 2 .. .2
a) 1/(1 + t), b) 0 if t <1, and =nan t if to>1.
. ) ,
a) 8(x-a)3 = 27ay?
0,273 2/3
b) — gy« —L—py =1
{c/a) (c/b)

Taking fixed point at thg origin, and the line as x = a:

ax(x2 +y2) + (a? 12)x? - 3222

= 0
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168. a) (3, -3) min, b) (£ V3, 0) min

‘1}0, 3 | |

172. u = 1 at. (-1, 0), (1, 0), 0, -1)
me=-1 at (0, 1)

174. v = 2079 " |

176. 972

178. (1, 1, 2)

180. y = -x% + 3
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CHAPTER 5

INTEGRATION o |
(FUNCTIONS OF SEVERAL VARIABLES)

.5.21, .LINé‘INTEGRALS'(CURVILINEAR INTEGRALS)
‘A. DEFINITIONS
tet |
F(xs ¥ 2) = P(x, ¥, 201 + 00, ya 203 + R(x, . 2)K
be a vector funct1on on a domain ‘DéR3. By F, “to each'point
(x, y, z) of D, there is ass1gned a single vector Pi ;Qj + Rk.
. The set of -all these vectors are said to form a vector fzola P
) et T be a curve: lying. ent1re1y 1n - D. Then the (1ndef1n1te)
jntegral N : X _ o S
\ j Pdx + Qdy + Rdz )
is called a line Jntegral (aurvzlznear integral) along T (the po1nt
- {x;_y, z) -var1es.on” r), wherg I is considered as path of the point
(x5 y> 2). . - ‘ '
If the integral is taken
" from a point> A ‘to é»pofnt B
on r, (1) beéomesEa definite .

‘integral denoted by

(3’
AT .

. v
_I “Pdx’ + Ody ;'Rdz
The notation

¢ Pdx + Qdy + Rdz _
indicates that I' is a closed curve and the integral is taken for
a complete revolution on I'.in one of two senses.

The 1jne integral (1) can be written as
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‘ f F.dr . :(2}
where r(x, Y z) is -the- pos1t1on vector represent1ng
Clearly the 1ntegrals of funct1ons of a single variable are
line 1ntegrals
" The Jntegre1 -
o f F(Xy y» z)ds L (3)
is a line 1ntegra1 along a curve where" elementary arce 1ength is

ds .and (x, y, z) “varies on 'f.

B. EVALUATION AND /\PPLICATIONS
Let ‘ .
» [ Pdx + Ody + Rdz’

‘vbe an 1ndef1n1te 11ne 1ntegra1 The curve f may -be g1ven in one of
the two forms: . .

(%) ' X = n(t), ¥‘= y(t),- ix=;z(t) parametric,fonm

(ii) T: o(xs y» z) = 0, w(k, y,.z) =0 simultaneous form
' . B (as intersecfien of
two surfaces. )'

In the f1rst case (i), the 1nteqra1 I becomes an 1nteqra1 of

a functlon of the s1ng]e var1ab1e t with respect to .t:

I8 - fRLx(E), y(b) 2(E)) % db |
L Q(x(t), y(t). z(t)) y dt
+ RU(E)s y(£), 2(1)) 2 dt = [ (1) dt.

In the . second case (11), since there are two equat1ons w1th

three unknowns, one of them can be taken ‘as a parameter and the. twov

others are expre551b1e in terms of this parameter, the integral re-

- duces to the case (i).
 When the line integral is a definite one on T from A(t = a)
- ~ A . \ )
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to  B(t. = 8), it becomes the definite integral [ f(t)dt.
‘ . pecomes ! ; Ly ‘
Example 1. Evaluate
I =[xy dx + yz dz + xz dz
; o : T :
from A(0O, 0, 1) to B(2, 4, 3) where

Ca) Tror(t) = ti o« th5 e (te1)k

b) T: 2x-y = 0, x-2244 = 0

Solution. Having _ -
Cx(t) = t. y() = t%, 2(t) = tel . and
dx = dt, dy = 2t dt, dz = dt
on F; ah&~ A anq_B corresponding to .t = 0 and t = 2:"" “
becoﬁe§‘ . '\ . o o g
’fz't3dt v (t34t8)2tdt « (t2et)dt

]
"
(=)

5 o . .
i = »(2t4+ 3t3+ t2+,t)dt = 442/15.
0 : . : ’

-b) r: 2x-y =0, x-2z+4 = 0. Takihg ©Z as parameter’we
;get‘ X = 2z-4, y ;\%2-8,. z =z and,
' dx = 2dz, 'dy = 4dz, dz = dz

and

-
i

[ (82%-322z432)2dz + (42%-82)4dz + (22%-42)dz
2

5 _
= [ (342% - 100z + 64)dz = -200/3.
2° .

Observe that the values of. the line integral between the
same two points but along two distinct paths are distinct.
~Example 2. Evaluate -
. - f (ex AR 22/)dx
r o :

where ' . v t
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a). r: x-axis from 0(0, 0, 0) to A(2, 0, 0)
b) TI: y-axis from 0(0, 0, 0) .to B(0, 2, 0)
c) T: x¥y=z, from .0(0, 0, 0) to C(2, 2, 2)

. Solution.

a) T: x=x, 2z=0, (0<x<2h dx = dx

2 s
. f e¥dx = e2-1
0 R _
") r:x=0, y=y, ~z=0 (0<y<2), dx=0
2 . ‘
f1.0=0
0 - ,
- .¢) T: x=y=2. .(0<x<2ﬁ),’ dx = dx

2. 1/3

2 .
- (ex+xf+x2)dx=e
. -0 . o .
Example .3. Evaluate
—
I = [ (x%ysz)ds
T
where T is.the circular helix’

x = cost, y =sint, z =3t \ te(0, n/2)

Solution.

ds

WV T 2P dt - T T dt - 2 dt

: LUE : K
8 = of (cos“t sint + /3t)2 dt

‘3. - w/2 '
. . cosTt /3.2 1 /3 2
= Tt =3+ 7
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B GEOMETRIC APPLICATIONS!

1.§[ds '|AB|;,_""; o

- where ris'a space curve and |AB| is the arg '
length ofvr from A to B ’

- 2. j’B z ds ;’S (z = f(x, y); 0) | e

AT ) . ) ‘
where - e g(x, y) = z'-0, and S s the.

area of the r1ght cylinder g(x, y)=0, above z:=0, below

the surface z = f(x, y)

3.¢xdy=-¢ydx;|k|where- % M
'R is a plane reg1on w1th a c1osed . ' ~ 1

5™

boundary R
Proof. ' : o N
" 1) and 2) are obvious from the definitions.
"3) is prerd‘as'f01loWs: ‘ )
‘Consider the .lower and upper curves ‘rl,\rz of the region
R taken as a normal region ny. .
ydx = [ y dx + y dx
aé J’r]‘ ’ ;Irg

~

b v ’ ! a," 4\71-..5 e
I_Y](X)dx + f .Yz(X)dx
a- b’ " .

b o Sy .
f (¥1-yp)dx = - I (yz-yﬂﬁx - -IRI-

" For-the proof of the other part, cons1der the 1eft and r1ght
Curvas'forbthe region R taken as a normal region Ryx;
I thevregion is not normal 1tvcan be sp11t up into normal

regions.
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‘Example 1. Compute the area of the quadrilateral OABC

shown En.the fiéure, by the use of line integral. . } QA

) - . . . S —4:-"—-—,-6
. o s o Wl TR
‘Solution. P ‘ |4§£;”5f9/

c
IR| = ¢ xdy = [ - xdy + [ xdy + [ xdy + [ xdy
¥ Iy T, P
where . .
I‘]: P = 3y, TO0gygl; I‘Z:' x =3y+1, "Tgyg?
Tty =2, - 2.¢xg5; Tp: X = ¥, Deyg?
Then. . L . )
. o ' 2 p- 0 - .
IR] = ~0f 3y dy'+ ‘f (2y+1)dy + Vf 0.+ [ y.dy = 7/2
' : 273, 203
Examgle 2 F1nd the .area of the r1ght cy11nder V 4y
\bounded be]ow by the plane =z =20 and above by,the paraboloid
z =’x2 + y2 in “the f1r§t octa;f;’ v '
Solution. Since x2/3'4 y2/3 = 1 has the parametric“form.
X = cQs39, ©y = sin’e
we have ) 7
‘ n/2 6 6 L
.S =  zds =. [ : (cos'8 + sin"8)3 cos8 sind db
‘ r -0 . _ :
' . . l»
. /2 7. /2 7
=-3 [ cos'9 dcos@ + 3 .f sin’@ dsin®
-0 ‘ - 0- . .
: ) [ /2 :
= - % (sin89 -'cosae)‘ = 3/4
o 0 s

PHYSICAL APPLICATIONS
T Work: The work done by the force 'F'= (P, 0, R) when ’its

“point of application moves:on a curve

~

=1
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F:or(t) = x{t)i +'y(t)j + z(t)k from A=r{a) to B =r(g)
T . o o :
is . . .
B B . '
W= [ F.dr=_f Pdx + Qdy + Rdz "
AT AT R ‘
2. Mass: Let a wire be given in the shape of the curve
T:or(t) = x(t)i + y(t)j + 2(t)k, te(a, B) with end points
A(t=c), B(t=8). o " _
Let &(x, y, z) be f:he density of the wire per unit length.

Frpm‘ dm = 8§ ds, one gets

as the mass'of the wire

‘3. MomentS' The moment of a part'lcle with mass dm = § ds
’w1th respect to the coordmate planes, coordlnate axes and or1g1n :
are def'lned by

x dn, ydm, z dm; /-272_ dm, /z?:—x? dm, /x“+y™ dm

‘and xS +y° +2z% dm. ' ‘
Hence'the corresponding moments of a wire in the shape of I are

v obtained by integrations:

Myz = Irx &ds, M, = Ir-y § ds, Mxy = frz s ds

Moy = II‘ Vy2 +225‘ds, ‘Moy = )VII‘ z%+x° 8 ds,

Moz = [ \Azﬁyz & ds -Mo = Vilay 2% 5 ds
T , , r '

4. Center of mass (Center of gravity):

4 The center of grav1ty of a wire in the shape of T is the
point G(x, Y, Z) with mass -m f6ds whose moments. w'ith respect
to coordmate planes are the moments of the wire w1th respect

these coordinate planes:
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_ mx = Myz’ m y‘= Mo Py
Hence
oM fr x § ds
i S
[ 6&ds
.
[ y &ds
.= ZX T .
y = == = —
mof &§ds
' f z56ds
§=Mﬂ'=’___1'; '
m o f &ds

The center of gravity may ‘or may not be on the wire.
If the density is constant (if the wire,fS‘homogeneous) G

is referred to as the centroid of the curve r.:

5. Moments of 1nert1a (second moments)

These are’ the express1ons obtained from the moments by

replac1ng the (d1rected) d1stances by their squares:

"Iyz =‘f; x5 ds, L= fr yz §ds, Ixf = fr‘z% §ds
1, + vtz ds, oy = 1 (z%+x2)s ds,
1y j; {X2+y2)6 ds . I, = j (x2+y +2 )6 ds.

i
Obaerveithaf
on =Lyt ixzr Toy = Tyt Tygs Top = Ipy+ 1oy

. The radius of gyration: When the mass of an object is con-
centreted ct a pbin£ and- this point-mass produceé tne same moment
I . . S . \ -
of inertia with respect to the line 2, the distance § of the poaint

from & is cailed the radius of gyration. of the wire with respect to

AN
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~

. gz m=1, g? = I/m.. . .
Example 1. Find the work done by the force ' )
) R zZ . X - . .
- F/#.i 1+ 3 q + y'k R S !

when its podint of application moves on the path .

r: . x=t, y= tz, z=t3

from A(1, 1, 1) to B(3, 9, 27).

- So]utioh.
, J,B fB y ) "Z“ X
ST F.dr = - dx + & dy + = dz
AT AT Z/»_ X N

2.2tdt + 1 . 3tlat

dt + t

]
—

0ot o4 %t“ L3t [ esz

ﬁxamg]e.Z. Given a wire in the sﬁape‘of‘thé circular helix
“ f: r(t) = (cost, sint, 2t) Ogtgenm
with density proportional to the cote z.
~ . a) find its mass m :
Ab)bfihd its center of éraVity _G
c) find its moment of inértig I,, -and radius of g%ratiow
'Soiution." - »

a) Sincg‘ §.2 kz = 2kt (k 1is the constant of proportionality)

e 2

m=[&ds = j 2kt\, dt
P
2n ) ’ 2
=2 [ t./T¥8 dt = 2k/5. 25° - 4k/5 @
0 -
Zn 2
b) M= [ 2t. 2kt. /5 dt = 4k/E [  t2dt - i%;f gn3
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2m

M, = 0] ~ (sint)2kt /57dt
L ". ) ‘-_ 21’ ' L
M. = [ (cost)2kt v5 dt = 2k/5 [ -t cost dt
Yt g , 0 S

n
©

N
[

X=0, ¥ =-1/m, - 8u/3
27

) 1 2kv5 - [t dt = 4k/Bnl,
SOARUR S

i
ll

0z / (x2+y2).kz ds

= Ioé/m =1 L=

’

Example 3. Gi&en a wire in'the shape of the curve T:
{an t, %; s fo);: té(l,.4], wiﬁh'dénsity proportional to the
‘y-coordinategbfind ' . »

a) length, _b)»méss,' » c) aﬁefage density
of the wire. . ' ' o

‘SOlution.

4 S
A T
AP T:

a) s = [ ds
' . r‘ ’ .

T4 o :
Lo -1 . 15
- ][ (g + t)dt = an 4\+ -

b) m [Tx it s tae - 28k
1 . o

[ &sds
R

285 k

= c

F)ig =35 T ¥(2en T+ 15}

E!

2kv5 [t sint dt = -8kn/§
o : :
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B. INDEPENDENCE OF PATH
Let

fB: Pdx +-Qdy + Rdz

AT
‘be a line integrd]./lf tﬁe Values of this line integrQJ along any
path from ,A to B 1yin§ in DF are the same, then the line in-
“tegral is said Eo.be independeni of pdth. In this case the value
of the line integral depends only on the end points Ab and B,

and can be denoted by
B N
[ Pdx + Qdy + Rdz
A . .

Theorem. Suppose that  u(x, y, z) is a scalar function

“having continuous first order partial derivatives on a connected

domain D wifh

T Ju _ W _ 4 _
Cax = P Wy 0. =% .R {(or u = F) (1)
Then
B ' B
J Pdx +.Qdy + Rdz = [ u.dr = u(B) - u(A)
AT ) . :

AT
- for any,piecéwise smooth path T.

. Prdof._
Let _ _
Fror(t) = x(8)1 + y(£)d + 2(t)K



B B au

; . 3u k "au : ht‘ i
Cu.dre = [ 2= dx * 5y Y dy + 34 4z : .
AT AT X y - B
- IE (3u dx  du dy au’ d'z)dt
T A Ix 4t T 3y dt T 3z dt'" .

= I & u’(x(t),' y(t), Z(t_))dt.b, o

s g Lo
u(x(t), y(t), z(t))| = u(B) - u(A).
: o , o . .

.where 'h(a) = A, %(3) = B. B ’ :
~From (1);,we get ‘

Ugy = Pys Uy, =P "uyx = Qs Uy,

If these derlvatlves ex1st and cont1nuous, the equa11ty of m1xed
der1vat1ves gives. . _ ' _ L
Py = Qs Pp = Ry Qz‘=_R o _ (2)
wh1ch are the cond1t1ons for lndependence of path

Observe that ;'j . ) '“,,

curl F =0

-

'gives (2): In that'case Pdx + Qdy + Rdz  is said to be exzact (total)
dszerentzal form.“ ' ’

S The 11ne 1ntegra] ) e -

I P(x, y)dx s Q(x, y)dy
in_the plane is 1ndependent of path if
: y =0
obv1ously. o
Note that when a 11ne 1ntegra1 is 1ndependent of path, the
evaluatlon may be done by the use of one of the f0110w1ng ways
1) by choos1ng a’ SImp]eF path R

2) by determ1n1ng a pr1m1t1ve functlon u.
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Example. Evaluate
1= (exk-z)dx +'£n(1+z)dy + (k{Z

+ x)dz
along the path -
PR r:or(t) = t%9 + 35 « tk .

from 0(0, 0, 0)7 to -A(1, 1, 2), testing for fndebendence of péths,

and if so, choose a simpler path.

Solution. _ :
_)( ) _ . V_ y -
P =e” + 2, Q.= #n(1+z), R = =z * X
. -1
W=tz Ry

. indgpendende of path.

Then cloosing the path shown in the Figure, we have

T
. 1 X i ‘A ?A(""z)
{ j F.dr = [ e%dx = e-1 . -~ L : )
. [OE .0 : \ . 'l_:
: , : / e
' - , i EL Fll0)
{ | F.dr = - [ an.1dy = 0O - L0.9) - .
EF o : ’
ot 2 . ) i 2 .
. © 1 . L .
O Fuadro= [ + 1)dz = an(1+z) + z = n3. % 2.
{FA) o0 T2 : <o . :

I=e+an3 +1
c-Evaluate the same'integra1 following the given péth' r.
If one likes to use the second way, determinations of the
primitive function is necessary.
DETERMINATION OF THE PRIMITIVE: -’

; ! 1 Ju _ 3u _
- I A AT L L A

'-gg
3x

]
©
=

n

fAE(X; ys z)3x + ¢(y, 2)

= V(x, y.'z) + #(y, 2)

4

Since integration is tuen with respect to 'x alone (in this
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integration y and 2z are considered as constant) we have a

constant integration as

Then

ou

U

o

=

au
9z
==

<,
—_
N
-~

Ly ¥(z)

" Example. :Given

B

oyl

function of ,y and  z.

W:Q:Vy*-d)y(y, Z,)

y:'2) = 0V,

d(ys 2) = u=V + y(2)

olys 2z} + V-y(2)

8,1

¥ 2)ow Vo0 (2)

¢i(y, z) +_V2'R, (the right hand side

R

is a function of 2
alone, say h(z))

(z)dz o . o -

dly> 2) + VeW(z) -

o1 = [ (arctan y-2x)dx + {( —312>+ 2y)dy,

,a) test for independence -of path

. b} if so, evaluate by the use of a primitive funétion from

A1, 1) to B(2, /3)

Solution.

a) P = arctan y-2x,
P = ;l_z = Q
y Ty

b) u.

Q

= [ (arctan y-2x)ax =

. X N
u, .= = + ¢'(y)
y l+y B

X

=———2-+2y

T+y™.

(ind. of path (exactness))

x -arctan y-x2+¢(y) .
l+y .

x arctan y-xz'y2
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Then, T . ) = )
- u(B) - u(A) = sn/12’-1.','

_EXamp]e' Evaluate the 11ne 1ntegra1

-I'= f (e y*z)dx + 1"(] ez)dy + (7 +vx)dz'

1
from 0(0 0, 0) to B(];_l, 2) »by_the use of -exactness’and

'1pr1m1t1ve funct1bn

Solution.
p =Ve* +zf“~‘ 0 = gn(1 +z); : R = 1{2’* X
- p X e X - ,
3% S P = et+z o =;[ (e +.z)baxr
. = e szx s plys 2) .
%;‘_ﬁo:o;ow(y,'z)f » B
' DI (y, z) = Q.= £"(1 +Z)
LD ‘¢(y, z) = [ nn(] +z)ay : y zn(] +z) + w(z)
u = eX s Zx o+ y on(l+2) + w(z)

Boreoiseheve
s 0(2) 20 S w(E) = c

S u'= ex-f ZX '+ y”hn(} +i) + C
- Then = - - 7 < :
A I=u(B) <u(0)=e+sgnd+1 ‘

Th1s is the prev1ously so]ved prob]em by the choice of a -
:s1mp1e path. Observe that the results are the same.

In the 1ndependence of. path of a Tine integral along:a

c1o§ed.curve\ r(= 3R), the 11ne 1ntegra1 is zero 1f the primi-

v tivevahd tﬁe 1ntegrands VP, Q, T are cont1nuous 1n the 1nter1or

of T.



EXERCISES (5. 1)
1. hva]qate

77—-1——dx + 7?—-—.y7’dy

where r-is the arc of xZ - y2 =9 from (3, 0) o (5, 4).

: . B
2. Evaluate ] (x+y)dx + (x-y)dy where T consists of the 1 ne
: . or.
segment from 0(0, p):, o’ A(Z,_O) and that ‘from A(2 0) to*
,3. Eva]uate f (x -2y)dx + (2x+y )dy, T be1ng the arc of curve

C oyl axa from A(1/2, 1) to B(5/4, 2).

’J 4. Evaluate j (x -2y)dx + (2x+y )dy, r be1ng ‘the 11ne segment
: : F . L
from A(I/Z ) to B(5/4 2). DRI ’h
5.'Eva]uate [ y dx + (x +y )dy where r cons1sts of the 11ne '
Ségment fhom (-2, 0) to. (0, 0) - fo]lowed by that from (0 0)
to (0,2). - .~ I

) 6:‘Evé1ﬁate‘the 1ine:integra1

2 : -
- X . 2y
—y——y dx ——?————Y-dy
.CI X" -y . .

4x° + y
where C  is the arc of 'y = x2/2 ‘from (0, 0) to (2, 2).

7. Evaluate

,\‘. ' f
along ) - , . :
a). A0B Cb) [AB]: ' .g) B o e
8 Show that the area of the reg1on bounded.by the evo1hte ) ";’
'xv=‘%§ c0339 ‘y 1? sin 9 Qf the '

_ellipse "x = a~cose, 'y.= b sind s



10.
1.

12.

13.

14.

- 15.

16.

_(Hint: set z = 2a cost).

378
' 4 - N
equal to _% ™ %B E

EYaluate e © '
) yz V1 + cos?x sindx ds

- T - . .

where'r‘is,fhe arc of 'y = sinx from origin to (n/2, 1).

Evaluate | sinx dy +;gosy-qx where

T . B .
T: x = t2+3, y = 2t%-1, Ogte? :

Evaiuate [ /x.+ 3y ds, T being the line segment from (0, by
to . (3, 9).

Find thenafea of the right cylinder with directrix x = t2+3,
y = 2t2-1; tefo0, f] bounded by the suriépes z=0 and

z ‘= x2+_y2. ’ ) -

and'the ma§s of a'wire in the shape of y =4(cos.2x)/2;

(0¢ gs gn 2), if the densityApeEunit'léngth is given by & = xy.
Evaluate _ v’ A
‘ f 2'dx + x dy + y‘diA

where T is the ciaéulér.helix X = a cos@, y’=;é sing,
Z = a8 .f‘rom A(B = 0) to B(® = 2m). ol

Evaluate ' L )
o Reahax s (Radyay ¢ BeyByaz
“along the curve - B h ‘
T x2+y2+zzA= dax, . x2+y2 = 2ax i(a>0, :2>0)

Evaluate * [ F.dr where F = -(yz, zx, 'xy) “and T fs the inter-
A _ v

" section of the unit sphere centered at 0 and the pTane z =0,

- revolved once in the positive sense.
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17. A particle moves a]ohg the straight line in R3 Jo1n1ng
A1, 2, 1) to B(7, 4 4),. subJect to the force .
| FLxi+yiezk .
(xT+y"+27) ' , -
Find the work dcne o . . . R
18. Evaluate

x—dx + ydy + z dz

T _x2+vy2+z

where T is the arc .
x=2t, y=2tel, 7= 241 from. (0,.1, 1) to (2, 3, 2)
19. Evaluate ~ f e¥/*dx + sin xdy + % xy dz, T being x ='t,

o . T
y =t 243, te(e, ).

N

. 20. Evaluate Joxy ax.x x’z dy + %yz dz where

r: x =ef, y = 't,_ z = tz, ’te[O,il].

21. Eva]uate [ Xyz dx + 1n(x+y+z)dy -+ zdz along the berimeter
of the tr1ang]e ABC where  A(0, O, 1), B(0, 1, 0), C{(1, 0,.0)
(A->B+C+A)

-

22. Evaluate ) ,
'j (x2+y2)bx N xyz dy + {x+y+2z)dz
where T is the perimeter of the rectang1e with vertices-
A(0, O, 1), B(] 0, 1), c{1,.1 ; 1), D(0, 1, 1) in the

. positive sense.

23. Show that the 1ntegrand is exact d1fferent1a1 and evaluate ‘the

1ntegra1 ' C .

- 1(4’ 2)(x2 él)dxv (2y+2x)dy
(2, 1) ¢ rEVIEe s ReyeEIQy

24. -Same question for



om0
T 2, o Sy
- ] ) (31_% + 3)dx +_[2y 2n(1+x2)-2}dy
(0; 2) - T+x . D i

" 25, ‘Samév question for '
A I (3y2+4xy-gx2)dy + (2y%-4xy-3x%)dx
Lo (1, 1) S ' '
) ‘ ,‘ ANSWERS "TO EVEN NUMBERED EXERCISES
2. 7/2 ' ‘
-4, 1319/64 _°

6. 4+ 2 gn(5/4)

10. 2(cos3 - cos7) + 3 (sin 7 + sin 1)

12. zéo¢$f .

4. 3w a2 )
6. 00 ‘ ‘ ; | j "
s pan ML S - -

20. 172 . - o

22. 1/2 . :
©24.:16 + &n 26.
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5 2. DousLe INTEGRALS
A. DEFINITIONS AND PROPERTIES ‘
H1stor1ca1]y the doub]e 1ntegra]s arose in an. effort to form-
: ulate the volume of .the solid under a surface z-f(x, y) - over
a bounded plane reg1on ‘R. 7 |

Omittingjthe above restriction z>0, the douB]e‘intégra1 of

a function -f(x, y) continuous over a bbundéd region is defined as-

Follows: -

Lét the region R be’ 1nscr1bed in-the sma]]est rectangu]ar o

reg1on [as b] x [c, d] and let the intervals [a, b], [c» d] be
part1oned 1nto sub1ntervals [ki?]’ x{]{ [ j—1’,yj] by-po1nts_

x (= a), e xii,':..', xﬁ(=:b) . . .‘. .

y°t= T)s eun.s Yj s e s y3(= d)
Consider the cross product ‘ oA . ;
“RQ-='X~:,X‘- -l ¥siqs yal o a ¥
v ij —o 01 i J-1 J Ll ke
which' is_a subregion of @, 5} x [e,dl, -
7 with area R "  - - c

IR,

| = Axiij f By;dx; = DA,

ij. ij L : - &}

A

* where

M= X By YT
Letting> (x *, yJ )eR ije and def1n1ng f(x, y) to be zero

“yhen (xi*,,yj*)¢R, cons1der ‘the double sum

g , ,
X Z f(x *, y *)AA : .
= o

If 'm= min f, M =-max f over R and if mij'= min f,

'Mij‘= wax f over _Rij’ we have




382

: m‘A < ZZf(xi*, yj*)AAij <M A : ' -
when lRI
' It is proved in Advanced- Calculus that for a cont1nuous
function f over _R '
- 1im .
'(p’ q)"("% ‘”) J
ne 0

;where n=max (Ax., Ay.) for all i, j; exists for any rectangular

n1.0

1 1§ ‘f(x T 5*)AAij’

“ar arb1trary partition of ‘R, and the 11m1t is denoted by -
' jj f(x, y)dA,

called the (def1n1te) double 1nteqral of - f(x, y) over R, and ¥
v1s sa1d to be znteqrable over R. )
Préberties..Let f. g be continuous functions, of two vari-
ables. Then. o J
1. [fp dA = |R|
2. [fp T dA = vo]ume if F(x, y) >
= 3. [fg (f+g)dA = [[p F dA +v[fR g dA

4. [[g cfdA =c [[p f dA. (c 1% a const)

v5-,ffR]af“§A . ffRz'ffdA < Il © 98 (if RjoR, = )
6. mA ¢ ffp fdhsMA o
7. IIIR— | < ffR.|f| dA-

- 8 Flxyy) < g(x, ENIFR dA - jjg ‘dA.

The first two are obvious from the definition of a double
integral. ' :
"Proof of -(3):

DD LA R CA N NI LR
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I f(Xi*, -Vj*)AA-ij + 11 'Q(Xi*, .Yj*)AA-ij o (3).
The other: can be b}oved in a similar way. ®
Examp1e~l; Evaluate the double integral
1= [fpdA

where R. is the normal region B

5
R, = [0, a; a-x, /az-le'
Xy A .
Solution. Referring to the figure we have :

i

1 = |0ABO| - |0AB]

% na2 -”% a2 = (n-Z)a2/4.

'ExamplefZ. Evaluate

-”R -/X2+y2 dA v
‘there ‘R is the circular region with center at the origin and

radius 3 units.

’JSoluiion. z 5‘/x2-+y2, = x2 +y2 -22 =

'The ‘given double integral is the volume under

the cone over the circular region, i.e., the

¢

volume of the solid bounded by the cone and

the circular cylinder-with z20:

5 5 I
Sfp /xEay® dn =Vv.=A1132.3 -3 m 33
Example 3. Evaluate

= [fp (x+y)da,

where R is the rectangular region o, 2] x [0, 1), by limit.
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B - .
Solution. Using regular partitions J

on (0, 2), (0,_]] Witﬁ Axi =<2/"f- i ! WY:?{éf;ffTﬁir?-t l:

ij = 1/n,  and for simplicity taking i
b L o

[
.
'
3 - . B
P
f
1
X

2w

V(X*’_yf) ‘qt'théArighf upfor corner of

..

Rjg» wethave - CoTel
- E n n g .
) . . 2 21
I'= Yim ~J -} ( ! *'%) TR
: o ® j=1 i=% :
-

-Tim
n >

[
i
o~
—
. ~N
-l
+
.
~—
t

lim -2
n-+ o n

[N ]
—r,
~

’ .
s
—~

. s
re
o
L~

+

=

~
———

. {-v.-‘ _'n]im” :‘% .[?_'n(n”), +n . E-(—ni-'ll]
Coqse 2. 3.2 g
= nllmw;gj ..2~n (q+1)-;7§; ,
B. EvaLuaTion By irERAfED INTEGRALS »
"The previbﬁé examples were-simp]é cases of evaluation. In the
,generaT‘case;Atﬁé'eva]uatioh is performed by evaluating:successiQE
“(iteratéd) %ﬁtégrd]s. ' | -
let _ .
1= [fg fUx, y)da.

When kf(x, y) > Oi ovefrfR, the double,intégral‘can be interj.
p?eted as the;volume'under thé suffacel z = f(x, y) over the fegién
R. If f(x, y) <0 ina subset- R* of R, then *I" is the diffe-
-rence“betweénvthe ;b1ume abgve. R-R' ~and the volume Eélbw "R, - \
" Hence wé;may‘shpbOSE‘ f(x, y) » 0. o
,

S Ryy = [8;455' Lx). v(x>]

.‘Let R bé"a normal region, §ay
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Cons1der an elementary rectangu]ar

iprizm of height 'z = f(x,-y)  and base dy dx

(See Fig}),'haying the elémentary volume

h Lo s ]
AV o= zdy dxu‘"'gﬁﬁ-___ﬁ
: 4 ,

When dv’ is integrated with respect to y part1a11y (con-

siderihg X constant) “from: L(x) to U(x), the e]ementary pr1zm
sweeps out the sl1ce under the surface from L(x). to: U(x)‘ over
the str1p of w1dth dx The volume. of th1s ‘slice is » B '
" (Area of the shce)x(tmckness)
oo U)o :
= f -z dy dx. -
. L{x) ‘

' The sl1ce sweeps out the whole volume V when the str1p

(the base of the 511ce) sweeps out the’ reg1on R:.

Xy

U(x) T
= [ [ . ddexr
v a L(x) > <
Therefore ’ ) S
P . b U(x) . .
I f(x, y)dA = [ [0 f(xyy)dy dx

‘where the ihner'{ntegral is performed first obtainihg a‘functiph
of x alone, then the outer one.- - ’, L
© . This process of*evalwatiph is ca11ed'integratioh by iteratioh{-
Then any dddb1e jntegra1 over a»norha1~region can be written as:
. iterated‘integrals:' y ' o .

b U(x) N

‘,_ " f dA = fody dx
| AL RN s
or o . -
- . d - IR E
/! fdA = J ;jt(y)f dx dy.
Ryx E c B t(y) :

i
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I A I 1)
The order of integré]s in the second is ‘the réyerse of the
order of the first. R 7 e
If R is not a normal region, it can be split ub into a
finite number of normal r%gions Ry » e ,>Rk{:fhen the double in',
tegral ijvf dA is the sum of iterated integ?ajs of f. over normal”
.regibns R]', .- ; kk ffom Prop. 5.
Observe that in thé.nofations of normal reéiohs fﬁ; first

"{second) ordered pair abpear asilimits:in the outer (inner) integral.

C REVERS{NG, THE ORDéR OF INTEGRATION: )
writ%ng a given iterated integra]ldefihedja normal region,as
“iterated integral(s) over nofmé]l}egion(s) of other type is called
. the'révers%ngi(changing) the order of intégra?ﬁon. . .
‘ vThe;reversing of order may be helpfull to evaluate the iterat-
ed ihtegré],iwhen the evalyétionfof the inner integral is_impossib]e -
or‘tob tomblicated.‘} ' .
- If the given iterated infeqra]’i;
v T~ flx, y)dy dx
a - L . .

say, then the sfepsnecessary in reversing the order-are
{1) Sketching the normal region

xy

(i1) Writing the sketched region as Ry'x

R f‘{a; b; L(x). U(x)}

or as union of
such'regiqﬁ Ry w oin o Ry .
.(iji) Sefting‘hp the iterated integrals cbr}espondinﬁitq

.R] N Rk' and adding them up.
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A Corollary.. If a, b, ¢, d, aré constant, then

- " b d - .d b
1. f J flx, y)dy -dx = [ [ f(x, y)dy dx
a’ ¢ : Fochoa
2. [ [ fix) g(y)dy dx =" [ f(x)dx [ g(y)dy:
- -a ¢ o c -
_ Example 1. Evaluate the. iterated integral:.-
, jﬁ/S -4 -cosB - o .
1 = r Sin@ dr de
, : 0 of - o
Solution.
“7/3 r2 4 cos® . w/3 2
= - Sin® e = | 8 cos"0 sin6 d@
0 . o .
PN TEY .
-~ 8 cos’o --1+8-
Example 2. Evaluate —
: .  ]3 _I_Y i ( yax- d ’ Ioo J'3’1‘ ( v)d d R
= — - an{en x)dx dy + ‘gn(en x)dx dy.
2 20 T 32 2T
Splution. Since the evaluation of inner integrals is .impossible,
L .- . +
we try changing the order of integration. - 3
R =(2,3; 2,y) U(3, = 2,3) L) S
; \'—-“'."’v"‘""_"— "—'_—"V—"“"—J . -
R‘,yxv 4 IR.YX' . 2 r_,_.__‘___/_y :
Ro= Ryy = (25 35 x, =) SR 3
. : . ‘ T
* Then : . . ! L >
- 3 © ) N . I3 2 3 ¥
I = [ [  —anenxdy dx
2 X ;2 . . -
3 e 3
-I-lznzan dx = [ A 2D X gy
X
) X 2 ,
= [ en.2n xdgn x < [ &n u du
20 - B » '
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. Y2 o : 3
=u%nu-=-ul =20 X &0 &0 X - 20 X
u, ' . 2
. . ] : -
= 2n 3 %n 203 - %n-3-:2n2 n 20 2 + 20 2, '

Example 3. Evaluate by reversing the order of integration.
- 3 x/2 ;'1; :
N DU K 7 .dy. dx
Sp]utith ny = (0, 3;. 0, x/2)
Ry =7[0;¢/§42; 2y, /§]
, I/§/2 R d' .
I = . . ——1rdx y
0.7 2y - Tay :
312 g 2 |/
= 7 S| dy
I E 2 aaytlay
=%/fﬁﬂx_iz;ﬂémj. '
Sf0 T+yl 1ay®
- = |¥3/2

/372

0 L

= % arctan y 0 —r2'(yfarctanry)
= %-arctan-%g - V30

Evaluaterthe-ﬁiven integral without reversing the order!

C. EvaLuaTiON BY CHANGE OF VARIABLES.

Let . - T
R R (G L
‘be a doubie.inteéra]Ato be'eVaTuatéd over ‘R.
‘Shpposéiwe make a change of~QariabJe5:1 :f o -
x = Flu, v}, y =6(u,v) ©  (2)
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where F, G are coﬁtinuous;
When (2) is'substitﬁted in (15, the latter reduces to
ij.»¢(u, v)dA'
definéd‘over a2 region in in rectangular uv-system, whére ’
o sus v) = (Flu, v), 6(us v))
and. R'," dA', are to be determined.
. If (2) is solved for u,.v in;ferms of *, y we have
Cus oy, v alx y) Nty
Thfs tfénsformatidn'defines a mapping %rom rectangular xy-system
to reétangu]ar uv;system, that is, the inyerée Fransformation (2')
of (2) ﬁaps a_point P(x, y) of'xy-systém.to a point P'(u,.V) in
.uv—sysfem, and mabs the fegion R to a region R'. It élso mapélan
e1emeﬁtary area dA into an éiementary area dA' since F, G,
f, g are contfnuous. '
| faking dA' as area adu.dv of an elemgﬁtary rectangle
CPYPTPIg P, with sides'paréjlel to u- and v-axes., dA will be
the areg,of an elemenfary curvilinear paré]]e]ogram PP]P3P2
whose sides and vertices are mapped toAthe iides and vertices of

PfP']P‘3P'2, under (2'):

o

S|

Now we evaluate dA interms of dudv.
Since the curves PP]} PP2 - are mapped resbectjve1y to hori-

zontal-and vertical line P'P’ p'p!

\ .

1 2 along which v, u are
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constant, the equaffﬁns of PPi, PP, will be : L

S o glxs y) = v, X y) =, -

.go that along PPys v, remains constant whiie u- varies, and

alohg PPé,'u remains\consfént_while v, varies{'fhefefbhe ff' p

has coordinates ,F(u,iv), G(u,.-v), thbse'qf,the nearby points

Py and P, will be | o ' |

_Hu+dq,VL,' G(u +du, v);

| 7 Flus vadv),. G(u, vedv)

and by Mean Value Theorem, we have . _

R P(F(h,j&),. G(q} y))  : N

Py(F(u, v) s Fg dus Glu, v) s gu_du)_'
Po(F(u, v) + Fy dv,. G(u, Y) + 6, dv)

Now, since PP]P3P2' is.néarly a parallelogram for small dh,

dv, the area dA is-twice the area of the triangle PPiPyt.

SR 6
dA = I?PiPZI =t F o+ Fudu G+'Gu du 1
L F o+ dev Gf Gv dv - 1
o F N -6 ’ 1 IR, Gul '
= % L Fdu G dv. 1| =z - ) du dv'
u u :
' Fy Gy
dev Gvdv 1 1
; 3F° 26
.. |ou au ) . N
=5 ‘dA = + du dv
R T 1 |
v av

where + or - is taken to make the right hand side positive.

The determinant ' .

3F .36 ) oax oy

EPTY o %u v
i Jd = : or J =-| . '

2F 26 | ER

v v
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is called the JACOBIAN of F, G (or of x, y) with respect to

u, v, -denoted by

Thus, , ',‘_ : T , -
‘iﬁgf(x, y)dA = kﬁf ¢(“§'Vf1 %{%f_%% l du dv. -
F.where 4R'f-is'thg‘regibn bqunded;hy the image ;5R' of 3R, in
buv;system / ’ v ' L A‘ '

By a proper change of varxables the reg1on R ‘g?.the“integ-'

rand ‘for both may be transformed 1nto s1mp1er ones.
) Whgh ‘ o 4
N - If ¢(u;:§)du dv
S . R - .
- is given, . clearly ‘ o,

S et ke N fire v 7—,3(;“ 9 ox oy
'under the same, change of var1ab1es 'u = f(x, y), v ="g(x, )
'where the JACOBIANS sat1sfy the re]at1on' S A o

eyl Hew oo )
"so that each is the mult1p]1cat1ve inverse of the other.

(3) can- be shown by direct mu1t1pl1cat1on of two determ1nants

" These two are the JACOBIANS of the transformatJhn (2) and

il

its inverse transformat1on (2 ).

xamgle . Evaluate
jf xdy dx
‘where R is the region bounded by pa1rs of para11e1 lines
V X-2y ‘="'.3a ’ x=2y = -9; o X+Yy . ]2 ‘ X+y = 3
a) direétiy, L b) by‘avchange‘of variables.




32 - . -

Solution.

a) Sketching of R is shown in the Figure: =~

pC(Li}
'
Ez}}: .
! EEC AN
: 3 '\‘ /3(},:)
{ 1
ety ; |
VS ] !
1 H '
! ' !
1 1 ]
| o
'i ' '
. 1 )
} [
1 ! |
| ! e
. 'y 7 i
R is'thebunion of ‘R], R2, R3:
_ . 1 x+9 .
[f % dy dx = | f 2 x dy dx = 1
Ry -1 3-x O
B 5 Cx+9 _ ‘
[ x-dy dx = { f—z— x dy dx = 36
-’Rz 1 x+3 L
o P ~Z
o 77 12-x : )
Jf xdydx = [ " “x dy.dx = 17
R3 5 x+3
Tz
1=14+364+17= 54, -
'b) The: equat1ons of 11nes suggest -the substitution:
X-2y = u ’ .x= -2-u+ v
X&y =V, Ay=-,-3-'u+3-v
~ The para]]é] 1jnes X-2y ="-3, x-2y = -9 are transformed
to vertical lines u = -3,> u= -9 in recfangu]ar uv-gystem, and

the\th other parallel lines to horizontal lines .v = 12; v= 3,



393

forming a rectangle A'B'C'D' with sides parallel to coordinate

axes.

Since for (x, y)eR one has

6!

x-2y < =3, x=2y '3 -9 -t : O

v

x+y ¢ 12, X+y 3 3,
it follows that for (u,-v)éR' 7

&

-9¢ug-3, 3gvgl2

hold, showing that the transformed ‘

region R' is the interior of the

‘rectangle A'B'C'D'.

f*(}
b
‘l?.

The JACOBIAN of;the trans- -

formation being

we have

x, x,| | /3 2/3

: =1/350, -
FEN I RVERRVE

-3 12 ‘ S
I= [ | '(% + %}).% . dv du = 54

-, - Example 2. Evaluate
, ) 3
2 vY4-x [T
. _ 1= f ) 49 - x - y© dy dx
) < 0 0 . v .
by the use of polar substitution

X = rlcose, y = rsing
Solution.
The region-of.integfation.is,the normal regior

- 0. 2: /-
Rey. = [o, 2; 0, . /4-x ]

where graph is the quarter of circular disc

. of radius 2.
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‘In polar-coordinates it is the

normal region.

o : ﬁ .n .
Rop = [0- 35 0.2

- Sketch is fECtﬁnghlar '9r¥systemli e
/ Then . -
X N 724 o v
1= [ /6 =r? . |r] dr de
~where |r| is the absolute value of the JACOBIAN of the transrormat1on'
XO, X, -r s1n9 cpse
I = . =. ' - -r
Yo Yy dr cose 'sin@
1] = r -(;ihce r> 0 throughout the req1on)
’ ?/2 “IZ
I = 9-r r'dr-de
- 0° 0" )

n
Qa.
o

22—
?;' / /a-r rdr
" o »

B!
oo™

5. { (9-r )3’2]0 RIS REUR

D. GEoMETRICAL APPLICATIONS
AREA

Area of a.cartesian normal region:

' let

Xy
. be a normal reglon (F1g)

R., = (a. b ;1 L{x), - U(x))

Then from Prop. 1, we have

= IRy, | =‘Ifoy i

" where



395

‘ dA = dy dx (= dx dy) .
Integrating dx '(independent of y) with respect to y
from L{x) to U(x) 6ne obtains the area of the\yertfcal strip:’

~

U(x).
{ (dx)dy [U(x) - L(x)]dx
L{x)-
Th1s streep sweeps out the region when. the last express1on

is integrated w1th respect to x from a to b:

b b U(x)

Reyl = (U(X)‘- L(X)]d‘x S f f Taydx (1)
| xyl . af St : N L{x) - -
" When the region is the normal region '% . ,
- ‘ . : g gy ay)
bRyx = (C, d; - Q(I.Y)st r(.y)) ' : ) == ;
o ' . P Aol A
* We have similarly - ST _ é
o - d r(y) . P A S A
Ryxl-= S [ 7 axdy o(2) 4o e
e ) a 3

In the 1terated 1ntegrals, for obta1n1ng the 1Jm1ts of inner .
and outer 1ntegrals, drawing. of vert1ca1 (or hor120nta1) strip is
A?advysab]e. : o ' _

A It the region is not normal, it is to be part1t1oned into a
f1n1te number of norma1 regwons by Prop 5.- . ‘

‘If 'R is unbounded or the 1ntegrand is d1scont1nuous 1n.a
‘suhset of R then the double lntegral 1nv01ves 1mproper lntegral(s)
which may or may not be convergent

: Examp]e. Compute.the area of the region in the I-quadrant

bounded by y = x?}, y = -nglb and 3x—2y+2»= 0.

Solution. The reglon is the shaded one in the f1gure where

the coordInates of A, B, C are c(2,v)

obtained by simultaneous solutions . o
: - . Aw.d

of the equations taken tnq'at a time. »ud(bbi,ﬁﬁj
. : : - >y

o
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R is not a normal region of either type. It can be split

up into normal regions by drawing the horizontal line through A,

t
\

or the vertical line through B.

By horizonta]lline\through At

R=Ryx VR
= {,% , 1 /7:y,,/y']«J[1, 43 ,3¥§g4, Yy
“ Then ‘ . ’
[R] = IR )1 + IR" .
I]f' v 4 o
= g ‘dx dy + ) dxdy
172 /T?£ . 1f 2y£2
B ' 4 ‘Aé
_ - (y-vy-T)dy + [ [/yﬁ-’ -1)] dy
’ ]/ZIV (vy- yy - I 3y
o afp 9 1 , 2 44
=[ 22,2 (1—y)3/2] et [ A S AR y)]1

4-J/3 10 71 _ /2
7___*3—— T3
Compute the same area by sp]iffing up the region into normal

regions of type R*y.

Area of polar normal regions:

Let
Rgr = (o 85 ry(8), ry(8))
be a normé} poiar region. Having
A= |Rg,| =‘[[R dA

o . 8r
where - dA = r dr d8 (see Fig.) then
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T B \rZ(Q)
[Rgpl = [ - r-dr de,
- orl. o .r](Q ’

For the normal polar region

Reg = [ bi 8y(r). ez(r;)]-a‘h

R | |A P e
R = ' r-dé dr :
re’ - a - Ql(h)' R

".‘ Example. Compute the area of the region 'R bounded by the
' circles .r=1, r=2, the}polar'axis and | |
the spiral r=20.

4 Solution. The region -R 1is of
type R g. Then we have AR
R.g = (1,2; 0, r/2),

and . .. e :
- 2 r/2 2 2 ° ! ¢
[R} = ][ ) r d@ dr = ]f - dr = 7/6.
0, . ,

R is the union of two normal regiohs (separated by the line

0A) of type Rg.:

_— : oL
R * [0, '2' .- ] . 2] (%) {'2- s ], 29, 2]
: 172 . 1.2 :
Rf= [ - [rdrdos+ [ [ rdrde
0 1 172 28 '
1/2 3 1. )
= [ 3de+ [ (2-26°)ds
0 ‘ 1/2
.. 3 5

= 7Yz - /8

VoLUME:

By the:Pfop. 2, we have the volume under the surface

i
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,

N
~

z = f(x, y)w over R:

_' v o= -HR' f(x, y)dA (F(xs ¥) v>'0v)

where ‘ ’
. dA = dy dx (or dx dy) in rectangular cdordindFeJ;
_ &f dA = r.dr,de»(or r de_dr) in polar coofdinafég;
" Then T o ,‘ | ; |
v ' v EIIIR f(x, y)dy,dx (#n réctanguf&r cobrd.)
Vo= IIR}f(r';oSG, r sin@)r dr de- (in po]ar éoord.), .

The above volume V' is the-volume of the solid boﬁnded by

the right cylinder where directrix is 'the boundary 3R of R, the

region . R and the surface zV=if(x, ¥).- ‘ .
, ﬁﬁenfthe independent yariablés.ére y  énd: z, say, and the
regidn. R i;{in;yz-plane, tﬁen thg'volume is the volume of the
‘sqiid boundedrby the~cy]inder_withkdirectf{x VBR;lthe region - R

-~ and the;surfacev x.= f(y, z): . o A .
v =11, flys z)dA

where dA = dz dy (or dy dz).

Examg]e 1. Compute the volume of the solid bounded by the -

‘ verticA]ycylinder. y = x2 the planes y:= 9, x =10 and from

below by the“p1aﬁe ‘X =z ahd‘ébove by the paraboloid

7= %% s yz + 4. (In the I. octant)

Solution. The volume can be

computed as the difference of two
_volumes under the surfaces Tz = X2+y2+4

}

‘.

and z= x over the same reéipn ‘ S A —
R . B . . - o / \\\ k -
| . K "Ryxv='(0? 9; .o, y). . e ’v vz/////%r -~ S
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Then . - ./; ; .
: : . ¥ ,
v= [, ([(xz+y2+4)-x]dx dy -
S0 o : >. '
o . ','.’y,
9 3 2 .
= f %T”+ yzx + 4x - %ra ©dy
0 o ‘o
9 3/2" 5/2 2y
=OI (3 y777 T 4 ay e 5)dy
-"1 2 5/2 2"7/ 2 "'2 /3/2 2|9 o
SRR R A SR % AR i

v, .. Example 2. Find the volume, in fhe I. octant, of the solid

boﬁnded by the éy]inder ‘xz + y2 = a2_ and the‘parabo1oid S

¥y = x? + 22.

Solution. It is cqnvepient to take :. -

thé.reékoh on xz-plane as Ry,» say.
o a o ST 2 .
‘sz = [0, a,_\O, a x,] i .
a  /a?-x2 B
v=_f | oy dzdx
-0 0 , —y
. 2 . . ) '
a ac-x S , . C NN 2
. . 2.2 T .4
=, - : (x"+2)dz dx. = a . q - ~=.
E, PHYSICAL APPLICATIONS
‘Mass (of a plate):,

‘ When in a double integral
I =[] f(x,y)dA
TR .
the integrand f{x, y) is taken és‘the density . G(x, y), per unit.

'

area of R, then 8(x, y)dA is the mass  dm of the é]ementary-
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‘area, and the 1nteqra1 w111 represent the mass of the plate in
?the shape of R:
= I s y)dn

"Moments (of a plate): : "v \>

The'noments of ‘an element of area dA with density &§(x, y)

with respect to x- and y-éxes‘being

d Mox =y dm y 8(x, y)dA 7 o . ’T.

dM = xdm = x §(x, y)dA

oy
"the corresponding moments of a plate .

with dens1ty function in the shape of

R will be _
Mox [[R y § dA

ffRIx & dn

f

M

oy
Center of mass (center of grav1ty)
The center of mass of a plate with the dens1ty funct1on
&(x, y) 1in the shape of R is that point G(X, y)’charged with

total mass' m -whose moments with respect to x- and y-axes are

M_ .~ and Moy respect1ve1y:.v

[+24
ny = MOX‘, ._mi=}40y

- Tﬁl i [l x 6dA

LT
R,
_,_f_oé_IIRysdA_
Y= AL
‘R

If 6 is constant, the center of mass -G .is called the

centroid of the~regfqn R and has coordinates
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= [Ig xdn_ o [Tg yda&
T TTIRT T Y= =TT

Moments of inertia:

When the distances x and y in the formulas for moments

are replaced by x2 and y2 respectively ong'obtains the moments

of inertia of the plate:

, 2 .
Iox vij y© & dA
I = [f x% & dA
AR A _
The moment of inértia'of the plate in\the shape of R with

: deﬁsity'function 8(x, y) with respect to the .origin is

A,I° = f[R (xT+y7)8 dA = T +on
Examglé 1. Find the centef'of‘mass and average density of a
semicircular plate of radius-"a" if the density is proportional -

. to the distance fkqm the diameter.

- Solution. Taking the coordinate‘axes>a§‘shownrin the Figure,
:the region R -may be taken as ' '

g . . 7.2) -
ny = [-a,»a, 0, Ya xv] )

and the density will be
5(xs y) = ky  (k is the constant of proportionality)
Since the plate .and the density '
function are symmetric with respect to

-

y-axis, Mgy and hence X becomes zero.

Then we need to compute the mass m and

the moment Mpx:‘




a ~/a2_'x2
m= [ [ ky.dy dx -
-a 0 '
a i
2k 3
= % I (a®-x )dx = T a ’
a  /al-x®
Mox = R [ ky.y.dy dx
) T a
: 3/2
N )’
(x =a sing, dx = a cos® d@)
w2 : - !
= -§ ' £ a® cos30.a cose dg = -g a*
o Mox ok 4,2k 030 3 a
Y=g =gnrnallxal)=qy5m

"(.;.(.0',A‘-T§6'1ra) ,‘,

8 =.T%— = %1- a3/f(%na2) | g—:% a.
Ob"sg'rvev tnait T is ‘betwe‘en'tne extnéma va]ues‘ol and. ka
‘obf‘6=kyl(0.s_ysa). l ‘

| 'E.x'amgle'z Find the nonént§ “of inert'ia of the plate given in
Example 1 w1th respect\to X-; y-axes, the orlgln 0, and the tangent

Tine  at A('n/2 av3/2).

Solution. . 5. :

2. - :
a. ~v/a“-=x . : ‘
- . B 2 . 4k _5
S $4V =‘-af 0[, <yt ky(..dyAdx.=:]—51a. v
,'on N ,..af .-0 . X * ky .. d,'y dx = 15 a .
L 2k .5
-IO i—; on + on =‘—5- ka~.
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~Since ,

. 2: x + /3y - 2a =0 .

- the sduhre‘of the distance of (x, y) from & is
. , ‘ v

. d4_= (x + ng:- 2a)2/4. "

I == f/: 5 . % (x+/§yf2a)2 .. ky . dy dx

= T T (xPe2/3 xys3yP-dax-davayiaat)ky dy dx

[on"o‘"‘u'ox'ﬁ,a.‘,M\oy'}“'/; Mox + 42 ] \
. o 0 o g
k(2 5 425 a4

= I ['1-5' a +0+3 . —1—5— -0'4a/3- S '8‘3 + 4a

2
i_k”as.z'll‘z_/s‘f 5) -
i SR A T - R SR

=‘4'56 (36 - 5/3 m)a’.

29

If-R -is a po]ar’region;by usual transformations one can

: obtain m,’ MPA‘1 MCPA’ FPA’ ICbA’ "IO’ and the coordjnates

9, 7T of G can be7comphted by

Eoa ~2 ., =2
P = arctan X"+ ye.

s Fe A

x| I<|

Examgle;»FinH‘the'centroid; and momept‘dfﬁinertip IO of a

»homogeneouslplate in the:shape pf the cardioid r =

‘Solution.

g a(1+cd§9) S
.8 ..r dr do

me \
=7 - 0
. . ” ,?(1+c059)

- LU I de
T nj -vjr 0

(zince $is tonst)

a(l + cos8).
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= % § al [ (1+2 cos8 + cosze)d9_= % § wal.
. fﬂ fé(]+c°59) : '
I, = f . r sin® . 8. r dr d6
PA A 0 - : [
i L g a(l+cos0)
=5 [ sing . Lo , de
B 0
- , | P
= % A ad [ -(1+3 cosB+3 cos? +c6539)d cos@
: gy 4 k |
1
- _'pa 8
x = ‘97 @ T=0
AL AN
y=0 | r=gp@
-w a(l+cos®) '
I = [ f r2 5. rdrde =
° =1 0 o
. . L . . . }
= g at [ (1.44 cos@ +6 cos?8 + 4 COS39-+COS49)d9
i .
-£a% [ (146 cosos cos4e)de - i‘%sna“

{ -7

EXERCISES (5, 2)

iDespribe the region of integration, and evaluate:

. IZ IS 12 IS
a) xy dxdy .o b)) xy dydx
1 2 ’ : -1 .2

2 xe2 "2

o f T ae e ¥ ax gy

27.

-1 X " -1 y+2

N

Evaluate ] /6 - x% - y% a4

- where R is the reg1on bounded by the circle xZ +y?'

the use of properties.

9 by
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29,
.30,

31.

32.

-33.

,va1ue of -
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Sketch the reaion of 1ntegrat1on, and eva]uate

A xe2 » o . . w 1-cos8 v

a). [ dy dx . by - f [ - r dr d8”
-1 2 . - 00 . :

‘ - X7 - ‘ ,

Samekquestiqy for: S . Lo

S AT e 2 2. )

a)y J ] ydydx . . b} f f L dy dx
0 a-x 0 A _x2 '

-

Skétch the regibh of integfation and compdte ;

n/2 3 sec(8 - )
: ] r dr d9
0L o

wlthout eva]uat1ng, find the largest and sma]lest p0551b1e

I A” ey an

‘ where. R is the reg1on bounded by the curves y = 3x -—Xz-
“and 'y = x% -3 (Property 6). )
Same'qUestioh_fdr‘i‘ L \'¥ N
o2 o x+3 0 T 3. x+2-
a) - [ f  xydydx - b)Y (x +y )dy dx-
-3 .0 ol A =2 =2
E 17
Determine’ a >0 such that .= L by
L2 2y 2, 2, T ,
[ (x+y©)dydx = [ (x“+y©)dxdy N
TR : R , 1A\ v
o a

34.

“ two circles shown in the Fig.

35.°

36.°

“Evaluate ' - Xy dA where R
7Ry . er

_jé therpOTar‘region bounded by : A -

dA : S o IR

Evaluate [f ———x  where

R {x + y)
=-{(x5 y):-x31, -y31, xey<3}.

Given




37.

39.

40.

43.

42.

.,b) cylindef's_' x2+y =a“, y"+z°=a% "

43.

by

“b) r2<2 cos 20, ral

B 406

: : Y '
. — ——s dy dXx
; 7 2
OI OJ’ s /lexT eyt

a) Sketch the region of integration

b) evaluate the integral

Same question for

- arccos % 5 cos8 ", .
- : r- dr do
"38. Without evaluating, show that the following integrals are zero:,
: 1’2 I/47X2 R B - '
a) o —p—g dy dx
0 -/8-x2 X'y +y !

5 24K ' : -
) Sin xy dx dy : - o

o .2 472

Find the area of the region defined by the following inequalities

.a) r.£ 5 sin8, r32+sind.

Same question for

2 2

va)V.V=x, _y=x,ﬁ' o » b)x+y§2, X = 4 -2y
c)‘y=4—‘x2_,’ y=4-2x | d)yé/éz-xz, y =a-x
Same question for: ‘ )

a) r25262cos 28, rza ' b) r<3acosd, rxa (1+cos9)
Find the volume of the space region bounded by

?) ¢ylinders y:=x2; X =y2 and the planes z2=0, z=1.

2_ 2 2 2 2

Find the volume under z-= xz-yyz above the region

R = {0, 1; -0, 1-x}.



44,

45,

-46.

47

~48.

49,

- 50.

407
. '//; » ) . . )
A cylindrical ho]e of radius b s Qril1ed through ‘a sphere

’

of radius a (b <a) What is the volume drilled out if the

,ax1s of the ho]e corncides with’ a d1ameter of the sphere.

Find the vq]ume of the solid bounded.by the surfaces

z=¢e and z=0.

_x2-y2_ 2, 2=4
F1nd the ‘centroid of the reg1on enclosed by y-= . 4- x2, y=4-2x.

F1nd G(x, y) of the plane region enclosed by r =2 s1n9

and r=4 sing.

Find the center of’maés of the region R bounded by the

ncurves y V%, ‘y.-x3 if the dens1ty funct10n is 6= 3x,

and f1nd the. average dens1ty

'Given the transformatipn ‘ ' C o~

X =U+V, Yy =u-v

Y find 20Xsy) . 3(u, v) -

R () AL ] o)

b) find the image of the triangd]artregion with vertices

(0, 0), (4, 0), (0, 3)

Given the tfansforﬁation

22 .
Uus=x -y, v = 2xy

a)VSkétch the curves u=4, and v.=-2 in xy-system,

b) find (X ¥l ang 2l ¥

c) find the image -of the. region defined by i2+ y25 4

-d) find the image of the region defined by y < 2x

51,

52.

Reverse the order of integration of ‘the double integrals given

——

in Exercises 26 and 28.

Same question for those in Exercises 30 and 32.
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54,

'55.

26,

28. a)

30.
" 32.

34,
36.

..38.7

y=0, .y-x and. Xx=48,

408

F%nd the moments of. in‘te‘r"tia of the plate in the shape of the
smailer regwns enclosed b_y y=a-= x and x2+y2=a2; about
a) x-axis . R b) y-axis.

AFind\yI . of the plate 1n the shape of “the regmn bounded by

'x'2+y =a“ ™ w1th dens1ty §=vx%4y". i

Find IO of the homogeneous tr1angu1ar p1ate bounded by.

~ " ANSWERS TO EVEN NUMBERED EXERCISES

| K3 .
6a . D)7 g{ oo gg
i NEZE |
R 4 - v
L -
d) :
; 4 -6
2 —_
A
o -l o
R b) R
Z\ ;;:(f""-"l?] T
./r» e ) 6/3_ - .
_t:, ZI'S - ’l:-’A 7
a) 125, -225/8 .~ .b) 765, 0
9/16 |, o _
‘%-:[zn(2+-/§) + 2/§] E

_a) the integrand is odd ,1'n- y and the regyi‘on is s_ymmetric'



s,
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a) 1/6, b) 2/3, <) 4/3, d) (w-2)a/4.

40.
. . - N P 3 ,
a) 1/3, b) 2a7/3
. 3 . [ 3 ;bz)s/g] 
46. %=1, = 12/5 v
48,'Y 25/42, - ¥ 25/45,‘. e 36/25 € (0, 3)
- S R
50\'..a) \ I o j’ )
. /"L. 2( » l/'
1 : 2.2 - 4
b) . R 4(x +y),_ c)u+v <16 d) v>- = u. -
4;_uz+vz: S . » R /; 3
_ o 2v% -‘E + arcsec g— ' 3. w/2 S
52. 30) i Srdedrs [- [ rdedr -
. 3 0 ‘ 0 0 )
.6 w2 . :
ERN B | r dé dr
- '3 -g + arcsec % '
, 5 2 SR 0 3,
32a) [ f xy dx dy- 32b) [ o f (xT+yT)dx dy
) - ) - -2 : »
STl ) e 3 o -
' S s (xPey®hax dy.
.0 y-2
54, &1 a®

-
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5.3 SURFACE INTEGRAL
A, DEFINITIONS
Cler
' CFo=Pi 40 +RK
be,a,vgqéor field defiﬁed over. DSR3, and let S be a surface

in ' D. Then the integral

: gj P dydz + 0 d7d% + R.Axdy . (1)

is ca]]éd a surface intégré]yif (x,"y, z) in P, 0, R varies
'throughqut' S, where dydz for instance denbtes free order of in-?
fgghéfibn (dydz or . dzdy). . v
Let de be an elementary area of the surface - 5. The rela-
tions between do and dydz, dzdx, dxdy ,caﬁ bebobtained by pro-

jecting do& onto corresponding coordinate planes.

1f . >
: ; [P~
-+ . ]
n = (cosa, cosB, cosy) - Y
is a unit normal vector to .S at - P, then. S dr
o . . - . R i \,\\
a, B, Y will be the angles of the tangent H Sl
. ) - M N 1 ~
plane to S at P with coordinate planes, v S ;_{E.;;
L » dedy
and one has ) . ¥
o dydz =‘qc cosa, dzdx = do cosB, dxdy = do cosy
so that (1) assumes the forms o ,
[/ (P cosa.+ Q cosB + R cosy)do - ) (1)
S v .

and

-+ > >

J1F - ndo - gg. Fp do Coam
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- B, EvALUATION o ,
' "When S has the equation  ¢(x, y,'i) -0 defining
xEx(x, z), y =y(z, x), z=2(x, y), the surface integral (1)
“js.the sum in " ' A '
R If o Rxly, 2)s v, 2)@EE (2)
: Syz» ‘
. fjsi P(x, y(z, x), z)dzdx —
- Yzx ' R :
+ HSA P(x, y, z(x, y)dxdy
Xy '
of three déub]e integra}s, where Syi »for,instaﬁce is the ﬁro-
jection'of S onto yz-plane.
_ When: o(x, y, z})=0 deffnes_ i, for instaﬁce, as a func-
tion @f .X,.y not uniquely, Say /zi'-and ?2’ one eva]uatesAsur?
facé integral for both surfaces (1ower and upper su}face).

‘When the ‘equation of S is\given'barametriéally as
x=x(u, v}, y=y(u, v), z=2z{u, v),

" then by ‘the usual transformations (change of‘variables)'from yz-,

zx=-, xy-planes to-uv-plane, (1) becomes

ffs]'P(x(g, v), ylu, v), z(u, V»L%%%l~£ll Toav

+‘]J’$2 Q(x(u, v), y(u, v), 2(u,»V))|§—((—ﬁ:fi,%| aulav

. . a{x, ¥) a"‘d—
IJ’S3 R(X(U, V)9 .V(ua V)s Z(U, v))!'_(_‘_l

S under the

.Whgre Sy S, 53 are the images of S ., S, ., Xy

yz>
“transformation.
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When S is given by (1 ) (or by ]") de -can be: ’project-
ed to one of the coordmate p1anes in which the transformed ‘doub-
e 1ntegra1 is smpler. If‘ S "!S' pro.]ected onto ,xy-pl.ane,, say,
"(1 ) becomes _ , ‘ ' , :
. ,” (Pcosa + 0cosB + Rcosy)secy dxdy
Example 1. JEvaluate -

”(x-z)ﬂ_

where = S 1s the surface 'x=y2+z s OstA.-

‘So?utmr’\. Ryz_:

1
o
.‘5
[ASI
—

[
w| 0o
El
+
.‘“4_'
.=l
1
g

Example 2. Evaluate
I =ff x%z @ydz + y%x qEAX + xy IKAY
S ;

where S is the cone “x2 +-yz=(z-44)2 with 0g¢zgd..
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" solution. 7 o
ST R A by,
Iy= [ %"z dydz =0j 0] - x%z dzdy A -
. S,z L v e i
! 4-y
= I ) [(2-4)2hy2]z,dzdy
S0l 0 ,
4 8iy . - ;
- f [ (2%-8224162-y%2)dzdy
o' o, e
4 4 o2 5 |4y ,
= %'223" 16y L2 7 ey
0 RS ' 0

>
"

A L
l(“f-yr)z\ AR N (RO ‘—"Zy—] -

. L2 .
(y_4)2, 73% +8y + 16

2

=T ;‘ (3yf.1’-32y3'+ 96y %256)'

~512- )

, 1 (3 .5 .4 3
= " (5' y -8y 32y '.»Z?GY]O 13
‘ )  2 ] . . 4 ‘4-i 2 : .
L= [ y'xdzdx =" [ y“x dxdz=1,
o 0 0 . : _
XZ . . . )
I 4 6-x% ,
I3 = ”S ;yW:OI--O/]’ z%y dydx
' SR v X . , !
‘ 4 - V16-x"" Ry ) I
s fF T (e AP ydyax .
0.0 i T ol

4. N6-x% a2 8 %

=4 [ [ - ,dydx,»of [ r.ordede

0 0 0
=]61T+§3-2-1T=§3g"
- 2.512 80
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C. GEOMETRIC AND PHYSICAL APPLICATIONS |
'GEOMETRIC. APPLICATION (Area of a surfacé)=
Let S: F(xs ¥, z) =0 be a surface over the region. R

in xy-plane (i.e. R is the projegt1on of S on xypranes). Then .

the area of S is ) L il ‘

' L - [f de - ; ,d"-'
_ N . : - ) HE N
and we have | B : . <o N
. _ . [[ do = f[ secy dxdy

where  do i; the elementary area of S
and y is the acute angle between:the:horma] line to S at a
point in do and £;axis. ' v
Then i
‘cos Y:[K.kf

Tif oz =f(x, y)

<N

FE+FC s o .
X Y if F(x, y, z)=

and s : ) ;
. i V F + F }
- dxdy dxdy

“’ Tvzi+z (orff———p—l——-

\/Ffo_ +FZ

Simi]ariy
. |$[ =[] 14 xx4 x, dxdz (or i1 el dydz
R . . R x) -

. -FX+F/ +FZ .
s} = f] V1 Yy tY, dxdz  (or [f —-————F-‘y———- dxdz
' R o Ryl
To obtain a simpler region R. or a sﬁmplefrihtegrand, one

projects - S onto a convenient coordinate plane.



V_Nit_g_. If S F(x, ¥y 2)=0 defines; two fdnctions', two
parts of S must be'cohsideked séparafe]y. '
Examp]é 1. Fih& the-area of the .smaHest Aparti'of a sphere
V_of ‘radius 3, cut off by a plane @ having di;tance ‘a/'3 . from the
center. o ' ' . - T 'v - »
Solution. Choosing the coordinatevsysfem as shown in the
Fig., webhave ‘ :_ T ' 5
» S: 'x2+ y2+ 22,= az, om: z=al/3
R: x2+ y2§ 8a279 |

Y 2 -
'“'R/ 1+ _Si2_+,_12 dxdy
. Z. z :

]

Is|

it
—
A

=
Y
a
<
u
o
——
—

==
{

-1

1

x 1.,

[] N

: a 4

xt .
<

i
o
o
e
.
-1
—

Examplé 2. Set up trie intearal ‘for the'surfarc_e area of the . -
paraboloid y = x2 +({z - 4)2 cut off by the cy]in‘der 'x2+(y-2)?=4‘.

" Solution. The vertical cylinder separates from the 'para-,v
"boloid two bounded surfaées S1s5,  with
-equal areas, since they are symmetrical.
with respect. tov/tvh.e plane z=4, and.

have the same projection

R: x2 + (y'- 2)2.5 4
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on ky-p]ane; Thén

Is| =2}s,

= 2f] V1eled) Ty

2 B S
).’=X7+(Z-4) *—>Zx—‘ﬂgb Zy—m

2 _ T+4y ___‘,] +’4y

=> 1.4+:20+2" =
| i YT a0 ay-xh)
| | L, :
L 4i dy-y~ < :
~~ == sl =4 o oy dxay

-0 4(y-x%)

PHYSICAL APPLICATIONS -

1. Mass, moments, center of mass, moments of inertia
of shells o :
By the usual notations, we have

3
]

. ’ , , .
ff 8 do. (8{x y, z) ‘is the mass per unit area)

M

do, M, = [/ y&do, M = ‘7 5 d
vz IIS x & do 2x Ifs,y do, = M, [Is 28 ,f

G(Myz/m,. My /ms Mxy/m)

) .
§-do, Ix_y

R A

szz s éo k

In general, for any plane 7, line "2 and pbiht A we have

My = [JoPmsdo. = [[d'(P )8 do
My = é_d(?, 2)6do, il ?‘ﬂgdz(P§ £) 8 do
My = {J d(P, A) a'd&,r ’  " IA‘E,>{J d?(P, A) 8 do

where P is the variable point on the shall.
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¢

i sff I,/m o (S, is the radius'of,gyratioms
Exemple G1ven a.sem1-spher1ca1 shell of rad1us a with
density proport1ona1 to the. square of the d1stance from the
Caxis of symmetry, find o o R
a6 b g,

Solution. Plac1ng the she]l as shown 1n “the F1gure,

we have

Uk(x +y%)ds

kj’f (x +y)V]+z +Z aT

 a) m

s kfRf <x2.+y2->‘§ axdy

: . 277 a rZ o </'- .
ke Jo ] grmm e . &

) =.43_n,ka4‘ |

- J
“From symmetry of the_ she]] with respect to z- ax1s, and of

8 in the var1ab1es X ¥ the center of mess G lies on z—ax1s(

X=0;, y= 0.
To. find 2z, we evaluate Mxy:
J'I z k(x +yh) a'xay

e a —_—

o= .ka [ ) r2 .r drde = % kma>
0 0 ‘ -
= Z =M v/m =3,
xy "~ 8

S 6(0, 0, 3a/8) _
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'

) I, = [f (x2+y?) . k(x®+yP)do-
g s _
-k ff(xPay?) 2 TEEy
-kJ’R[(Xfy); xdy
2 a4 _
-ka f —y 1 drdo
o0 0 a -r . ’
2 éq}gk"as 6 4 4 2
. 1 5 :
- Yoz 7 Loz/m = 15 kna'/(3 "ka4) =g d
. 2 . N
$oz =752

2. F]uidelowAthrough a surface
‘Let | A '
F=Pi+Qj+ Rk
be the ve]ocikyAvectér field of a f]uid-flowing_throqgh a.sur-.
face S. If one fikésito détermine the vo]ume (or tﬁeﬂmass) of

the find,passing'through S in a unit time, one writes

3

‘->+ . > >
qg-= [f F.ndo  (or q=f[F.n ¢ do)
< s : -
considering B N
> > . . e
dg = F.ndo - . (or dg = F.n § do)

as the volume (or as the mass) of the
~elementary cylindrical fluid with basé do 'apd hejghf F.n.
' Example. Let a fluid be in motion with the velocity
P = 2x ‘i.+ (y+2z)j + zk
where djstancés are in metcvs and magnitude of the velocity is;
in m/sec. Find the vol.me of the f]uid/per seéond folwainq

2 2 2

through the first 0ctant'portion of the sphere x"+y fi 2

ta”.
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Solution.- ]
ERN/) Fonodo
s PR (&, +h

q = % ”’ . (2x2 +y2 +’22+y7_) i;- Na'xa_y
'Sxy' i . .
32+x2 o . T
= [ (= +vy) dxdy -

2, .2 ’
- X Ixdy + [[y dxdy
| U VA Ixdy + [[y dxdy

. : : 2_.2 -
w/2 a . 2 2 . a a -x"
;o= Brrcos® .gede s [ y dydx
o . 0 : a~-r 0 -0 -
2 /2 a r- o r2c0520 ‘ a3
= 4a° [ ' drdo + [] r drdof +
[ o .0 . ;az - rjz ;az,- rz‘ : 3

. . 3 . . o

= -121-.a - -g—-a +,E3— = ,1; (1r+’1)a3 m3/sec
EXERCISES (5. 3)

Evaluate th‘e area of‘ the shaded portion-

of the sphere of radius a cut off by a

cylinder (VIVIANI's window).

. Find the area of the surface 2z = %— (x3/2+_y3/2) over the
square region Osxis 3, Osgys3. v '

2 2

. Find the area of the portion of the cylinder _y2+z - 4a

that lies-in the vfir‘st,oct'ant a{nd above the triangle\bound-

ed by the lines x=0, y=0, x+y=a in'xy-plane.



59.

60.

61.

“in yz-plane:

62.

63..

64.

65:

66.

© 67.

-
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Find the area of the f1rst octant portmn of the surface .

x-yz _that‘ Ties 1ns1de “the cyhnder y2+22’=1.‘ ~

2 2

‘Find the area of the‘portion of‘ the paraboloid X"y =22

that lies .in the . f1rst octant and cut off by the parabolic
cylinder ‘x2_=z -and the_p]anes x=0, z-{l

Find the area of the -po'rtion’_of‘ the, cone y2 + z_zs x2 that -
lies above the square bounded by z = 0, y=0, z=1, y=1

For the solid bounded by xy-p]ane'. 7the cylinder x2+y2 = a2

and the paraboloid.’ z=b(x2‘+y2)b with b>0, find the

-~

“area of the upper surface. o : - v

Find the area -and centroid of ‘the plateain the shape _015

first octant portion of the surface 'x? +y? = z? that ‘lies

‘between the planes z=0 and z'=1.

Find the area and‘centroid of the plate in the shape of the

flrst octant portmn of the surface of the parabo]md

z=x2+y2w; that lies between the xy-plane and the p]ane z=2.

Find the coordinates of the centroid of the ﬁomogeneohs

plate in the shape of the first octant portion of the sur-
face xZ+y?i 222 al, o '

Find t,he second mome'nt;.the radius of gyration with respect,

to z-axis of the plate in the shape of the“firs"t octant por-
tion of homogeneous surface x2 +‘y2’ + z? =T,
If F=yzi+zxj+ xyk, show that

[[F.ndo=0
s '

for a closed surface S..
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68. If F = xi +-yj‘+ zk, show.that
‘ o ff F.n do = 3V.
i uhere‘ V -is the volume of the reg1on enclosed by the clos-

ed surface

3>

69. Evaluate jf F:ndo where F = xi +yj+zk and s is
the entire surface of the cube bounded by the coord1nate
p]anes and the p]anes X=3a, y=a, Z= a.

1'70,L5eme quest1on if S is the- sphere xz-ryz-kzz-=az;

- o - _ ]
ANSWERS TO. EVEN NUMBERED EXERCISES
"y . i .

55; a
58. 2a (3 + /3 - 2) o T R -
60 %g - o '
[(1 4a2b2)3/2 ‘ ]/b2
s4.~1§n/12, X=F = E%g,[3067?-—32&(3g-z/i)],jl?= 149/130.
66. /3, JVZI3 - ' S ’

70. 41Ta3,.'

5.4 TRIPLE INTEGRALS
‘A, DEFINITIONS AND PROPERTXES

iet R be a solid reg1on, and f(x, ¥y, z) . be a func-
tion deflned on . R Part1on1ng ~R into elementary prisms
(dx xdy x dz) with faces para]]e] to- coord1nate planes, and
cons1der1ng ‘the tr1p1e sum ) (as double sum in double’ 1ntearals)-

one. may show that 1im. § exists for cont1nuous f. and the limit

)

\\l\_
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js denoted by
fff f(xs ys z)dV
RY :

'Progerties. Let. %,,g be two continuous functions of

_ there variables. Then
. [ff dv = ]Rj vV (Volume)
R T _ R
2. [If (f+q)dV = [[['F dV + [[f g dV
R R R _ ‘
3. fff cf dV =-c [ff fdV (c  is a constant)
R ' R : .
4. fr{f',f‘dv + [, F V- If o fav (if RyaRp = ¢)

T 2  RyuRy
5. m|R} < [ff f dV<M|R]
: <

6. 'lfgff.\dv. < [{zfl'fldv

7.f(xs Yy 2)<sg(xs ¥, 2)==> [[[f dV ¢ [[f g dV
v R " R

The.pfopfs'are similar to ones given in double ihtegra].

Ekaﬁgle. Evaluate S

' 1= fff dv

‘ S R . :

where R - is the solid bounded by the coordinates planes and

the p]ané x/2+y/4+2/4=1, o V

Solution. From Prop.1, we have

.2 4y 320

W —

I:IR!:

B. EVALUATION BY ITERATED INTEGRALS
Let ‘ , v A
I'= [[f f(x.y, 2)dV,
R .
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and. V' be a normal solid region.

The six normal regions in @3 are denoted by

Royzr 3 s Ro.3 yr P
Txyz Ryxz Ryzx Rzyx Raxy’ Pxzy
obtained by permufing the letters X, ¥, Z, in Revz where
nyz is defined as the solid region ’ .
) Vngz = {(X’VY:,Z)il(%. Y)eRy s - 4(xs y) <z gw(x,'y)}
overknormal plane-region ny, bounded below and ébove'by the
" surfaces -z =%(x, y),'f z=y(x, y). A shorter notation is
Reyz = [Rxys 000 905 vl )]

where 'ny is a normal p]ane‘région '[a, by L(x), U(X)].,

The six normal solid regions are:

nyz A=>(ny; (x5 ¥), ‘TP(XS"-Y).
Ryxz'= R

v 3 (%6 y)s  wlxs y)

Ryys '¢(y7 3); vy 2)

Ryxs. ¢(xs 2}, w(x, 2)

]
)
b 2 by, o)
]
)

o
‘,v _ Ryfx‘fk[Ry
R |

(

f bk A .: szy - [sz3 d(x, é), i¢(%, z)]

If R is a normal region, say " , then the trip]e

, xyz
integral "I" above becomes
v(x,y) o
Rff o / ) F(x, y, z)dz dydx
. X,y Lo
or oo :
b U(x) T w(xsy)

. f(x,iw,'z)dz dy dx-
a. Lix) " (x,y) o :
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' wh1ch is an 1terated tr1p1e 1ntegra1, and the 1ntegrat1on is
carr1ed out in the order Y. X.
Nhenn V is the un1on of some number of: d1sgo1nt norma]
fegio { the integral is evaluated by the Prop 4
7 cxamgl .. Given - 7
s 3-7x 20 :
I = f [ x dz dydx,

0o 0 . 7 X2 ;yZ o L

a) Sketch the so]1d reg1on of 1ntegrat1on,:

b) eva]uate the integral .

<Solution.A-'7 |

a) S1nce ‘-, S L g’ ';/
- R xyz {0— 4';‘0; 3 - %‘x;' x2+‘y2, 20] . 20

‘the reg1on is over the tr1angu1ar p]ane realon - )

and bounded below by the paraboloid. - K3

2 2 by fhe o g ‘ IS=—t
z=x“+y° and above by the plane z=20. ©Nd :
- R . 3 . . L
| R N
b)) In= f . Xz dydx _ ' €]
- a 0 ) x2.1v_y2> . ' B _-‘7 . ?
. 3 -3 X - _. o
4 7. 2 2 : .
= [ [ x(20 - x - y“)dydx = 26088/5.
0" 0 o . . -

‘ REVERSfNG THE ORDER - OF INTEGRATIQN:

Any given triple integral in'eh ordef“of’ihtegration can
be wr1tten as a tr1p1e 1ntegra1 (or as a sum’ of 1ntegrals) in.
any other order of the var1ab1es To do th1§ the necessary
stepe are: ) - '
) (i) ' Sketchlng the norma] reu1on of 1ntegrat1on of the

gIven 1ntegra1
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(i1) Writing th}s'ﬁegidntaﬁ a pormal.reéionjo}kas:ﬁnion
‘ 5f_suéh;rég%onsrin:desired order.

(iii) Setting up the desired iterated integral(s)
: Exqmgl . Given the 1terated triple integral o
2 45x2- 4= Fx- % T

, of of v .11 . 'f(x’_y’lz)dz o el
'\reverselthenordef of integration invthe order dx dy'dz.

v Solution. The region of the given integra1\is'-
U (»R;cyz = [\______\O, ‘2;‘."0R (B  ~]’~>4 _; %x-%]

T R A 3
It is the so]1d bounded 1atera1]y

by the vert1ca1 cy11nders '

x2+y =4, x=0, ,y=0

- and below by the plane. z=1, abbvé by

the plane ) :
Zi: 4 -%X‘% (-)6(' +%'+‘%= ]) L

To write the integral over thevsolfd region R__ ., it is ~

- X - - zyx
hécessary to determine ~Rzy plane region_which shown as the
’§haded one jn/the'Fjg:\

R, = [1, 3; o,vz] uh[s,‘4; b,.s-zz]
Zy : ] "
Rzy o . R“zy

,Then

.“l ‘_ [ - . ||; 3 .
Royx ~ [Rzy, 0, V4 y?] U {Rzy, 0, 6-7y

and the integra17b6comes. » ;
L -3 3
3'12 ;IV4-y2 R ]6”' 7Y -7t
- ) © f dz dy-dx + . f dz dy dx
]I 0.0 =30 0.
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C. EvaLuaTion BY CHANGE OF VARIABLES

Let ) . N
’ fgf §(xs y, 2)dV
be a triple integral, and let' the fé]]owiﬁg transformafion
(change of‘variébles)

; x=f(u, v, w),» ¥y g(u, v, w), z=h(u, v, W)
be gfven.

As we have in double integral, dv becomes

, Coav - g @
where J is the JACOBIAN
: BT S

, u v W

3(1:3 4 D) — o

U, v, W) T 9y 9y gw
by byl

If R' {is the image of R under the given transforma-
tion the triple fntegfaT becomes
1f£[ 7(f, g, h) Iq[ du v dw.

. . 1
Example 1. Find.the volume of the ellipsoidal region .

< 1.

2L
n

y2
+ Lo
b2

o ix
~n

Solution. The Fig. represents 1/8-'of the solid.
a g V%z—xz é% ngbz-bzxz-azy2
IR =8 ' i dz dy dx
- 00 0.
By the use of trahsfdrmation~

x=au, y=bv, . z=cw

V- is mapped to the unit sphzrical reaions

2 2 2

u +v +w s].
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With
_ a 0-0
J = 0 b 0 |=abc-
: 0- 0 ¢
- vl = Jf[ abc v’ = abc|R'| = abc . 40 Yoabe.
5 U ‘ 3T
;- Example 2. ‘Fi.nd the volume of -the solid defined by
x2+y2+zzs‘16, x2+y2\< zz, ‘2;0_
© Solution. _
Il-‘lv !2./5 8-x2  /16-x%-y?
} H| =4 : ' - f ‘dz dy dx’
S 0 . /‘2- 21, :
. X,+y

_ Transforming it into spherical

coordinates, we have the transformation

x = ¢ sin cose
y=¢ sirﬁ"sine
z=gpcos?

with Jacobian

X, y» 2z

-¢sin¥sino. §cosfcoso sin{cose

~¢sinf cose: fcos'Psine sinPsino| = -‘gzsin T .
‘ 0 -Ssin'® " cos ¥
w/2 w/4 -

' f4gzsinf.dg d«f.dél‘.;ja‘i/zn
o0 o o L AR

1]

IR|
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D. GEOMETRIC AND PHYSICAL APPLICATIONS
1. Volume of a solid: . -

-~ From Prop. 1, we have

IRl - [I[ @v =¥ (volume).
Then - ' B :
- IR| = fff T dy dz (in-cart. coord.)
Rl = fff r.dz dF dB (in éy]. coord.) .
. R : ’,' - -

Rl = [ff fgzsin‘f.dg d% d8’ (in spher. coord.)
TR - ' SR
HavfngAexampIes_on cartesian and ‘spherical coordinates
previously;’we aﬁve;One on cyiindrica] coordinates.
: . / = B ) . . .
Example. Find the volume of the solid in the I. Octant
_— ' 2. .2 .2 2., _.2

_bounded by the cylinders x“+y“=2a%, x%+z =b V(b),'a).
Solution. ‘ ' '
IRl = fff  dz dr deo.

g R" Co .
T m/2- a bz-r2c0529
= [ | - 4 p.dz dr do
0 0 0 ~
/2 a ‘ ‘
= [ f r(bz- rzcoszo)dr>de
o o ¢ : .
, /2 a LmI2 a g, -
=% [ [ rdrde - [ [ r” cos“e dr-do
o* 0 0 0 o
4
2l 202 _m a
LT S 3
- '={%»a2 (4b2 -az)
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2. Mass, moments, center of grevity moments of inertia

By the usual notations
Iff 6(x, ,_z)dv B _
- f[f 26V, M, ]jf y 8 v, W o= fff x & dV
R™. "yz T

. G(M /h, M /m, ) M' /m)

m (v2ez?ysav, 1, m A [ RCLETS
and in general : o
M fjj a(p.m)sav, -jff d(P, 2)6dV My =';£j q(p,A))aﬁv‘.
-ff[d [ T)sdv, -[”d (P, 9)5dv I, = f”, dz(P;A) sdv

,Example. Find the centro1d (6 is constant) of the solid

‘bounded by 'xz +y2_f22 -a%, in the f1rst octant. R

So]ut1on. From symmetry we have x-y =2Z.

omeevsgma’ |
| TE =1ﬁxy = éfnlzéf“ f f cos‘f S s1n% dg dﬁ:de
=%. 0 'n/2 n/zJ 3 dg sz‘f 4 do |
- %a‘l\éf"‘/z.oj“ sin2y d‘rde : | o |
SR SR AR
??y Terat /(g ;_3‘) ~3a :
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‘EXERCISES (5. &)

S 71, Eva]uate B ’ :

: 2 2 : . ja / Jb -x
L xy dzdy dx ‘b)

f f '1{ S 0 0 . 0 :

dzdxdy

72. . Use cy11ndr1ca1 and spher1ca1 coordinates to evaluate:
j [ j at-i? dydxdz (k>0, a>0)

73. Use cy1indrica1 or spherical coordinétes to evaluate
CWNVZT x /1-xT-y -1/2

z(x +y ) dzdydx

0 oo _ v
'~74;‘Find’thé volume of the so]id bounded by the cylinder

y2 =4-4z2 and the.planes: x=0, x-=z.

75. Find by trible integral the volume
a)-of one of the vedges cut off from the cylinder x2+y =a
by the planes z=0, z=x. . ,
' 2 2.2 2
‘b) enclosed by the cylinders y =2z, x +y =a and the
" plane z —0

c) enclosed by y2 v28-8x-8, yle2t-4, z- 0.

76. EVa]uaté\the volume of the solid bounded by thé paraboloid

X =x2 +i2 and theip1ane x=4.

77. Same question for the region bounded by x+2y+3z-= 6,
x=0, y=0, z=0. - -

78. Use sphericé] coordinates to find the volume of inside the
cylinder 2 2 -zx’ bounded below by the cone x2+_y2 = 322

and above by xy plane. N
79. Use cyl1ndr1ca1 coord1nates to find the volume of the so]1d

above the paraboloid x2+y2 =z and below the plane z =4y.



80.

- a3

Use spherical coordinates to find the volume enclosed by the
2 2 2. ' , ' o

- sphere x"+y +2 = 1l6. .

81.

82.

83.

84.

85.

72.
74.

‘76,

78.

80. -

82.
84.

Find the moment of iheft%a'with'respett_tq'the x-axis for'
the mass 6? the Solid iﬁ the. first octant bounded by the
cj]inders 22 =Yy, x? =y and thé plane y='l if the den- 
sity is prdbortional to z.r(G = kz). o

Find the 6éntroid of a sﬁ]id boynded by a éﬁhere of _radius
a ]ying Withfn a right circular cone with Véftex at the‘

center of the sphere and vertex angle a.

Find z éqordinate of the center of grdvffy'of the body of
“unitorm density & situated above the xy-plane and boun&ed

be the surface fré z(1-cos0), the cylinder r:$4(]fcose)

and the plane.

Find the.mass in the firsf;octant of the solid bounded-by

“the cylinders zz,=y; x24=y and the plane y=1 {if the

~density is §=kz.’

Find the center of maSs of the solid bounded by the p]ﬁhes

y+z=2, x+z=2, x=0, y=0, z=0 if ~6=kx.

ANSWERS TO EVEN NUMBERED EXERCISES .
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5, 5 THEOREMS ON CHANGE OF MULTIPLICITiES'QF'INTEGRALS
(GREEN'S; STOKES'™ AND GAUSS' THEOREMS)
“ ‘v,. . 2. .
A. GREEN'S THEOREM IN R: . : -

Theorem. f] %g) dxdy = ¢aR Pdx -+ Qdy

if éﬁilis a‘simple piecewise smooth c1osed5chvé(f) éndfP(x, ¥),
©Q(x,.y). are ceﬁtinuously differentiabie functions on a region
- conteieing "RuaR ahd if aR {ié'pos{tivelyloriented(counter;e
-clockwise). | . » | - ‘ » S ‘
" Eﬁégf. We prove that :
[T = g 0ays ] - 2—5 T < §pp Pax. (1)
: v R .
] fTheubroeffwill‘Be,given,fqr,a'region expressible in both

types_ Rxy - and HRy¥;, ‘ | o o

SR o b L(x);~U(;)] - ev a5 20, r(y)].":

Rxy: . "': vRyx
The first equa11ty in (1) w111 be shown for R ='Ryx~
and the second for R ny ~ ' )
. BQ\ . )
j£ 5x dXdy. = jj 29 gxdy
yX
d r.(Y)
R dx]d
= . Yy
C ,{Az(y) X

d ’ S
I forw - s, y)]dy

BD,

c

[ Q(x. y)dy - [ Q(x, y)dy
7Y N

[ 0dy + [ Qdy = §,q Qdy.

c - DAC .

BD

(*) a curve x=x(t), y=y(t) -is a simple curve if it has no double po1rf,
and piecewise smooth Aif it consists of p1eces of curves, for each of
wh1ch Xy ¥s X'y y' .are cont1nuous. L
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] 3o dxdy = [ | %% dydx - | Uy D -
ny / S .
T U(x) 3P L

dy dx R 4
! W ] SR

n
ey
o,
p—

(N R

)
[P(X, U(x)) - P(x, L(x)]dx R fo «

i
Bhaen Y

'£ ‘ P(x,'y)dk.- 'fb P(bey)dxv e o o o
DB - - ACB o o _ ‘

= POe s [Pk s < [ pdx. B
SRR - -~ BCA R

.vExaﬁgie 1. Evaluate

‘ . I.— é yzdx +. xzdy ,

’by the use GREEN's Theorem, ‘where r is the boundary of the re-

gion bounded by x_=A—/§- 'R x/6 + y/9 ' and 'y = 0.
Solution. fhe_regjon. R .is as shown‘ ‘ i

~dn the F1g Then

5 \2 ‘

I = §r y2dx + x dy = f] ( 8y.)axay--'

. ] g - . - 3
=[[ - (2x-2y)dxdy

) Ry X . ' A . J‘.

e e(1-4

, jg ,16(1 $
0 f/§:7'

f9
X -2yx
0 i

“(x-yYdxdy
6...
g y
d : :
| -/37y Vy. : , .
.9 '
J [(5-,5 y) -2y(6-3 y)-(e ¥)-2y/575 ) dy

9 ’
o [36 8y+-9-y -12y+3-_y2-9+y 2y/9_]

it

n



Y

9 (16 2 |
= [ [—Q-‘y -19y+27-2_y/9-_y]dy‘

, 9 - g
'=ngy3'lzg-y2'+27y» -2 OI. /9=y dy

16 .3 19,2 . 12 .3
L R LR EI )

”

Examglerz. Evaluate
' 1= ff x3:axay
R

‘by the ‘use of GREEN's Theorem, where R is the reqion bounded

by x=0, y=0, x+y = 3. ’ o fg‘
" _solution. Cohsidering %3 as ‘3dlax ' )
. 4 - _ , .‘ . .
.we have 0 %T‘ (since integral is definite)

and 1.= ¢ % dy

4 b - ;(4' 5 Adz) %
X dy + ‘ dy + B dy
T ‘£3 R IBO E

0+ 3%/20 4+ 0 = 3%/20

Compute the>$ame integral cénsidering x3 .as -3P/dy.

Example 3. Evaluate the line integral
I=J y2dx + xdy
Ir _
along T: y =x2 from A(-2, 4) to B(2, 4) by closing the
curve with line segment.(AB],
Solution. From GREEN's Theorem
we have

S ey = )
. . R .

“Then
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- ff (Bx - ay )3_3— - I yde‘¢ xdy

1 =
L2 4 L.z
= J ] (1-2y)dydx-. [ 16dx
-27 X2 _ 2
2 4 Do .
v .| , v
= | y-vy dx + 64 = 352/15,
_2 ) x2

B. STOKES' AND GAUSS' THEOREMS

Theorem. (STOKES')

Ig (%5 - ) ayaz

* (%% - 2% axdy § Pdx + Qdy + Rdz

where S s on surface oriented by its unit
,vector ﬁo vary1ng cont1nuous]y over S, 3s
~is a piecewise smooth closed curve which is the boundary of S,
gnd F = Pi. + Q3 + Rk 1s ‘a vector field (smooth) defined over
a region conta1n1no SLas. The 11ne integral -is taken in the
‘sense such that S s always on the observer's left as he
moves on 3S, and.the sense of the observer(from foot to head)
~and W aoe the same.
AUéing Qector notation’the same theorem becomes

_ &!_ou}l_F .1 do = §és'F. dr

.

Note that STOKES' Theorem is .the GREEN's Theorem in Rz

e

when 'S s flat.




.. 436

Cbro]]ary;
& curl F.hdo =0
- S . . :
. Theorem. (GAUSS)

‘Iéf (%2 ,'%%f+ %g)axayaz = ££ dydz + QdZdX + RIXAY

"where R is a space region bounded
by & piecewise smooth orientable closed sur-’
- face 3R(= S), F = Pieé'Qj'+ Rk is- a smooth

“vector field defined on reqion, containing RU3R,

reﬁahd the bouhdary 3R is oriented by taking
N as the exter1or normal - '

Th1s is also referred to as GREEN F:]
Theorem in space.' o . o /

 Since its vector: expression is

fj}gj Div F-.dV'=<#F B de

P R

. T {

*he same " theorem is a]so cal]ed the’ Dzverqence Theorem

/Examgle . Eva]uate by the use of STOKES' Theorem

"r = ff curl F.h do
s . oL ‘
‘where: F = yi + 2j + xk - and S .is the eylfndrical shrfate
x? +y2 = 1 cut by the planes z=0.and '

"2 = x+2 oriented with n pointing ‘

_outward.

Solution. We have X
1= f F.dr =§ F.dr - §
. 9SS - . F] o F2




437

: s1nce ‘the g1ven surface may be cons1dered as. the d1fference

(sus ) -$' (5 z= bdd by T,).

.

ri: X =cose, y -s1ne, z -0 ; F-—s1n01-vcosek
' . = (=~ s1n91 +cosea)d0
o . 2% . S
) 1‘sin?e =< f sin?e de =--m.
T 0o ) '
Ty: x.=c0s0, ‘y-sino, z =2 +cose
]

= F.= s1n01 + (2 +cose)3 +cose k
dr. = (-sinoi +c0s0j - sinek)de ,
¢~ (-sin e-+2Acose4-coszef sing cos0)do = [ ... =

Ty Q
:EXamp1e 2. Evaluate,Byvthe use of'vaergence Thebrem;

whére' F = !x2 +yez)i +(y2-pz¢x)j;A(22¢ xe¥1k: and 'S; is the

2

‘boundary of the so]1d R . bounded by 2z=0, 2= Xx+2, xzyy =1.

’

Solut1on We have ‘ . T
I fff Div F dV = III 2(x+ysz)dV
1, \/]+X "X+ 2

‘ . , ) . 19
=2 [ — - (x+y+z)dzdydx = w
-1 -/1-x? / o SR T

EXERCISES (5 5)

86. By the: use of GREEN 5 Theorem, eva]uate

‘é' 4xy3dxv+ 6x2y2dy

o - T e
where T is the circle x .+ y_ = 1.

87. Same question far
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§ eXsiny dx + e*cosy dy'

: ‘ r- . ; . _
where T is the rectangle with vertices (0, 0), (1,0},
(1, 7/2), (0, ©/2).

Use STOKES' Theorem to evaluate
¢ 2xy%z dx « 2x%yz dy + (x2y2 -'2z)dz
r ,

where T is (cost, sint, sint), te (0, 27@) and directed

89.

90.

86.-
88. .
90.

Same question for

where

a) F=xi+yj+zk b) Fi=.xyi +>’yzj + zxk c) F= xy2i+y22j+zx2k

o.

é) 4mna

in increasing values of t..

outer normal.

@! F . ndg

'Sj is the surface xtayliz

2

a

2.

and

~ ANSWERS TOVEVEN NUMBERED EXERCISES

, b) 0, c)4ma /5.

By the Divergence Theorem, evaluate

[[ x 4ydZ + y 20X + z dxdy

3 o - .
‘where S is the surface x2+y2+z2 =1 and 'R is the

’
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A SUMMARY

'

5,2

ARl = ff dA
N R

' . u v
and Eézi—ll =
, a(u, v) Yu Yy

(cHAPTER 5)

. B . B -
LINE. INTEGRALS: [ Pdx+Qdy +Rdz = [ F.dr is the
' AT, - AT ) :
line integral along a curve I' from A to B, meaning

that the i1ntegral is taken when the point (X, y, z) is

- moving on T.

Independence of path: A line integral which depends only

_on-ihe limiting points. A .and.‘B is said to_be indepen-

dent of path. The necesséry and sufficient condition for

- independence of path is curl F.= 0. ’

DOUBLE INTEGRALS: Jf f(x, y). T is the double integ-
ra].of f .over the plane region R. When R s a normal

. i
region \ny or R we have

yx?
b u(xy - d o r(y)
» f f dydx or <[ O f dxdy
a  L(x) c ly) S
as iterated intégrals.” ‘

(area of = R)

B

v

n

ff f dA (Volume under the surface of i f>0 over R)
R - : o ‘

Change of variable: x=F(u, v), y=G(u, v) =

;éxy(x; y)dA'= f&. ¢lus v)dA! = I[R,¢(“’ v) ,%%%f%%l dudv

where 'R' -is the imége/of R under the.transformation,
. Xy X, : :

is the Jacobian of the

transformation.
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when R is one of the six norma] regions, say R

' '440. e . Voo

,SURFACE INTEGRALsE I ='ff P-dydZ +.0 dzdx + R dxdy =

ff F. is the surface integral of F. over S.

AY

,"I“ is equa] to .

. (P cosa + cosB + Rcosy)seca dydz,  or
S, .- ) . .
[ (P cosa + cosB+ Rcosy)secB dZdx, . or

zx : :

[ (P cosa + cosB + Rcosy)secy dxdy,
) I '
Xy,

"whehe S, say, is the projection of S on yz-plane, |

Yz

-and n = (cosa, cosB, cosy).

‘ Aréa'of a surface: {si = ff:‘dg.

TRIPLE INTEGRALS!: III f(x, ¥s Z)dV

,1s a tr1p1e 1ntegra] of f over the space region R.:

= |R| = fff v (volume of the so]1d R)

zyx?®

" we have the tterated zntegral

b - U(x) Cow(ysz)
' .. f dzdydx
L(X) ¢(Y9z)'

{;‘

Mmmeofvmddﬂm x=ﬂq,y;wh y=gw,v,ﬁh

z=h(u,.v, w)

T e ] v 1] T

where R' is the image of R uhder‘the transformation :

and
' Xyt Xy Xy
3(x, Y, Z) . o
q MEICE Vs wi _ yy Yv v
Zy Zy o Zwl

is the Jacobian of the transformation.
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. Physi.ea?.application‘s of intelqrals: If the symbol Tfeds
used to.represknt a line inte'grafl'(fr ds) or double, .

surface or triple integral, we have

m= [ §dR, g " (R is T, dR-ds for tine in-
'R o ) , teqrals)
M, = fk S.d(Py L)dR, " M - LR 5.4(P, m)dk,
1, = fs'dz(é £)dR . [ s5di(P, m)aR
l._ : o ’ ‘"—‘Rv' ' .
G omX, < IR x; § dR, '1(j =1, ..o0)
2 ’ .
€ = Iglm,.

5.5 GREEN'S, STOKES' -AND GAUSS’ THEOREM .
oI, - P )dxdy = ¢ Pdx + 0dy (GREEN s Theorem in R )
TRV -~ TaR \

fg(Ry -0 )WYAZ + (P, - R )TZAX +‘(QX‘-Py)axay

[ Pdx + Qdy + Rdz (STOKES' Theorem)
s : . : c

fI{(PX-*QyF+RZ)3xayEZ

Q=

f P dydz + Q dzdx + R dxdy  (GAUSS' Theorem)
R T .

MISCELLANEOUS EXERCISES
(CHAPTER 5)°

91. Prove | [ Pdx + Qdy + Rdz |$ s.M" . where s 1is the
‘ VAT . . i '
“length of T and M is the maximum value of’
IP dx Q dy + R gE  dn"r.

'92.iEva1ua e -

[ (e¥? +])dx +(xz & +1)dy +(xy ey; +2)dz
.. AT -



)
W

94,

95.

'96.

97.

98.

89.
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where 3 3 , 0y
X“vz o4 fxviz = 3, 2x'yTIz-xyz =1

ACT, T, 0y, B(1. 20 1/6):

Evaluate

B !
- f (e¥ £ ze"Ydx + (e +xe¥)dy + (ex‘fyez)dx
A .

along any curve from. A(0, 0, 0) to B(Zn 2, %n 3, &n 4).

Same question for
- B ] »
[y dx + x dy + 27dz
A . i
if A(O0, 1,-3), B(2, 3, 6) ] . ' - .

Evaluate

f(X2+22)dX + (y2+223‘)dy +'(2y2 +‘2:XZ)dZ

“for.

x2+/2xyv+ z?-SX+y-4 = 0,

xz-bxy+2y;222+6x-8=0
from A(0, 0, 2) to B(0, 3, 1) 1in two ways.

Find the work done by a particle moving alona ;the helix ,

-1: (a cost, a sint, bt) from t=0 to t=-2m if it is

subject to the force field

F = (4x3+yz/x, zZ fnx, y &nx .+ 2z)

sFind the mass of the wire in the shape of the curve

-t

r: (Zét,'Ze , 2v2t), te(O, in_3]<,' if the density per

_unit length is 6 =xyz.

Evaluate  [[ yx dA where :
Fvatuate JJ ‘ SCT
R = [{0, 1) 1-x3 v4-x2]
2 2x i :

Given [. 2] yxdydx,
0 X o

a) Sketch the region of intégrat{ori, b_)‘eva]uéfe the integral

-

/
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. 2.2 S L

100. Evaluate [f-e™* 7Y dydx where Ri= {(x, y): x"+y

101. Find the area of the region outside "r = a(l.+coso) and
inside r = 3a cose.

 102.’and the area of the region bounded by the parabolas

y = x2, y¥ oo, - 1 - B ’ N
. © .- /InS J/Inb 2 , '
-103. Evaluate [ ) e” dxdy )
o 0 g _ . .
104. Reverse the order of integration of the following double
\integra]s » : f——?
2 . xt2 ' 2 X 2v2 8-x:
a J - f(x, y)dydx, b f dydx “fd dx
) ‘_]f 2! ( _y) y ) oI' o o +2[ [ y

105. Find G(X, ¥) of the p]ane reg1on bounded by -the arc of
parabola vX+v/y=vd (a>0) and x=0, y=0.

106. Prove - : . o :

A(f, q) a(u, v) a(f, g) A(u, v) _ 3(f, q)
Ay e ) S Ak yT T AR y)
. 107. Find 6(X, ¥) of the region bounded by one loop of the

lemniscate- r2;k2a2 cos20 and which is exterior to the

circle r = a.

\108 Find the center of mass of the p]ate descr1bed as:
~a) bounded by y..x2 and y=x+2 with & ;-ky

‘b)-bounded-by y = and x2 =y with & = ky.

109. Same question for )
a) bounded by . r="2(1+cos®) with § constant’

"'b) bounded by 4x? 3'_y2A= 48 and. (y-2)2.+x% = 1 withé constant.

110 Find G(x, ¥, Z) of the port1on of the surface of a sphere
_ radius a, cut off by a r19ht c1rcu]ar cone whose vertex

is at. the center.of the sphere and vertex ang]e is 2a.
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2.

s
'114..'
"1‘15‘.
116.

s,
o 119. L

120.

L 121
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Show thet ff R 1s symmetr1c with respect to the x-axis:

{or y- ax15), and  §(x, -y) = 6(x, y)- (or. 6(~x, y) = §(x,y)
“for all x, y on 'R, then ¥ =0 (or X = O).

Flnd the center of mass of the solid in the f1rst octant
2

bounded by the parabol1c cylinder - y% = x and the planes

Xx=0, y=1, 2 =0, z =y 'if a-.'k(x+2z).

Use cy]1ndr1ca1 coord1nates to f1nd the volume of the solid

_sphere 3 un1ts of rad1us

Find the volume of‘the solid bounded.by'the elliptic para-

2 2 22t

boloids z = 4xS+y°, 2z = 8-4x°-y°.

Same question for one bounded by - X ep, y=0, z=0 and

" x/a + y/b + 2/c =1 (a, b, >0).

Find the volume of the reg1on 1y1no above “the. xy-plane and

bounded by the surfaces 2 +y? a2, _z =y “and. z=0.

e

Compute the vo]ume of the so11d bounded by the cy]inder
2 =y and the planes z=y, y=z, x=0, z =0.'

Same question for one bounded by -z=9~- y?.' z="9-‘x21 end

.coordinate planes.

Use cylindrical coord1nates to find the centroid of the
2 22

-~s01id ‘bounded by the cone X +yS=1z and "the plane z=4.

/

Use cylindrical coordinates to" find the moment of inertia

with respect to e'diometer‘of'a sphere ‘of radius a filled

with a homogeneous materia]~of density 6 = k.

. Use spherfcaT coordinates to find the centroid of the solid

e 22

‘enclosedbby’the hemisphere - x“+y“+2° =9, (z30) and

the xy-plane.
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122. Use spherivc,al or c¢ylindrical coordinates to evaluate. -

o : i
‘b vbZ-x? Vbz-xz-yz- /7 ‘ : o
[ T e x84 dzdydx (b>0)
00 = o0 SR

12‘3..F1'nc; the volume p'f' the sol\‘id‘ bounded by ,thc-e'_s"ur'i-;ac"e‘s‘y;.= eX,
«y=z,._ 2=0, x=0 anjdvx=2.lv ' | :
124. F1nd k’the. 'moment_ of;"inertia. of thé.,s;acé region »boun‘dbedf by
‘ * the 'eﬂipbsoid xz/az' +. y?'»/bz + zz/czv"= 1. about z-axis.-
125. Find thevcenfroid of th‘e[ b]a.ne req1;on bounded b_y‘.'the cﬁrve

y =201 f_x3) and the coordinate axes.

- 126. Evaluate

\ 15
: ' sin x-
: . S0 X gydy
‘ A R
124. Evaluate ( ' ) B -
o 2 3,‘1) : o . .
{ y E.odr - .
(1,0, 1) » - ’
along a straight line joining the two given points if
F=x%i-xzj + y2k- S
128. Evaluate - i _
o . /2 -Seco r drdo
S B Py
0- -0 . 1+r-Sin“e

by transforming to fectangular coordinates
129. Find the area of the plane region outside the circle r=3a
“and inside the cardioid r = 2a(1+cos®).

]30; Given ; .
IR @ 4 + 2.

jf [ 7 (X, y)dxdy
et -V4.y2’ :

write the integral 'in i.v‘v-sys‘tehi'*ifix.='u+v, y = 2/uv.

\
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131. Evaluate. a f s -.dr "along the curve y = x°,
(0, 1 :

where ‘(kgfy)

[T
b4
]
<

1132. Show that the line 1ntegral is independent of path, and

eva]uate
(2, 1, 3).

. I
(1,.1, 1)

133. Find the area- of the region enclosed by the curves

2xy3zdx ;3x2yzzdy +x2y3dz

r = tan@, - 0 =0, 0O=u/4.

134. Find IOX -for the semicircular regidn O<r<a, O:

n
@
n

“if the density is (0, r) = sin@.

135.'Fihd the centroid, using polar:-coordinates, df.the region

"~ bounded by the curves y =2x, y2 =4ax  (a>0).

- 136. Evaluate

2
{ f e* Y dydx
o o0

by transforming to po]ar coord1nates

137. Integrate ﬁ,(x +y )dx + X ydy along 'the boundary of the

- region defined by ~y2.sx, lyl 22x-1

a) by the use of GREEN's Theorem, b) without.using it.

138. Find the mass of the wire in the shape of the arc

T: x=cost, y=sint, te(0, w/4) if the density is
8 -x? . y2'+ % .

139. Evaluate by the use STOKES' Theorem:
v [lcurl F . n dr
S

where F = zyi +xj‘¥xyk and S is the 4-z =x2,+y2 “cut

by Z=_0.
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- 142.

143,

144,

145.

,. where , T <« R~ 3R.

fx
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If F=ply., z)i+a(x, 2)j+r(x, y)k, show that

CJFFoon do
S

(if. S is closed)

0 -

tvaluate by the use of Diygrgencé Theorem:

iff F . n do
S .

where - x5 +y2j +2%k, S is the surface of the unit-

cube: O<x<l, Osysl, 0gzgl.

X

y =
[ g i dy

P x7+y X +y

“where ' is the ellipse 4x2 +y2

o 2 2.1 |
I (x%+y%)7 " (xdy - ydx)
AR

I: (cost, sint), O0gtsg2m ?
o ; : i

Evaiuate [ % x2

) dy if r is
r

b) the square with vertices (0,:0),

V(O, a), a»>0. .
ST 2 2
c) the circie (x-h)" + (y-«x)© =

by the use of GREEN's Theorem.

4.

‘Show that for an allowable region‘ R of R

~a) the square with vertices ‘(1,11); (-1, 1

2

Evaluate if possible by the use of GREEN's Theoreﬁ;

2

= 0.

‘Why doesn't this result hold if. R is ‘bounded by

.)’ ('13‘1)’(1:'])
(a, 0), (a, a),

Suppose that - f(x, y). satisfies the LAPLACE equation

x +‘fyy
. i dx - =
fr f dx - f dy

=20 in a region R. Show that
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| ANSWERS TO EVEN NUMBERED EXERCISES
9-2.'e”3 -e - 2/3 .
194. 69 :
96. 4

98, 5/6

e

‘100. w{1-e )
102. 2/3

[~
L /8-y?

e 0 ey e [ 7 ) £ |

. . a) . fdxdy + f [ fdxdy, -b) [ . . - f dydx

N A 1 y-2t - Tol iy s

108. a) X = 25/16, ¥ = 235/112,  b) X = 4/7, § = 5/9

110. X=0, y:ﬁ,'izacmzr%

112. (95/238, 100/119, 185/357) . ' . L

4. 87 - o ' ‘
116 2a%/3 . T
sl 812

" 120 §ma°/15

122, w3720

.124. {% 7w abc (a2 +b2) / _

126. Inverting the order of integration one finds 1-sin 1

128, w/2

: .1 1av o T .
130"of oj fusv, 2/av) i%ﬁ%i Cdudv +
BRI, [u-v] :
I f f(u+v, ZJW) 7!75\!—. dvdu ..
. 1 vl SRR ' 'f
. : A
132, M T '
L4, : ' Q. ,
134, a“/3. ‘ 136. 7 (e-1) - 1381 F 4 3. n 2

142. not possiblelsihce P, Q@ are rot continuous at the

'intgriﬁr'point‘ (0,°0): R
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N CHAPTER 6 |
'DIFFERENTIAL EquATIONS

6. 1 DEFINITIONS' ‘

A relation involving a dependent .variable, its vari-

ab]e(S) and deffvatives is célleq a.differentialjequation:(DE}.

.. Thus ‘
— - . : 2 .2
n ' WX 9Z- 3 y
y'-2xy'+y =e", —g +t—7 = 0
xS eyt

are d1fferent1a1 equat1ons
A’d1fferent1a1 equat1on 1nvo1v1na an unknown funct1on of

a s1ng]e variable and’some of 1ts der1vat1ves is called an

. ‘ordznary dszerentzal equattan (ODE), and one involving an un-

known funct1on of severa1 var1ab1es and some of 1ts (partlal)
‘der1vat1ves, a partial dszerentzal equatzop (PDE).

The equat1ons

. . “ ( R . -/‘
Flo y 31 ., .M

-

and ] :
‘ v du- 3w 3w \
FUU(Xs Yaeroi)s 50 3 5o - ees s ..} =0 (2)
’ f X Ay ot ;;7 T S
~hepresent'ODE and PDE in their qeneral form.
In this Book we w111 d1scuss only ODE s.

Order and deqree of a DE.

The order of a DE is the order of the he1nhest ordered
derivative in the DE _ ; v
‘ The degree of a DE 1s the exponent of the he1qhest -order-
‘ed derivative when the DE is expressed es'a‘polynom1a1 of de-

rivatives.
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In the fo]lbwing examp]es,the.ordef and deéree are indi-

cated:
\ _ Order . Degree
x>y + xy'3 - a ’ 2 N
dr. 2 0
(H%) -re =0 1 2
v' = VY vy 2 2
'yu - I——T-l‘y +- 6] 2 - 4
cosy' = xy' ' 1 (no degree)
cosy' = xy ' 1 » 1

Soldtion, general and particular solutions'of a DE

Any rélatibn‘ f(x, y)= 0 satisfying a DE is called a
isoZu%ion of the'bE. _ ‘ :

» A solution (of,a,DE:of order n) involving n .arbitrary
Eongfants_is called the general soluﬁioh {GS), while one in-
voiv?ng 1e§s than n warbitrary conéfants a paitlcular solution
(s} | ' \

“Example. Show that y = clex + cze'X is a.solution of

y' -y =0

VoL X _ -X W _ X -X
= cet-ce T, y" o= cret + cye
0.

Salution. 'y
X. -X X . -X
==>(c]e + cye )-(c]e + C,e ) =
) This solution involving two arbitrary constant is the
GS, while y = c1ex v X, y = 2%+ cze-x, eX,, e™* are

particular solutions.

Findihgﬁthe‘DE from the GS

To find the DE from the GE, differentiate it w.r.toe the

i
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independent‘vafiable as many times as thereia}e arbitrary-cﬁns-
»ténts,.and then e1iminéte the‘constants‘between the obtained
relations and the‘ GS. | ‘ '
| ‘Example. Find the DE from the GS's:
a) ¥y = x sin{x+c) -, b)Yy = c])'uc2

vSo]utioh.

a) y = x 51n(x;é) =—> y' = sin(x+c) + x. cos(x+c)
‘ ===>§iﬁ(x+c) = % , ‘ y'= f% + i“c051x+£)
cos(x+c) = y' - %‘ S
> | TR L AL
sin(x+c) = ¥
S) y = c]x‘+ Cy =—> y‘v= c{ = y" ; 0

Since in y" =0 there are no arbitrary constant it

~is the required DE.

EXERCISES (6. T)
1. Examine each DE  for the depehdent varinle and independent
variable(s), and then fell.whiqh "DE -is ordinary and which -

is partial, and also determine the order and degheé of.the ODE:

2 : . 2
2 d7y dy . 3y ay
a) x¥ —5 % X = sin x . - b) 4 —5 =
dx 37 . ©9X 9z
2._$amé quéstion for
a) y'+ cos xy =1 - . 'b) y"2=-/Xy + Jy
¢) x{t)+2 sint = 0 o d) y"= WXy +/YT.
3. State the order and degree of:the DE:
3. 3x%a

d)'(x2+y2)dx +xdy = 0 - b)) y!



452

. Séme,question for:

~‘a)'(93§)4-- (EE%)5,+ x=0. b) x4y' - xy" = yay“'
dx* dx - : . i

. sbow\that the g1ven funct1on is a solution of the’ DE

a)y = cxzj—'x; Cxy'o= 2y + x'

b)y ;ac1-sinx ; ¢, cosx; . y"+y =0

-X

c) y = (2x+c)e”X;  y'+y = 2e

. ‘Same question for: ,
: ajay‘=‘c]e +.Coe7 " 4 xe oyt ey ='6y+5e2x

by y “nztaqe = ¢ c0S@ ;

2r %% tane + +2 sec?o'= r2 sine secze.

Find .the- DE from thevgiven"GS::f .o ," : N
a) y?Qc]'éx + C e X 4 x,. b) .y =canx- ‘
.. Same. question for:
a) y = c]x3 +c2x2 +Cax4cy © b) y =-sin ex
. Vefify by substitdtion that for eaéh case, the function given
1n the ‘bracket is a solution of the. correspond1ng DE:
a) y=xy' y'2- [y = cx + c2]
b) d?y dy

o 2. _ X L-2x .2 -
» E;Y + -2y .= 3-2x [x - Cie” v cpe T X +x]

Same”duestion for:

oFrferea o]
b) zzxxk+ 3z, -2z, .=0 \(z ;'¢(2x-y) + w(x-+?y)]

- Xy Yy

ANSWERS TO EVEN NUMBERED EXERCISES

. a) H x, ODE b) y, x, t PDE, 2, 1
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c) x; t. ODE, 2, 1~

2. a) ys x, ODE, 151 b) yi x5 ODE; 3, 4
3..a) 15 1, ‘b) 1, 3 -
1.2)3; 4, b)) 3,1
7. é) y-y" = x5 b) &v=_xy'in X
o o )
.,é) E;I:=.O’ b) y' =.;v(arc51h y) ;Tj;f_

6, 2 FirsT ORDER DIFFERENTIAL EQUATIONS.

The general form of such an equatibn”is_

Fxay, g -0 (1)
which when sq]ved for ~-dy/dx ~ given : ,
Yoo fxay) ("
whjch beéomes
f(x, y)dx ~ dy = 0
and more generally ‘
P(x, y)dx +Q(x, y)dy = 0. (2)

We classify (2) into four main types as separable, homo-
aeneous, ‘exact and-linear equations. A DE may belong to more

than one type.’

A. SeparaBLE DIFFEReNTIAL EauaTions (spe)
" A first order DE which'tahibe written or having the form

(M)

Px)dx+0(y)dy = 0

is called a sebarable?differentiai:equatiﬁn‘(SDE)

s 65 is obtained by'direct'infegratiéﬁ of its terms:
| [ P(x)dx + fO(y)dy ‘

CF(x) ¢ gly) = c

[
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. where ¢ is’an arbitrary constant.
’ NI : ' .
= {he following are SDE:

(x4 1)dx v ydy = 0, (y2+1)dx - e¥dy-= 0

. Lo dy Loyel
»?de'; .edr =0, ax - 3T |
‘YY"= (1'X)(¥'])f ) oyt = (24x-2y-xy) (Why?)\

Example. Solve (y2+1)dx -(x2+4)dy;= b/'

Solution. Seperating the variables, we have

) dx _ dy. _ b
" x5+ vyl

-

3 Ly : '
> arctan 7" §rctan y=¢

Equation reducible to SDE:
The .DE. = .
T 4Y L flaxsby+c) (a. B"c ‘tonst)
'Qheﬁév f s a ‘function-of a single variable is reducible to
a SDE upon the substitution
. t = ax+ by +c.

' ~Indeed, differentiation given

dt dy . dy 1 _a
H‘a‘*-b'cl‘i —T?a{‘-,fd—x T

1. dt _a ' dt
=t ogx otz f(8) e gy -a s f(Y)t

— qx =2+ f(?)t D> AdX i EESA6ALH (SDE)

' Examplg._Sdlve

+v2xfy+1\
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Solution. -Settinj t = 2x-y+l, we ‘have ~

y = 2X-_t+] r~—~> g—i =2 - %
e dt ot dt b
===> 2 Ix = e "+t => Ix - 2 e t
dt
—>  ——— = dx
2-et-t (
——> x»=f._.._,c -‘-F(t)+c, s
: 2 -e -t - : S
4 N =. z‘ﬂt) -y +1 => y = 2((’(1:) Tt sl
x = f(t) + c :
GS: SR . (
Z‘f’(.t) = t+c+ 1

B E
n

B HOMOGENEOUS DIFFERENTIAL EOUATIONS (HDE)

Pl y)dx s 0(xa y) =0 (1)

is called a Hbmogeneous Différénfial Equations.if' P(x, y} and

The DE

Q(x, y) are hqmogeneous* of the same degree.

_Thus the 'following are HDE:
(%% - 3xy)dx e (2% 4 yP)dy = 0
dx . dy oo - ' :
- = -0 C .

) ;;xz + _y? Y . ' -
Remark. Note that a DE of the form '
L ey ey ,y

i = =.f(%) . o (2) L
" is.a HDE, since replacement of x, y' by tx, ty (t>0) does

'inot é]tér the equation..

*) f(x,y) is called homaenecus of dearee Y into var1ab1es x  and y if -
' f(tx, ty) = tYf(x, y) for aH t>0 - T

~
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Methodﬁof.solutfon..

N Thé substitution
| Ty e w0 (or x =y t(x)
trans%orms (1) into a SDE in the variables ~x and t.
'Indeed, '
’ 'y = xt —_ dy ; xdf + tdx
> P(%, tx)dx + 0(x, tx).(xdt + tdx) <0
‘*=>‘ x‘Yp(i, t)ydx + xY0(1, t).(xdt + tdx) =0
—> [p(t) ; q(t)t]dx +.q(t)x dt = 0 (SDE)
Hence all HDE and ones reducible’tdAHDE are reducible
-to SDE. | . . ’
Example. Solve the HDE:

a) }zdx’+ (xz-xy-yd)dy.= 0 " b) ax = {
Solution.
a) Since the cqefficient‘of dx .is simpler, we set

X

't(y)y instead of_ y = £(x)x =
X = tdy ~=> dx = tdy + ydt '

—> ‘yz(tdy e ydt)« (t2y2 - ty? fyz)dy =0

?__‘_>. (tdy + ydt) + (:tz-t-'l)dy.x: 0

ce> ydt + (tP-1)dy = 0 (SDE).

Then .
to-1
==)y —TE:]=C
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b) Setting y = -tx, we have
dy _ dt 2

3§=37x+t=t + t
-, 4t 2 dt . dx
=2 a—ix_t =’>:2-=X
==> = - % = X % €C ==> X = = % + C
and
; ,=tX=‘]4~l|-’Ct
/GS: X = j'% +C, ¥y =ct-1. (pérametric)

Differential Equations reducible to HDE:

The DE

’ : : dy ax +-b + C
4 ax =f (37—:~E§f:—?),

where f s a function of a single variable and a, b, ... , f

are constant, is reducible to HDE:

Consider the straight lines-

213. ax + by + c =0

-'22: 'd){+eyv+f 0

1) If L]//lz,b from the proportionality
% = % (=2) or a=12ad, b = 2e
we have’ o

dy & ALdx + ey) + ¢ o
el e I4ey3 +F) = 9ldx + cy)

i

which waé shown to. be reducible to SDE.

10 %

2) If 2
, ah+bk+c=0, dk+ek+f=0
holds, by the substitution

'

2 Vintersett,at a-point '(h, k) so -that

(a)
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‘ X =u+h C o dx=du
) — .

y = v+ k' dy = dv -
one‘traﬁsTates-the origin to (h, k).

“Then by -the use of-(a), the linear expressions become '

au + bv, du + ev,

“and - S R
S . b
dy o dy cau + bvyo av
‘ = g5 = ff u’+ev)" f(

X =

which is a.HDE..

cleicl<
-~
n.
[1-
—
c|l<
—

d+e
‘Example 1 Solve ‘

(2x-3y+2)dx + (4% -6y +1)dy = 0
Solution. Since the lines 2x-3y+2 = 0, 4x-6y+1 =20

,are‘para11e1; substitution - . t = 2x - 3y gives
. R L LAV ! B

(te2)dx « (2t+1)(22%dE ) o g

- © (3t 6)dx+ (2t+1)(2dx - dt) = 0

(7t + 8)dx - (2t'+ 1)dt =0
’ : 2t + 1 ,,/’
. dx = m dt

x
n

J T ot e [ G - e

-’—'g-,t -zggg:n (t+ .g.) +c -

x =2 (x-3y) - (2x--3y+§-)‘+ c
Example 2. Reduce the following to HDE:
(2x-3y+1)dx + (y-3x+2)dy = 0

Solution. Since
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2x = 3y +'1

=04 . - R
oo . } has the solution (h, k) =(.,1),
-3x+_y‘+2=v0 o K
- setting
’ ' X =u+l, -y =vael; ~dx=du, dy=dv
we have - _.. : o V‘.‘ ,
‘ 2u472-3(9+])+d]du,t [V+w -3kuf1)fé]dy =0
) —> (2u-3v)du + (v -3u)a s - 0 '
B o\ - . B
. C. 'Exact DIFFERENTIAL EQuATIONS
' The equat1on ' ' )
P(x, y)dx + 0(x. y)dy =0 (1)

is called an ‘exact’ dszerentzal equattons (EDE) if the 1eft hand.

side is the total differential of a function u{x, y) - ;a]]ed a
primitive. - ,
7 - : i IR ) :
It follows that”the condition for (1) to-be exact is
S Py_E 0, or P-Q =0 (2)
_ {See Line Integral in‘Rz).

-Method of solution: Since“(Z) hO]dS,there is a primitive
u(x, y) such that R : .fr S '

. . ‘a . L ) . ‘- .'
*x P~ 3% = Q . . o (3?-

The DE becoming du = 0, the GS - will be
u(xs y) =
where ¢ .is an arbitrary cohstant

u is determ1ned by so]v1ng one of in (3), say ‘—% = P¢

_ | U(x, y) = P, y)dx . Fy) . A
where 1ntegrat1on is performed keep1ng y constant. Hence the

‘constant of integration 1nvo]ves the var1able v’ and is deter-
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mined frém the secpnd of (3):
. = = ’ 9 .
| Q=uy = Ry @)
Example 1. Solve the differential equation
2 '
(2x ln'y-+ey)dx\+ (%7 + xey‘fyz)dy =0

Solution. Since

P -Q, = (2X'% +,ey)F(%§ + eY)

0,
y .

the equation is exact. Hence a primitive ‘u(x, y} exists which.

"is obtained on follows:

ukx, y) = [ (2x zny'+'éy)ax, .

- x% any + e¥x + Y(y)A
. 2 o 2 )
= %; = %7 +’§¥& +.$'(y) = Q = %7 + xe¥ 4 y4

— P'(y) =y —=>fy) = y3/3 (c=0 is taken)
3 _
x?lny‘ery + %F

=> u(x, y)

3
6s: x%sny +xe¥ + o= c.

-DIFFERENTIAL EQUATIONS SOLVABLE BY INTEGRATINC FACTOR.

Integrat1ng factor: For a non exact DE.

(4

P(x, y)dx + Q(x, y)dy = 0, S
if a function pu(x, y) exists such that
pPdx + uQdy = 0 v (1)

is exact, then the factor “u(xs y) is called.an intégrdting

faetor of (1).

’

From the eXactness of (1'), we have
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2 (uP) - & (w) = 0

ay )
—> (uyP + uPy) -(uxo + uqx) = Oy o e - " .
= om0 - f’ - u(Py Q) =0 (")

y
which is é PDE in the unknown function u,'whosé solur n is
more difficult than that of (1). Howéver if we take uoas a func-
tiPn of x or y -along tﬁb PDE (1") becomes more simpler:
1) Case p=u(x):
- . _ _ N _ . _
u'l 0 u.(Py Qx),— 0

Py.-Q'x,.
Q

which is solvable if (Py‘- Qx)/Q is a function of x alone.

1}
ey B
n

'Thén . .
. oo
n p = f—l—ﬁ——i dx .
P~ 0,
u(x) = exp [ Y= dx N €3

?) Case p=yp(y):

For this case one finds

Po-0, '
niy) = expf - L2 dy - (2*)
. where the integrand is a function of y alone.

Examble 2. Solve

(2xy 2ny +ye¥)dx + (x2;+xy ey;py3)dy =0
by finding an integrating factor of the form n(x) or n(y)..
-Solution.

From.
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P .-/Qx_é.(leznyi+?x ve¥iye)

;(2»x +y+e’) = 2x eny + Y
_we pbserve ehat (Py'jQx)/P =

1
— . .Henc
v ee e

u(y) = exp [ - } dy:’.= ‘exp '(-lh.y)s e™tnY =_%
Iheﬁ’mu]t{plyinglthe eerms of the DE 6ne gets the EDE?
"‘ (2% tny + ey)dx'; (%iv+'xe¥-;y2)dy =0
where ‘the GS was obtainéd asv " , |
leny'+ xe¥ 4 %i}; ¢
“in Examplel]}e'
D, Linear D‘IvFFERIéN.‘I'IAL EQuaTIONS | 1

The equation of the form
Ay (x) G+ A (x)y A (x) =0 ()

"1inear in dy/dx and y is-called-a Zinedr.différential equ-
tzon "(LDE). N

/

Such a LDE (1) is usually expressed in 1ts standard form

Wopy = flxy (1)

obta1ned from (1) through division by A (x) m'
(1 ) is so]ved by putt1ng it.in d1fferent1a1 form
POy - F(x)|ax + ay =0

" .and by fihding.an'integréting fattor of fhe form u(x)f
' A

M Chang1ng the roles of x and ¥Ys the equation .

dx + p(y)dx fy)

is a]so 11near in dx/dy and x. !
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R .b ' ’ ' P, - °X . »
Py =0y = p(x) = -Lj——F_MX) -
u(x) < e fp(x)dx ‘ . )
Then : -
L _ u(x) %} + up(x)y = nf(x) -
is exact. ' . ' - ‘ ’ ) ’
Since
d \ ’
we have ,
3 u g%'; g% y = f(x)
= ax W= uf(x)
— : ny = fuf(x)dx Y =
s . .‘.Y = % [qu(x)dx + c] K ) » “(3)
which is the GS of (1). Explicitly \
y_=‘e:~fp(%)dx{ufefp(x)dxf(x)dx4 c]'
Example 1. Solve
d . ] ) « ‘ . Lo . 2. + . 'u
a) gy el b)) (y#1)dx+ (2x-y-y©Ydy = 0

-Solution.
.a) Since itvis‘llheér in dy/dx -and y, from
. . Cax

u(x) =e’ X o MM X oy

and (3), we have

oo
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) Ty =,% [f x eldx + c]
= %v(x eX - e* s c)
x-1 x ¢
=T Tx ¢tk

« b) Arranging it in dy/dx and y as

dy , _y+l =0
—— =0, ,
ax X=y=y - N N

we see that it is non Tinear Arrangine in dx/dy and x we

have

which is linear. Then from

) ' .
fyfl dy - e2 n(y+1)

uiy) = e = (y+1)?
and (3) we have - _
1 [ ‘ 2 K
X = - [ (y+1)Cy dy +c }
(y+1)Z . !
3yt + 8y3 . 6y?

12(y+1)°

EQUATIONS REDUCIBLE T0 LDE:

'_1. BERNQULLI “Differential Equat1on (BDE)

g;‘{ + p(x)y = f(x)y®.

/

This DE is linear when «=0 or a=1. So Wwe ‘suppose -

o # 0, o # 1. It is reducible to Tinear upon the substitution
‘T-a ' 1-a

Indeed, setting

-



- o 1 o
I e PUBGLINE 18 W
i du

%>' ox * (1-e)p(x)u= (17a)f(x) (LDE)

It can be shown that the BERNOULLI DE becomes .a SDE by the
substitution ] S /

y = v(x) e fpdx
Example. Solve thevB'DE‘
. - ! 2 ) .
d xy =ty (e=3)
. 1 1
"~ Solution. Substituting y = ut’g = u ?, we have
-3
dy ~ _ 1 2 du
x="z'Y & @M
.3 S, 3
-%—\ 2%%+xu'?=exu2-f
2
- du _ _ _oaX
> X 2x‘u = -2e
_ 2
n(x) = e 2 [ xdx, _ x“
2, .2 .2 2
u = e (fex'ex dx +c} = e* (x+c) -
- ] "}.
you To 1
eX //2 Yx+c T
2. RICCATI Differential Equation. (RDE)- P
- o d : 2 S ,
- Cf e ey = FY alx) (1)

-This DE is usually written as - ' -
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e aoyE e By o) ()
S0 tﬁat'the'derﬁvativé’is a quadratic expression in y.:
The- RDE cannot be solved un1ess a parf1gu1ar solut1on
'1s known If 2 - is a PS of (1') the transformat1on )
Y= .Y],_*iu(vx)
'thanéformswit to a BDE with a=2 _which;in turn, is transformed

"~ jnto a. LDE by u = t~1. usnce the transformation

<j—

,y:y-.l +
o reduces (1') into a LDE.
.Indeed, . k

\ dy; : ‘9 2' . o
: ..‘75} - %? = Ay s 7 e By - e

' ) ZAy-I + B A

SN 512 (Ay? © By c> (——) + e
—s  y's (28y, « B)v:+ A
= vie (2Ry; + B)v = -A(x) (LDE)

_Example. Given the RDE

L y2 + 2xy + x2 + 1 =0,

Y

'a). find a PS of the form 'y, = ax {a const)

b);Solve%
: Sglution.‘
a) §_+.a2x2 + 2X.aX + x2 + 1 =0
—> (a? .2 . })x . (a+1)
—> al .2 41 < O,Va,+l =0  =>a = -]
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b) Setting

) y:: -X -O-V
we have o - . . .
v' N 2. -
-(I—Z + (-x + —-) + 2x(=x -+ —v-) +.x" + V=0
==> _]__\I._'2+x2v__2_‘;)£'+_]2_._‘2x2+_2v_X_;'x2‘+]='0
v A : o ,
—_5 _\',.*]‘-0 => y' =] => y =X+ ¢C =3
2z 7 Tz
vy
: ) 1
GS Y = =X +

DIEFERENTIAL EQUATIONS LINEAR'IN_X AND Y:
Cons1der the DE’ ‘ ‘
» ; Aly' )x * B(y Jy + C(y' ) =0
':lineak in X and Y. wh1ch is’ usual]y wr1tten as so1ved for y

' yo=xoly') oy
This DE is called a CLAIRAUT pifferentiai equation
" (CDE) if 6(y') = y'. and LAGRANGE Differential equation

otherwise:.
E - ‘./

1. CLAIRAUT DE:. y = xy' + ¥(y') ’ T ()
. _One sets y' =pk,in (y obta1n1ng ' '
yo= Xp + w(p) '

»wh1ch when d1fferent1ated once gives

‘p=,p+xaﬂ+w<n>‘“’

. [x .y (p)] HE,= 0
dp -0

e 'x '-jb -v'(p) .or ax
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The first of which gives a parametric solution

-w'(b)'
xp + ¥(p)

X

(2)

Yy
This:solutionvnot involving anréfbitrary cqnstant'cannoi the GS.
. The seﬁond‘giveg p =1c or the solution
- y = ¢cx + y(c) L3
which the GS. : (
) The solution (2) cannbf bé obtaiﬁab]e from the GS (3)
by a;choice'of the afbitrary constant< c.\ﬁénce (2) is not a
solution. It is called a singular sozation of (1). The graph of
this singular so]utiqntcan be seen to be theuenvélope of the.
fam1]y (3)
~ Summar1z1ng, the GS of (1) is obta1ned by rep]ac1ng

by an arbltrarykconstant in the DE and the enve]ope of (3)
" is the singular solution. - . ) B
Example Find the s1ngu]ar and genera] so]ut1on of the
CDE: . _ '
. - Teyr
= +
Yy Xy Ty

. P \
Solution. The GS is obtained by replacing y' by c:
6S: oy = cx + }{;%
S ss: x = -2/(1- 2, -xp+(1+p>/(1 p)
2. LAGRANGE . D1fferent1a1 Equat1on (Lq DE) =

Yy = xo(y') w(y'),v (d>(y'A) y") (1)

Setting‘ y' =p in (1) and considering p as a new

var1ab1e, d1fferent1at1on of (1) g1ves

¢(p>+x¢(p)aﬂ+w(p) dp



469

¥=%"[¢(p)';P]dX + [xf¢'(p)r+ w'(p)]dp <0 - ah)
intégrating factor: ’ '

R A A GRS RN T 1

fﬂ B
—> " u(p) =e ®P. o

yielding 'x = x(p). o
So the‘GS of (1) is the parametric function
x = x{p)

¥y o= x ¢(p) + v(p)

Example. Solve the Lg DE

2 g
yo=xy'"m o+l -y

'
. v (' >, ‘ . N N
'Solution. Setting 'y’ = p 1in the DE and differentia-

ting y = xp2 + 1 - p with respect to X we have
. g \
.2 . ' '
P = pToa 2xppt - p
(p2-p)dx % (2xp-1)dp = 0
“with an integratihg factor _
-1

©u(p) = exp f;%ﬂ_ = exp &n p-1 _p-1
) : ) p-p ] P p
Then
,2%1 (pz- pldx + E%lf(pr-i)dp =0 or

(p-1)%dx . p;] (2xp-1)dp = 0
is exact and solved as follows:

.

(p-1)%dx + 2(p-1)xdp - =1 ap

%> dv[(p'l)\zfx-] =d f% dp :
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12..
MR
132

15.

6.

7.

18.
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> (p1)%x = (p - 2 p) 4 -

gX(P)’= p-np ¢
(p-1)

y(py=xp® +« 1 = p

==

EXERCISES, (6. 2)

Find the GS of the following SDE:

Find. the GS of the following HDE:

a) 2 ydx -(xz-yz)dy =0

R N e _ . s
a) 2ydy + 4x° V4-y® dx = 0, by sN_ Y gy - = dx
) . . Ny y
Same question for: '
a) x3dy - x3dx = dx; . " b) (TeyZ)dx + X(x-1)dy
Same question for:
v 2. 3., - . . o
a) 3x"-2yy' =0, _ b) Sin® dr + r cos® dO =
So]vé ) . i . » ..
d . d X/t
a) H% = cos(x-y) . . . b) E% - eXt %
Find the PS under the given condition:
a) dr = r tan@ do;. s 1 when. @ = 0,
b) exsecy‘dx + (1+e¥)secy_tany dy‘=.0, y(sj ; m/3
Find the 6S of the follawing HDE:
1y y/x 1oy/x ) :
a) (; —*)-(—2' e )dX + (‘i e - 7)0}’ =0
D) (XV&Z + y2 - yz)dx + xy dy -
Solve
K d ‘_x' . . .
a) H% ='§+x S - b) x{(&n x=-2&n y)dy -y d§= 0

b) ydx; xdy—-/§2+y2 dx
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20.

21.

22.

.23,

.24,

25.

26.

27

b) Setzx tany dx + Sec2y tanx dy

Ca) arcsinydx %

. 471

Same question for:

a) dy = (% - csc? %)dk, b)»(3x2+2xy+4y?)dx+(20x2+6xyfy25dy=0

Find the PS under the given condition:

a)' (x+y)dy -y dx = 05 y(0) =1

b) (x2+ 2xy - y2)dx + (y2+ 2xy - 2x%)dy = 0,  y(0) = 3

Find the GS of the following EDE:

a) (2x% + 5xy?)dx + (5x2y ~2y")dy

Same quéstion for:.

x +2/1 -y cosy
A -y

dy’

:'0.

b) (x fhy +y nx + y)dx +‘(%? + X gh x)dy = O

Same question for:

a) (y ch xy + ch y)dx + (x ch xy + x Sh.y)dy = 0

b) (sin x-+ sin y)dx + (x.cos y + cos y)dyv= 0

Find the PS passing through thebbiven point:

a) (2x siny +2x + 3y cosx)dx + (x° cosy + 3 sinx)dy =0, (#/2, 0}

b) (ye?* - 3xe?Yydx +(%'ezx - 3x2e2Y

-ey)dy =0; (1, 0)

Find -an integrating factor .u(Xy) and\éo]ve

- x dy + 'y dx = xzyzdx

Findrphe GS of the following DE by finding and integrating

factor:

“a) dx+ {x t,any-Z‘secy')dy=0 b}

.;Find the GS:

(2-xy)y dx+ (2+xy)xdy = 0
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a) ;<3dy - 'xz,y dX. - xs.y dx _ b). xdy - ydx = XZ/XT;Z dx
. Find thé\GS_of tﬁe'followﬁﬁg LDE:_
ba)>§iﬁ X %% --y';iﬁ "B)‘Qin.x%%- = COS X Lc) X %%Fiy =’x?
..SaME quegtion-fof; . o
;ailxzy"+‘x; =-x4 +.X? | b) y' + 4y ;sz
'.'Same qﬁéétion fo;:
:a).dk + 2xdy = ydy: ‘\ . o b) dx - xdyv='in y%dy' !
. Fihd the tyﬁe and tﬁen so]ve;:’;' o
qjv%% +1& =2+ 2x ' ":4 b) %% vy ='f‘.y24ex )
‘t),jy"f\yztdhx = cos?x d)vy’ = e?yz ; f% (ﬁS:Ey].=8/k)

. Find the 6S:

+ a) (2-x-y)dx + (3+x+y)dy =0 b) (2+3x-5y)dx +7dy = O

. Solve

. Solve:

" a) xy(xdy +-ydx) = ax3dx

.

b) (1 e¥™ yay + (1 - £)e¥/* dx = 0 (Hint: Set y/x = 2)

N

.Find the GS and the éingu]ar solution.of the CDE:

a) y = xy' v 2y ' ) xy'? - gyt 1= 0
ANSWERS =~
.a) y2 =2 sih(r -.xq) : .7

1 ' ,
. b) g,yz anlyl - 3 y? - Zoanlx] - 3x o+ c



12.
13.

14,

15.

16.

17.

18. a

19.

20
21.
22.

- 23.

24,
25..
'26.‘
z_7k.‘
28.
- 29.

~ . 30-.

31.

‘a) 3 - y4/2 =c, b) r sin®

@) dxy = x  +2x" +c, b) y =:ce R A %»* 37
. =2y ,'b_ y 4
a) 4x = 2y-]+ce . b)x+2ny-e|f

a) y = 2x + ce”X, b) x = -e

c) y2 = (2x + c)coszx o d) y o=
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a) y - X+ El?‘= Cy " . bf n T arctan -y ;Ld
R X - . 8 )

i
o

a) x.+ cot 5%1 = ¢, - b) emto=c - e X/t
ey 1 WX L 3
sec0,. b) 1.+ e = 2(1 +e )cos y

Y
~

-

n

a) .y = cx, b) x an|x| + /x2 s y? - cx

20 ‘-arctan v
a) vx© +'y" = ce : s b) x = ye "
\ ,

x

b) éXZ =y + /XZ‘ +- Yy

y
a) 2y < x sin & v ax gx = ex b)Y xF e Tay 2yl o c(3xay)

.ra) yany =x, b x? - Xy« y2 4‘3(x¢y):=

a):2/0x3 * 75x2y -’12y5 = C, . b) tan x tan’y = ¢’

a) .x arcsiny + 2 siny = ¢ b) kg‘lnlyl + 2xy nlx|

a)-Sh.xy +x Chiy = c, b)v(x+2)5in y - cos x = ?‘
a)»xzsiny +‘x2 + 3y sinx = “2/4>v -b) ye -3x ezy 2e =0
u ='x‘2y’2, x2y +cxy + 1 =20

ln]xl - Rn|ji

K

X . . : | »
a) x secy - 2 tany.= ¢ . P) Xy

a)-&n l =~§ x3 + c, . b) arcsin

_><|‘<_
hﬂ—
+
o

a) y=c tan ? - 5, b) y =-1-x ta é

4 2 -4x X
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t
32. a) u-x-sznux+n+1)_c b) 5x -7 &n(3x -5y + 3) =

33. x%y + cxy +.1 = 0 ,
34. a)’xzy2 = 2x4 + C, b) y o+ xey'/x = c.
35; a) y = cx + 2c2, b) y = -x2/8 c) y'=cx-+% d) y2=

\

6. 3 SoMmE PROBLEMS LEADINC T0 FIRST ORrRDER DIFFERENTIAL FOUATIONS

GEOMETRIC PROBLEMS. (TraaectorleS)
.A. Determination of the family of curves under a a%ven'
qondition’invo]vinﬁ'firstvorder.derjvatiVe
A condition involving ihe first order derivative is
expressible by 8 relatiph _ ‘ A
f(x, ¥y, y')Y =0 . -
~ which 1S~aﬁ»ordin§ry'd1fferentia1 equation where the GS "is the
requ1red family. \ ' !
Example. F1nd the famlly of curves hav1ng constant. sub-
‘tangent. - : o -
Solution. Let y=f(x) be.a
- member of the family and let' P(x, y)

be a point on the curve.

Tangént-]ine: Y-y = f'{x)(X-x)
‘y-intercepf : -y = < {X-x)
='>  X-x:vy;y,..'

Setting [X-x| = a (const), we have

. ' |y |
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— Yol - =+l :
> ; 3 7> n y.=*3 X + 4&n ¢

£
— y = ce x/a_

B. Determination ofvthe fémi]y which .is in a relation to
a given family (ét all comman poinﬁs). : :
Let
f(x, y, c) 5,0 ‘ j‘ U
be a given family df curQes Ty (e) Qhere DE, is
_ COF(xs ¥s ¥') = ‘
The given condition and F = 0 y1e1ds a DE
| G(x, ¥y, y') =0
where solution. o
o alxs ys €)=
is the equation of the requiéed'family of curves Fz(c)
One of T, (c), T (c)/ is said to be the trajectory of
the other under the given condition. If the cond1t1onvbetween
© them is‘the_orthogona]ity then the trajectdries afe called
orth&gonal»trajectories. .
Example 1. Find the orthogonal trajectqries of the family
“of parabofaé wjth common axis as the y-axis, and passing through
the origin. '
' Solution. The equation of the
given family is ' . |
ryiy = cx2 o N
'

Then the DE-of the family is obtained by e]ementary c

between y=cx’ and v = 2¢x:



476

. y'o= 2

1
_Hence the differential equations of the orthogonal tra-

jectories becomes

- y_‘,_ = 2% > 2ydysxdx = 0 °(SDE)
sinée yf]vy'r27;<—], énd‘its_sqlutidn‘isl " -~
2 2

‘, L ‘ . Tyt %T Frys -c (c'gO) (fami]y'pf e]]iésés)

- ‘Example 2. Find the orthogonal trajectokieswdf the family
of cardiods » '
r](c):' Foec s ¢ coso
Solution. The DE' of T,(c). is obtained. by ‘eliminating

¢ between

r=c+c co§o - and a5 = ¢ Sind:
", dr -r . ‘ r 14 cos0O
PE g6 = Tycese ST OT s T oing

Then the DE of the orthogonal trajectories will be‘

1+ cosO

rl
F T T sin®

‘Since uf} uré‘= -1. (See.Book 1/2 p.535). §eparating_the vari-

ables.and integrating, we have :
. - - 2 0 -

. ‘ : : . . 2 cos
.’%:‘L"?f‘l%-g—odo —_ 2n_r=f——-———e—-z—-6—de
' . . : 2 sin 7 COs 5
2d Sin g
g‘n'r= e
o -

. Sin
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Q

: ] 2 éosz g Coy-ﬁ_
=> n ¢ = ——~———§——————d0 =T 5 do
. : 2 S1n 7 Cos Sin 7
e S
24 sin g e
= L - 2n sin 3+ in ¢
sin 2 - '
T ' -_-. c - _ 2¢ o '
—> r= 5378 T T-coso (parabolas) .
mn Vi N . .

v PHYSICAL PROBLEMS
A POPULATION PROBLEMS
The law governing the prob1em is the followina: The time
rate of chanq? ‘at t7,me ‘t is proportzonal to the amount present
at time t. when th1s faw is formu]ated mathemat1cal1y ve - arr1ve

,

at‘a'DE:

x(t] : The amount of poputation at time t

Y

T dx

a  : The time rate df‘thqnge'pr_fhg'raté of change of
x(t) ﬁith respect to time : -
“DE %% = kx where k is the constant of population.

Population increases {decreases) when . k>0 (k<0).

Note that rate ‘problems on interest and on decay of radio-

D

active e]eﬁénts afe the same as population problems

Examp]é The popu1at1on in-Turkey is 41.000.000 in the’
yedr 1975, and increases 3 % per unit t1me Est1mate the popula-

t1on in the year 2000:

-
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Solution. The DE of the problem is the SDE

_ : dx _
dt = kx or - kdt

" where GS s
N x{t) = cekt

where the constants are determined by the giVen data:
If-in dx/x = kdt dt is unit, k  becomes 3/100. Then

x(t) = ceo’03t -

Considering 1975 as initial time t = 0, we have
x(0) = ¢ = 41.000.000 -
Then

0,03 t

x(t) = 41.000.000 e

—>  x(25) = 41.108.¢0:75

-41.10%.2,0923

: ll‘?

. 86.000.000
since 2000-1975 = 25. ‘

- B. cooLInG oOF A BoDY o ‘
" The phenomenon of cooling of a hot body in a given medium
_is govérned»by NEWTON'S Taw of cooTing:_Thé time iatg of cooling
. of a body dt,tiﬁe -t .18 proportional}to the;différence between
‘the temperature of'the body and that of the medium at time t.
~y,Formu1af§on: .
. 'x(f) : temperature of the body at time ¢,

a : temperature of the medium, usually taken as

‘constant - ]
dx -, . : . . :
gt ¢ The time rate of coql1ng at time ,t
dx

DE : dt - -k(x-a) (k>0)
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Example. A piece of metal of temperature of 80%°c is plac-
ed at timé- t=0 in-a medium of constant témperature of 20°c.v
“At fhe'end,of 5 min the metal has cooled down to 70%. What will

the temperature be at the end of 10 min?

Soiution. From fhe'SDE

dx
a4t = 'k'(X':ZO) A ,
we have
dx » '
x-zo = ~k dt

—>  n(x-20). = -kt + 2n c.

. The constants ¢ and k are determined from x(0) = 80
and x(5) =70:

- en(80-20)=%n ¢ =—> c=60

.

‘ £n(70-20) = -5k + &0 60 —=> -5k = %n 7
Then _ ' '
o : . 5.0 :
R.n(x-ZO) =% (Zn 'G)t + &n 60
t/5

2n(x-20) = 2n(2)°% 4 20 60
©x =20 4 60 ()8
—> x(10) = 20 + 60 .42 ¥ 61.5°

C. sTREAM LINES (VECTOR LINES) o i
. Let .
F= P(x, y)i + 0(x, y)i
" be a vector field in RZ. We define a vector line (stfeam line)

of F a curve at every'point of which the corresponding vector




. - a8
of the‘fie]d is,tangéﬁt~forthe curve at that point.

dax dj : .
=7 °r : o

' «"‘ DE: 0
0(x, y)dx - P(x, y)dy = 0
- The‘ofihogona]itrajectories of the v#c;qu1iﬁes are called .
equipotential curves of ‘the field with DE. Pdx- + 0dy = 0.
 Example. Find -the family of vector lines (stréam lines)
Q?~thé vectof.fiefd. '
| F ='éxy.{-_(x2 -yz)i
and_ﬁﬁe eéujpoteﬁtial‘curveép‘ ‘ -
. $01utioh.  £¥§,= j?;?g%;ZY' P ; . ) »’w .
#*%; ‘i(x2 Jyz)dx + fxy d; = b
Gé: xzf»yzk; cx {circles)
fhen the DE of theyequjpoténtjal curvés'wi]l be
(x? —yz)dy - 2xy\dx,= p:

w{th‘solhtion\ _ o .
- o T X2'+y2.= cy

. _ " EXERCISES: (6; 3)
.36. Eind thé,DE'of the family 6f paraboTas‘Having the origin as
' foéus.aﬂﬁ X = -p';as_directrix.' N . . “
37. Fiﬁd the cufve/having Tength of*subn&kﬁa] equal té ?~and
.,paSsing‘throdgh the point (l,.4);
‘ 38. Findkfhe equation in polar éqordinafes_of fhe curve§ such

that the tangent of the angle y befweeh the radius vector



39.

40.
42{
43.

44,
45.
36.

37.
38.

~ vector. -

Same question for:

“to the area at that moment. If . A = 47 dm
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and the tanggnt 1iﬁe_is'equa1 to the square,df the radius
Findvthe eduation of ‘the curves such that its'slopeﬂét any
point P(x,y) is'equal'to-the_differenCe ofnthe squares

Qf'the'distances of . P(x, y) from the points (1, 0)' and”

(4, 0)..

Find the orthogonal trajectories of the following family:
a) y? = dax, S b)) xy = ¢

Same question for: -

‘a)r=ccose . b) (1+2 cose)r = 2

a) 2x? +73y2;= c . by xSy = .cx.

“Find the stream line through A(3, 1) of the vector field:

. F ='(2xy,fx2-y2),
The surface area A of a_anwball»vincreases proportional
2 lit t'=0 and

647 dm® at t = 2 min, find the area at t = 3 min. .

A body falls from rest through air. If air‘resistance is
proportional to ‘the square of-the'Ve]ocity, determine its

equation of motion s = s(t).

ANSWERS
|2 V'I ! : ‘ ’
yy'm +2xy' -y =10
y2 = 6x + 10 -
2

o= 220 + ¢
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39,y =3x% - I15x £ ¢ .
‘ 2 2

40.va) y2 = ce */d . b?) y2 -x“=c

41. a)'}'= c sino, i b) rz(l-cosé)sine ; c

a2, y2 - ex3, b) X . y2 = cy

437.*3 - sxy2 -‘18 =0 v_ : .’ T . ) N
. ) . ‘

44. 1927 dm

45. s = % zn‘ch(act), a = v/g/¢

6. 4 _ Linear DIFFERENTIAL EQuATTONS oF HIGHER CRDER WITH
ConsTANT COEFFICIENTS '

A, DEFINITIONS

‘A differential equation of the fbym

~dy d o y ' '
Ao(x) E;%“+."* An_](x) H% +'An(x)y = f(x) ’ (1)

is called a LDE of‘ordéi n (which is linear in the dependent
vaffab]e y and all its derivatives). '
(V) is homogeneous (non hom&genepus) "LDE if f(x)-=0 .
(F(x) £ 0). o | |
L fhe LDE (1) may be expressed as-

[Aén" tooot AL D +.An]y = f(x) S (2)
P(D)y = F(x) C (2")
whgrevthe operator P(D) is lTinear. N

When all the coefficients -Ao(x)', ... ,,An(x) ‘are cons-

‘tants, we havé a LDE with constant‘coefficients.
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In the fol]ow1ng, only LDE with.constant. coefficients

will be treated.

B. SoLuTiON OF A HLDE

Let. ' )

. P(D)y = (aD" +...+ 2, 1) +a )y =0 BN €
be a given HLDE with constant coefficients as.

This HLDE admits the trzvzal solution y = 0, and non-

tr1v1al so]ut1ons are. obta1ned by the substitution

y = ekf' (X _constant)

“yielding the.poiynomia1iequation
P{2) = 0, E ) (4) .

Since

where P(3) =0 isvthe auxiliary equation.

The auxiliary equation (4) has n eompjex'roots -
M s ees s AgeC  (DR), simple or muTtiple.

The  GS of (3) ‘can be obta1ned by the use of the
f0110w1ng theorem _

Theorem. ‘Let P(x)v= 0 pe the auxiliary equation of a

HLDE (3) of order n. Then

1. if A=a -is simple real root, the corresponding
solution is

ceax

2. if A=a + ib (b # 0) is an imaginary simple root

. . . ’ ¥
(=> % = a-ib is a root too), then the corresponding
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sotution is -

X (c] cos bx + ¢y sin bx})-

3:04F Ak a .is a real r-fold root, then the corresponding:
“solution is
r-i)eax

(9] +Ca X w..od c* X

4, if.x=a+ib (b#£0) is an r-fold imaginary root,

. then the correspond%ng solution is

T . - N rely
. e?X (c‘] +c32x P c'rx “)cos . bx

o

+(C"'-’

p r-1 . ) :
X 4...+4C" X% sin bx
2. * . * c r ) ]

and the GS is the sum of the so1ut1ons correspond1ng to all roots.
“For 1nstance, 1f the equat1on is
' (0- 4)(0+2)%(0%-60413)% y 20,

) which is of order 8, the aux111ary equat1on being

P(}) = (A 4)(x+2) (»? -6A+13)

the roots ave 4, -2, 3.2i, 3-21 of multiplicities 1; 3, 2, 2
hespecti&e]y.,Then by thé‘thgorem‘the so]utions‘corréspdnding
fo‘_4,-¥2; and 32§ are ’ '

4x

cp e, (czf ééx+-c4x2)e72X

'and

’esx[(cé+ CgXx)cos:2x +'(c7 +c8x)sin Zx].
Hence the GS is .
v o= ¢y eAX;+ (CPEEI cqxz)e_zX

+ e3x[(csf,c6x)cos 2x+-(c7+ csx)sin Zx].

v
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- . ;
* C. SOLUTION OF NHLE: -
Let. '
' POy = (20" rv 2y gD¥ady = £ (1)
be a‘NHDE with constant cOeffiCients.
We call theﬁHDE’ L :
o P(D)y = 0
" the reduced equation of (1) and 1t ss ‘is said to be the comp-
Zementary solutzon of (1), wr1tten yc. .
~ We.show that the . GS -of (1) is the sum

Y=Y Y

.where:'yp; isbahy pa}tttular solutiqn ot'(i);.lhdeedv"
P(D)y = P(D) [y, »y,] = P(0Iy, ‘+Ptn>y -0+f(x)=f(x)
Aand-sihce .y invo]ves ﬂ.‘arb1trary constants 1t is the GS
Let (1) has the form N '
POy = f1(x) +ounn £ () oy

where non of f‘(x) is a constant mu1t1p1e of any other
» We state the fo]]ow1ng ,
If Yy s -ee s ¥y are part1cu1ar solution of. the DE s

P(D)y = f1(x) , ... , P(D)y = fk(x)
respectihe]y; then a particular solution of (1) is the sum

.‘ N . yp =\y] +....+ _yk
6f particular solutions.-
Indeed, since’ P(D) s Tinear and ,P(D)yi = fi(x),~ :

-~ we have
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P(D)y, = P(D) Iy,

I P(D)y;  (linearity of P(D))

1)

. METHdDS FOR‘FINDING A PARTICULAR SOLUTION

; Among varféus method fbr finding a PS ‘yp of a NHLDE

we mention . ' v ‘ ' o l
1. The method of Undetermined;Coefficiénts {UC method) ;‘

I1. The method of Variation of Parameters: (VP method)

I. UC Method
This method is applicable when in the DE
P(D)y = ] fo(x) © — o (2)
the function fi(x) are all 'UC function, a UC function being
one whose the set of all its successive derivatives is finite.

The basic UC functions are

P(x), e**, sin bx, cos cx,
the'others being their:sums and products, where -P(x) is a
polynomial.
Note that tan x is not a UC function, since its succes-

sive derivatives

- S seczx, 2 sec®x tan x B
do hot form a. finite set.’

" To determine a particular solution Yp “of (2} the
steps are as follows:

1. Obtain the complementary solution
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/

Ye=ep up(x) +oiecpu(x) (obtained by P(3)=0)

. CP(D)y = fi(x) (3
write the set i . o ‘

' S. = {1(x) 5 en s Fp(x)}
whose éjements afe fi(x) =_%H(X)' and fqnctidns‘
appe§ring as terms in a11'defivatives (cdnsfahts
‘being omitteﬁ) _ ‘ - ' )
a) If none of .1} are contained in fu](x),...gqnix)};
then a particular solutian y% is a 1fnear com-
bination of ﬁﬁ ; A

n

’

Yy e A‘]‘{‘]'(x) tooer ALK (%)
" and set this lyi, in (3) to obtain an identity
yielding m equations in.the m unknowns
Ay s P Am.
b) If some off‘fi are cpntaihed G {uy 5 ... , un}','~
multiply each element of S; by the least power
of X tqjobtain‘a set. S'; having no element in
qémmon'ﬁifh {u1 s e ,:un}. Then a linear combi-
nation of the elements in S'i is é particular
solution whose coefficients are obtained @s in a).-
.. 0Obtain in this manner all paffﬁcu]ar sdihtiéps'
» ¥y ;‘.;. < Yy corresponding to f(x), ... L F(x).
Then ‘the required PS wf]l.be ' '

Yo = Y7 teeet Yo

p
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Example 1. Find a PS of -
3t -y =l et
-‘Solution.
1.32-4 20 => 2, =2 A, = <2
AT =2 M Y
Ye =,c>1 e?* 4 ¢, e"2%, o (e?X) 72Xy

2{ j](x)'= x2:

SR = f ) = 2%, Fi) sz

*4='>"‘S’1 =l x, 1) = ¥ = AxZ+Bx+C. 3
- ox. o - ‘
fplx) = e |
> S, = e*y [N ¥y = D.éxl« (b is awconst.)
Then
: Yp = Ax2 4 Bx+C+D e
3'. e . .
-4 Yy = AxZ Bx. -+ C + D e*
‘0 yF', = 2Ax-+ B + D eX - ) ’ A b

1y" = 2a + D e*
LIYp ue :
-4AxZ - 4Bx - 4C - aDe* + 2A + DeX = xZ 4 X

—> _4Ax? - 4Bx + (2A-4C) - 30e* = %% + &* -

=%+ e
| => .4A =1, -4B =0, 2A-2C =0, -3D=1
——— o . : : 1 1
S A=_]/4’;B=0’c=-§$D7='§
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K]

Example 2. Find the GS of -

yu'lA_ 2y" o+ oyt = (x+2) +ex" '

Solution. -

1ol 0 = aen? s 0 =0, A,=1,00

">y = cprc, e vey x e,

' '2-'i1iél_:;5114 S, = {x+2, 1}

e* s contained’in Y- Then
A I
52 = {x“ e*} »
So o ,
o ‘yp = A(xZ+2x) + Bx + Cx2 ¢
30y, < AxZ 4 (AsB)x + Cx% e*
1y, - 2Ax + (A+B) + 2Cxe* + CxZe*

1 ,
where -1 is contained in Ve Then
Sy = {x.2+.2x, x}

; _fz"(x) =-ex: Sp = ‘{ex.}

]

-2|y" = 2A + 2ceX 4 4Cx X 4 cxPeX

1y" < 6C eX + 6C xe* + CxZ o*
- A EURE ¥

(x+2) + X = 2Ax + (A+B) + 2Cx X + Cx? e

x+2+e" =~2Ax + (B-3A) + 2C e*

-4p - 4c e* -'8Cx eX - 20x? e

+6C X+ 6Cx X 4+ CxZe*

2A =1,  B-3A =2, 2C =1

{1, e*, xe*r
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R 7 T
==> A-= -2- s B = '2' Py C = 7

2 2 x

S 1 P
= Yp =7 % +4x+5 x" e
I1. vp Mefhod (Variation of parameters):

This method is épp]icable’alsq whén fi's are not <UC
functions. ' )

For simplicity in explanation, we.consider a DE of.
order 3. Let v o B o,

, ~ P(D)y = f(x) : o (n)
be a DE of order 3-with complementary solution
L ¥e =€y up(x) ey uy(X) + g ug(x)

This method is based on replacing the afbitréry constants

4(parameters) 'c], Cps €3 by functions ,c](g); cz(x), c3(x)

and on the determination of them to get a PS in the form
Yp = e (x)uy % eplx)up + c3(x)ug

We have

: _ ) : f - |_“|.
yé - Cquq # Cols + Caug + [c]u] +CoUy, +c3u3]
4 Sefting the expression in the bracket equal to zero,.i.e.
‘ ciu] +‘céu2 + céu3-=‘0 _ - “(a)
and redifferentiatfng yé, vwe get- N

y;-= Cu + Coub + cauf + [c]u] + Couy +céué]

JuSt as before, setting

. »c{ui_+ Cpup + cyuy = 0 o »(b)‘

and differentiating ky“b. -we have
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us m ) - ) " ’ ] " ‘
p =_c]u] + c2u2 + c3u3 + {C.lu.I *.‘?2“2 + F3u3].

y
Now substituting’ Yp Vand'its derivatives in (1) one cets
c]u? f,céug + céu§v= fix), » ’ (c)
since. P(D) ui(x)'= 0, i=1,2,3.

This may,we obtain the three 1inear‘equations

. upey +upep rugey =0 (a)
dici ¥ upcy + ujcl =0 ’ (b)
- ujey + uyey, +ouzey = flx) 0 (c)

in"the unknowns ci(x); cé(x),.Cé(ﬁ)-'

"Since Ups Uy Ug are linearly independent,.we have

up U, U,
W = up u, Uy £0
u? us  u;

’Then‘ cqy(x), cé(xy, ci(x) and .c](x),,cz(x),k63(x) are deter-

“mined uniquely, except the constants of integration which are

unneaded. ,
" Example 1. Solve y" -'4y = eX,
» : : . 2% - S -2%
. Solution. Since., Yo =cp e *cye .. -wWe have
2 -2
Yp = cl(x)e * fcz(x)e %
Then ‘
v L 2X . m2X%
cp e+ 92 e . =0
v oa2X _ o 2% X
2c.I e 2c2 e = e



B T
: ;=?v7c]kk) =/%’f e Xdx - - %be'x '
=, té(x) =-%-f esxdx - %2 é?x :
“‘%=> _ yp‘;_ 3 ;-x 2x _ %2 '3)-< e™2X .. % oX
‘=%, _,  v = 2x Cé e"2x U1 .x

Solve this DE by UC method.

Example 2.‘(0n electricity). In the giVeh eleétriqa]

.circuit w1th the data

e = 220 S1n(100 7t) volts (emf), A
R = 3 .ohms (resistance),

C = %-faradst(cabacitanEe),ﬁ

L= IAhenry (inductance), —_

’, compute- the quant1ty q (coulomb) of e1ectr1c1ty, and current

© i (ampere) if q=0, i =0, at t=0:

’

Splution.vaoﬁ.the KIRCHOFF's 1aw(*)1,_We'haVe,
el di T S
RL+L3'f+>-Cq=

Since 4 = dq/dt  and di/df =-d2q/dt?, it becomes -

—
a
‘N

+ R %%’+ %'q =e (General equation of a.circuit)

a
e

{(*) 1. Around any closed. circuit (path) the sum of instantaneous vo]tége
drops in a spec1f1ed direction .is zero,

2. The sum 'of currents following into (or away from)- any po1nt ‘on the
~circuit is zero. |
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. (D? 4+ 3D +-2)q = 220 sin(100 wt)

= (D« 1)(D+2)q = 200 sin(100 nt)
' g, = c1e_t(+ ézeTZt k
q q](t)e_t + c2(t)e'2t i}

p
| cie’t iy i <0

— , , _ _ .

ey et - Zeye™®t L 220 sin 100 nt
,ql(t)~= 200 [ sin(100 at)et dt

= x'c (t 200 [ sin(i 162t gy

) o(t) = - ‘fs1n(100 mt)e " dt
Using '

bt

b sin at - a“cos at _ht
dt = ———5—> - e

[ sin at e
‘ - ~a” o+ b

) ; sin at - a cos at tr
c,(t) e
-1 a27+'1 ) .

: - (a3 = 100 =)

L 2sin. at - a cds at -2t
c,(t) = - - e -
2 ;2 + 1

: 1, o ' 1 . o
q, = —H5— {sin at -a cos at) + (2 sin.at-a cos at)
p ‘a + ]. : : as+1 ) :

et o o2t

==> q(t)v=ic] +cye +—éL— (3 sin at - 2a cos‘atj”
' ‘ Coota+ls C ‘
= i(t) = Qé]eTtl?Zcze'zt-+_éL—;(3'a costi_+2a2 sin at)
S ' ‘ ) Toat+l R R

Using the conditions q(0) 0 ‘and 'i{0) = 0, we have

C”‘"C - —2—-—2a ‘= 0 .‘ C: —Z-—a
. ?'_ 2 ~oa+] : '& L .a\+l
v o7
: ‘ 3a  _. a
. ~¢cy = 2¢C + oy = 0. |c, = =
y 2 a+1 . ,v2 a +1
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and v 7

a(t) = —— (e"Fee™?) w1 (3 sin at-2a cos at)
a +1 : +1 - .

; 8 -t ., -2ty 38 ... s
i(t) = - —~- (e "+2e “"}¥—— (3 cos at +2a sin at)
. a-+1 Tala '

“where a = 100 w. . .

EXERCISES (6. 1
46. Find the solution of the following HDE:
a) y""— y.. -6y =0 . o b) zlel - 5y“<;_y'+ sy =0

v

47. Find the GS of the following NHLDE by two methods (UC, VP):

a) y" - y' = sin 2x- ' b)) y" -yt o= stex

48. Find the GS:

,a)‘yf + 4y = 2 tan 2x by y" o+ 4y ; sec éx'
49. Solve: » ‘ ‘ ‘
“a) (0%-ap3. 5D%- 4D+ 4)y = 0 (check 2 as a double root)’
b) (‘D4-SD3+4202;’104011‘69)y =0 V
(Find the constant b if P(D)= (D% +bD+13)2)
50} Find the DE in operator-form admitting '
cy * CoX *c3 e4x‘ as GS{ ‘
ANSWERs'

3,

46. a) y=cq e X'%Cz e-2x, b) y% C]'e-x {cz‘EZx + cq e3x/2

47. a) y =é1 +c2»eX -\% sin 2x + {% cos 2x

bY y=cq ey e v (xBx® s 30><"1 - 120%3 + 360x2 - 720x)e*
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[o

n o

sin 2x'+c2 cos Zi‘-,l‘pds 2x en{tan 2x + sec 2x)-

' Separable DE: P(x)dx + 0(y)dy =

a) ¥y = & 2
by y = ¢ sin 2x +éz cos 2x-+cds 2x &n :0s.2x
49, a) vy = e +c2x)e2x;>c3 sinx +Cq COS X
b) X = e2x [(c] +c2x)§in'3x)+(c3 +c3x)cds-3x]
50. D2(D - 4)y = 0O
A SumMMARY.
. (CHAPTER 6)
6, 1 DEFINITIONS ;
Order of a DE is the order of highest ordered derivative
in the DE. - - ' . - ‘
A solution of a DE is any re]ationksatisfying the DE.A.
The general solution of a DE is the solution involving
n arbitrary constants if the order of the DE is n.J
6. 2 FIRST- ORDER ORDINARY DE:

'

Géneral form:~?(x, ' g%) =0, ‘%% = g(x, y)

Homogeneous'DE:'P(x, y)dx + Q(x,.y)dy = O, %% = f(%)

where P, Q are homogeneous functions of the same degree

Exact DE: P(x, y)dx + Q(x, y)dy = 0 "if Py =0,

Linear DE:‘%% +.p{x)y = f{x) (linear iny, g%)

g? + ply)x

. P« b
f(y) }(11near‘1n },_H§)

Bernoulld DE: g% + p(x)y = F(x)y®
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. \ - '. toe . B
riveati pE: WY - A(x)y? + B(x)y + C(x).

o

Clairant DE: y xy' 4awtyl) .

"Lagrange'DE: y

”

Xo(y') + w(y') . (¢(y IEER

"Integrating, factor of a DE Pdx + Qdy = 0 _1s>a function

u(x, y) such that pPdx f-quy‘ '0  is exdct.

6;’3 A trejectory of a given'fami1y of‘turves'is a curve
/
sat1sfy1ng a’ q1ven re1at1on at all common points w1th
the 01ven fam11y, 1f the q1ven relat1on is orthoqonal1ty,
fhe tra3ector1es are orthoqonal tra7ectorze,
i Tﬁe DE‘of a Papulatzon problem: H% = k{x +a) (a, k const)

- The DE of‘stréamnlinés of a vector field F=Pi+Qj: ~

fo dx : dy
S R

‘The DE of a equipotenf{al éuhves-(qrthogona] trajectofies
of “the stream lines): ‘
' Pdx + Qdy = 0
Q- qt <'LDE oF ORDER_nb(FGnstapt coefficients)
: , . t N n . X )
P(D)y = (a,D Yoot an_1D+an)y =-f(x).

"GS=, Yo=Y+ Y

“,,where yc' is‘the eomp1ementaryAsolﬁtion (GS of the
" reduced form- P{D)y = 0) which is obtained by the use

of auxiliary equation P(A)‘=_0 and y 1s a part1-

P
cular so]ut1on of P(D)y = f(x) ‘which can be obta1ned

by several methods, say by UC and VP methods.




51.

52.

- 53.
54.

55,
56,

57,

58.
59.

60.

61. Find an integrating factor u =u(xiy) and solve: =

\ 5) The parabé]as intersecting x-axis at -2 and 3,

ayz = 2 ey b1z = 6(x) + p(2x-3y)
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 MISCELLANEQUS EXERCISES .

State the order .and degree of:

ST e T 3
a) 3Nﬁ +y"2 +x5y"'f2xy = 0: . b) Sin(y"s) +x2,+y3 =0 s
Find the DE. of the?followihg family of curves- .

a) The circles centered on y=2x and radius 2 units,

with axeés parallel to y-axis. :
R g ; . . o .
Find the DE admitting the given family as GS:
a) y =cex-c2* bj (r+1)e20 =.cO" c)y =x4c]»cqs X +CyH e*

Same question for |
X

Find the DE of all circles in R%. ..

|
dy _l+y g : - DR ‘ . e
Solve . gy = B SN v SRR

]+VX
Solve the 'SDE:

‘a) ‘tan y - (cot x)y' = 0 b) tan® dr+2r do = 0

’Sp1ve,

a) {T+x+y)dx + (3+2x+2y)dy =0 -5)%%‘§:§:%

Solve the DEQ If nof.exact fihd an integrating factor.

a) 2xy dx+ (1+x%)dy -0 b) (x%y e?¥)dx 4 (2xyax)e®Vdy - 0

Same quéstion’ for:

a) kdy - ydx = xzyzdy Lo b) (x2;3y2)dx“-2xy_dx

"
o

¢) ydx =’(2x2y3 Sx)dy, y(1)y = 1. o . _ . A

.



62.
" 63.

64,

65

 66.

67.
68.

69.

"~ 70.

/1.
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.

(x+”+5Mx+(2x+M+5Mx=b
Find a PS of the foJ]owing'DE; through the given poinp:
a) xZy! - xy =x27y2; (1, 0) "b) y'dx=(2x2y3,*X)dyi {1, 1)
Find an integrating factor of the form men. and éo]ve:
(2y + 3x%y3)dx + (3x +.5x3y%)dy = 0 ‘
. . : . : A
Find the 6S of the following LDE:
Xy _ o - o L

dy _-
a) % ;ZTT = X

b)v(y_ﬁos 2x + 2 sin3/?2x)dx + sin2x dy = 0

Find the GS:

a) (x-y-3)dx + {3x-3y+1)dy =0 ‘' b) (ijy;])dx +(3x+2y-5)dy =0
Solve:. »

a) xy' +‘y = yzx3 sin x

‘.b) (-3x2+2xy--2y2)dx +'(2x2+6xy +y,2)dy =0

Find the GS of the BERNOULLI DE:
, S 2 2
) (1ax?) Paxy=xyd by §5 - Grr

Find the singular and genera]_solution”of'the CDE:

2

a) 2xy'-2y-y'“ = 0>';v b) 'y = xy' +4en y'

Solve .y = 2xy' + y'2

Same question as Exercise 66:

) yay't e xyte 1, b))y = y'x s 2ny'

Find curves such that

a) [01% /joH] "

a const -




.’/2.’”
73.

74.

75.

76.

77.

8.

79.

80.
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b) [NS| - a

Same question for:

" a) s fixed ([PI|=[IT[)  -b) [ON|=|PN]

Find curves having constant

a) subnormal p, ,b) subtangent_q, ‘c) normal R, d) tangent t

_Find a family of curves such that the perpendicu]ar distance

. from the brigin'to each tangent i5 equal to the value of x

of the point of contact.

. - s

Find the orthogonal trajectories of the family}
N 2 - i

. a) yz = 2cx +.c” o o b)r=c (Seco + tane)

Find the stream lines and equipotential curves of the vector :

field.

F=(xX ey, -2xy)

An object of W = 64 kg is fal]ﬁng in the air with a resis-

tance fofce’pfoportiona] to the square .of velocity. If the

velocity v = 0 at t =0, find v. \
‘ e Wody 2 . ' N
[The law qf equation: 3 aE - W kvl] -. ‘

A certain radioactive substance has a haif-1ife of 38 hours.

Find how long it takes for 90 % of the radiractivity to be

dissipatedf
Find the orthogonal trajec;ories of the family:

a) r=a(Sece + tane}, b) a.-= a Sin® tano

Fok‘the given electrical circuit compute i if q =»0,0|5

. : . AANNANA ey B
when .t = O, - '.Ji_'—e;-ov R= [0 Shms #(‘:-’/./oy

™~
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- ANSWERS
51. a) 3, 3.~ b) 2,5 ‘
222 25 v -
5&.»@1) (2xj-y) (t+y'") = 4(1+2y")", b) (x"-x=6)y -(Zx‘-l)y =0
53. a) y'? - x(eX-2)y" + (e*-Z)zy = 0, e
~b) gﬁ.+ (re1)(2 - —) .
c) (cos X+ si_n x.)y -2(cos x)y' + (x-y)(§in X - cos X}+2 qbs x=0
54. g)l.xyz.x - ?y zyk + 3x,=-‘0, 'b)‘ézxy * 22}yy = 0‘
'55; (‘.]+y'2)y."" A-73y"_y"2. =0 ) -
56 Xy + c(i'Jy) +1 =0 _
ey ‘ : L ‘ P 2 2,
.57. a).cos y = ¢ cos x, . b) r=c” csc™®
. '_‘58>._ a) )<‘+y+/2-9,n(x+y+z) =C b) xVZ-Zx,-y2+‘x‘+‘6yV,= c
2. 3 ‘
59. a) x"y+y=¢C, b) x¥ +3xy+2y = ¢
-60. a) )@y3f3y+éx=0, b)_x2»-3y -c_y,‘ c)‘x_y- -2xy-1 =0
3,
61.-1=x+y, 1(3—;4- 2x2y +»§xy’2 oy y3 + ~2- (X +y ) + 5xy = ¢
;62. a) x+y:=.x2(x‘-y)., ~2xy+1 =0
63. u= x-9y—1?;. szy2 -'cxgylz‘y] = 0’
- 64 a) y = xz-]+ch2.-1' b) y=siﬁ 2;&.(cos 2x +c)
'65. a) 5 9,n(2x-2_y-’|) = 2x+6y+c
I 2. R X + 2y~ 3'

b) R,n\& +xy+y -:3x 3y+3+7§arc7an m:c
'66.va) xy(x cos x -~ sin x + c) = 1‘,‘ b) X +xy+y2 =-i:(3x+y)
6,7. a) yt[(x +1) 2n(x +l)+c(x +1) 1 =1, b) r2 = 92 + €8
.68. a)y-x /2 b)y=-1+ln_;xi;y'=cvx’+£nc'
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69. x ;-'>-'2p/3 + p/'pz, 'y = -p2/3 + 2¢c/p

1

70.: a) 4y=x’2+4; y=cx-c241>, b)"i(ey+ +1=0; y=cx+8&n ¢

71. a) Parabolas tangent to coordinate axes; b) cycloids

72. a) parabolas having fixed focus b) circles

73. a) y>=2p(x-c), b) y=ce¥/9, ) (x-c)?+y? = R

.’d) t‘['t &n t "/;fz"yz} /tz;yz) =X +c
I4 )§2+'yz—c$<7=-0' v
75. a) y2 = ‘2cx + cz, : b) r = ¢ e-’-‘si‘ne
76.vx2y * y?i = .c,. s X - !;: c"
7o e - e
78. 123 h S
79. a) r = ¢ -e'Si"»e;, b) rl - c(1;:+ cé;zre)
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