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i265 . 
CHAPTER 4 

DIFFERENTIATIOU 
<FUNCTIONS OF SEVERAL VARIABLES) 

4, I, FUNCTIONS, LIMIT, CONTINUITY 
' 

A. FuNCTIONs, DoMAIN, RANGE, GRAPH 

Let D be a non empty.subset of R2' and let further be 

not a set of finite number,of points or not. a curve·: Then a rela

tion from D to 1R is ca 11 ed a function jof tr.1o (independent) 

variables, if to each point P(x, y)e:D t~e/~ is assigned a single 

value z = f(x, y). 

z = f(x, y) is the image of P(x, y) under f or ;the 

value of f at P{x, y). 

The notation for a function defined by th~ rule z = f(x, y) is 

f:.·D-.R, z = f(x, y) 

where D is the domain of f, written Oom f or 0~. The set 

of all images as a subset of IR is the l'ange of f. 

In the function z = f(x, y), the variables X is the 

abscissa Or the first Val'iable, y is the ol'dinate or the second 

val'iable, and z is the dependent Val'iable. x and y very in-

dependently of each other over D. 
\ \ 

The graph of z = f(x, y) is a surface S ,(any line parallel 

to z-axis intersects it at one point atmost). ~h 

(See Book II, Part 1, § ~. 3). 

The following are familiar examples of 

functions given explicitly: 

v - 1 
R2h (Volume of a cone) = '! 1T 

Ek 
1 m -~·2 (kinetic energy) '2" 

v RI (voltage) 
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A function of two variables may also be defined implicitly 

as F(x, y, z) = 0 (by a restrictto~). Unless otherwise stated 

it ·is considered that z is the dependent variabl~. However 

F(x, y, z) = 0 m~y define .x (or y) as a function of the other 

·t\~o variables. 

Example l. Which ones of the following relations are func

tions. If not, write a restriction to be a function. 

2 2 2 a) X. +Y +Z = 16 

2 2 c) -2z = 2x +Y 

Solution. -----

2 2 
b) X +Y-Z = 0 

3 d) z, = X 

·a) This relatipn is not a function, since P(x, y) has 
' more than one image. A restriction for this to be a function is 

z>O, Another restriction is, for instance, the point (0, /7, ,;3)·. 

lies on the surface. 

b) Same as in (a). A restriction is z>5. Observe that y 

is ~ function of x and z. 

c) This is a function, since to .each pair (x, y) there 

is assiined a sinile image, namely z = ~x 2 -y 2/2. 
3-d) It is a function:. z = f(x, y) = ~x. 

Example 2. Find and sketch the domains of the following 

functions: 

a) z = exy 

I 2 2. 
c) z • ,11-x -y 

Solution. 

a) 0 = R2. 

........ 

b) z = R.n (xy) 

ex 
d)z=l-y 

b) 0 ='"{(x, y): xy>O} 

/ 
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· c) D {(x, y): d) D {(x, 

. -J 

NEIGHBORHOODS: 

Let z = f(x, y) be a function of two variables, ~nd 
. 2 

P
0

(x
0

, y
0

)ER • Then by a a-neighborhood of 

of all points (x, y) satisfying 

p. 
0 

(o>O) 

is meant the set 

that is, the set of all points inside the .circle with center 

and radius o, written N0 ~ol·. T~is set . ~ . 

~ excludes, its boundary, that is, the points 

\~ 
of the cirtumference.· If also excl~des the' 

one talks ab~ut the deleted center 

neighborhood N0(P
0

) 

A point of D 

of a-neighborhood of P
0 

is an interior (e~terior) point~ if there 

exists a neighborhood all points tif'which are 

· (are not) in D. A point of D is a boundary 

point if every neighborhood of that· point 

contains interior and exterior points. The 

set of all bou~dary points of D is the. 

boundary(*) of D, written 'aD which belongs or does not belonQ to D. 

R2 has no exterior points and no boundary. N0(P) has 

both interior and exterior points as. well as boundary., but the 

boundary does not belong to N0(P) •. 

(*J Domains will be taken closed (open) including (excluding) its boundary 
depending upon. the function and we make no difference between the terms 
"domain" and "region';. 

! 
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FUNCTIONS OF NORE THAN n10 VARIABLES: 

f: D + IR, u=f(x,y,z) 

represents a function of three variables, where D is a solid·as 

a subset of 3 IR , and x, y, z are the first, second, third vari-

able. 

Since the graph-of f is a subset of ffi 4 its sketching 

cannct be realized in n3 . 

More generally 

f: D ..,. R, 

is a function of n variables, where D~Rn is the domain, and 
n , xn)ER is Z = f(P)ER. The the image of the point P(x 1 ' ... 

graph of f is a subset of . IRn+l. 

If Po = ( xl , 0, ... ' xn, 

CoNNECTEDNESS OF DOMAINS: 

A doll]ain is called connected iff any two of its interior 

points .can be joined by a polygonal line (o~ by a continuous curve) 

lying entirely in the domain. Otherwise it is disconnected. 

The following figures illustrate some connected and discon-

c~ 
(a) (6 J (<') c<RJ ~...e J 

Connected domains Disconnected domains 



/ 
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T11o .of the above connected domains, (a) and (b), are 

simply aonneated. A simply connected do~~~n i! a connected· do~ain 

in ~1hich any closed curve r can be shrinked to a point in· D. 

Observe that the connected domain (c) above is not simp1y connected. 

This concept can be ge~eralized to do~ains of f~nctions of 

more than two variables. 

B. LIMIT AND CONTINUITY 

' The function f: D + !R, z = f(x, y) is said to have the 

1 imit .t at Po(xo,yo)e:D if lf(x, y) .-. .tl can be made arbitrarily 

small by taking P(x, y) sufficiently close to P
0

, written 

lim- f(x, y) 
(x, y)+(X0 , y0 )~-

-. or 

.f(x, y) + .t 

{lim f(x, y) ,= .t ) 
P + Po 

In oth~r words f(x, y) has a limit .t a~ P
0

(x
0

, y
0
), if 

given e: > 0 there exists a 6(e:) > o such that 

ji'(x, y) - .tl < E: 

whenever 

(x-xo)2 + (y-y )2 < 
0 

62 or P(x, y)e:N 6(P
0

) 

For a function of two (or more) variables, a point P(x, 

may approach P
0

(x
0

, y
0

) in infinitely many directions. Recall 

that in the case of a function of a single variable the approach 

was only from right or left. 

y) 

If any two directions give two distinct limits, it is obvious 

that the function has no limit. If f(x, y) approach the same 

value .t independently from directio~ that the value .t ts (is not) the 

limi~ can be checked ~y the use of e:, 6. 
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'.\ It can be verified that polynomial and rational functions 

have limits at any point of their domain: 

where 

ways 

lim P(x, ~~ • P(xo' Yo) 
( ) ( Y ) Q(x, Q(.x

0
, y

0
) . x, Y + xo•' o 

P(x.y) 
r. s 

\' b xP .,.q 
. L. pq J 
0 •. 0. 

EVALUATION OF LIMIT: 

A point P(x. y) may approach P
0

(x
0

, y
0

) in the following 

(jt_ ____ 

0
fi Pa 

1 ) iJ. . . . 
I /. . ., 1"'1 v fl, 
(i~---·- - -<- -.1 
I~ ~ • .' 

I . ' 0 . I t 
. · •'lt lXo >')( 

lim f-lim f(x. y)) 
y + y

0 
X.+ x

0 
along · r 1 

lim (lim f(x, y)) 
X+ x

0
. y + y

0
_ 

along r2. 
If one of these 

iterated· Hmits 
' 

does not exist . 

or if both exist 

but ~<.nequa 1 , the 

function has no 

:imit. 

2) 

~r---------------~·~ 
0 

1 im 
(x. y)+(xo• Yo) 

f(x, y) 

along r: y = f(x) 

If it_doe~ n6t exist the 

f~nction has no limit. If 

exists, it is the limit of 

the function. along that curve. 

To show its independence af 

directio~ one uses the subs

titution x=x
0

+r cos9, 
y=y +r sinS and find limit 
(in3ependent of 9) as r + 0. 

"---
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In the ca•e of existenc~ Qf limit along a curve one may 

verify it to be the limit of the function by the use of e, 6 

definition. 

Example 1. Evaluate 

lim (x 2-y) 
(x, y)+(-1, 3) 

So1ution. Since· x2-y is a polynomial, we have 

lifu (x
2-y) = 1-3 = -2 

(x, y)+(-1, 3) 

Example 2. Show that 

lilll X+Y 
(x •. y)+(O, 0) x-y 

does not exist by two ways. 

Solution. 

1 ) 1 i m 
y ..... 0 

( 1 in XtY) 
x + 0 x-y 

lim (L) = 
y .. 0 -y 

lim (-1)- -1 
y -> 0 

2) 

lim (lim' X+Y) 
x * 0 y + 0 x-y 

r cos9 + r sine 
lim rcosB-rs1ni? 

r + 0 · -

dependent on 9. 

·lim (~) 
x+Ox 

lim (1) 
X + 0 

cosll + sin9 
· 1 i m co s 9 - s-1 n B 
r + 0 

Example 3. Evaluate the·followihg limit 

1 i 01 
(x, y)+(l, 1) 

along the curve y x3• 

y sinnx 
x~y-z 

cos9 + sin9 
cos9- s1nS 
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Solution. 

1 im 
(x, y)+(l, 1) 

y sin1rx 
x+y-z lim 

X + 1 [~) 

3x2 sin 1r x + x3 .cos 1r x 

1 + 3x 

Example 4. If 

f(x, y) 

show that 

2~ 2 - 3xy + / 

2x2 + xy - l 

1T 
- 4 

( 1 ) 

a),lim f(x, y) at (1, 2) · is independent of direction, 

b) the limit obtained in a) is the limit. 

Solution. Setting 

x = l+r cosS, y 2+r sinS 

in (1) and replaciQg cosS, sinS by c, s, then (1) becomes 

f{l+rc, 2+rs) 2{1 +rc) 2-3 { 1 +rc} (2+rs)+ ( 2-t:rs) 2 

2{l+rc} 2 + (l+rc}{2+rs)-(2+-;:;}Z 

and we have 

1 i m 
r ... 0 

__ r.(4c+2rc~-6c-3s-3r~+4s+rz 2) 
~(4c+2rc +S+2c+rcs-4s-rs ) 

f{l+rc, 2+rs) = - 2c+s 'llc'='3S 
1 

- 3 

b) If( . ) { l>l-12x
2
-3xy+i 11 X, y - - 3 - Z Z + 3 

, 2x +xy-y 

2l2x - Yl 
lx+yl · 

2 I (2x:-y)2 I 
(zx-y)(x+y) 
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Let .£>0. We need to find 

(x, y) in 

c5(£) > 0 such that for all 

2 2 
+ (y-2) < c5 (a) 

on· has 

Since (a) ~ _lx;.ll < c5, IY-21 < c5 or 

we have 

6c5 "j3=UI. 

Then 

6c5 · < £ · c5 < 3£ for 3-2c5 :> 0 r-76 ='> 'b+2E 

Any c5 satisfying the inequality proves that ·-1/3 is the limit 

(c + 0 as £ + 0). 

The conc~pt of limit can be extended to function of ~ore 

than two variables. 

along 

Example 5. Evaluate 

lim 
p +Po 

x R.ny + z 
xy+z-1 

r: r(t-) = (tJ.et-l, t-1) where 

Solution .. 

1 im 
P +Po 

X R.ny +.Z 
xy+z-1 

lim t(·l-ll+t-1 · 
t •' 1 t et~ +t-1~1 

lim 
t + 1 tet- 1+t-2 

Theorem •. If the functions f, g have limits at·a point 

P 
0

, then 
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I. 

(f(P) ± g(P)) lim f(P)± ' 1 im g(P) a) 1 in·. 
F ·' f' p .... Po p- .... Po 

0 

~ t) 1 i r.· (f ( p) 9 ( p)) 1 i m f(P) 1 i rr. g(P) 
.... 

·> p F +Po p + p 0 r c 

c) ·1 i "' (f ( p): g(Pl) = 1 im f(P): 1 i m g(P) 
p -+ p p ""Po p +Po ·o 

(if lim ~(P) # 0). 

·The r-roof is the same as that of Theorem 2 ·on 1 imi ts of a 

fu~cticn of a single variable. 

Cor;r I f'U ITY, 

jl ft.:nction f: D + ~. z f ( p ) i S Sa i ~ t 0 be. C 0 11 t i 0 L: C U .; 

lim f(P) = f(P
0
), 

P + Po 

oti.Erl~isc it is discontinuous at P
0

• 

If f is continuous at every point of D we ca11 f 

cc1.tinumu; [w:ction. ~1ritten fEC[Il] or fEC(D) accordirH; t>s 

ooes (does not) contain its ~oundary. 

Any polynomial and any rational function are continuous on 

their dci~ains of definitions4 

Example 1. Discuss contin~ity of 

u(X>Y• z) 
2x -.y2 

+ z 
2 2 

Z - X - y 

Solution. u being a rational function ·we h.ave 

lim u(P) = u(P
0

) 
p .... Po 

if z-x2-i 'I 0. Hence u is continuous when Po does not 1 i e 

·, .. / 
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on the parabclcia S 2 2 Th . d" t" •• : z = x •Y . · ere 1s 1sc~n.1n~1.y when 

?
0

cS. The discontinuity may be removable along the curve of inter-
2 2 2 section of the surfaces S: z-x -.Y T: 2x-y, +Z 0. 

The properties and Theorems on continui.ty en continuous 

functicns are valid for function of several variables. 

Example 2.· Given the function 

X + 
~ * + ~ = 

l 

defined on~ Rxy (0,. l; 0 ,·· 1-x) 

a) find m and M for z. 

b) find points on Rxy such that J.l i (m+M) 
t 

Solution. s 

a) z = (20-10x-5y)/4 is max when 

x=C and y=O. T.hen M=5. 

From the figure, min z occurs 

~the~ at A or at B: 

z(A)=5/2, · z(B)=l5/4 ~ m=5/2·. 

'b) 1 (5 ... 5,. 15 
J.l = ~ ~ + = tr 

=) 15 
tr 

20-10x-5y 

(x, y)e:(Bc); 

In. complicated cases, solution may involve solution of max 

' min problems of functions· of several variables. 

EXERCISES (4, I> 

1. Which one~ of the following relati6ns are functions of x andy? 



a) f(x, y) = 1n(x2+y2) 

c) x2+y2+10z = 0 
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b) x2+i-z 2 = 0 

d ) s i n ( xy ) = z 2 

2. Determine and sketch the domain of definition of the following 

functions: 

3. 

4. 

5. 

6. 

7. 

c. 

a) z 

Same 

a) z 

Same 

a) z 

-v1 + y 
x-y 

questi.on 

= arcsin 

question 

= Argch ~ . y 

for: 

xy 

for: . 

b) z = Argsech x 
y 

Determine and sketch the domain of the followin9 functions: 

=0 
x2 2 /.' 

a) u - T - ~- n; 
. /Z-x 

b) v = R.n xy+9 

Same que.stion for x+z 
a) v = arcsin x+y+z 

~ 
b) v .(Tanh ( z-x 2-/ ))Y · 

Evaluate the following 
2 

a ) f(x, y) - X -y at - .. x+y 

b) f(x, y) - xy at 
~ X+y-1 

Same quest.ion for the 

a) f(x, 
.xeY+Z 

y, z) --x-z ye 

b) f(x, y, z) X cosy 
y S'l nx 

limits·of the given functions 

(0, 0) along y=x3 

(0, 1) along. y=x 2+1 

functions: 
/ 

' at (0, 0, R.n 2 ) along 

sint at (0, Tr/2, rr/3) cosz 

r(t)=(t, 

along 

r(t) = (t, Tf 
.,. + 
'-

Tf 
t, '! + t) 

Evaluate the iterated limits: 

a) lin: (lim 
y·•C• x-+C 

X+Y) 
x-y b) lim 

X -+ 0 
( lir.i X+Y) x-y . y -+ 0 

2t, 1n(t+2)) 
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10. Ev~luate the iterated limits: 
: .. 2 2 

X+Y+X +y 
2 2 X+y-x -y . 

a) 1 i m 
X .... 0 
y .... 0 

11. Same question for 

1 i m 
X + 0 
Y.+ 0 

b) lim 
X + 0 
y ... 0 

12. Disc~ss the independence of direction~ 
2 2 X +y b) . lim 

sin x + R.n(l +Y 
slny+R.n +X 

_a) lim 
(x, y)+(O, 0) 

--x=y 
(x, y)-!:(1, 0) 

y sinx 
X+y-] 

13. Given 

[ 
2xy when· (X' y) -1 (0. 0) --z-z X +y .. 

f(x, y) 
= <l 

0 when (x_, y) ,= (0. 0) 

14. 

15. 

show that f(·X; 0) is continuous, f(O, y) 

tiut f(x, ~) . ; ~'"" ";,,, ... (0, 0). 

Discuss the con inuity at the given point: 

a) f(x, y) / 

b) f(x, y) 

Find· m and 

X R.n y at ( 1 • 1 ) y R.n X 

·Argth l X at ( 1 • 1 ) 

~~ for z· = 2 2 X +y on · Rxy = 

ANSWERS TO ~VEN NUMBERED 

. EXERCISES 

2. a) D {(x, y): X+Y > 0}- {(X, y): X=y}· 
x-y ... 

{(x, y): (uy)(x-y) > 0 , · x-!y}. 

is continuous 

(o, 2; 0, 2). 



4. a) D = {{x, y): 

b) D {{x, y): 

{(x, y): 
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X > 1} 
y #

. 
?i 

. 
\ 

x 2+y-l-> o, y -1 0} 

y>l-x 2 , y -1 0} 

6. a) D = {(x, y, _z): lx+yjz-4 1 ~ l} = {{x, y, z): 1·~ jx+y+zl ~ 1} 

The region is betweert and on the parallel planes X+y+z ~ 1, 

x+y+z = 1 

b) D = {{x, y, z): 2 2 z-x -y > 0, y l 0} 

The region is .inside the paraboloid 2 2 excluding z - X +Y 
-

the plane y 0. 

8. a) 2. b) 0 

10. c.) 1 • b) 1 . 

12. a) ir.dep. ·b) dep. 

14. a) discont., b) discont. 
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'4, 2, DIFFERENTIATION 

A, PARTIAL DERIVATIVES 

Let f: D + R, z = f(~, y) be a function of two variables 

defined on the domain D (where graph is a surface S). 

Let P(x, y)ED. 

When the sec6nd variable y is held constant, th~n 

z = f(x, y) ~rill be a function 1of the variable- x alone, and the 

derivativa of z = f{x, y) with re~pect to x at P{x, y), that 

is 

1 i m 
h + 0 

f{x+h; y) - f{x, y) 
h 

will be called. the partia~ derivative of z = f{x, y) with respect 

to :x: at P(x-, Y-). 

If above limit exists, it is denoted by any one of the 

syr.;bol s·: 

where 

af f X, f 1 , -f' X, f I 1 I Dxf; o1 f, ax , 

az 
~x' zl, z'x;- Z I 1 I Dxi, o1z ax , 

Dx stands for the partial derivative operator 

Similarly holding x constant instead of y 

p, 

a 
ax 

at P{x, y), 

then z = f(x, y) will be a function of y alone., .and we talk 

about 

which is the partia~ derivative of z 

at P{x, y), written 

f' y' f'z• 

f(x, y) with respeat to y 

D f· y , 
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az z . z2' Z I y~· z'z· Dyz, D2z ay ' y'. 

The notations for padial derivative at a particular point 

Po(xo' Yo) are 

afl a f(x
0

, Yo)' 
a f(P

0
), fx(Po) ax ax ax 

X=X 
0· 

y=yo 

<if I a f(x
0

, Yo)' . a~ f(P o>-• .. ~.' f y ( p~) ay ·' ay 
X=X 

.0 

y=yo 

. The partial derivative ·opera·tor ox ( or D ' ) y is linear, 

~
at is Dx(cf+g) = c Dxf + Dxg .. · 

Example 1. Find th~ partial ~eriv~ti~es zx' z~ of the 

nctions 

' a) z = 2x 2y 3y3 b) z Arctan'.l 
~ X 

Solution. 

a) zx 4xy, z 2x 2.,.g/ y 

b) zx 
1 

(- 22-> ---1-z 
1 i X X +y +-z 

X 

X 
· zy Y2 x ~ 

+ -:-7 . 

GE~ETRIC lN:ERPRETATION. 

Let \z = f(x, y) be a function defined on its domain ·o 

graph 1s.. · with 

Since in defining fx. at 

is held constant, say y
0

, then 

P
0

(x
0

, y
0

)eD, the variable ,y 

z.= f(x,·y
0

) will be·a curve 
I . 
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r
1 

on. s with "domain as the ·line through p0 ·and parallel to x-axis. 

Hence. fx(P
0

) will be the slope of r 1 at. P
0

• H 

Similarly fy(P
0

) is the slope of a 

curve- r 2 on .S with_domain· through P
0

(x
0

; 

and parallel toy-axis. Hence f (P ) will y 0 

, be the slope of r 2 at P
0

• 
'> 

HEIGHER ORDER. DERIVATIVES: 

The partial de_rivative ~~ (x, y) ,- ~~ (x, y~- of f(x, y) _ 

being again functions of the sa~e variables, they have in general 

-~artial derivatives, namel~ . 

and . 

a · a a2 
ax <ax f) f a;z 

a -a a2 . 
ay <a-x f)_= ayax f 

a a - · a2 
~ ( "Y f) = --....-- f ay a - ay'" 

·oxxf 

Dxyf .= 

D f yx 

fxx fll 

fxy fl2 

f" 
XX 

f" xy 

f". 
yx 

= f" 1,--

f" ·12 

f" 21 

Under certain continuity conditions tt will be proved that 

.:; 

the mixed derivative f xy. and fyx are equal, and f xx' f ,;f 
yx' xy 

f yy are· deno~ed by r, s. t (or .Px' Py=qx, qy) -respectively.._ 

The concept of partial derivative can be extended to func-

tion of more than two variables z = f(x 1 , ••• , xn). Thus 

az a;r:-: = zi = lim 
1 . h + 0 

f ( .•• , X i-1- h i , .. ; ) - f ( .. _. , X i , ... ) 
n:.---·---

1 . 
I 

i.s the partial cerivative of z with respect to x1 , v:hcre tloe 

I 
I 

·' 
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variables other thar. xi are hold constant. 

'Ec.UALITY OF l''irXED DERiVATIVES: 

Theorerr,. (SCHWARZ_). If· z"' f(x, y), f 1{x, y), f 2{x, yj 

and r12 (x, y), f 21 (x, y) .are continuous on o,, then 

Proof. Consider the expression 

F "' f{x+h, y+k) - f(x+h, y) ~ f(x, y+k) + f(x, y) 

at (x, y)EDf. Setting 

4-(t) ... , f(t, y+k) - f(t, y) 

~(t) "' f(x+h, t) f(x, t) 

r- become!: 

t(x+h) - 4(x) "' ~ "' t(y+k) - ~(y) 

Since $ •. ~ are continu~us, by ·the ~VT ~ppli~d to ~and $, one has 

h~' (c 1 ) "' k$' (c 2 ) 

~ h[f 1(c 1 , ~+-k)-f 1 (c 1 , y)J "'kLf2(x+k, c2)-f2(x, c2)j 

with c1 £( x, X+h), c 2 g "("Y;Y"+K} • 

Again by the ~IVTapplied to f 1. f2 one gets 

hk f12(Cp c'z) = kh f21(c'1~ ~2) 

with. c• 1E(x, x+h), c'zE"tY;Y+KT implying· 

flz(x, y) = f21{x,·y) 

as h-+0, k .... o ... 

PARTIAL DERIVATIVES OF A VECTOR FUNCTION: 

If 

r(u, v) x{u, v)i + y(u, v)j + z{u, v)k 
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with scalar components . x(u, v), y(u, v), z(u, v) admit partial 
) 

derivatives, then 

ar 
av 

The vector ru' r~ are tangent vectors to v-constant, u

constant curves lying on the surface defined by the p~sition vector 

r(u, v). 

B. ToTAL lNCRE~1ENT, 'ToTAL DIFFERENTIAL, ToTAL DERIVATIVE 

By the iota.Z inarement of z =_ -f(x1 , •• ; , xn) is meant 

the difference 

t:.z = f(x 1 + t:.x.l, .•. , xn + ~xn).:Of(x 1 , ••• , ·.xn) 

where· t:.Xi is. the individual increment of· the variable X;. 

Theorem. If f(P) and the partial· deri~atives 

f~(P) , •.. , fn(P) are continuous, then 

where £:. -+ 0, . . . . e:n -+ 0 as t:.x'l .:,. 0, . . . • t:.xn -+ 

Proof. The_ pr_oof is given for n=2 only.· 

Let z f(x, y). 

t:.z f(x + t:.x, y + t:.y) - f(x, y) 

0. -... 

[f(x + t:.x, y + tiy- f(x, y + t:.yJ + [f(x, Y+t:.y)-f(x, y)J 
[lx f 1(c 1 , y + t:.y)) + \).Y f 2(x, c2)] 

by continuity of f with c 1 e:(~, x+h), c2£(y, y+k). We have 

t:.z f 1(c1 , y+t:.y")t:.x+f2(x, c2)t:.y. 

Setting 
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fl (cl, y + liy) = fl (X, y) + £1 

f2(xl' c2) = f 2 (x, y) + €:2 

where £] + 0, €:2 -': 0 as lix, liy +. 0 by continuity 

liz (f1 (~, y) + El )t.x'+ (f2{x •. y) + e 2 }liy 

f 1(P)lix + f 2 (P)lly + e 1lix + e 2liy. I! 

The sum 

of .fl' 

in th~ total increment liz is called the pPincipal paPt of liZ. 

:The principal part wh_ere llx 1 , •.• , t.x~. are replaced by 

the differentials dx 1 , , dxn is called the totaZ·diffePentiaZ 

dz o·f z: 

dz = r1(P}dx 1 + ••• + fn{P}dxn. 

If X; X; ( t), then 

dz_ 
f 1 ( p) 

dx 1 +· ..• + fn{P) 
dxn 

at= crt CIT 

is the total dePivative of z with r!!spect to t. 

The function f: D ..,. IR, z f(x, y) is said to be 

diffeP(mtiab le at P(x, y)eD, if fx (or f· ) y exists at p 

and_ fy (or f X) exists in a · ni!ighborhood N (P) of p. 

.If f is differentiable _at every point of D, then it iS-

said to be differentiable on D, written fed(D). 

APPROXIM.4TIONS: 

We ha,ve 
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as total increment of z at P(x1 , .•• , xn)~ Neglecting the 

second order small quantities xibxi, we get the approximate 

increment 

of z which is the-principal part of the increment-and is equal 

to the total differential 

when bxi is. replaced· by dxi. 

The iunctions used frequently are in explt~it forms 

z f(x, y). and. u = f(x, y, zL and have trital differentials-

dz f xd-~ + fyd~ 

d~.~: f dl'+f ·dv+fzdz. 
X y • -

ERROR, Let· u = f(x, y, z)_ be a function having fx• fy' 

fz. ·If x,_y, z are measured with errors dx, dy, dz respectively. 

it is requir~d-to find the error made in u. 

The error-in u is 

. du = f d» +· f dy ... f dz --
X Y. . z 

Then du/u and lOOdu/u will be the reiative and percentage 

errors respectively. 

ldul = luc-uml is the absolute error ir1. u, where uc' 

~m are the correct and measured values Of\ u. Hence 

uc = u ± du 
' m. 

Example 1. If the sides of a rectangle are measured as 

60 ± 0,2 m, 80±:0,3 m what is the relative error in the area of 

the-re_ctangle? 
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Solution. A"' xy · '7' dA y dx + x dy. Then the maximum 

relative error is 

dA _ I dx I + -,;::- xl 1~1 = 
0,2 0,3- 1,7- 0.007 on-+lm""-m- •. 

Example~ By the use of total. differential evaluate - . -
v'(0,98) 2 + (2,01) 2 +(1 ,94) 2 approximately. 

we get 

Solution. Consider· the function 

u(P) 

=· 

"' 

h 2 2• 
u (a ) = lx + y + z · 

for an easy .evaluation. From 

u(P) = u(P~) + dulp _ 
. 0 

· 2 2 au I 11 + 2 + 2 + ax Po au I au I dx + ay p 0 .dy + az p 0 

3 + 
X I Po 

(-0,02) ; . .Y I (Q,Ol) + z 
u . u p u 

. 0 

3 - 1 (0,02) 2 ( 0, 01) 
. 2 

(0,06) '3' + '3' - '3' 

3 - 0,006 + 0,006 - 0,04 = 2,94 

C, UIFFERENTIATION. OF COMPOSITE AND IMPLICIT 

FUNCTIONS,CHAIN RULE-IN DIFFERENTIATION : 

dz 

lp
0

(-0,06) 

A function z = f( xl 

t ) 
p 

x, = xl ( tl ' ... 't ) , 
' p. 

is a composite function or a func-

tion of functions or a chain function, 
I 

Then. z is-a function of the variables t 1. , •.. , t . 
. P, 

Now question may arise as how to obtain partial derivativesof· 

z with respect to the new variables t 1 , .•• , tp~ 

In particular, for the function 
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partial 
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z = f(·x, y), X X ( •, t), y = y(., t), 

dz ()f dx ()f dy ax +-ay 

()f ax d!;! .ax dt)+ ~( ay ds ay ) ax as +a:r ay as + at dt 

= ( 
()f- ax af ay 1 (()f ax ()f 

ay 1 dt dx as + <ly as ds+ ax at + ay TI 

If t is held constant, then dt = o, and dz/ds 

derivative .<lz/'ds, implying 

<lz df ax 
as ax as 

In the same manner 

- az df ax 
at ax TI 

()f 
+ ay 

. df 
+-ay 

ay 
as 

ay 
at 

I 

(= Jf) as 

af .. 
{= a-tl 

be-comes 

Such-a rule of partial differentiation is called the chain ruie. 

For a function 

u = f(x, y, z) with x = x(s, tf, y 

the chain rule is 

y ( s ' t') ' z = z ( s ' t) 

au df ax + af ()y + af ()Z 
(= ()f) as ax as ay as az as as 

au df ax + df - ay + df E.-(; ~) at ax TI ay· TI az as at 

Example 1 ; Given z = x2 arctan and = 2 2 y X u -v. ' 
y uv'- find_ zu; zv. 

Solution. 

x2 
(2x arctan y)2u + :--z ·v 

1 + y 

z X XV --_+ - z y y V 

(2x arctan u)(-2v) + 



and 

. - 288 

Example 2. Give-n 2 2 2 z = f{x y,_x -y ), find · z · z x' y· 

s·o 1 uti on . ·setting u 

f{u, v). Then 

2 
X y, V 

2 2 x -y , we have 

zx ·- fu 

zy f 
u 

Example 3. "Given 

2 
+ .(2fyl • 

Solution. 

ux + fv vx = 

u ·+ fv vy y 

2 f ( x . s fny), 

fu 2xy + fv, 2x 

fl 2xy + f 2 2x 

f 
·U 

x2 + f v< -2y) _ 

fl 
2' 

X - f2 2y_ 

find 

~fx = f' 2x siny, fy = f~ x2 cosy, 

(xf ) 2· + (2f ) 2 = 4x 2f• 2 • 
X -y 

and 

Example4.Given u=xytnz and. x.=2r+3s, y r-s, 

z rs find us(r, s) at (1·, -e). 

Solution. 

us u~ xs + uy y~ + uz zs 

(y tn z)3 + (x tnz)(-1) + xy r z 

_u 
5 

{ 1 , e ) _= { 1 - e ) 3 + ( 2 + 3 ) . ( -1 ) + ( 2 + 3 e ~ ( 1 - e ) 

3 - 3e - 5 + 2 + e - 3e 2 

e 

-1 - 6e + 2e -l 

Example 5." Evaluate 

'· 
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Solution. 

A 
. () 

.2..)(2 () 
2..icx3 + 3x2y) = (2 ·-ax ax + ay ay 

= (2 () - () 
[2 

() x3 + 6 () 2 () 3 + 3 () 2 ) ax + ay) ax X y + -·x ay X y ax ay 

.=(2 
() 

+ 3~)(6_x 2 + 12xy-+ 3x 2) ax 

2 . - 2 . . 2 
2 .aax (9x + ~2xy) + a~ (9x + 12xy) ) 

2(18x + 12y) + 12x = 48x + 24y: 

IMPLICiT DIFFERENTIATION: 

Let a function ·be glven implicitly in the form 

F(x, y, z) = 0 wher·e z is the dependent variable. Taking ·total 

differential of. each side, one g~ts 

Fx dx + F dy + Fz rai: dx .E dy) = ·0 y ax ay 

E) 
. "<>i:z 

E) '-) (Fx + F dx + (Fy + Fz dy 0 z. ax ay 

az Fx az F . y 
7 ax -r=- ' ay -r 

z z 

If the· function ·is_given implicitlyas f(x, y)· ·o with 

y as dependent variable, we have similarly_ 

d . . f X 
fxdx + f,ydy, 0 ~ -H =.- f 

y 

A partial derivative of an.implitit function Mith respect 
. . 

to a variable can also be obtained in the way done for a function 

of a single variable by :term-by~term differentiation with respect 

to that' V<!riable~ 

Exam~le. 'Given x In yz - yz sin x = 5 

a) consid~ring _z i(~._y), find ~z/ay, 

b') considerfng ·y = y(x, z), '•find ay/az. 
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Solution. 

a) Differentiating every term with respect to y, we get 

X 

-~ (~ - y z 
X 

i- z y 
y y 

z + y zy 
yz 

sin x)zy 

- z sin X 

sin X 
X - z 

- (z+yz) sin·x=O y 

+ (~ - z sinx) 0 . y 

b) Differentiating every term with respect to z, we get 

.y·+ z Yz 
x - (y + Yz z) sin x = 0 

YZ 

:..~ (~ - z sin x)yz + (~ -. y sin x) 0 y z 
X sin z - y X 

,;) Yz X - z sin X y 

D .. EULER'S THEOREM ON-HOMOGENEOUS FUNCTIONS 

A non zero function , xn) ·is said to be 

positi~ely homogeneous ~f degree ~in the all variables 

xl , ... ' xn on Df i.f for every .- -, 0 one has 
; 

f(t X) , ... , t .xn) - t ' f(x1 
, ... , xn )· ( l) 

where the degree Y' is a positive or zero or. a negative reaL number. 

Example. Which ones of the following functions are 

(positively) homogeneous and find their. degrees. 

a) f(x, y) 2 2 x + 2xy - y 

b) h(x, X 
y, z) - -z 

y 
2y + 
7 

3 z 

' X 

b) g(x, y) 

d) k(x, y) 

• 3 2x + y 
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Solution. 

a) f ( t x. ty) 2 2 ( tx) + 2 ( tx) ( ty)- ( ty) · 

2( 2 2 2 2 ( ) t X + Xy - y ) = t f X , .Y 

f• is homogeneous with degree 2 

g is flon homogeneous 

. . ;. 1 
c) h ( tx. ty, tz) = t . h ( x, y, z) , 

h is homogeneous of degree -1 

d) k is clearly homogeneous of degree 0 · 

Clearly the sum (difference) of two homogeneous function 

of the same degree ,Y is homogeneous of degree Y, and ·the product 

( ratio) of two homogeneous functions of degree; 11, y is homogene-

ous of .degree JJY (~/Y). 

Theorem. (EULER) A function 

·ing partial derivatiyes f 1 , ,··· , fn· at any point Pe:Df is 

positively homogeneous of degree Y, if and only if 

t h a t i s , ( 1 ) " -~ ( 2 r. -
Pro~f. For simplicity we· give it fon a function of two 

v a r i a b 1 e s z = f (x , y ) • 

Let f( X:, y) be homogeneous of degree y . Then 

f ( tx, ty) = t Y f ( x, y) ( 1 ) 

ho·lds. 

Differentiating eich sfde o~ (1) wiih respect to t, 

we have 

x f 1 (tx, ty) +··.v f 2 (tx, ty) = y ty-l f(x, y) 
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which yields '(2) for t = ·1. 

Conversely. 1 et 
. t • 

hold. Let (x
0

, y0 )EDf~ and consider the fu~cti~n 

We have 

I 

'l(t) f(t~0 ~ty0 ) for t>O~ 

j I ( t) x
0

f 1 (t xo' t Yo)+yof2(t xo' t Yo) 

·) t "jl ( t) (tx
0
)f1 (tx

0
,. ty

0
)+(ty

0
)f2 (tx

0
, tyo) 

1' f(tx0 , tyo) by ( 2) 

r''l(t) 

. "f I { t) '( f 'j I { t) d t ·= ~ f-~ . ) '0tT- t 
., 

YTtT ,t 

c) R.n'\{t) '. R.n t + R.n c 

·'"J l< t) ct \ ~) c = "\(l) f(x~, Yo) 
. ') 'i ( t) t'f(x

0
, Yo) 

:.) f( tx
0

, 
. ( . 

tyo} = t f(x
0 

•• y
0

) ( 1 } fj 

Example. Verify EULER's Theorem for 

. 2 2 
a) x + 2xy- y 

Solution. 

a)xf+yf 
X - y 

x(2x + 2y) + y(2x - 2y) 
2 . .. 2. 2 •. . 2 

2x +4xy-2y = 2(x +2xy-y} 

2.f(x,y) (Verified)-. 

X ( 2 XY - 3 Si n 2 
X C 0 S X } + y (X 

2 
+ 6 i ) 

3x 2y + 6y 2 -·3x s'in 2x cosx 
2 3 . . 2 

3(x y + 2y - x· sin x cosx) 

\ (not verified) 

\ 

(2.) 
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E. TANGENT PLANE. NORMAL LINE .. 
Let a surface s be given by its vector equation 

r(u, v) x(u, v)i + y(u' v)j + z(u, ·v) k 

Holding V. constant (= vo)' r(u, vo) represents a. parametric 

curve rl ' and u-constant· (= uo) a curve rz on s. 

;The~ the partial deriv~tive vectors _ru(P
0

), rv1P
0

). 

represent tangent vectors to r 1 , r 2 at . P
0

. 

Any curve r on S through P
0 

being represerited by -

r(u(t), v(t)), its tangent vector is given by 

dr _ r du + r di 
crt - u crt v crt 

showing that it is a linear combination of tangent vect6rs ru' rv. 

This result proves the existence of_ a plane 1r at P
0

' which is 

tangent to all curves of S ~hrough P
0

• This plan~ is the tangen~ 

plan~ o( S at P
0 

and its normal 1 at P
0 

the normal line 1 

of S at P
0

. 

A vector'~arallel to the normal line is therefore 

r u ( P.o) x r v ( Po ) . 

Considering now the··surface s of z 

vector equation being 

r(x, y) = xi+ yj + f(x, y)k, 

we have 

j k 
N rx X r 0 p (-p, y 

0 q 
Po 

where p zx' q z Hence y we have 

X "' x· y - Yo z·- zo . 0 

zx ( p 0) zy ( P
0 

) -I 

( 

f(x, y) its 

-q. 1 ) 
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\ 

as th~ equations of the normal line, and· 

z (P ).(x-x ) + z (P ).(y-y )-(z-z ) = 0 
X 0 0 · y 0 0 . 0 

as that of the tangent plane at p . 
0. 

If the surface is given by the implicit equation 

F(x, y, z)=O, having p=z"= -F/Fz, q·=zy = -FY/Fz, we get 

F F 
N = { p • q • - 1 , = , - r 1 . -1., 11 , F X • F y • F z , • 

z \·. z 
Then the eq~ations become: 

Y - Yo 
F (P

0
) 

·Y 

z - zo 

F z . (Po) 

n: Fx(P
0

)(x-x
0

) + FY(P
0

)(y-y
0

) + Fz(P
0

)(z-z
0

) = 0 
I . 

Example 1. Given the paraboloid 
2 . 2 

z = 4x + 9y , find the 

equations of the normal line and tangent plane at A(2, "], 25). 

· •. Solution. N (p, q, -1 )A= (8x, 18y, -1 )A 

(16. 18. -1 ) 

Q,: X -"2 
lo 

4-1 z-25 
T8 ---:r 

rr: 16(x-2) + 18(y-l) 

Example 2 .. Given the cone 

(x-2) 2 
+ 4(y-1) 2 

(z-25) 0. 

- (z+3) 2 ;, 0 

a) .show· that a 11 tangent planes pass through the 

V( 2 I 1. -3) 

b) find points on the cone at which normal 
I 

lines 

parallel to yz-plane, 

Solution. Setting 

vertex 

are 

F(x~ y. z) 2 2 . 2 ( )(.- 2) + 4 ( y- 1 ) - ( z + 3) . = 0 



295 

and taking a point P
0

(x
0

• y
0

• z
0

) on the cone, we have 

Now, 

2 2 2 (x
0
-2) + 4(y

0
-l) - (z

0
+3') = 0 (*) 

F (P ) y 0 
8 (y -1). 

·' 0 

'
TT: (x

0
_-2)(x-x

0
}.·+ 4(y -1 )(y-y )-(z +3)(z-z ) 
- 0 0 . 0 ' 0 

! 
S e t t i n g x = 2 , · y =1 1 • z = - 3 we h a v e 

0 

which i,s L>. 
b)Jrom (a), N =irx-'2, 4(y -1), -(z

0
+3)). 

- ' . 0 - 0 

N II y z -
1
p 1 a n e . : x 

0
- 2 = 0 

I · i · 2 2 
(*), ·i 4(y 0 ,-l) - (z

0
+3) = 0 

2 ( y i- 1 ) + ( z +3 ) = 0 or 2 ( y - 1 ) - ( z +3 ) = 0 
0 . ' 0 0 0' 

which together. wi\th the equa t.i on of the cone represent the gene-
' 

rators a~ yz-tra~es·of the cones. 

·f. DIR~CTlONAL;DERIVATIVE 
Let_ zi = f(x, y) be ·cteft'ned on . Df, <fnd Jet r b~' a 

curve on xy-:-plane through P(x, 
i I, 

y}EDf: Then th~ direatio~al Jeri-

vative of f(x, y) aloQg r at P(x, y)~Df i~ defined to b~ 

1 im 
llf(P} df 
--z;:s- = ds h.s + 0 

which is equal to (by chaii) rule) 

df(P) af dX' af dy 
---as-:- =- as +- dS ax tlY 

The unit tangent 'vector of r at p 'being 

( :dx dy 
) = (cosa, coss). - _as , as 

we have 

\ .', \ 
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df - f cos a + f cos B ds- X y 

The directional. derivative of f in the direction Qf 

any vector. a = ( al' a2) can be written as 

fa 
df 

fx 
al 

fy 
a2 

=ds TaT+ TaT 
since direction cosines of a= (a

1
, ·a 2) are a1/lal,. a2/ I a 1. 

This concept can be generalized ·to functions of n 

variables for a direction in n-space: 

A partial derivative of a function can be considered as 

directional derivative in the direction of related coordinate axis. 

It is to be remarked that the directionaZ derivative of 

any function at a ·point in any direction can be ciomputed is tLJo 

senRes LJhich are opposite in sign. 

Example 1. Find the ~irection~l derivative of 

along the curve r: y=x 2+3 at A(l, 4) 

a) in the positive sense (of r) 

b) in the negative sense. 

Solutibn. 

The direction of the tangent vector T 

the pos-itive sense, 'Ill<\ that of 

-T is in the negative sense. 

y ' = 2 x I A ~ 2 -..:.> tan a = 2 

cos a= 1/IS-, sin a= 2//5 

since a is acute. 

I ., 
I 

0 

,. 
I 
I 

'I 

! 

x-1 z = y e 

is in 

.\ 
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a} d:~A) = Y ex-1 1 +. ex-1 2 I __ _!, + 2 _ 6 
75" 75" A ro 75" - ~ 

b) d~s(A) = Y ex-1 ( 1 ) x-1 ( 2.) 6 -7!i +e -7!iA= -~ 

Exam(!le 2. Given u = xy R.n z, find its directional deri-

vative along the curve r: x = ~n t, 
.2 

y = t /2. z = 2t at 

A(O, l/2, 2) in the positive sense. 

Solution,. A t"angent vector of rat A (in the positive sens.e 

of r) being . 
'· 
\, 

(x, y, z}A = (1/t, t, 2)A = (1, 1, 2) 

the unit tangent vector T has components 

cos a= l//6, cos S = 1116, cos Y = 2!·16. 

and 

~ ;, (y R.n z) Jo + (x R.n z) Jo + <xi> .Jo.IA = ~ (in 2) it; 
Exam(!le 3. If the temperature distribu~ion in a room 

(xe:fo, 4), ye:(O, 12], ze:[O, 3]} is given by 

T = (x+l{(y+2) (in ·degrees), 

find the rate of change of T along the diagonal [OB] of the room 

in the sense from 0 to B, at the center .c. 

Solution. 

a = ( 4, 12. 3), a/lal c (4, 12, 3)/13, C(2, 6, 3/2) 

dT 
Ta Tx 

4 T 12 + Tz 3 
tc rs= T!+ yT! T! 

r where 
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Tz(C) 
1 lc l/18 {x+l){y+2) 

Theil 

T = 
1 4 1 1 2 1 3 -1 

deg/u!!it length - 1ffi • TI T2"B" TI+T!f TI = 1""2"1ffi . a 

!HEIGHER ORDER DIRECTIONAL DERIVATIVES: 
I ' 

The directional derivative of f at P(x, y) in the 
I 

directio/n of the vector a 1 =(cos ap cos s1 ) is 

df af af (cos 2 . 2 
Osl = cos (ll - + cos Bl ay '· a 1 + cos s1 = 1 ) ax 

d i 
and differentiated whi'ch a function of X y. Then i.t can be 

in the direction, say a2 = (cos (l2 • cos B2)' obtaining 

;d df a · · df _£__ ( df ) . 
CfS2 Osl 

cosa2 ;)X (as.-)+ COSB 2 ClY Osl 1 . 

Let 'cos ai = hi, ki. Then 

d df 
ds 1 ~ 

I.f .th~ directions are the same (a 1 = a 2 =a= (h, k)) the 

second order directional derivative is 

d2f h2 a
2

f 
2 

k2 a 
2

f 2hk ....L!... + -:-2" " ;;z+ axay ---z ds ay . 

(h2 
'2 (!2 k2 

2 
a a . 

f ;7 + 2hk axay + ---z> 
ay 

= (h _£__ + k _£_)2 F 
ax ay 

where ha/ax + ka/ay is the direct~onal derivative operator in the 

direction of (h, k) if h2+k 2 = 1. 

By induction one may obtain 

dnf . 
- = (h 
dsn 

a 
- + ax 

k _l_)n f ay • 
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I 

For a ~unction cif n variables we have similarly. 

() ai<] + ••• + ·hn 

in the direction ( h 1 • • •• 
I 2 

hn) with, {h 1 
2 . 

+ ••• + hn = 1. 

G. DEL OPERATOR ~, AND ITS APPLiCATIONS 

The del operator in R3 is ~he symbolic vect6r 

V = ( aax • 
a 

ay • 

whose components are .the partial derivative operators. 

It is an _operator whi~h can be applied to a scalar func

ti,on f, and to a vector function- F by "dot" and- "cross" ope

rations: 

partial 

V f grad·f =gradient af f, 

V.F div F·= divergence of F, 

· 'i/xF curl F = cu,rl of- F 

GRADIENT OF A SCALAR FUNCTIONS: 

If f{ X, y, z) is a function having the 

derivatives, then 

grad f = 7f = ( ()f. (lf (lf ax-, . ay ' az 
~hich i~ a vector functi~n. 

first order 

) 

The ~radi~nt vector (fx, fy' fz) . at · P is seen to be 
·I 

normal to th.e level surface f(x, y, z) = c passing through P. 

The dire~tiorial derivative fa(P) 
I 

in the direction of a unit vector a (tangent 

to a curve r) , is related to '7f by 

I 
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Therefore the directional derivative is extremum when 'the direc-

tion "a" is parallel to grad f, and it is zero if the vector "a" 

is tangent to the level surface. 

Properties: 

1 • V( cf + g) = c 'J.f + 7g 

2. t?(f g) = (Vf)g + f(~,rg) 

3 ..,.f. = (Vf}g - f(·~'g) 
.• g - g2 

( 1 i nea rity of 7 ) 

Observe analogy between the roles of ·v and D~ 

lx 2 2 2 Example 1. Given f(x, y, z) = x +y + z , find the 

directional derivative in the direction of· a = (1; -2, 2) at 

A(4, 2, 4). 

a) as df/ds b)_by 'lf.a/lal 

Solution. 

a) df 1 2 f . 2 
lA = 

4 , since as = fx '! - f . '! + '! '9' Y. z 

fx(A) 4/6, fy(A) 2/6. fz(A) 4/6 

b) Vf = ( f X, f y, fz)A = (4/6, 2/6, 4/6) 

a/fa I = ( 1 • -2. 2 )/3 . ='1> ·7· 
a 4 

laT = '9' 

Example 2. Given f(x. y. z) 2 2 . 3. 
find = X -y +4Z (Dfe:IR ), 

the ·1 ocus s = {(x, y. 2): I grad fl = 6}. 

Solution. 

grad f = (2x, -2y, 4) ~ !grad fl = 2/x2 +Y-z~~ 
~ 

I 2 2 
x

2
+i lx +Y +'"-= 3. =7 = 5. Then 

s Dfn{(x, y, z): 2 2 
X +Y 5} 

3 z): -x2+i 5} R n { (x. y. 

{(x, y; z): 2 2 5} (a cylinder). X +y = 
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DIVERGENCE AND CURL OF A VECTOR FUNCTION 

lf f(x, y, z) (P, Q, R) is a vector function, then 

di v F V.F ,; aP <lQ aR 
ax + ay +az 

j k 

' curl F a a , a 
(RY.:.Qz, ~z-Rx• Qx-Py) ax ·ay az 

p Q R 

which are scalar and vector functi~n respectively. 

Example. Given ~he vector functio~s 

2 2 F ( x , y , z ) = ( x , 2 xy , xy i ) , G ( x , y , z ) = ( y ~ , ·z , xy) , 

find 

a)div.F, b) curl G, cL div curl G. 

Solution. ----
a.) div F 2x + 2x + xy 

j k 

b) curl· G = a a a (x-2z, . 0. -z) ax ay a-z 
p Q Rl 

c) div(curl G) = 0. 

Properties. For a scalar function f and vector functio 
· .. 

F, G: 

1. V .fF =· (Vf).F + f V.F 

2. V xfF = (Vf)xF + f V xF 

3. V.(FxG) = (VxF).G- F.(VxG) 

4. V.Vf (V.V)f 

5. V xVf 0 

6. v. v xF = o, 7. v.r = 3, V'xr = 0, F.'/r ', 

where r is the p~sition vector. 
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Proof of ( 4): 

( a a a ) ( af af af) 
'J. 7f = · rx . ay • az · ax · ay • ay 

2 2 ' 2 
a f a f +· a f :-z + :-z :-z 
ax ay az 

('7.V)f 1$ 

'V 2f is ca 11 ed the LAPLACIAN of f 

operator: "/f=O, that is 

2 where · V- is the LAPLACE 

a2f a2 i a2f 
a?. + ·a? + a? = 0 

is the LAPLACE's Differential Equation, and any solution is ·called, 

a·harmonia function. 

The differential equation 

is the POISSON's D,ifferentiaZ Equation. 

Example. Given f(x, y) = eax cos y, for what values of 

the constant "a", it is a harmonic function? 

Solution. 

f. = a2 eax ~o~ y, 
XX 

f + f = ( eax cos 
XX yy 

fyy = 
. 2 . 

y)(a -1) 

-eax cos 

= 0 ~ 

y. 

a 

H. DERIVATIVE UNDER THE INTEGRAL SIGN, 

Consider the definite integral 
b 

= ±1. 

F(t) = I f(x, t)dx 
a 

(a, b const) 

where t is a parameter. 

Theorem (LEIBNIZ). If 
b 

F(t) = I f(x, t)dx 
a 
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with a~ x ~ b, ex~ t~ B, a, b const. and if f(x, t), 

dF(t) _ / 
--err- - a 

a' at f(x, t)dx. 

Proof. 

6F(t) ·= F(t + 6t)-F(t) 

b 

6F 
6t = 

dF 
dt = 

f (f(x, t+6t)-f(x, t))dx 
a 

b 
f 6t f 2(x, -r)dx, 

a b 
f f 2(x, -r)dx 

a 
b 

lim f f2(x, -r)dx 
6t -+- 0 a 

Corollary. If in 

b{t) 
F ( t) = f • f (X, t) dx 

a ( t) . 

a(t), b{t) are differentiable and f(x, t, 

continuous, then 

1' e: ( t, t+6t) 

b 
f f 2 (x' t)dx 

a 

·. x, t) are 

dFd( t) -- I b_( t) t . ft(x? t)dt + f(b, t)b'-f(a, t)a' 
a ( t) 

Proof. Let 

F(t) G(a{t)', b(t), t) 
' b ( t) 
f f(x, t)dx 

a(t) 
Then J 

dF(t) = ~ da aG db aG 
"""""'(l't a a iff + 3b iff + at · 1 

b 
-f(a, t)a' + f(b, t)b; + f ft dx. c& 

a 
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Example. Evaluate 

. d 1T cos xt 
a) <It I dx 

n/2 X 

Solution. 

d 1T cos xt 
a) <It I dx 

n/2 X 

1T x sin xt J dx 
n/2 X 

' cos 1T t - cos 1T t 
"2" 

d 
b) Qy 

=. 

y2 
I arcta~ 

0 
x dx 
? 

d. 
x2 

x dx b) <ft. I arctan -z 0 y 

1T a cos xt dx I ax n/2 X 

cos xt 
l:=n/2 t 

(arctan 
2 . 
~)2y - (arctan 0)0 + 
y 

i 
J ~ arctan ~ dx 

0 aY · ·y' 

/ 
I -2XY dx = ~ y - y in 2. 

0 2 4 r. 
X + y 

EXERCISES (4. 2> 

-16. Evaluate 

a x-y+ 1 I 
a) ax x:y:T (0, 0) b) ay x+y-1 a x-y+ 1 I 

~ + ~ + ~ = (x+y+z) 2 _ ax ay az 

18. ~erify the equality fxy = fyx for 

( 0. 0) 

a) f(x, y) cos xy2 

c). f(x, y) ey/x 

b) f(x, y)· sin2x cos y 

d) f(x, y) ~-
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19. Prove 

a) f(x, y) 
. 2 2 y 
R.n(x + y ) +arctan x ::} fxx + fyy 0 

0 

' 20. Suppose y=xf(z)+g(z) defines z=z(x, y). Show that 

2 z - 2 z z i + z .2 z = 0 zx yy x y xy y xy 

21. Show that 

u(x, y, z) arc·::an ~+arctan ~+.arctan ~ 
verifies 

UXX + Uyy + UZZ· = 0 

22. If f(x, y) =.x ex cosy, then e~aluate 

23. Find an approximate value of 

;19,02) 2 + (11,99) 2 

24. Find approximate increments of the following functions from 

the point p to P': 

a) f(x, y) 2 2 x + 3xy- y , p ( 1 • 2). P'(l,!)2; 1. 99) ' 

b) f(x, y) 2 y P(2, 0). P' (1,98; 0,30) X y + x ' 
25. Same question for: 

26. 

a) f ( x, y, z) = x R.n y + y . R,n z + z R.n x, P ( 1 , 1 , 1 ) , 

P'(0,9; 0,8; 1,2) 
. 1 

b) f(x, y, z) =arctan xyz, P(l, 'Z, 2), P'.(l,2; 0.,6; 1,7) 

Find the approximate error in calculating the 

24'~· area of,a triangular piece o-f land, if the 
-' 

error in measurement. the sides is 0,2 m 

10. 
/ 

and that of the angle is 
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dx z = - arctan x - arctan y ~, dz = - :-z 
l+x 

dy 
:-2 l+y 

b) Show z = arccos 1-xy -::;. dz dx dy --:-z-:-z 

28. Find du/dt, if 

a) u = arctan l 
X 

b) u = ex sin yz 

2 I 2 /1 +X /l+y 

where X = et;.e-t, y 

where 
) 2 
X= t , y = t-1 ,, 

l+x l+y 

= et e -t 

z = 1 /t 

29. Evaluate 

a) ,}y a~x sin ( 2 x/- 4 x) 
· a a 

b) ax ay f(2~-3y, 2x+3y) 

30. Let ·F(x+y, xy)= 0 define y=y(x) .. Show that 

. a) dy y-'f(x+y) where lf is a convenient function, Ox 'f(X+y)-2 

b) dy l-x ~(xy) where ~ is a convenient function. Ox X 1ji{Xy)-J 

31. Ev~luate dy/dx for the implicit function: 

2 2 
a) X +Y exp 2 ,arcfan l 

X 
b) x tn y + y tn x 

y .tn x ·x R.n y 

c) x(sin l + ex/y)-ky 
X 

32. Evaluate dy/dx, ·if 

0 

F(arctan 2x+y+ 1 , arctan 
·. X+Zy+ I 

d) + xy 

x+2y+l ) = 0 2x+y+l 

R.n Sh xy 

33. Given that z = F(x, y), u : u x = e cos v, y = e sin v, show th~t 

34 ~ If z 

2 
zuu + zvv = e u. (zxx + zyy) 

f(X+2y) + g(x- 2y), show that 

4 z - z = 0 XX yy 

35. If xy = x+y defines y = y(x), show 

b) y'"+ 6y• 2 
0 

36. Show that the function z,;, r-a cosQ where r = fxQ, 
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arcta~ r (a constant) satisfies 
X· 

2 . . 2 
2 a . z + 2 xy a z + 2 

X -::-::-z · axay y 
ax 

2 
(). z - 0 -z
Cly 

37. If in H(x, y) one makes the substitution 

x2 =2(au+bv), i=2(au-bv); 

evaluate a2H/axay in terms of partial derivatives of H with 

respect to u, v. 

1. f' 2 2 . 2 z = x - xy-y where 

. 2 2 . 2 x = u -v , y = uv 

a) by chai.r. rule 

b) by finding z in terms of u and v. 

39. Which one of the following is homogeneous and find i fs degree: 

(x 2 2 -3xy) 1/2 
a) f(x,yr= +y b) f(x, y) = X R.n y-y R.n"X 3 3 2 

X +Y +2xy 

40. Verify EULER's Theorem for the function f (X, y) = R.n 1_ + arctan X 
X y 

41~ ·Same que~tion 

a) u = arcsin 

for: 

~
T--2 

X - y 
2 2 

X : y 

b ) U ·= (X + Y + Z ) 
3 - (X + y + Z ) 

3 - . (X - y + Z ) 
3 - (X + y - Z ) 

3 

42. Sho~ that every line normal to the curve '2 2 3x + 3y 

'intersects z-axis. 

43. Find the equation of the tangent plane and the·equation of the 

normal line to the given surface at the give~ pOint:'· 

a) z ex sin y, (1, ~.e) b) /x + fi+ . ./z =· 6, (4, ] • 9) 

44.· Show that the sum of the squares of the intercepts of any pla"ne 

tangent ·to the surface 

x2/3 + /13 + z2/3 = c2/3 

is constant. 
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45. Find the equations of the tangent line to curve of intersec-

tion of two surfaces, at the given. point: 

a) z X2+y 2 . z=2x+4y+20, ( 4. -2, 20) 

b) z /25 - 16x2• z = exy + 2, ( 1 • 0, 3) 

46. Find the point(s) the surface 2 2 at whi1ch the on z " X -y 
~ 

tangent plane ·is parallel to v (2. 1 • 3) 

47. find the points of the surface 

~ 

x2i3 +//3 + z2/3 ;:=_. 4 

at which the normal line is parallel to v = (2, 1, -1). 

48. Show that the tangent plane of the follpwing surfaces at any 

point passes through a fixed point and find this fixed point: 

a) (~-1)2 (y-2)2-
4 + .3 

2 2 
b) (x-a) + (y-B) 

a2 b2 

. 2 
.:.(z-~) = 0 

c 

49. Find the equations of the tangent plane and the normal line 

of the following surfaces at the given point: 
2 2 2 a ) z = tn xy , ( 1 , e . , 2 ) b ) z = x + 2 xy-y (0,1,-1) 

50. Find the d~rectional derivative of the following function in 

the given direction at the given point· in the positive sense: 

a) 2 -2xy along Y = x2 at ( 2. 4, -12) Z = X 

b) Z =X tn sin y along y 1T 
= 2 X ·at (1/3, n/6, -2/3) 

51. Find the d;rectional derivative of the following function at 

the given point in the- given directio~: 

a) w = x tn yz at A ( 1 , 1 , 1 ) toward B ( 3, -1 , 2) , 
2 

b) w =ex sin y cos z at A(O, n/2, 0) toward B(-1, n/2, 2) 

52. Same question for: 

a) f(x, _y, z) = ~x cosy+_ eY sin z at P(2, 1, 0) toward P' (-1,2,2) 

b) f(x, y, z) = R.,n(x 2+z 2)+eY at P(O, 0, 1) toward P' (-4, 3, 2). 
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53. In which direction is the directional derivative of 

f{ X' y) =. ex sin y at (0, 1T/6) is a maximum?' 

54. Find directional derivative Daf at the point P. when 

a u-nit vector: 

a ) X 2 y + X; eX - 2 X Z eY; P ( 1' 2 ' 0) .. \ - ( 2 3 6 ) 
' ' ' a - 7 ' - 7 .• 7 . 

b) sin xz +cos xy; P ( 0, -1 , 2) , a = ( 1 , -1 , 2) //6. 

55. Find Vf (gradient) at the given point 

a) 3 2 2 + y3; P(3, -2) X - 2x y - ·xy 

b) R.n(x 2 2 .1 ) e2xy; P(O, -2) + ,y + + 

56. show that there .is a vector u such that 

div(v X a) u·.a 

for an.v constant vector a 

57. Find . div(fVg - g v f} 

58. Find curl u. If curl u - 0, find f such that Vf 

a) u = ( 2x-y+3z) i + ( -x+3y+2z )j + ( 2x+3·y-z) k. 

b) u = (2xy+z 2)i + (2yz+x 2)j + .(2xz+ilk 

59. Compute v2u for u = f(r), r = Vx2 + Y2 + z2 

60. Evaluate v2f(x, y') for 

a) f(x, y) =ex cos y b) f(x, y) ex sin Y' 

61. Find div U and curl U for 

62. 

9 y' \l = ex Sh yz i + eY Sh zx j + ez Sh xy k 

b) U = x R.n yz i + y R.n zx j + z R.n xy k 

Find the locus of the points 

a)' when divU;=O b) curl 0=0 
where u = xy i + yz j + xz k 

63. Given . 

'· 

I 

= u·. 

a is 
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X 2 
z = I eY cos(x-y)dy 

0 

find zx. z .. y 

64 . . same question for 
x2 

z = I R.n xy dy 
X 

I 65. Show that 

1 X 
y = ~ of f(a) sin k(x-a)d~ 

satisfies the relation 

d2y k2y --z + f(x). 
dx 

ANSWERS TO EVEN NUMBERED EXERCISES 

16. a) -2, b) 0 

22. 0 

24. a)_O,l7, b) 1;35 

26. 74',0 m2 

2 8 . a ) -Sec h 2t , 1 t-1 
b) (_,.cos-t-

t" 
t-1 t 2 

+ 2t sin -t-)e 

32. 

38. 

3y + 1 
- '3X'+T 

2 . 2 
12u - 24uv ~ 12v. 

46. on r: 4x - 2y =· 3, z x2 - y 2 

48. a) (1, 2, 0), ·b) (a, 13, y) 

so. a) -20/117, b) ( n- R.r 4)/,<·:7 

52 • a ) ( -3 e 2 cos 1 - e 2 s i n 1 + 2 e ) I li4 , 

54. a) (-12e 2 
+ Se- 5)/7, b) 2//6 

b) 5/126 
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58. ·~a) i +j, 
2 2 2 b).O, f(x, y, z)=x y+y z+z x+c 

60. a) 0, b) 0 

62. a) x+y+z 0, b) z = 0 

64. a)·zx = 2x R.n x3 - R.n x2 +x-l, 

4. 3. SOf-1E APPLICATIONS 

.A. RELATED RATES 

Consider the total derivative 

df 
ra 

b) z = 0 y 

I 

( 1 ) 

of a function of n variables with respect a variable a. 

In (l)there are .. n+l r11tes of change with respect to a 

of which n · bf them are independent and the remai~tng one is 

dependent. Then (1) is a relation between these .rates of change. 
\ ' . . 

~o one of them can be computed in terms of the known n rates 

· of change. 

Finding one· of these rates of change this way, is a related 

* rate problem. 

Example. Three point~ P(x, 0, 0), Q(O, y, 0), R(O, 0, z) 

on the co~rdinate axes, initially a~ the origin, ·move with veloci

ties 2, 3; 4: units/sec respectively. How fast the area IPQRI2 is 

changing when P is at P
0

(6, 0, 0)? 

Solution. We have 

A= IPQRI1= i IPQ X PRI 

4A2 = /z2 + z2x2 + x2/ 

1 12 2 2 2 2 2 "2' /y Z + Z X +X y 

* S1nce 1n (I) dx./d~ are known, the variables x1 and (hence) fare expressible 
as functions of1 a. Then the 'problem is reducible to th~t of a function of a' 
single variable. 
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2 2 dx 2 2 dy · 2 2 dz 
x(y +z ) crt+y.(z +X ) crt+ z(x +y ) crt 

When P is at P
0

(6, Oi 0), then Q is at Q
0

(0, 9, 0) and 

R- is at R
0

(0, 0~ 12) with IP
0 

Q
0 

R
0

12.= 9/61. Then 

;;:-; d A · 4.9vol ·crt= 6(225)2 + 9(680)3 + 12(]17)4 

9161 ~= 675+27.45+12.117 

/61 dA = 75 + 135 + 156 = 3.66 d:t· 

~ = *· = 6/bl . uni t
2 
/sec. 

B. TAYLOR's FoRMULA AND SERIES , 

Thedrem. If f(x, y) has continuous partial rlerivatives 

up to order n+l ·in a neighborhood· of (a, b)EUf' then 
(:) 

f(x, ,y) = f(a, _b)+ k~l ~ (<x-a) aax + (y-b) a~)kf(x,y) l(a,b) Rn+l. 

where the remainder is given by 

1 ( a ·a).n+l Rn+i = (~+l)i (x-a) ax+ (y-b) ax . f(x, y) 
(x*, Y*) 

with' (x*, y*) ·a point on the open segment (P
0
P) loini~g 

)
0

(a, b) to P(x, ~1 

·Proof. Since every. point of the line segment (P
0

P] can 

be represented parametrically as 

:x=a+ht, y=b+kt O~t~l~. 

the erid p6irits of the segment correspond 

to t = 0 and t = 1 (observe that · h, k 

are direction-numbers of the li'iie seg·ment) 

(i) . '/("'•(/) 
/ .... ",-:.{)_ 

. {<:, ;e l . 

Substituting (2) in f(x, y) gives the function 
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F(t) = f(a+ht, b+kt) 

of a single variable_ t. Since the T,AYLOR's formula for {x, y) at 

(~.'b) is the MACLAURIN's Formula .for F{t), we hav~ 

Now 

F(tj 

F' (t) 

F·~ ( t) 

.~ 

and 

F( t) 

f(a+ht, 

n 
F(O) + I 

k=l 

b+kt) :::> 

k 
t ' + 

F(O) f(a, b l, 

f 1 h +, f 2k 7 F I ( 0) hf1 {a, b)+, k 

2 2 
fllh +2fl2 hk+f22k, 

F"(O) 
. 2 

= h f 11 (a, b.) +2hkf 12 (a,' b)+ k2f(a, 

( ,.1...)2 I =lh .}x + k ay f(x, y) 
(a, b) 

·[h .1... + k .1... )n f(x >I· · 
ax ay ' Y (a, b) 

n 

f 2{a,.b) 

b) 

1 (h a at I n F(t) f(a, b) + t "'<: ax+k ay f(x,y) t ~Rn+l 

where 

(~ 1 a a )"+ 1 I 1 
Rn+l ( n +I ) : ax 

+ k ay f(x, y\=t*< tn+ ·, 

.recalling that x = a+kt, y = b+kt. Then for t = 1, having h=x-a, 

k=y-b we obtain (1). a 
. The series 

f(x, y) = f(a, b)+ I rf; (<x-a) }x '!' 

is called the TAYLOR's series if . (x, y) 

(y-b) aay·)n f(x, y) I 
· (a,b) 

( 3 )• 

at (a, b) .• 

The· TAYLOR's Series for a function .of more than two vari

ables at a point (a 1 , ••• , an) can be obtained by similar. subs

titution x. = a.+ h.t. 
' . 1 . 1 1 

The TAYLOR's Formula written with R1 is c•lled t~e MVT for· 
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a function of two variables: 

f(x, y)=f(a, b)+ (x-a)fx(x*, y*)+(y-b)fy(x*, y*) 

where (X*' y *) is on the open line segment joining (a, b) to 

(x, y). If (a, b) and (X' y) are known, one can find at 1 east 

one point (X*' Y*> satisfying the same condition. 

Example 1. Given the function 

f ( X , Y ) = 2 X 
4 

+ 3 xi - i 
a) obtain the TAYLOR's Formula with R3 at A( 2, 3) 

"-
b) evaluate f( 1 ,9 ; 3) approximately 

' 

. c) show exis_tence of (X*' y-*) on (AB) where B(.l, 1 ) ; 

Solution. 

a) f (X, y) = f ( 2, 3) ~ ( ( x- 2) f X (A)+ (y-3) f y (A)) 

+ J.. (<x-2) 2 f (A)+ 2(x-2)(y-3-)f (A)+ (y-3) 3f (A)) 
~ · XX XY - yy 

+ R3 

where 

f(2, 3) 59~ fx(Ai 8x
3 

+ 3iiA 9, 

fy(A) 6xy- 3y
2

IA 9 

f x x (A) = 2 4 x j A = 9 6 , f xy (A) = 6 91 A ~ 1 a, f YY (A)= 6 x- 6 Y I A = -6 

Hence 

f(x, Y> = 59+{~l(x-2> + 9(y-3>) 

. 1 ( 2 2) 
, '+ "2" l48(x-2) + 36(x-2)(y-3)-6(y-3) + R3 

b) f(l,9 3) "'59+ [91(- c,1)) +~ (4a(_:·c1 1) 2)= 

59- 9,1 +·0,24 = 50,14 

By functional value 

"' f(l, 9; 3) = 50,4 
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c) f { 1 • 1) =f{2, 3) + {1-2) fx{x*, y*) + { 1--3) f (X*, 
y . 

y *) 

4 59 
3 . 2 

2(6x•~* 3y *2) ·~ - {8x* + 3y* ) - -

~ . 55' 8x*
3 + 12x*y* (i) 

Since {x*, y*) lies on AB, we have 

y* = 2x* - 1 (2) 

and {1), {2) ·give 

i'{x*) 8x*3 + 24x*2 - 12x*-55 = 0 

Since Since 'f(l) = -35 < 0, 'f(2) 81 > 0 hold, x* must 1 ie 

between 

where 

and 2. 

Example 2. Given 

f{x~·~) =·Arctan X 
X 

a) obtain TAYLOR's Formula with R3 at A{l, 13) 

b) evaluate f{2, 3) 

c) .Show exfstence of (x* •. Y*) on the open line segment 

joining. A(l, /3) to B{IJ, 1). 

Solution. 

a ) f { X , y) = f { 1 , /3 ) + ( ( ~- 1 ) f X (A ) + { y -13) f y {·B ) ) 

+ } l ( X- 1 ) 2 f X X {A) + 2 {X -1 ) { y- /J) f xy (A)+ ( y -13) 2 
f yY {A)) 

/ 

f{l. /3) = i ' 13 1 
fx{A) =- 4 , fy{A) =;r 

/3 
f XX {A) = lf ' {A) 1 f {A) = /f f =.,.-, --8 xy o YY . 

( 
/3 1 . ) f{x, y) i + - 4 ;{x-1) + 4 {y-./3) 

. 1 [/3 . 2 1 - /3 - 21 . 
+ z 8 {x-)) + 4 {x-l){y-/3)-.lf{y-/3) +R3 
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b-) f ( 2, 3) ~ j + (- q. + } ( 3 13)) 
+ i (4 +} {3.; /3) ·q (3- 13> 2) 'V 1,12 

. So, an;: tan 
3 "' . 2 .. 
z=l,l, 

-- c~ f(x, y) = f(l, ·/3) + (i<-1} fx(x*, y*)+(y-;/3) fy(x*, y*} 

f(;/3, 1 ) 1T ( 13-1) -y*· '+ (1-/3) x* 
"3" + 

_x~2+Y*2 x*2+y*2 

ir 1T (/3 · .. x*+y* 
( 1 ) 0 "3" - - 1 ) . 2· 2 

x* +Y* 

Since ( x"* , y*) is on Af we hav·e 

X* + Y* = /3 + 1 ( 2) 

( 1.) , ( 2) 

(x*} = x*2. - (13+1 )x* + (2+/3 - ~, = 0 
1T 

Since ·(1}<0, 

1<!!*<13. 

{;13) > 0, then 1 < x* < 13 and have 

c. ENVELOPE 

I. ENVELOPE OF A FAMILY OF PLANECURVES 

We say that the, family 

r A: F(x, .¥· A) 0 ( 1 ) 
I 

admits an envelope, if a curve 

e: e(x, y) = 0 

exists to which every curve rA· of (1) is tangent. 

The curve e is cal~ed the envelope-and the po,nts of 

tangency of rA with· e· ar~ the characteristic point of rA. 

Hence the envelope is the locus of characteristic points. 

For in,stan~e a plane curve is· the envelope of its tangent 

lines {of the family 6f ~angent lines). , 
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, A family (1) dependent on a single parameter admits in 

general an envelope, and the equation of the envelope is gi~en 

in the th-eorem: 

Theorem. I-f the fami 1 y 

rA~- F(x; y, A).= d (1) 

'deperiding -~~.a single parameter 1 admits an envel?pe e, the cha

racteristic point C of r
1 

sati~fies the'simultaneous equat~on_ 

e: F ( x , y, A) ,= 0, FA ( x ;- y, A ) = 0 

Proof. Each curve rA has at lea~~ one pciint of cqntact 

~ith the_ envelope. (characteristic point). Let CA b~ one of these. 

The coo rdi na.~es of CA depend 

on ~ and verify F(x, y, A) = 

identically. 

Let us express tangency 

of rA and the envelope, ~t CA 

0 

' ' 

Slope of rl at CA: -F IF X y 
Slope of .e at CA: ( dy IdA) I ( dxl dA) 

Fx dyldA. 
~ Fx dx F dy 

""' -r OxTc!X- ax+ Y ax y 

Using this result- in the -t'o ta 1 derivative of 

respect to A., we have 

Fx 
dx ax+ Fy ¥ + F). 0 ~ FA 

0 

0 

I 
I 

~ \ : 
T' ' .. I 

'')\ ·' 
f' 

0 

F(x, y, 

=· 0.- cr 

A) with 

.Ex~mple 1. Find the envelcipe of the family of circles of 
I 

constant ra.di"i r cent~rs on x-axi~. 
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Solution.· 
2 2 2 F{x, y, J.) = {x-J.) +Y -r = 0 

F). = -2{x - J.) = 0 :::;; X=).. 

. { )2 2 2 0 x->. +y -r = , X = ). 

are the param~tric pquation of t~~ envelope. 

Then eliminating )., one gets 

y 2 
-. r 2 

= 0 :, . y = ±r, 

'sho~ing that the envelope consists of two lines·parallel to x-axis. 

This envelope is the. locus of heighest and lowest points. {charac

teristic points) of the circles. 

Example 2. Find the envelope of the family 

3 2 
F{~. y, >.) = 2{x->.) -3{y->.) = 0 

Solutibn. The curve r). is related to r
0

: 2x3-3y2 ~ 0 

by the t~anslation (>.,).),and ·r
0 

admits a cusp(l) at the origin. 

S.ince 
. 2 

-6{x->.) +'6{y->.) 0 

we have the envelope: 

e:-2(x->.) 3-3(y->.) 2 = 0, (x->.) 2-(y->.) = 0 

To eliminate 

in the first, we hav-e 

>., setting 2 y->. = (x-:>.) 

3 4 . 3(- . ) .2 (X-).) -3 (X- A) = 0 ~ (X->.) l2-3 ('x-A) = 0 

(i) x-). = 0, (ii) x-1 = ~ 

(l) A cusp is a double point at which two tangent lines are cciincident. 

o-( -<- £_--
A. double point A cusp 

of the first kind 
A cusp 

of.the second kind 
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is 

(i)x-A=O 

(ii) X-A = j 
y-A = 0 

2 
=) A= X _- J 

=9 y 

8 ' 2 2 
·-==' 2.v-3(y.,.x+ 1 ) 

2 2 16 
=) (y-x+J) = 8T 

2 '4 
==J y-x + J = ± '9' 

X 

0 

2 10 
='I y = x - '9' or .. y = x - 9 

Thus we have obtained three equations: 

y = x, y = X - 2 
'9' and y = X - 10 

9 

first one, y = x, is t'he locus of cusps, the s·econd, 

the en vel ope, while the third is no.t. 

Corollary 1. The envelope ~f the family· 

F ( x , y , A, ll) 0 , 'f'( A , ll) 0 

is giv':n by 

F = 0, 

2 
y =X,- 'g', 

Proof. Since => ll~ll(A) theoretically, 

the envelope is 
. dl! . 

F(x, y, A, ll) = 0, FA + Fll :cfX = 0. 

Now e 1 i.mi'na t i ng dl!/dA between the latter and A + 

one gets· 

Example. Find the envelope of circles ~entere~ on the 
2 parabola y = x and tangent to x-axis. 

Solution. Let (a, S) be the center of a circle. 

Then the radius being I sl we have 

2 2 2 F(x, y, a, S) = (x-a) . + (y-8) - S = 0 

with (a' S.) a 2-s = 0 as the equation· 

of the family. 

dl! - 0 
ll ax_ -
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e ·. F = o,· q 0 -2(x-a) _ -2(y-a)-2a 
·1 = ' 2a - · -1 ( = 2y) 

=) F = o·, ' 't= 0. x-a -2ay (a = 1 
X 

z.v.> 
Setti n'g .X and a 

x2 
in F 0. a =.l-2y = 

2 ) 2 
= 

( 1 - y . 
we get 

2. 2 _. x2 
(x - · x ) ( 2 y = 0 1-"ZY + y - (.l-2y) 2 

2 2 + /(l-2y)2 2x2y o· 9 4x. Y' -
( 2 . 2) 

'9 yl2x (2,Y-l) + y(2y-l) 0 

::;. y(2y-1)(2x~-y+2y2 ) = 0, ( 2y-l . (, 0) 

y = 0 2 ( 1 ) 2 1 
<=) · or X -+:· y - 7f . =Tli 

Hence the en~elope consists of the x-axis and the circle 

of the radius l/4 centered at (0, .1/4). 

Solve this by eleminating one of a, al 

Corollary 2.,The envelope of the family 

fA X = f(t, A.), y = g(t, A.) 

is given by 

e X=f(t,),), Y=g(t, A.), 
ft = fA.· 

' 
of A so 

Proof. The 

that t 

Slope of 

Slope of 

characte.ristic 

t(A.). 
gt 

rA. tt 

e dy/dA. 
dXTii'X 

point CA. 

Equating these one gets ft/gt = fA/gA. • 

gt gA. 

of rA is a function 
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Example. Find the envelope of the family 

r}.: X'i'A + 3-cos t, .. Y ='2;>. + 3 sin t 

Solution. 

X= }. 3 cos t' 2}. 3 sin t' 
-3 Sill t 1 e: + y - + 3 cos t "2" 

2x-y = 6 cos t - 3 sin t, tan t = - 1/2 

with cos ·t = ± 2/.1"5' sin t = ± 1/,/5 

-2x-y = ±3/5 (two para.11el lines) 

EvoLUTE. 

The evoZute of a plane curve is the envelope of its normals. 

Let y = f(x) be the equation of 

a plane curve •. 

T : y f(x) 

.rA: y - f(}.) 
1 "f""TT) (X-}.) (family of norma'ls) 

Th~ envelope of r}. is the evolute of_ r. 

Theorem. The evolute ·of a plane cui~e is the locus of 

cente~ of curvitures (Book II, p.241). 

!Proof. nifferentiatirig the-equation 
~--

1 f'(}.) - f(A) f'(A) +X-A= 0 
. I . . 

of rA. with ~espect to ;>., we have 

y f"(;>.) ·- f' 2(i) - f(}.) f"(}.) - 1 ~ 0 

l+f' 2(A) 
f" (A) X= A -.f'(A) 

=) 

. 1+ f' 2 (A) 
I = f (A) + f" (A) 

' 2 
r· Example. Find tht. evolute of. y x~ 

I 
. I 

. ; 
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Solution. Taking y =). as parameter, the equation of 
. 2 

normal at, P., :>.) being 

y- >.=- 2;1.(x- ;~. 2 ) 

differentiation with respec·t to ;>. gives 

-1 =·-2x+6>. 2 

' 2 1 
). - 2). (3). + 2 y 

Th.en 

e: x 

is .the evol ute. 

Obtain the same result by direct application of the formula (*) 

. 2. ENVELOPE OF FAMILY OF SURFACES 

We say that a f~mily of surfaces admits an envelope, if 

there exists a surface E such that each surface of the family 

is tangent to E. E is the envelope. ·-

For instance a cylinder is the envelope df its tangent 

planes (a tangent. plane depends on a single parameter and is· tangent 

to the cylinder along a generator), and an ellipsoid is the enve

lope of its tangent plane (the tangent plane depends on two para

meters). 

ENVELOPE OF SURFACES DEPENDENT ON ONE PARAMEtER: 

Theorem. The envelope of the family 

SA': F(x, y, z, A) = 0 

is given by 

E : F (X ,_ y , z , A) = 0 , F~ ( x , y , Z , A ) = 0 

Proof. Let E be the en vel ope of ' SA. We show t_hat the 

coordinates. of every point of -E satisfies F = 0 and . FA = 0. 
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Let Pix, y, z) be any point ~f the characteristic curve 

C along whi~h S~ is. tangent to E. Th~ coordinates of P are 

·functions of ~(which fixes S~) and of a parameter{' ·.1hich fixes 

P on C)~ x(~. JJ), y(~. JJ), z(A, Ji) satisfy F=O identically, 

and then 

Fx dx + Fy dy + Fz dz + F~ d~ = 0 

holds, where dx, dy, dz are direction numbers of the tangent line 
I 

to C at P and this line being on the tangent plane, one has 

Fx dx + FY dy + Fz dz = 0, and F~ :,0 follows.l!ii 

Corollary·l. The envelope of 

S: F(x, y, z, ~. JJ) 

is given by 

F ·= 0, 

Corollary 2. The envelope of 

& F(x, y, z' ~. jJ, 

is given by 

,:.- F 0, 't= 
F~ 

0, 
'f~ 

y) 

F 
_!!. 

'i jJ 

0, 

F 
_!!. 

't'\l 

1(~. JJ) 

'((~. 

F 
...:!.. 
'fy 

0 

jJ, y) 0 

ENVELOPE OF fAMTLY OF SURFACES DEPENDENT ON TWO PARAMETERS: 

Theorem. The enve 1 ope, of 

s~. F(x, y, z' ~. JJ) 0 ' 
jJ 

is given by 

E: F = 0' F~ 0' FJJ 0 

Proof. The coordinates x, y, z of the c~aracteristic 

point C are functions of ~. JJ ·and satisfy F = 0 identically, 

and for the total differential 
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F dx + F dy + Fz dz + F, d, + F d = 0 
X . Y II; II \1 \1· 

holds, -where the sum of the first three terms is zero. since dx, 

dy, dz a~·e direction-numbers of a.tangent li.ne to E at C, 

lying on the tangent plane. 

is 

'Hence 0 holds for every >., 11. implying 

0, F 
\1 

·corollary: The envelope of 

F{x. y, z' >.' \1, y) 0, ~ t()., \1, y) 0 

given. by 
F>. F F 

F 0, 'f= 0, -- ~ _:r_ 
>. . r ll t'y 

Example.·Find the enve 1 ope of the. family 

a) of spheres with centers on z-axis and radii are half 

the third coordinate of the centers 

b) of plane.: 4ux + svy - z - (2/ + 4v2) 0 

Solution. 

2 2 2 ~ 2 x + y + (z->.) = ('2") 

Differentiaiing ev~ry term with respect to A one gets 

0 + 0- 2(z-A') =~-A:,-:. A= 4z/3' 

2 2 . 4 2 2 2 2 
X +y +(Z - 3 z) =(J) =Z 

2 2 z2 
x + y - T = 0 (a cone) 

b) Differentiating-every term with ~espect to u and v 

one gets 

4x .: 4u = 0, By - 8v 0 

u = x, v = y 
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. 2 2 
z =- 2.x + 4y (An elliptic parabol~id). 

EXERCISES <4. 3> 
66. A particle is moving on' the line y = x in xy-plane with speed 

4 units/sec, and a. second p.article is ~oving on the line~-

x =·Z in xz-plane with sp,eed 3 units/sec; How fast. is their 

~istance changing when·tha first -par~icle is at (2, 2, 0); 

67~ In the given figure the sides a,·b, d 

are constant. If a increases at the· 

rate Clfm ead/sec, and s·decreases 

at. the rate of -rad/sec, how fast 

(" --
D .-------

.l 
oc 

+.A~-~----a----~~8 

a) the side c~ b) ihe area [ABCDI,_ 

is changing when a = Tr/2 and 6 = 1f/~? 

68.Expand x2-xy about the point (1, -2). 

69. Same que~ti~n for. excos y about (0, 0). 

70. Given· the function f(x, y) 2 2 = X ·+ xy ,. y ·-

a) obtain the TAYLOR's Formula wi.th R . 
2 at A(2, 1 ) 

b) find- (x*, y*) on (A~) where B ( 1 , -2). 

71. Expand R.n(x + y) ·in powers of x-1 and y-2 up-to sec9nd 

degree terms (with R3 ) 

12: Given 3 f(x, y) = x -2xy 

a) obtain the 1TAYLOR's Formula with R3 at A(2, 2) 

b) eva.luate f(2~1 f) 9) approximately 

.c) find (x*, y*) on ·(AB) where B(l, 3) 



32~. 

73. Find the enyelope of the following family 

a) x2 + (y-);)2 = 
2 2 c) y tx + t 

e) (x-t) 2 + l = 4t 
. 2. 

g) y = x/m + m 

74. Show that the envelope 

a) of the line UV such that 

IOUI
2 + iOVI

2 ~ a2 is 
2/3 -2/3 a2_/3 

X + y = 

b) of the plane UVW such that 

IOU 12 ·:.. IOV 12 + lOW 1
2 = a2 is 

2/3 2/3 z2/3 __ a2/3 
X . + y + 

' 

b) (t2-l)x + 2ty 
2 2 d) X + 2y = .h 

f) (X+.h)2· + (y-_A)2 

75. If· z = f(x. y) is the envelope of 

w(t): z = a(t)x + b(t)y + c(t) 

show f2 = f 2 f 2 
XX X Y 

2 
A 

76. Let a variable line f -intersect the axes at (a, 0), (0, 13). 

Fi~d the envelope of & under the co~dition: 
2 

a) a + 13 = c b) al3 = c 

77. Find the envelope of the ellipses 

i;a2 
+ /tb2 

under the conditi~n 

a) a + b = u = const b) ab = u2 = canst. 

78. Show·that the envelope of ti.rcles passing through the origin 

d h . . h -2 2 2 . 1 . an av1ng centers on the yperbola _x -y =a 1s a emn1scate.-

79. 1f the coefficiPnts a, b, c, ~. _q are functions of x and 

y, show that tne envelope of 
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a) at2 + bt + c = 0 is b2 - 4ac 0 

b) t3 + pt + q = 0 is 4 3. p + 27q 2 0 

c) cost+b sint+C==O is 2 b2 2 
a a . + c 

d) Cht~b Sht+c = 0 is 2 b2 2 
a a c 

80. ·Find the envelope of. the famil~ of curves: 

t2 
a ) ty ;= 4 { x + lf) b) tx -~ y = 9 

I 2 . 2 
c)"'{x->.) + y = 25 d) tx + vf~ y = 25 . . . 

ANSWERS TO EVEN NUMBERED EXERCISES 

66. 5 unit/sec. 

68. 3 + (4{x-l )-{y+2)) + 1 
'2' (2{x:l) 2 -2{x-l~{y+2)]. 

70. a) 5+5{x-:2)+R2 ,_ b) (x*, y*) = {3/2, -l/2) 

72. a) 8{x-2)-4{y-2) 1 ( l\{x-2) 2-4{x-2) {y-2)) + R3 + '2' 

b) 0,4 c) { 13/7' 15/7) 

.. -- ,- r- 2 76. a) /lxl + IIYI =ll'c·l . b) xy c 

80. a) 
2 . ' 

y. = 8x, b) 2 2 
X -y = 9, c) Y ±5, d) 2 

X +y 

4, 4 , · EXTREMA AND THE r1ETHOD OF LEAST SQUARES 

A. FREE EXTREMA 

Let 

f: Df .... Rf' z = f{x 1 , . ~,. , xn) 

2 25. 

be a function of n variables · {n ~ 2) _with domain Of<; Rn and 

{unknown) range' Rfi:,;R. 
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The largest (smallest) element M(m) in ~Rf' if any, 

is the 'global or absolute maximum (mi7Jimum) of f over Of. · 

If f(P 0 )i<:Rf is the, .largest (smallest) in a neighborhood

N(P0) of a poi~t P
0

EDf' then f(P
0

} is local. or relativ: maximum 

(minimum) of ~ at· P
0

, and P
0 

is said to be ai.extremum point 

of f. Since no conditions are impo£~d on the ind~pendent variables 

(variables varying fr,eely) the extrema ·will be called a free 

extrema.·· 

For the global maximum (min~mum) 6f .f at a point P0 , 

one has 

f(P 0J:e:.f(P) (f(P 0 )~f(P)} forall PEDf' .thilefora 

local-maximum (minimum) of at P
0

,, 

f(P ) ;:: f(P) 
0 : 

,DETERMINATION OF LOCAL EXTREMA (for a function of two 

variables) 
. ./ 

Let z = f(x, y) be a f~nction of two variables defined on 

D. If its' first partial derivatives exist and both'zero at P
0

(a,b)ED,'. 

·t_hen by -the geometric interpretations 

of fx(P
0

), fy(P
0
), the point P0 

is ~ critical point of both of the 

'curves 

rl:·y=b, z=f(x, y) 

r 2,: x = a , z = f ( x , y ) 

If f has' a local extrema ·at P
0

, then fx• fy vanish 

both ~t P0 as stated in the ~allowing theorem. 

A point P0 at which partial deriyatives fx' fy vanish 

simultaneously is called a critical point_of f(~!l,l). 



Theorem. For a function z = f(x, y) 

l. an extrema point is a critical point (the converse is 

• not true) 

2. a critical point P
0 

a) is an extr~~um point if 

..:,-:: fll fl2·1·>0 (max 

. f2l· f221Po l min 

b) a saddle po~· if· 

when f 11 (or f 22 ) <0 . 

when fll ('or f'22) > 0 

lfn f12l 

t.-=-lf2l.f2?·1p: 0 

c) is uncertain in type if A = 0. 

Proof. 

l; Let .f have a relative maximum point P
0

(a, b) so that 

f(P)-f(P
0

) < 0 holds for all P(x, y) in a neighborhood ·N(P
0

) 

of. P
0

• Then, from TAYLOR's Formula, 

f(P}-f(P
0

.) h f 1 (P
0

)+ k f2(Po)+R2< 0 

.::!!) h fl(Po)+ lr. f 2,( p ) < 0 
o, 

since R2, involving heigher powers of h = x-a, k = y-b' is 

negligible in N(P
0
). 

Now, 

The same result is obtained for reTat1on minimum. 

2~ At a critical point the TAYLOR's Formula beco~es 
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Neglecting R3 in N(P
0
), the sign of. f(P)-f(P

0
) is that of 

f(h, k) = h2f 11 (P
0

) + 2hkf 12 (P
0

).+ k2 f
22

(P
0

) 

where one of h = x-a, k =y-b, say k ·is not zero for P .fo P
0

. 

For an extremum at P
0 

the sign of' {(h, k) or of 

must noi change in si9n. This is the case if the discriminant 6 

of this quadratic (in h/k) is negative: 

(~; fll f12> 0 )· 

or that if 

fll fl2 
l:J. > 0 

f21 f22 .. 
i ( h , k ) . be i n g p o.s i t i v e when l:J. > 0 and f 11 ( P 

0 
) > 0 

(f 11 (P
0

) < 0) there is a local maximum (minimum). 

(Note that for l:J. > 0, the signs of f 11 , f 22 at P
0 

are the 

same). 
_, 

b.If 6>0 (t.<O), thenthesignof .i.(h,k) 

changes in N(P0 )~ Such a potnt is called a. saddle p~int. of f. 

c. When l:J. = 0 at P
0 

one needs an investigation of. 

heigher order ~erivatives. 

Example. Given 

f( X, y) 2 2 2 3' 
- 3x + 3y - 3x y - y - 4, 

find and classify all critical points 
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Solution. 

a) fl 6x-6xy = 0 •-=7 x(l-y) 0 -~ x::O or y = 1 

f2 
. 2 2 

0 .,g 2y 2 l 0 .6y-3x -3y - X - = 

0 ~ 2y-O-y 2 
X 0. =) y=O or y = 2 

.2 
-1 0 =). X = 1 X = -1 y =) 2-x = or 

There are four critical points, namely 

A(O~ 0), B(O, ~). C(l, 1), D( -1 , 1) 

b) fll = 6-6y, fl2 -6x, 

ll(~) = 
6 0! > 0, f 11 (A) 6 > 0, rel.mi"n. 
0 61 

1
-6 

li(B) = ., O rel.max. 
0 

> 0' 

-6 

0 

li(C)= < 0; a saddle point 
-6 

ll (D) = 

0 
61 < 0 a saddle point. 

6 Ol 

For a function of three variables we state the following 

theorem without proof: 

Theorem. For a functjon · u • f(x, y, z). 

1. an extremum point is a critical point, 

2, a critical point P
0 

is a 

a) min.point ~f 
fr2j 

I 
f221 

> 0' 
fl2 fl3 
f22 f23 
f32 f3·3 

> 0 
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lfll 
~ 

lfll f 121 fl2 fl3 

b) max. point if _f11 <o·, > 0 f 21 f22 f23 
I 

f21 . f221 - f 31 f32 f3J 

Example. Find the-quadrangle of la~gest area.inscribed in 
.P 

a circle of' radius R. 

Solution. -Referring to' the figure, 
l 

. the area S is the sum of the areas of 

four triangles: 

25 .= R2 (sina1 + sina2 +-sina3+ sina4) 

since }: a; 2n. Then 

fl cosa1 
;.. cos (_af.; a 2 + a3 ) 

f2 cosa2 - cos(a1 + a 2 : a3 ) 

f3 co~a3 - cos ( a 1 + a 2_ + a3 ) 

0 

0 

0 

which is verified_ is particular for a 1 =-a 2 =.a3 = a4 

Now we test the point P
0
(n/2, n/2, n/2) for extre~a: 

f;; = -sina1 + sin L ak =) f;;(P 0 ) = -2 

f i j. = sin }: ak ~- f; j ( p 0) -1 {for 
) 

fll f121 1--2 -11 f 11 (P0 ) -2 < 0, 
f21 f221 Po 

-1, -2 

If 11 f12 fl3 -2 -1 -1 

f21 f22 f23 -.1 . -2 -1 

If 31 f32 f33 -1 -1 -2 

'' 

( *) 

i .;, j) 

3 > 0' 

-4 < 0 

< 0 
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. ' . _\ . 
Then p

6
· is a ~elative maximum po1nt g1v1ng f(P 0 ) = 4 which 

is the larg~st value of 2S/R2. 

Test extrema for the point P1 (v, o, o) satisfying(*)· 

B-· CoNSTRAINED EXTREMA (wi.th side condi ti l,)n(~l) 
If it is require~ to find the extrema of a func~ion 

z .f(x, y) under a condition g(x, y)_ = 0, the extrema is call-

ed the constrained extrema Qr extrema with a side condition (~ide 

function). 

If the function is of three variabl~s u = f(~. y, z) it 

may be required. to find its extrema _un'der one side" condition 

g(x, y, z) = 0, or two. side conditions g(x, y, z) = 0, 

g1 = 0 , . , gk = 0 ( 1 < k < n-1) 

is reduced by LAGRANGE t~ the free extrema problem for a function 

which is a linear combinatio,n of f, 91 • 

Consider a function 

U= f(x, y, z) 

with ·a side condition g(~. y, z) = 0 which defiries z as a . 

function of x and y. Then u becomes a· function of two variables, 

-~(x, y). Hence the n~cessary conditions for an extrema for u(~. y) 

au = af af az 0 .ax - + az rx ax 

au a f. af az o. ay - + az ay ay 

\ -

·' 

j' I: 

·I \ 

I 
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~ 
au dx +au dy af dx + !!: dy af (az dx + az 

dy~ 0 ax ay ax ay +-az . ,li__y !:!~ 
dz 

""' 
df dx + af dy + 

()f 
dz 0 (a) ax ay az 

Now, g = 0 gives 

~ dx + ¥ dy + ~~ dz = 0 (b) ax i· y 

Multiplying (b) by a scalar A. and adding to (a) we get 

( df + A. ~) ct·· + ( Clf + A. ~) dy + ( Clf + A. ~) d z = 0 ( c ) ax ax ay Cly . .az az 

which is satisfied by the extremal points _of u under the side 

condition g = ·o. Then if one· chooses A. such that 

fx +'A.gx = 0,' fy + A.gy = 0, fz + A.gz 

we obtain the c-ritical points of .the function 

F(x, y, z) = f(x, y, z) + A.g(x, y, z). 

0,. g=O 

Thus this a constrained extrema is reduced a free extrema 

of the l)near combinatio~; f + A.g of the original function and the 

side function .. 

It can be s6own that the extremal point~ of 

z = f(x 1 ••••• xn) 

u_ruier the side conditions. 

gf(X, •• ·• ,xJI) = 0, •.. ·• gk(x 1 •••. ,xn.) 

are the critical points of the function 

F(x 1 , •••• xn. A. 1 , •.• ,A.k) 

= f + h g 1 + ••• + 'A. kg k 

0 (l~k"n-1) 

of· n + K 
·. variables whe_re ,A.i's are called theLAGRANGE multiplier.s;. • 

Example 1. Find the minimum distance of the point A(O, 5) 
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from the parabola, 
2 

y =X • 

solution. If P(x, y) is point 
2 

then the func-a on Y=X 

tion to be minimized is \fx2 + (y-5)2 or its square f{x, y) = 

x2 2 where satisfy g(x, y) x'l:.y 0 the side + ty-5) x, y = = as 

condition. 

we have 

Forming 

F{x, y, A) 

F1 2x + 2AX'= 0 -:;. (l+A)x = 0 ~ X;: 0 or ~= -1 

2{y-5)-A 
2-

x -y 0 

0~A=2y-10 

(side cond.) 

0 9 (0,0) 

A =··-1 ~ -1 = 2y-10 ~ y = 9/2 =il x
2 i =1 X= ±3//2 

Then we have three critical poin·ts 0{0, 0), 8{3//2, 9/2), 

C( -3t/2, 9/2). 

d{A, d{A, C) '9 9 5)2 If 1 /19/2 (min) B) = \!"'[+ ("'[- = "'[ + 4 

d{A, 0) 5 (max). 

Exam~le 2. Find the shortes·t distance of the origin from 

the line of intersection of the p·lanes x + 2y·- z 3, 2x + y + z = 1 . 

Solution. The function to minimized being v'x 2 + y 2 + z2 or' 

. 2 2 2 
its. squ~re f(x, y, -z) = x + y + z ~ith side conditions 

X+2y-z· 3 = 0, 2x+y+z-l = 0 we consider the function 
# ' ·' 

' 2 2 2 ' 
f(_X, y, Z, A• \l) =X +Y +Z +A(X+2y-z-l)+)l(2X+Y+Z-3) 

Fl 2x.+ A + 2v 0 

F2 2y + 2A + \l 0 

F3 2z - A + \l ·= 0 

F X + .2y - z - 0 
1 A side conditions 

F 2x +. y + z - 0 
\l 
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· . Set:ti ng 

2x = - A - 2ll 2y -2 A - ll 22: . / 
in the side c~nditions 

2x + 4y- 2z 3. 4x-+ 2y + 2z 2 

we have 

-2\ - ll = 2 
-10/9, ll 2/9 

-H 6l!= 2 

:::, P(x = l/3, y =1, z = -2/3) 

~. d(O,P) = -vf/9 + 1 + 4/9 = M/3 

ABSOLUTE EXTREMA (GLOBAL EXTREMA) 

Let f be a function with (largest) domain- Of:- Suppose f 

is ,restricted to a re.!lion R contained in Of (R ~Of). , 

We recall .that the symbol~ - [RJ, (R) denote regions with or 

or without boundary aR, if any. 

The ab~olute maximum M (the absolute minimum m) of f 

over -R is- Jhe .m~~imum (minimum) of the set of values f(R). 

These extrema ·are obtained by free extrema of f for (R), 

and by constrai.ned one for (R] if aR exists, with the conside

ration· of value~ of f on the corners of the boundary- (observe 
. . , . 

~imilarity ~etween the cor:ners of the boundary and t~e end points 

of an interval for a function of a single_ variable)·. In the case· 

of existenae of boundary aR, si~ce f may hav~ local extrema on 

3R given by ·some number of relations gi = 0, · t:here is constrained 

extrema with side' conditions _ gi = 0. 

~~ample •. Given the paraboloid 

2 2 z- = ~ + y - 2x - 4y + 6, 
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·find the ~eighest and lowest poinis .of th~.surface over the region 
2 2 . 

R = {(x, y): x +y ~9, x~o. y~O}.' 

Solution. The regior R is as ·shown ·in the figure where the 

boundary consists of a quarter of 

circular arc. (AEl) ar.d two line 
. . 

segments; (QA), (OB) 1..-ith the 

corners . 0, A1 B. 

. J
$ i3 

Free extrema in ·(R): 

'x • .2x-2 • 0 

1 9 Pl(l ,· 2)e:(R) 

zy 2y-4 = 0 

(a min) . 

Contrai~ed extrema 

for (iili): g{x, y) = i+i-9:·o, x·>O, y>O 

X 

I 

~ c) y "'2x y 

.. 

2 2 
F).= x .+Y -9 = 0 

? 2(3//5 

=) x2
+ ±(2x) 2 = 9 =) X=± * , . y = ± 6/iS. 

6//5) e As 

~ = 15-615 (;: 1,-72) 

for (OA): Y=O, O<x<3 

z(x, 0) = x2-'2X+6 

for ·(OB): x=O, O<y<3 

z' x = 2x-2 o· 9 x = 1 

\ 

'i 
I 
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z(Q, y) = i-4y+6 . -2· z . 2y-4 0 '-"'.> y = 2 y 

P4(0, 2) ·~\ z(P 4) = 2 

At .the corners: 

z(O) = 6, z(A) = 9, z(B) = 3 

The set of obtained values, in increasing order, being 

{1! 15-6/5, 2, 3, 5, 6, 9} 

we have ''I= 9_, m = 1 at the corner A(O, 3-) and the interior 

point _P 1 (l, "2) respectively. 

C. THE METHOD OF LEAST SQUARES (MLS) 

1. Let q1 , ~ qn be n direat measured values of a 

imasnitude, and let Q represent the sum of squares ~f their de

viations from a number q: 

n 2 J (qi-q) 
1 = 1 

Q ( 1 ) 

The value of q making Q minimum, is the best value of 

the measurement, since Q involves squares of.deviations which 

are non negative. This best value q of/ q1 , ••.. , qn is shown 

to be the artthm~tic of the measured values: 

n 
-2} (qi-q)=O 

1.= 1 

=) q 

n 
-~ l q. - nq 

i = 1 
1 

d2Q · --:---z = 2n > 0 "') Q is minimum for q. 
dq· 

0 

This process of finding q from (1) is known as the method 

of Zeast sauares (MLS) 
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2. Let .ql , qn be n values of q = f(x) for n 

direct measurements of x1 , , xn' where. f is a kno~n func-

tion. In this case- qi's become indirect measurements of· q. 

It can be shown that the best val Lie q of q is Ci = f (x) 

where x and y are the arithmetic means of xi's and qi IS 

respectively. 

Example. The length ~ of a simple pendulum. is measured as 

.24,8; 25,1; 25,0; 24,8; 25,0; 25,1; 24,7; 25,1 c.m. Then 

~-) find the ~est 1 ength 1:. 

b) find the best period. 

Solution. 

a) 1: .(E~i)/8 24,95 em, 

b) T 71 I R./g = 71/24,95/g 4,9971/.fg. 

3~ Let y be related to x ~Y an unknown function f, 

and 1 et ~l , be the m~asured values 6f ~ correspond
\ 

ing to a set of seclected values of x •. 

When one plots the points Pi(Xp yi) on a rectangular 

coordinate system Oxy, we obtain a distribution of·y against x, 
'/. 

Now the problem is to 

determine the best function 

giving ·this ·distribution. 

P.· 
·-- ---- --··',. 
~ 't- :,. 

1' "vl i 
The sol~tion of the .problem 

.involves the following steps: 

---+----~'--------~~ i''l.,· 

( i ) from the. distribution guess the type of the function 

clS linear, quadratic, exponenti a 1, . . . • 
(ii) write the genera 1 form of the function, 

ti i i) by the use of the MLS, determine the ,unknown parameters. 
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Let the distribution be as given in the figure 
0 

( i) we observe that the points ;r .,.,JI·lL"" 
P

1
.(x

1
.,y

1
.) lienearlyon ·?,,.,~.~:)' ,.,. 

\ ,. !!- ~ ,.. 
a· straight line : ..... y,, 11•Y.:. l 

'/./ 1:. I 

(ii) The general equation is· ,.. ~.-;...... I· 
/'. 

Y = Ax + B ~-..::-----+----,_,J~------~ 
........ 0 'l<.: ,,. 

where 

,(iii) By·the MLS, we minimi.ze 

Q.(A, B) 
n . 2 
I (y.-Ax.-8) 

i=l 1 1 . 

in which ,A, B are the parameters: 

.. n . 
~ = -z .·_I

1
. (y.-Ax.-B)x• 0 

i . 1.,. 1 . 1 . 1 

Iii= ·-2 I (y1-Axi-B) =' 0 r .. j )A 
+ n B = Eyi 

=>· 2 . (Ex1 )A + (Exi)B = Exiyi 

Eyi n Exi 

A = I 11, B = 
EX~ Ex .y. I:Xf 1 '1 1 

Exi I:x 1 

( 1 ) 

EY· ' . l 

Exp i 
/11 

The' obtained equation .v = Ax+ a· is called the Z·i.ne of 

beet fit of th,e g_i ven date, ·and its 
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. determi nanta 1 equation is 

X y J X .Y 

I = o Ex; EY; n 0 or x y 1 

Ex? Ex. 2 
Exiyi Ex; I 1 Exiyi 1 . EX; 

The second row·in the last equation show that the line of 

best fit.~asses through the _point P(x, j). 

f 

Observe that the first equation in (1) for parameters. can 

be obtained practically fr:om y. = Ax.+ B 
1 1 . 

by summation; and the 

second by summation after m~ltiplying by 

. Exam~le. Given the data 

X I -1 0 1 2 :; 4 
y 2 1 0 -3 '-5 -8 

find the equation of the line of best fit.' 

Solution. 

X· 
~ 

x2 xy 
-1 1 -2 
0 0 0 

0 1 0 
.9 

gA + 68 -13 
2 -3 4 -6 31A + 98 -55 
3 .-5 9 ~15 

.4 -8 16 -32 ·=> A 213 B 92 
T0"5 . T0"5 9 -13 31 -55 \ 

~> 
213 

.X + 92 y T0"5 T05" 

- 2,028 X + 0.,876 

Where th~re are more than o~~- variable, say two variables, 

in the case-of linear approximation the general linear equation is 

z = Ax + By + C, 

~nd by the MLS one may obtain the follpwing·equations for parameters~ 

. ' 
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l:zi A l:xi + B l:yi + c l:l ( l:l = n) 

l:xizi A 2 B l:xiyi Cl:xi l:Xi + + 
- 2 

l:y i z.; A l: xiy i + B l:yi + Cl:yi 

The non linear cases can be reduced to linear case b_Y the 

use of some transform,tions. 

Example~ Plot the data for Olympic rununing events given 

in the following table. Then find the function of the form y = k xr 

that best fits the data 

distance (X) y = ·time (for men) 

100 m dash 10 10 sec 

200 m dash 20 20 sec 
' 400 m run 4~,9 44,9 

800 m run 1.45,7 105,7 

1500 m run 3.35,6 215,6 

Solution. 

'1-

2oo 

leo 

1 
0 l 

loa 2oo 4<Jo too 

Taking the common logarithm of both sides of y 

the ljnear equation 

1 og y = 1 og k + r 1 og x • 

in log y and log x. Then setting 

u = 1 og x, v = 1 og y, · S = 1 og k 

we have 

sec 

sec 

sec 
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v = s' + r u 

Then, from 

u v u 2 uv ---- ·---

2 4 ., ,_ 

2,30 l '30 5,29 2,99 

2 ,60· l; 64 6,76 4,26 

'2 ,90 2,02 8_,41 5,86 

3,18 2,33 l 0' ll 7,41 

the equation for parameters r a ;a s are 

12,98 r + 5s 8,29 

34,57· r + l2j985 .22,52 

r = l, 14. s.= -1,31 =log k 

k = 0,05 

2 

3 

4 

find the plane of best fit. 

0 

. l 

2 

0 

0 

Solution. Gene~al equation .is 

z = Ax+ By+ C 

Then the equations for'parameters become 

Ez 1 A . l:xi + B Ey . 
. 1 

+ 

' 2 
l:zi xi A l:Xi + B Exiyi 

Eziyi = A Exiyi + B Ey~+ 

c El 

+ c l:Xi 

c Eyi 
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'From 
\ 

l<2 2 z X y_ xy_ xz yz y 
0 o. 0 0 0 0 0 

2 1 2 2 1 1 
-1 0 1 0 0 1 0 

3 0 0 3 0 l 0 

4 2 0 0 8 0 4 0 

11 4 2 13 3. 6 2 

we have 

4A + 2B + 5C 11 

6A + B + 4C 13 

A + 2B + 2C 3 

:-~ A 21/15' B = -7/15, c 19/15 

7) z 21 
T5' X -

7 
T5' .y 

19 
+T5' 

'EXERCISES (4. 4) 

81. ·Find the critical po.i nts of 

f( x .• y,, z) = X 
2 . 2 

+ y ' 2z 2 
+ 3x + y - z - 2 

~2. Examine the critical points of 

f (X , y) = XY (X + y - 3) 

83. Same question for 

a) x2 + 2xy + 2/ + 4x b). 4xy - 4 4 
X - y 

84. Discuss the followi~g functions for extrema: 

a) x2 + _xy + Y2 - 6y + 2 b) 3x - 3y i + 2xy 2i 

85. Test.the following for local extrema: 

a) 2x 2 
+ /· + 4x -

1

4y- 3 _b) 8213 - x2l 3 -· i1 3 

\ 
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86. Show that the maximum value of 

(ax+ by+ c) 2/(x2 + l + l) is 

87. Prov~ for x > 0, . y > 0, z > 0: 

r.:-:-: ' .x+y /x2 2l 
'IXY-$ -y ~ 

·' by maximuma or minima 

88. Find the maximum·,volume of the tetrahedron in the first octant 

having·faces on the coordinate-planes and on the tarigent pl~ne 

to the surface 3 xyz = a . 

89. Fjnd the minimum distance of the origin from the cone 
2 2 2 z =, (x-2) + (y-1) . 

90. Find the maximum distance of 

x2 + y2 

(1,'1, 0) 

z2 = 0 

from-the cone: 

', 2 :2 ' 
91. Determine-the slopes of theaxesof the ellipse 5x +6xy+y·=8 

by maxima, minima. 

92. ·Find the dimftnsions of' a rectangular parallelepiped of larg~st 

volume which has three faces on the coordinate- planes and on 

the plane x + y/2 + z/3 = 

93. Write the number 120 as the sum of three positive numbers 

x, y, -z such that - xy 2 z-~ .is a minimum . 

. 94. Find the shortest distance between the lines 

i: X = y - 3 = z, i'· x=y/2=z/3 

95. Fin~ the distance of A(l, 1, ·1) from the line 

R.: x-1 _ y-2·_ z+l 
-y--y--,-

96. Find the maximum volume of a rictangul~r box without trip if 

its area is t2 dm2 ~ 

I 
'' 

i 

1 
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97. Prove that the maximum area of a simple quadrilateral ABCD 

with given sides occurs when it .is inscribed in a circle. 

98. ABCDE is pent~grin ~ith a given 

perimeter 25. Find the maximum 

area. 

99. Find the absolute maximum and 

minimum of z = exp (x 2 +/) 
over the region 2 2 

{ (X, y) : X + (y-1 ) _ ~ 1}. 

100. A circular .plate 
2 2 . 

(x +Y ~4) is heated so that the tempera-

ture distribution is T(x, y) = x2 ... /- x.. Locate the coldest 

and hottest points of the ~late. 

101. ·The temperature at a point P(x, y, z) in 3-s·pace is given 

by T = x + y;. 2z. Then find the lowest and heighest temperature 

a) on the sphere 

b) on the. circle x2 
+ y2 

+ z2 .= 4, z = x+y+l 

102. Find a triangle of maximum (minimum)_area with giv~n circum

circle (incircle). 

103. Show that the centroid of a triangle has the property that 

sum of squares of its distances from the vertices is minimum. 

104. Find the distance between the lin~s 

x-1 ,---
by the use of 

a) extrema, 

y-2 - z -z:--"2'· x-3 Ty -2-

b) analytic method, 

z-1 
-=2 

c) vectors. 

- 105. Find the best volume of the sphere from the following measur

ements of the diameter in em: 

3,63; 3,59; 3,61; 3,57; 3,60. 
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106 .. If F; is the pull required to lift a weight W by means of 

a pullyy-block, find a linear law of the form F = aW+b 

connecting F. and W, using the following data: 

w 25 35 -50 60 

F 6 8 11 13 

107. In the following table y is the weight of potassium bromide 

which will dissolve in 100 g of water at temperature x: 

X 0 10 ' 20 30 40 50 60 70 80 90 . 100 

y 53,5 59,5 65,2" 70,6 75,5 80,2 ?~ 90,0 95,0 99,2 104,0 

Find linear equ?tion of the best fit to this data. 

108. If - R is the resistance to the motion of a train at the 

speed v. find the curve of best fit of the form - R = bV 2 +a 

under the data: 

Vlkrri/k) 10 20 30 4o 50 

. R(kgiton) 8 10 15 21 30 

109. Find the function of b'est fit of the form y '~ 
for the = ax 

following data for the olymp.ic swimniing events: 

x lin meters) 100 200 400 1500 

y lin sec) 52,2 115,2 249,0 998,9 

110. find the equation of the plane of best fi~ to the following 

data: 

x a· o 2 o 2 
y 00 lil21 

z 2 3 3 6 0 5 
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ANSWERS.TO EVEN NUMBERED EXERCISES 

82. A saddle point at A(O, 0), min at B(l, 1) 

84. a) min at {-2, 4), b) max at (1/2,_ -1) 

. 3 
88. The tetrahedron has constant volume 9a /2 

90. {1/2, 1/2, 1//2), d = 1 

1 2 ) < 

92."Ix"Jx 

94. 16 

96. V = 2 X 2 X 1. = 4 dm3 

98. IABCDEI 2 = _(2-i3)s 2 

100. Coldest at ,A(l/2, 0)~ hottest a.t B(-2, 0) 

102. Equilateral (equilateral) 

l 04. d = 3 

106. f(w) = 0,24 w + \.1 

108. R·= 0,0~9 2 v2 + 6,7 

A SUMMARY· 

<CHAPTER 4) 

4. 1. o~Neighborhood of P0
: 

Zimit: lim f{P) = ~ 
p .:.: p 

0 

N0 (P
0

) ~ {P: jP-P 0 < o } 
= to ·a given e:_ > 0 there is' a N0(P

0
) s.t 

lf(P)-~1 < e: for all Pe:N 0 (P 0 ) 

Continuity: f is cont.at P
0 

#lim f(P) 
. p .... p 

0 
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I '• 
4. 2. PartiaZ de.rivative: For 'f(x 1 ·, • . . xn) 

. (lf 
ax 1 

1 i 11 
h-+ 0 . 1 

f{ ... 1 x1+h11 ... )-f( ... , xi' ... ) 

i 

TotaZ inarement: M{P) = Lf; (P)t.x. + M.·t.X. 
c··-~_,... __ 1 _ _,_ 1 1 

· principal part 
( e: i + 0 w i t h t.x i. + 0 ) • 

TotaZ differential: df{P) 

TotaZ derivative: df(~~t)) 

ImpZiai t· differentiation: 

F(x, y) = o··. ~ 

Hi (P )dxi 

Lfi(Plt)) M 

dy/dx = -Fx/Fy 

/ 

F(x, y, z) = u ~ zx = -Fx/Fz, zy -Fy/Fz 

Tangent p~ane at p 
0 

f .. 
1 . 

F(x,· y,- z) = 0 : Fx{P
0

)lx-x
0

) + Fy{P
0

){y-y
0

) ~Fz{P0 ){z-z0 ) = 0 

z: = f(x, y) 

NormaZ Zine at p 0: 

x-x y-yo· z-z 
F(x, z) = 0 - 0 . 0. y, 

Fx(Po) F y ( P
0

) Fz(Po) 

for ., 
x-x

0 y-yo z-z 
z = fl X' y) 

.. 0 

f X ( p 0 l, fy(P
0

) --,-
\ 

DireationaZ derivativef 

l~ = E(cos a 1 )e 1 , -ITI = 1) 

.where T ~is a unit vedtor defining t~e direction and sepse. 

f T = 'ftf . T ( 7 = ; aax + j aay + k .}z ) 

'i 
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GPadi•nt divePgenae and; Laplaaia~ 

grad f' = f fx + fy j + fz k (f i s a scalar function) 

div F = . F Px + Q + y Rz 

j k 
anl F xF a/ax 'CJ/'Cly a/az (F p. i + Q j + R k ) 

p Q H 

ll
2 f = fxx + fyy + fzz 

DePivativ·e undeP the integPal sign: 

b-( t) b d 
dE J · f(x, t)dx = f(b, t)b'-f(a, t) a'.+ J ft(x, t)dx 

a(t) a 

4. 3. TAYLOR's FoPmula: 

n 1 ( )k I f(x, y) = f(a, b) + L k:, (x-a) ;x + (y-b) a~ f(x,y) + Rn+l 
k=l (a,b) 

when the remainder is given by 

R 1 = ~ ((x-a) n+ \n+•J 
a 

- + ax (y-b)·_l__) ay 

with (x*, y*)£(P 0P), P
0

(a, b), P(x, y). 

TAYLOR's Series; 

n+l 
f(x, y) I 

(X*, y*) 

f ( x, y) = f (a , b) + L J.- ( ( x_- a) ~ax + ( y- b) _aa ) \ ( x , y) I 
k= 1 "'· a Y (a , b) 

Envelope: 

Fami 1 y Envelope 

F(x, y, A) = 0 F 0. FA 0 

F(x, y, z; ,A) 0 F 0. FA 0 

F(x, y, z. A' \1) = 0 F 0, FA 0, F , = 0 
)1 

Evolute of a plane aurve: i~ the envelope of it nomels or 

the locus of centers of curvature. 
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4. 4. Ct>itiaal points of - f(x 1 , ... , x
0

) are the solution 

points of the system f 1 = 0, ... , fn 0. 

For a function of two variables f(x, y) a critical ,point 

is a 

PeL max. 

Pel. min. 

if 11 > 0 and f 11 < 0 

if8>0 and f 11 >0 

saddle pot. if 8 < 0 

Global oP absolut~ maximum (minimum) of a function f over 

Of is the largeit (smallest) element u(m) in Rf 

Constl'ained extPema. for z = f(x 1 , ; .. , xn) under k 

s i de con d i t i on s g 1 = 0 , . . . , g k = 0 ( 1 < k < n- 1 ). i s red u c

ed to free extrema for F = f + A1g1 + •• -.+ Akgk. 

The- method of least squi:zpes: If q1 , .•. , qn are direct 

mea~ured values of a maguitude, the their arithmetic we q 

is the l~ast value of the maguitude. 

The line of best fit to a linear distribution Y; against 

Xi iS 

X, y I 
Exi EY; EX 

I·= 
0 

2 
EX;Y; EX; EX; I 

MISCELLANEOUS EXERCISES 

111. Which ones of the following relations are functionfof x, y? 

a) z = exy 

2 
c) z = xy 

112. Find the domain D 

a) z = (y-x2)fn \ 

b) (x-h) 2 
+ (y-k) 2 - (z-t) 2 = 0 

d) tan z = x2 
+ y2 

and sketch it: 

b) z ~ (a~csin x) 
-~x=; 
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113. Find and sketch the large~t ~ossible dompins of the. follow-

ing 

a) z 

114. Same 

a) z 

115. Same 

a) u 

functions: 

= (,xy) IX+y 
-

question for; 

-M - y.:3 

question for: 

. /2 2 2 ".z-x-y 

b) z 2 2 R.n(x+y)(x +Y -4) 

2 2 2 
X +J.+Z. b) u = arccos If 

116. Show that the following limits do not exist~ 

117. 

a) 1 i m 
(x, y)+(l, 

2 2 x -2x-y +1· 
2 2 0) x -2x+l+y 

b) lim x-y-l 
(x, y)+(2, 1) X+Y- 3 

' 

Show that the following 

a) lim ·x
2

+*
2 

(x,y)+(O, 0) xy + x 

limit~ are i~depend.~f di~ection: 
2 2 

X + y - 5 
xy- 2 b) 1 i m 

· (x,y)+(l, 2) 

U.S. Find the .limit of the following function along the giv.en 

curve at the indicated point: 2 . . 
a) x ·- xy . r : y = x , ( o , o ) X+y 

b) y - sinx 
X 

119. Find 1 i m 
(x,y)+(O,O) 

120. Evaluate , 1 i.m 
(x,y)+(O,O) 

(0,_ 0) 

sin xy 

,,x+y -e 

.a 1 ong Y=X 

along . 2· 
Y=X 

121. Two functions F and G are of one variable and z is of 

two variables. Th~y are related by 

122. 

( F ( x ) + G ( y) P e z ( x ' Y) = 2 F' ( x.) G • ( y) 

.whenever F(x) + G(y) -F 0. Show that the mixed derivatiVe 

z21 fs never zero .. 

Show fxy fyx =·fxx fyy .for f(x, y) -Jx: + y: - 2 2 
X + y 
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123.. Prove 

F(x, y, u, v) 01 
=-~· ux Yu .. vx Yv = 0 

G(x, y, u' v) oj 

124. If u(x, y), v(x, y) are defined by 
2 -x3•3y 0, 2 0 u-v = U•V-y -2X 

find <lli/ax. 

125. If v = y(x, y)' where X = er cose, y e r Sine, then 

show that 

lv a't.v -2r a2v a2v ;;z + -=-z e , <-=-z + -=-z) 
ay ar an 

126. Sho-w that 

V(x, t) f(x+ct) + g(x-ct) satisfies 

127. Show 
' 

f(x, y, z) = .0 .-::) az ax 1 • ax ay az 
ax az I . ay az ax 

(but in general aztax ax/ az ' 1.) 1' 

128 Find aw/ax· and aw/ay if 

·w = ~tv and X = u + v. y = 3u + 2v 
.. 

129. If u(x, y)' V (X'· y) are defined by 
2 2 2 u + v + y - 2x 0, ·3 3 3 

U + V + 3y.., X 0 •.. 

then find ux, vx and ·. uy, vy. 

130. Find az/ax, az/ay for 

a) xz 2 
-+:. xiz 2 5. b) 3 3xy 0 - yz xz .,. yz + 

131. Verify fxy for 

a) 
.. 
f(x, y) 

c) f(x, y) 

cos(x, y) 

ex/y 

b) f(x, y) 

d) f(x, y) 

(cos x2)cos y 

- (x 2-2y) 2 + /xy 
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132. Show that the following functions are harmonic: 

a) ~n{x 2+y2 ) + arctan * b) l//~ 2 +y 2 +z~ 

133. Given 2 2 2 
X -y +Z 1 • find 

a) P • q b)r,s,t 

134. If the dimensions of a rectangular right proi.zm have relative 

err6rs 0,03i 0~02; 0;04 r~spectively, what is the maximum 

relative error made in its volume? 

135. A baseball (of ellipsoid' shape) h•s ini~ial size axbxc 

(a=l8, b=l0.25 0 c=8,4cm). Inblowingup·a,b,c inc

·rea$e 2, 1 ,5, 1,2 mm/sec respectively. How fast the volume 

increases when a = 19 em? 

136. A triangle has two sides 50 m and 70 m long. The angle ~etween 

them is 39°: If the possible errors are l/2% in the 

measurements of the sides, and 0,5 degree in that of the angle~ 

find the-maximum percentage error in the measurement of the area. 

137. The diameter and the altitude of· a right circular cone ,:n·e 

found by mea~urements to be a:o and 12,5 em respectively, with 

138. 

139. 

140. 

possible errors of 0,05 em in each measurements. find the max

imum possible approximate and relative error in th~ computed 

volume. 

Find the total .differentials of 
I 

a) 
, 2 2 + z2 b) 1 

U, lx + y v = '2 2---:--z· /x + y + z 

c) xy d) tan(x 2 2 z X+y ; = ~n +y ) 

Find y'' yu, y•" if 
3 3 . 

0 x +y -3axy = 

Given· 1 +Xy = 'i.n ( Sh xy)' find d_y/dx. 
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·141. If z = f(x-zt), show zt + zzx O· 

142. What becom~s .the equation 

.under the substitution. 
2 2 x - y - 2xy .= u., y = v 

143 .. Suppose f(x, y, z) = 0, g(x, y, z) define y = y{x) and 

z = z{x). Evaluate. y.', z' 

144. 

145. 

Verify EULER's Theo~em 

a) f(x, y) ex/y· 

c) F(x, y) {X+y/y 

for: 

b) g (x' 

d) G(x, 

y) 

y) 

2 . 2 
X + y 

2 2 
X - y 

arcsin {y/x) 

Find. the. locus of points on·the ellipsoid x2 /a2 + y2/b2 + z2 /.c2 = 1 

at which tangent plane ha~ ~qual intercepts. 

146. Find the points of the paraboloid z = x2-y 2 at which the 

normal line is parallel to the line · x/4 = y/6 = z/1. 

147. Show that the surfaces described ~Y 2z = -l+x 2+y2 and 

2z = l-x 2-y 2 are orthogonal to each other at every point of 

intersection. 

148. Show that the surfaces described by· z2+25 2x 2+2y2 and 
2 2 5z = x +y are tangent to ~acn other at (4, 3, 5). 

149. 

. 150. 

Find the angle of intersection of the surfaces x2y + z 3 

and X R.nz ·- i -.4 at {-1, 2, 1). 

Find ~he direction numoers of the 1 ine tangent· to th~ ourve 

of intersection of the surface z = 4x 2 + y2 and the plane 

y = x. at ( l , 1 , 5 ) 

151. Show that the curve 
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2 X = t , y = 3t, z = 2t2 

pierces the surface. 2x2 + y2 + z2 15 ~t ri~ht angle at the 
I 

point (1, 3, 2). 

152. Find ~he directional derivative of 

f(x, y, z) = sin xy +sin xz +sin yz . 

at P(l, 0, n) in the direction of the curve of intersectio~ 

of the surfaces. 

+ n _and 2 2 2 2 z =nX +y 

153. In which directi.on the directional deriv.ative of f(x,-. y)·= 

sin xy at (2, n/6) ·is maximum? 

154. Find curl U. If it is identically zero find icalar function f 

such that vf = U 

a) U =: ex(sin y cos z i + cosy cos z j - sin y sin z k) 

b) U = (x+2y-z)i + (-x-y+z)~ + (~x+y+2Z)~k · 

155. Find the directional derivative of 

a) f(x, y) 
2 . x y + s 1 n xy at A(l; n/2) along OA 

b) g(x, y) x 3 y + e xy · at. A ( 1 , 1 ) a 1 ong 1 2 y=-;7!X+7j 

156. Show that 

lim { (f(x + t CO!>u, y + t cos B. z + t cosy)-f(x, y, z)) 
t ... 0 
is ·the directi~nal· derivative of f(x, y, z) at P(x, y, z) 

a,long the direction (cos. a, .cos i3, cos Y) 

157. Find the direction of the maximum rate of change of the. 

function given below: 
2 2 a) z = x +Y at ( l, 2) 

158.-·Fiod the directional derivative of the following function at 

·the given point in the indicate~ ~irection: 
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a) z = x2y+y3 , A(l, 1), 9 = JT/6 
2 2 2 b) z = x +y+z, ~(2, 2, 1), (1, 2; 2) 

159. Find the di rectioncrl dl:rivative of 2 2 2 u = }( + y - z 

( 3' 4' 5) along the curve 

r: 2x 2 
1- 2y 2 2 25,. 2 2 z2 - z X +Y 

160. Find the gradient of 

a) X sin yz + y sin zx .. z sin xy at (JT/2, 11 • 0) 

b) X eyz· + Y ezx + z exy at (R.n 2' 0, 1 ) 

" 
161. Find 

t2 
d 1T 

x) 2dx b) .-Jr a) f. (1-t I arctan dt cos. 
0 0 

d u 
c) du Of tan(x-u)dx 

162. Evaluate, 
1 xt-1 1T 2 

a) J R.n x dx b) fR.n(l-2t cos x + t )dx 
0 0 

by differentiating under the integral sign. 

163. Show 
X 

y(x) f ~(t) si~(x-t)dt 
0 

y" + y f(x) 

164. Find the evolute of th~ 

a) parabola y2 = 2ax 

at 

X dx t 

165. Show that the envelope of the trajectories of propectiles 

fired from a g~n at various angles with the same· initial 

veloeity is 

Y = 1 v2 _ JL,. x2 
2g 0 2v.: 

0 

166. Find the envelope of circles passing through a fixed point 

and inter.cepting on a :Jiven ·line a segment of constant length 2R.. 
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167. Find the parametric equatiori of the envelope_ 

of reflected rays when the incident ones are 

.. - perpendicular to.the diameter (ABJ o~ a mirror 

i~ the shape of a semicircle. 

168. Find the critica'l points of 
·2 2 

~) z ~ 2x +2xy+y -6x b) z 4 2 2 4 2 2 x -x y +Y +4y -6x / 

169. Find and iden~ify th'e critical points of: 

.a) . 4 3 6 
I>) 

. 3 . 3 
-3xy z 3y -4y X+X . Z.= 8x +Y 

170. Find the distance between the lines 

X y Z+2. and. x-1 . y+l z-3 · 
T = 2" = z- z- = ---r -=T 

171. Find the absolute maximum and minimum values of 

a_) f(X; y) = X 2 2 +Y -xy-y in the unit square {(x,y): -l~x~l, 

-lH~l} 

b) f( X, 'y) 
3 3. . 

8x +Y -3xy in the first quadrant. 

2 . 3 
172. Sam~ question for. z = x -2xy+y -2y over the square 

{(x, y): lxi+IYI = 1} 

173. Find th@ poin~ on the plan~ x+2y+3z 

in .two ways: 

4 closest to origin 

a) analytically b) by extrema 

174. Find the maximum valume of a ·ret~angula~·box having three 

faces on the coordinate planes and one vertex on the plane 

x/5 + y/4 + z/3 = 1. 

175. Find the maximum volume of, a rectangular box that is inscribed 

in the ellipsoid x2/9 2 z2 1 + y /4 + 

176. Find the maximum value of xyz with the condition i<+3y+2Z = 9 

\. 
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I, 

177; Find the e~uation of the plane through ( 1 ' 2., 3) and making 

the smallest tetrahedron with the coordinate planes; in the 

fir.st octant. 

178. Find the point on 4-z 2 
X +y 2 which tangent plane at that 

point makes the smallest tetrahedron with the coordinate planes. 

179. Find the e·quation of the line of best fit to the·, data 

X l -1 0 2 3 4 

y . ~ 2 2 4 s· 6 8 

180~ Find the equation of the ·parabola of best fit to 'the following 

data 

X 0 

y 3 2 ' -1 -6 -13 

in the form y. A.x 2 + Bx + C. 

ANSWERS TO EVEN-NUMBERED EXERCISES 

114. a) 

118. a) 0,_ 

120. 2 

b) -1 

124. ·UX 
2 ' 

(3x +4)/4u 

128. aw . ax 
= .,. _ _.Yc__.,. 

(3x-y) 2 ·' 
X 

b) 
-<J; 

--~ -J:-::::;-,,.--~'lr C ---:;:::::;I 
.-.-8 

o) 

•
' 

--· .., 

. 
'i 



130. a) zx 
2 2 z +y z 

2 • 
2yz-y x-2xz 

b) z = -
X . 

134. dV/V 0,09 

136. 2,51 

138. a) du 

c) dz 

140. -y/x 

xdx + ydy + zdz 
(/+y+/) 1/2 

2 . 2 
y dx + x dy 

. 2 
(X+Y) 

142. "dz/"dv 0 

146. (-2, 3, -5) 

150. 1, 1, l/10 

152. ±(1 + n2)!12(1-1T+1T2) 
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z 
.Y 

2 . 
z -2xyt 

2yz-y2x-2xz 

z-3x 
.z =~-

y 3xz -y 

b) dv 

d) dz 

154. a) 0, f ~ ex siny cos z + c, b) -k 

158. 16/3 

160. a) (1 + n)k, b) i + (2,R.n 2 + 2)i + k 

' 
162, a) 1/(1 + t), b) 0 if 2 t <1. and n R.n t 2 

164. a) 8(x-a) 3 = 27ay 2 

x2/3 2/3 
b) + y 

(c/a)2/3 ~~ 

if 

166. Taking fixed point at the origin, and the line as x = a: 

ax(x 2 + i> + <.a 2 + R. 2 )x 2 - 3a 2y2 = 0 



168 .. a) (3~ -3) min, 

170 .• 3 

172. u = 1 at. ( -1 • 

m = -1 at (0, 

174. v 20/9 

·176. 9/2 

178. ( 1 • 1 • 2) 

180. y = -x 2 
+ 3 

361 

b) (±. n, 0) min 

0), (1, 0), 'O, -1) 

1 ) 
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CHAPTER 5 

INTEGRATION 

(FUNCTIONS OF SEVERAL VARIABLES)· 

5. I. LINE INTE[JRALS (CURVILINEAR INTEGRALS) 

A. DEFINITIONS 

Let 

F(x, y, ~) = P(x, y, z)i + Q(x, y, z)j ~ R(x~ y, "z)k 

be a vector function .on a domain DcR 3. By F, to each ·point 

(x, .Y; z.) of D, there is assigned a -single vector Pi+ Qj + Rk~ 

The set of'all these vectors are said to form a vector field f. 

Let r ·be a curve lying.entirely in· D. Then the (indefinite) 

integral 

I Pdx + Qdy + Rdz (1) 
r 

is ,called a tine lntegroal (curovilinearo integral) along r (the point 

(Xi y, z) . vaiies on r), where r is considered as path of the point 

(x, y, z). 

If the integral is taken 

f.rom a point A to a point B 

on r, {1) becomes a definite 

integral denoted by 

B 
.I Pdx + Ody + Rdz 
Ar 

The notat'ion 

P' Pdx + Qdy + Rdz 

r 

indi~ates that r is a closed curve and the integral is taken for 

a complete revolution on r.in one of two ienses, 

The 1 ine integral (1) can be writte~ as 

·'J 
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I F . dr (2) 
r 

where r(x, y, z) is the position vector rep~esenting r. 
Clearly the integrals of functions- of a single variable are 

line integrals. 

· The integral 

I f(x, y, z)ds (3) 
r 

is a line integral along a curve where elementary.art length is 

d s and ( x , y .• z.) v a r i e s on r. 

B. EVALUATION AND APPLICATIONS 

Let 

I. = I Pdx + Qdy +· Rdz 
r 

be an indeffnite line integral. The curve r may be given in one of 

the -two forms: 

(i) r.:. X = X ( t) ~ y = y( t)' z =. z ( t) parametric. form 

( i i ) r: cp(x; y, z) 0' 1/J(X, y, z) = 0 simultaneous form 

(as intersection of 
'· two surfaces.) 

In the first case (i), the integral I bec6mes an integral of 

a function of the single variable t with.respect to .t: 

I(t) =I ~(x(t), y(t), z(t)) x dt 

+ Q(x(t), y(t), z(t)) y dt 

+ R(x(t), y(t), z(t)) z dt =I f(t) dt. 

Irt the second ~ase (ii), since there are two equations with 

t~ree•unknowns, one of them can be taken'as a parameter and the two 

others are e·xpressib·le in terms -of this. \parameter, the integral re

duces to the case (i)~ 

When the line integral is a definite one on r from A(t a) 
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'a 
to B { t. = a). it becomes the definite iniegral I f{t)dt. 

a 

Examele 1. Evaluate 

I = I xy dx + yz dz + xz dz 
r 

from A(O, 0, l) to 8(2, 4, 3} where 

a) r: r{t) 

b) r: 2x-y 0, x-2z+4 = 0 

Solution. Having 

x(t) t, y(t) ~ t 2 , z(t) = t+l and 

dx dt, dy = 2t dt. dz dt 
' ,, 4 

on r, and A an~ B corresponding to t = 0 and t 2, . I 

becomes 
2 l t 3dt + (t3+t2 )2tdt + (t2+t)dt 

2 
f 
0 

'l 3 2 (2t +3t +t +t)dt 442!15. 

b) r: 2x-y = o. x-2z+4 0. Taking · z as parameter we 

:get x = 2z-4, y = '4z-8, . z = z and 

and 

di = 2dz, dy = 4dz, dz dr 

3 2 : 2 2 f (Bz -32z+32}2dz ~ {4z -8zJ4dz + (2z -4z}dz 
2 

3 
f (34z 2 - lOOz + 64)dz =.-200/3. 

2 

Obser~e that the values of the line integral between the 

same two points .but along two distinct paths are distinct. 

where 

Examele 2. Evaluate 

I (ex+ y .. + z~)dx 
r 
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a) r: x-.axis from 0(0, 0, 0) to A(2, 0, 

b) r: y-axis from 0(0, 0, 0) to B(O, 2, 

c) r: X=Y=Z , from 0(0, 0, 0) to C(2, 2, 

Solution. 

a) r: X =X, z = 0. (O<x<2); dx = dx 

2 <' 
f exdx e 2-l 

0 

' b) r: X = 0, y = y, z = 0 (O<y<2), 

c) r: X=Y=Z. 

2 
/1.0=0 

0 

.( 0 < x < 2) ~ dx = dx 

2 X 2 2 . f (e +X.·+x )dx:e +11/3 
0 < 

E~ample .3. Evaluate 

I= f (x 2y+z)ds 
r 

where r is .the circular helix' 

x = cost., y = sint, z = ./3t, 

Solution. 

~dt 

n/2 
(~os 2 t 0 / sint + /3t)2 d,t 

cos3t 13 t2 
n/2 

13 1 - -..,.......-- + !. + lr J 2 
0 

0) 

O) 

2) 

dx = o 

t£(0, n/2) 

2 dt 

2 
1T 
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GEOMETRIC APPLICATIONS:' 
B 

1.. f ds. = I AB I 
. A r ll: . : 

2. 

where r is a space curve and I ABI is the ar~ 
'.! ~ length of r from A to · B 

B 
f z ds = S (z = f(x. y) > 0) 

A ,r· .. 
where · r: g(?C. y) = o. z = o. 

rt-- h, · 
-~· ........... _. .... ~d~/3 :; 

and s is the . r . 
area of the _right cylinder g(x. y) = o. above z; o. below 

the surface z = f(x_. y) 

3. p x dy = - p y dx = I R 1 where 
r 

R is a plane region-with a ilosed 

boundary aR 
-0~.,..-.-. -'---~')( 

Proof. 

1) and 2) are obvious from the definitions. 

3) is proved as follows: 

Consider th~ lo~er and upper curves ~~ r2 rif the region 

R taken as a normal region Rxy· 

/ y dx f r Y dx + Ir 
1 2 

b 
f y1{x)dx + 

a . 

~t.· 

; A 
y dx 1 , 

a ~t' --l- ··· 
f y2(x)dx 

b 

b . 
- f (y2-y1)6x = -IRI. 

a . ~ 

·.For-th~ proof of the other part. consider ·the left and right·. 

curves for the region R takeri as a normal region Ryx 

If the region is not nor~al it can be ~plit up into normal 

regions. 
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Exampli 1. Compute the ~rea of the qu~d~ilateral OABC 

shown in the figure, by the use of line integral. 1 

Solution. 
t.: 

I R I = p xdy I xdy + I xdy + I xdy + I xdy 
r rl r2 r3 r4 

where· 

r 1 : X 3y, 0 ~ y ~ l; l:'2: X 3y+ 1, '1 -~ y ~ 2 

r3: y 2. 2~x~5; r 4 :. x y, O~y~2 

Then 
1 2 2. 0 

I R I = of 3y dy + I (2y+l)dy + / Q, + / y dy = 7/2 
1 

-
Example 2 .. Fi,nd the .area of the right cylinder x2/3 + il3 = 1 

bounded below by the plane z = 0 and above by. the paraboloid 
2 2 z = x + y in 'the first octant. 

Solution. Since x213 + y213 
= 1 has ~he paramet~ic· form 

. 3 
X =' COS 9, 

we have 

T!/2 
(cos 69 + ~in 6 9)3 s I .zds I cos9 sin9 d9 

r 0 

Tf/2 
cos 79 

n/2 
-3 I dcos9 + 3 I 

0 0· 

3 ( . B9 ~ cos89) 
Tf/2 

- '8" s1n 3/4 
0 

PHYSICAL APPLICATIONS 

1~ Work: The work done by ~he force ·F 

·point of application move$ on a curve 

sin79 dsin9 

(P, Q, R) when 'its 

. I 
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is 
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x(t)i + y(t)j + z(t)k from 

B 
w I 

A r 

B 
F;dr =,I 

A r 
' Pdx + 

A = r(a) to B r( a) 

Qdy + Rdz 

2. ·Mass: Let a wire be given in the sh~p~ of the curve 

r: r(t)~ =. x(t)i + y(t)j + z(t)k, te:(a, a) with end points 

A(t='a), B(t=a). 

Let 5(x, y, z) be the density of the wire per unit length~ 

From dm = 5 ds, one gets 
B 

m = I · 5 ds 
A r 

as the mass of the wire 

3. Moments: The moment of a particle with mass dm = 5 ds 

with resp~~t t~ the coordinate planes, coordinate axes and origin 

are defined by 

x dm, y dm, z dm; ~2 .z 2 dm, lz~ dm, ~2+y2' dm 

and v'x2 + l + z2 dm. 

Hence the corresponding moments of a wire in the shape of r are 

obtained by i~tegrations: 

I X ods. Mzx = I y 6 ds' Mx = I z 6 ds 
r r Y r 

I ~ 6'ds, M
0
Y = '] /z2:? 6 ds, 

r r 

M
0

z. = I Vx~+i 6 ds 
r 

4. Center of mass (Center of gravity): 

Th~ center of gravity of a wire ih the shape of r is the 

point G (x • y, z) with mass m = I 6 d s whose anoments with respect 

to coordinate planes are the moments of the wire with respect 

these coordinate plaries: 
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m x Myz, . m Y = Mzx• m z Mxy 

Hence 

Myz I X o ds 
- r X -m I 0 ds 

r 

Mzx I y o ds 
r y m I o ds 

Mxy I z 0 ds 
.z r 

m I o ds 

The center of gravity may or may not be on the .wire. 

If the density is constant (if the wire is homogeneous) 

is ·referred to as the centroid of the curve r.· 

5. Moments of inertia (second moments) 

These are· the expressions obtained from the moments by 

replacing the (directed} distances by their squares: 

I I x2 5 ds, 1zx = I y2 o ds, Ixy. = I z2 o ds yz 

I ( -: 

T 

• •z. r 
Obs'!rve that 

r r 

•-/,z 2 )o ds, loy I 2 2 ds, (z +X .),o 
r 

· .. 2 2) (" +Y o ds Io = I (x2+/ +z 2)o ds. 
r 

loy= lyx+lyz• 

lo, = lyz + lzx + lxy· 

G. 

The radius of gyration: When the mass of an object is con-

centreted ~t a point and this point-mass produces the same moment 
I ' -

of inertia wit.h respect to the line R., the distance ~ of the point 

from R. i~ called the ~adius of ~yration of the wire with res~ect to R.. 



370 

2 
~ m = I.t 

Example 1. ·Find the work done by the force 

Fi= l i + ~ j + ~ k 
. ·· Z X y 

when its po..:int of application moves on .the path~ 
\ 

f: X=t. y=t2 .• Z=t3 

Jrom A('l. 1. 1) to B(3. 9. 27). 

Solution. 

w 
B 

I F .dr 
Ar 

I 
B 

l dx + ~ dy + x dz 
Z X y A r / 

. 3 1 2 . 1 
I - dt + t .2tdt 1 t + t 

Jl.n t + 1 t4 
"2' + 3 t2 

"2' I~ = .tn3 + 52. 

Example 2. Gfven a wire in the shape of the circular helix 

with 

r: r(t) =(cost, .sint,.·2t) 0 ~ t ~ 211 

dens'ity proportional to the cote z. 

a) find its mass m 

b) find its center of gravity~ G 

cJ find its moment of inertia 1oz . and -radius of g~ration 

Solution. 

a) Since 6.~ kz = 2kt (k is the constant of proportionality) 

m = I 6 ds = 
r 

in 

211 . r-2 . 2 . 2 
f. 2kt ~-x + y +.Z dt 

0 

t /1--:;--il d t 

211 
I 2t: 2kt. .IS dt 

0 
4kl5' I t 2dt 

0 
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2n 2n 
M 

XZ of ( sint)2k_t 15 dt - 2k/5 f t s i nt dt -4 kniS 
0 

2n 2n 
M f (cost)2kt IS dt 2kl5 f t cost'dt 0 yz 0 0 

X 0, y = -1/n, z =8n/3 

(x 2+;2).kz 
2n 

4k/5n 2;-c) 1oz f ds 2kl5 ·f t dt 
r 0 

2 
10 /ni 1 -- ~ '· = .. 

Example 3. Given a wire in the shape of the curve r: 

{.l'.n t, ~ , 12t), tE(l, .4), with density proportional to the 

y-coordinate~ find 

a) length, b) mass,· c) average de~sity 

of' the wire. 

Solution. 
4 

a) s = f ds f / <{l 2 
+ t2 + 2 dt 

r 1 
4 1 15 f <t + t)dt .l'.n 4 + T 1 

4 t2 1 285 
b) m. = f o ds f k 2 (t+ t)dt s- k 

r 1 

c) 6 m 285 k . i 
s 4(2.1'.n 4 + 15) 

i 

i 
_I 
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B. INDEPENDENCE OF PATH 

Let 

B 
f Pdx +-Qdy + Rdz 

A r 

be a line integral. If the values of this line integral along any 

path from A to B lying in OF are the same, then the line in

tegral ii said fo be independen~ of pd~h. In this case the value 

of the line integral depends only on the end points A and B, 

and can be denoted by 

B 
AJ Pdx + Qdy + Rdz 

Theorem. Suppose that u{x, y, z) is a scalar function 

having continuous first 6rder partial derivatives on a connected 

domain D with 
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B B au ~ dy au f u.dr f ·ax dx + +- dz 
A r A r ay az 

B 
(~ dx au dy au dz)dt f <IT +- (ff+ az A r ax ay CIT 

fl / 

f d u(x(t), y(t), z(t))dt 
a CIT 

I
a . . 

u(x(t), y(t), z(t)) a.~ u(B) - u{A). 

where r(a) = A, r{fl) = B. • 

From ( 1 ) , .we get 

uxy = py' uxz = Pz' uyx ~ Qx' uyz .= Qz~' uzx = Rx, uzy -= ~Y 

If these deri~atives exist Jnd continuous, the eq~ality of mixed 

deri~atives gives. 

. ( 2) 

which are the conditiorii for indep~ndence of p~th. 

Observe that 

curl F = 0 

gives (2)• In that case Pdx + Qdy ~ Rdi it said to be exact (total) 

diff_er.entiaZ form. · 

· The line integral 

B 
f ·P_(x, y)dx +·Q(x, y)dy 

A r 
in th~ plane is independent of path if 

obviously. 

Note that when a li~e integral is independent of path, the 
' I' evaluation may be done by the ~se of one of the following_ ways:. 

,1) by choosing a· simpler -p~th 
4~. 

·2) by ~et_e.rmini-ng a primitive· function u~ 
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Example. Evaluate 

I f {e X + z) dx R.n{l+z)dy + ( R:Z + x)dz = + 

along, the path 

r: r{t) = t 2i + t3j + tk 

from 0{0. 0, 0) to A(l, l, 2),_testing for independence of paths, 

and if so, choose a simpler path . 

. •., 

; 

. Solution. 

p = ex + z' Q_ = R.n{l+z), 

py =- 0 Qx~ Pz = 1 = R . 
X' 

ind~~end~nce of path •. 

Then cloosing the path ~~ow~ in the 

1 I 

toE) F.dr ;, 
0
J exdx = e-1 

1 
(FA) 

F.dr = 

F.dr 

1 
-f R.n 1 dy = o
o 

2 1 
J-(T+'Z + l)dz_=R.n{l+z) 

0 

I = e + R.n3 + 1 

R = 
y 

,-:;:z + X 

Qz 
1 

Ry = ,-:;:z = 

R.n3. + 2 

Evaluate the same-integral following the given path r. 

If one likes to use the second way, determinations of the 
- ' 

primitive funct4on is necessary. 

DETERMINATION OF THE ~RIMITIVE: 

au p' au Q, au R ax ay rz= 
- au p u f' P{x, ax y, z)dx + 4>(y, z) 

V{x, y, /z) + 4>(y, z) 

Sine~ integration is t~,en with respect to x alone {in this 
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integration y and z are considered as constant) we have a 

const-ant integration as function of y and z. 

Then 

au Q = v y + <Py(y, z) ay 

9 <f>y(y, z) = Q-V y 

·-==> <f>(Y' z) u-V + lji(Z) 

u <jl(y, z) + V-ljJ(Z) 

au R <Pz(y, ?)·+ vz-w'(z) a-z .-
I 

="/ 1jl ( i) <Pz (y' z) + V -R z (the ri g.ht hand side 
is a function of z 
alone, ~ay h(z)) 

'7 1jl ( z) f h (z) dz 

u <f>(y, z) + v-w(z) 

Ex amp 1 e. ·Given 

B 
I = f (arctan y-2x)dx + 

A r 

.a) test for independence of path 

X ---z + 2y)dy, 
·1 +Y 

. b) if so, evaluate by the use of a primitive function from 

A ( l , 1 ) to B ( 2 , /3) 

Solution. 

. a) p = arctan y-2x, Q X 2y ~+ 
1+y 

p 1 
Qx (ind. of path (exactness)} 

"1+i 
= y 

b) u f (arctari y-2x)ax X arctan y-/+<jl(y) 

X ·' 

<P' (y) X 2y uy = --:-z ... 
·1 ... i 

... 
l+y 

<P(y) 2 arctan 2 2 y u X y-x ... y 
' / 
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Then, 

~·I = u(B) - u(A) Sn/12-l 

Example. Evaluate the line integral 

~ B X ~ 
_I = 

0
f (e. +.z)dx + l!.n(l + z)dy + (l~z +·X)dz 

from 0(0, 0, 0) to B(l, 1~ 2) by ~the use of-exactness· arid 

~primitive fu·nction. 

Solution. 

p = X . e + z, () = l!,n ( 1 + z), R 

au. ~ 

ax= P 
X . J ( e + z) ax 

ex + zx + cj>(Y, z) 

au Q = 0 + 0 + <1> ( y , ·z ) 
ay y . 

9 <Py(y, z) = Q = l!,n ( 1 + z) 

-~ <I> (y' z) f l!.n(i + z)CJy y l!,n ( 1 

~u ex + zx + y l!,n ( 1 + z) + 1jJ ( z) . 

au R 0 + X + _)f_ + 1jJ. ( z) az l+Z 

:.:;. 1jJ I ( Z) ,~ 0 ~">~ w(z) = c 

u ex + zx + y l!.n ( 1 + z) + c 

Then 

I = u(B) u ( 0) = e + l!.n3 + 1 

_)f_. + X 
1 +Z 

+Z) + w(z) 

This ·is the pr~viously solved problem by the choice of a 

simple path. Observe that the result~ are ihe same. 

In the independence of path of a line integral alonq a 

closed curve' r(= aR), the line int_eC)ral is zero if.the primi

tive and the integrands P, Q, R ~ are continuous in the interior 

of r. 
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1. Evaluate 

f 
r x 

where r is th~ arc 
8 

-y 
/x 2 

of 

377-

EXERCISES (5, J) 

dx L dy 2 + 
Jx2 2 ,.. .y - y 

2 - 2. 
9 from (3, 0) to (5, 4). X - y 

-. 
2. Evaluate J (x+y)dx + (x-y)dy where r consists of the 1 :ne 

o r 
~egment from 6(0, 0) to A(2, 0) and thii t from A(2, 0) to-

8(2, 1). 

3. Evaluate 

i = 4x-l 

2 2 . f (x -2y)dx + (!x+y )dy, r ~eing the arc of curve 
r· 

from -A{l/2, -1) to 8(5/4, 2) .. 

. 2 • - 2 
4.· Evaluate f (x -2y)dx + (2x+y )dy, r being the line segment 

. r . . 
from A(l/2, -1) to 8{5/4,-2). 

5. Evaluate f y dx + ( 2 . 2) . X +?/ dy where.r consists of the line 

segment from < ..;_2' 0) to (0, 0) followed by that from (0, 

to (0, 2). 

' 6: Evaluate the line integral 
2 2y . f X dx dy 

C lx 2 ·- / 4/ + i 
where C is the arc of y x212 "from (0,. 0) to (2, 2). 

7. Evaluate 

f 
along 

a) A08 

r 
x dy - y dx 

X + y 

b) (A8) ·c) AB 

8. Show that the area ~f the region bounded by the evolute 
·c2 .. 3 

Y = - ll s1n 9 of the 

. ellipse · x = a -cos9, y = b sinS is 

0) 

y 
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equal to "B" 1T ao 

9. Evaluate 

378 

'· .... 

where r is the arc of y sin x from origin t6 {n/2, 1). 

10. ·Evaluate f s~nx dy + sosy dx where 
r 2 2 r: l< = t +3, y = 2t -1, o ~ t ~ 2 

11. Evaluat~ f ~- ds, r being the line segment from (0, bf 
r 

to {3, 9). 

.12. Find the area of the right cylinder with directrix X 
2 = t +3, 

y 2t2-i; tc (0, 21 bounded by the surfaces z = 0 and 

z 2 2 
X +Y ... 

13. Find the mass of a 'wire.in the shape of y = {cos 2x)/2, 

{Osx~R.n 2), if the density per-unit length is given byo= xy. 

14. Eva 1 ua te 

f z dx + X dy + y dz. 
.' r 

where r is the circular helix X = a cos9, y = 

z = a9 f. rom A{ g· = 0) to 8{9 = 2n) 

15. Evaluate 

f {y2+z 2)dx + {z 2+x 2)dy + {~ 2+y 2 )dz 
along the curve 

a sin9, 

2 2 . 2 2 2 r: X +y +Z . = 4ax 1 • X +y 2ax {a>O, z>O) 

{Hint: set z = 2a cost). 

16. Evaluate f ,Ldr where F = ·{yz, zx, ·xy) and r is the inter
·r 

section of the upit sphere centered at 0 and the plane z = 0,. 

revolved·once in the positive senie. 
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17. A particle moves along the straight line in R3 joining 

A(l, 2, 1) to .B(7, 4, 4) •. subject to the force 

F 
X i + y j + Z k 

( 2 2 2)3/2 X +y +Z 

Find the work dPne. 

18. Evaluate 

19. 

20. 

f 
·r 

x dx + y dy + z dz 
2 2 2 

X + y + Z 

where r is the ar·c 

-' X = 2t, y 2t+ 1. z t 2 ~1 from (0,. 1, ll to (2, 3, 2) 

Evaluate 
2• y = t • 

Evalu~te 
' 

- f ey/xdx + sin xdy + ~ xy dz, r being x = t, 
r 3 

z t t£(2, 3). 

2 . 
f/ XY dx + X Z dy + XYZ dz where ' . 
r , -t 2 
r: ~ = et, y = e ,. z = t , te(O, .1). 

21. Evaluate f xyz dx + R-n(X+Y+Z)dy ·+ z.dz along the perimeter 
r 

of the triangle ABC where A(O, 0, 1), B(O,,l, 0), C(l, 0, 0) 

(A+B'+C+A} 

22. Evaluate 
2 2 : . f (x +Y )dx + xyz dy + .(X+Y+Z)dz 

. r 
where r is the perimeter of the rectangle with vertices 

A(O, 0, 1), B(l, 0, 1), C(l,.l, 1), 0(0, 1, 1) in the 

positive .sense. 

23. Show t.hat the integrand is exact diff~rential and evaluate the 

!ntegral 

(4, 2) 2 . 
f (x +2y}dx + (2y+2X)dy 

(.2' 1 ) . 

24. Same question for • . 
... ~ 

.. 

. . 

. . 
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3E:b 

(5. 1) 2 ( ' 2 . 1 
J (2

x ~ + 3)dx +. 2y R.n(1+x )-2Jdy 
(0; 2) 1+X > 

25. Same question for 

(1. 2) 2 '2 2 2 f · · (3y +4xy-2x )dy + (2y -4xy-3~ )dx 

'( 1. 1 ) 

ANSWERS-TO EVEN NUMBERED EXERCISES 

. 4. 1319/64, .. 

6. 4.+ 2 R.n(5/4) 

10._2(cos3.-cos7) +i (sin 7 +sin 1) 

1_2. 22015 

16. 0 

18. 1 R.n 17 -z T 

20. 1/2 

22'. 1/2 

24. 16 + .R.n. 26. 

.. 
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5. ·z. DouBLE INTEGRALS 

A, DEFINITIONS iN~ PROPERTtES 

Historfcally the double integrals arose in an effort to form

ulate the volume of .the solid under a surface zi=f(x, y) ~0- over 

a bounded plane region R. 

Omitting ·the above restriction z > 0, the doubl~ integral of 

a function f(x, y) continuous over a bounded region is defined as 

follows: 

Let the region R be inscribed in the smalles~ re6tangular 

reg~on [a,_b.J X [c, d), and let the interv-als (a, b), [c, dJ be 

partioned in_to subintervals [xi.--:l>xi]• [Yj-l' yj) 'by points 

xo(= a) • • xi • ... ·- X ( = p. 

y (= 
0 

c). . Yj • ... . y (= 
~~ 

Consi~er the cross product 

Rij = [xi_:l' xi) x [ yj-1' Yjl 

which i_s __ a subregion_ of (a, b) x (" c, dl,--

with area 

0 
- where 

b) 

d) 

- when 

Letting (xi*~-Yj*)ERij' and defining f(x, y) 

(x.*, y.*)¢R, consider the double sum 
1 - J ' 

If m min f, ov'er R and if 

- Mij- max f dver. Rij' we hav~ 

--

to .be zero 

min f, 

--

b -y 
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when A = I R 1. 
It is proved in Advanced Calculus that, for a continuous 

f~nction f over R 

1 i m 
(p, q )-+(oo, oo) 

'1.. ~.,., 0 

. q 

~ 
j=l 

·.where '\=max (t.x., t.y.) for all i, j, ,exists for any rectaf\gular 
' 1 J 

or arbitrary partition of R, and the .limit is denote~ by· 

fiR f(x, y)dA, 

called the (definite) double integPaZ of f(x, y) over R, and l 

is s•id to be integPabZe over R. 

Pr~~erties .. Let f, g be continu6us functions. of two vari

ables. Then. 

1 • ffR dA = I R I = A 

2. JfR f dA = 

3. ffR (f+g)dA 

4. If R c f dA 

5. If R f dA + 
l 

volume 

=,If R 

if f(x,y)~O. 

f dA + fiR g .rlA 

f dA. (c is a· const) 

6. m A ~·JJR f"dA ~ M A 

7 .. I If R 'f dA I ~ If R If I dA 

8. f(x, y) ~ g(x, y) .,;;> fJR f dA ·~ Jfg dA. 

The first two are obvious from.the definition of a ~ouble 

integral. 

Proof of ( 3): 

I I (f(xi*• Yj*) + g(xi*• Yj*))d Aij 

\ 

<P.) 
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The othe~ can be proved in a similar way. m 

Example 1. Evaluate the double integral 

I = ffR dA 

where R is the n6rmal region 

R = (o. a; a-x, 1~ 2 -x2 ) xy . . 
~ '1... Solution. Referring t-o the figure, we have :r 

I OABO I . - I OAB I 

{ 11 a2 - i a2 

, Example 2. Evaluate 

2 (11-2)a /4. 

. l22 
If R /x + y dA 

( 3). 

where R is the circular region with center at ~he· origin and· 

radius 3 units. 

/ -2--2 
Solution. z = lx +y 2 2 2 

X + y - Z 

·The given double integral is'the volume under 

_the cone o.ver the .circular region, i.e., the 

_v~lume of the solid bounded by ~he cone and 

the circular cyl i nder·-wi th z ?· 0: 

0 

113 2.3 1 '23 1' 1l 3 . 

Example 3. Evaluate 

I = If R (X + y) dA, 

where R is the rectangular region .(o, 2] x [o, 1)·, by limit. 
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Solution. Using regul~r partitions 

on (o. 2). (o. 1) with fix; = 2/n, 

fly. = 1/n,. and for s1mplicity taking J . 

(x*, y*") at 'th·e· right upfor, corner of 

R;j• we'have 

lim 2 
. ' ~ .n :+'CO 

lim 2 
:""'J 

- n ,... co n 

lim 2 

~ n ,... .,. 

lim 2 
= 

~ n ,... co 

n 
I 

i=-1. 

2i . 2 
( - +·,!) -n --n n n 

I -r (2i+j) 
j 1 

I (z : n ( n+ 1 ) 
+ nj) 2 " j 

·(n.n(n+l) + n n(ri+l)l . --z-:-

3·n 2 (n+l) 
."2' ' 

3. 

B. EVALUATiON BY ITERATED INTEGRALS 

'Th.e previous examples were simple cases ,of evaluation. In the 

general case, th~ evaluation is performed by evaluating successiv~ 

(iterat~d) iitegrils. 

, Let· 

= fiR f(x, y)dA. 

When f(x, y) ~ 0 over R, the double integral can be inter-. 

preted as the· volume under the surface z = f(x. ~) ov~r the region 

R. If f(x. y), < 0 ,in a subset R' of R, then ."-!" is the diffe-
i 

renee· between the v'olume above. R-R' and the volume below- R'. · 

Hence we .may suppose_ f{x. y) :;-· 0 .. 

Let R be ·a normal region, say " 

Rxy = (a. b;" L(x), V(x)l. 
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Consider an elementary rectangular 

· p r i zm of height z = f ( x ; y) 
I .. 

and base dy dx 

(See Fig~), having the el~mentary volume 

dV = z· dy dx . 
j 

When dV is integrated with 

I. 

si~e~i~g x .constant) from L(i) to q(x)\ the elementary prizm 

swe~ps out the slice under the surf~ce from L(x) to· U(x)_ over 

the strip of width dx: The volume.of-~his.slice is 

(Area of the. slice)X(thickness) 

= ,[ L{~:x\ dy)dx 

The s 1 i·ce sweeps out the whole volume ·V' when the strip 

(the base of the slice) sweeps out the region R:· 

b[ ucx> ) 

·V = f f ' z dy J dx ·, 
a L(x) 

Therefore 
0 U(x) 

·If f( X, y)dA f f . f( X;· y)dy dx 
. R a L (x) xy 

where the inner· fntegral is performed first obtaining a ·function 

of x alone, then the outer one .. 

This process of evaluation is called (ntegration by iteration: 

Then any dduble integral over ~ normal ·region can be written as 
I 

iterated integrals: 

b U(x) 
If f dA f 

'l {X) f dy dx 
.Rxy a 

or 

Jj~ 
d r(y) 

f dA f f f dx dy 
yx c L(y) 

if 

,. 
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Ryx =. (~. d; R.{y), .r{y) 1 
The order of integrals in the second is the reverse of the· 

order of the first • 

. If R is not~ normal region, it can be split up into a 

finite number of normal regions Rl ' ... ' Rk. Then the double in-
c 

tegral JJR f dA is the sum o.f iterated integrals of f over norma 1 · 

·regions Rl ' Rk from Prop. 5. 

Observe that in the notations of norm'al regions the first 
I 

{second} ordered pair appear as limi~s. in the outer {i~ner) integral. 

REVERSING.THE ORDER OF INTEGRATION: 

Writing a given iterated integral defi~ed a normal region,as 

iterated integral{s) over normal region{s) of other type is called 

the reversing (ahanging) the order of iniegration. 

The 'reversing of oraer may be helpfuil to evaluate the iterat

ed integral,_when the evaluation of the inner integral is impossible 

or to~ complitated .. -

If the giv~n .iterated integral is 

b. u 
f ·f f{x, y)dy dx 

a - L 

say, then the ste~necessary in reversing the order are 

l i) Sketching. the normal. region 

{ i i ) 

{ iii ) 

R xy (a, b; 
) 

L{x), U{xl.J 

Wr.iting,the sketched reg.i on as R yx 
such· region Rl I ... , Rk 

Setting up the iterated integrals 

Rk and a~ding them up. 

or as union 

corresponding 

of 

to 



Corollary .. If a, b, c, d, are constant, then 
b d. . d 

1. f f f(x, y)dy dx = f 
a c c 

d 

b 
f f(x, y)dy dx 

a 

b d b 
2 • .f f f(x) g(y)dy dx f f(x)dx f g(y)dy 

·a c a c 

Examp1e 1 •. Evaluate the ite~ated integral:--

Solution. 

1T!3 ( 2 ) 
I = OJ . T Sin9 

Exam pre 
3 

2. Evaluate 

0 

4 

0 

1 
'! 

.. 4 cos9 · 
f r Sin9 dr d9 

cos9 1rl3 
cos 29 dQ ,; OJ 8 

8 7/3 + '! 

sin9 d9 

/ 
y 1 "' 3 1 

2
J 7 R.n(R.n x)dx· dy + / / ? R.n(R.n x}dx dy. 

SDlution. Since the evaluation of inner integr~ls is impossible, 

we try changing the. order of integration. '1-t !'{:,~ : -- -:- )L r<:. 

Then 

R = (2, 3; 2, y) U (3, oo; 2, 3) 
"- --- _____ .....::..; '-'----v--~ 

·' 

R~; .R" yx· 

R Rxy = (2, 3; x, "') 

I " 
3 

/ 
3 

f 
-2 

f 
X 

~_R.n R.n x dy dx 
y 

3 u2 
/ R.n R.n x d R.n x =' f 

ul 

2 ---·- -·- ---Y 
' . ((':!"' 

/ 

/ 

/ ! 
' / 

2 3 
y 

() 

....... 

R.n u du 
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Jl._n x Jl.n Jl.n x - Jl.n x~ 1'
3 

. 2 

Jl.·n 3 Jl.n Jl.n 3 - Jl.n . 3 . - cJI.n 2 Jl.n Jl.n 2 + Jl.n 2. 

-
Example 3. Evaluate by r~v~rsi~g the prder·of integration.· 

/3 
. r = r 

0 

.. 
Solution. Rxy (0, 3; 0, x/2) 

(o .. /J/_2; _2y, 13) 
Jj 

R = 1.· 
. yx 

/3/2 -13 
x dx of 2t :---2 dy 

1 +Y c:. 
/J/2 1 2 1/3 

= f 'Z 
X . dy 

-- 0 l+i 2y .. 

1 r./3' 2 
( 3 

'Z :-:-2' 
0 I 1 +Y, 

2 -: 
~)dy 
1 +Y · 

~ arctan y -· 2· (y-arctan y) 312 3 - 113/2 . 13 
c. 0 . 0 

7 13 . .· 
'Z arctan <: - 13. 

'(} 

Evaluate the given integral without reversing the order! 

C. EVALUATION BY CHANGE OF VARIABLES 

Let 

If R 'f( x , Y) dA ( 1 ) 

be a double integral to be evaluated _over R. 

Stippose we make a change of_vari~bles: 

x = f(u,_ v); ·y = G(u, v) - (2) 

IV 
,. 1.:'1: 

'1r 
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where F, G are continuous. 

When (2) is substituted in (1 ), the latter reduces to 

fiR I .p ( u I v ) dA I 

d~fined over a region R: in rectangular uv-System~ ~h~re 

.p(u, v) = (F(u, v), G(u, v)) 

and. R1
, dAI, are to b~ dete~min~d. 

If {2) is solved for u, v in ,terms of x, y we have 

u = f(x, y), v = g(x~ y) (21) 

This transformation defines a mapping from rectangular xy-system 

to rectangular uv-system, that is, the inverse transformat~on (2 1
) 

of {2) maps a. point P{x, y) of xy-system to a. point P1 {u,-V) in 

uv-system, and maps the region R to a region R1
• it also maps an 

elementary ar~a dA into an elementary area dA 1 since F, G, 

f, g are continuous. 

Taking dA 1 as area ·du dv of an el~mentary rectangle 

··P 1 P1

1 ·P 1

3 P1

2 with sides para_llel to u- and v-axes., dA wi.ll be 

the area.of an elementary curvilinear parallelogram PP 1P3P2 
whose sides and vertices are mapped to the s~des and ve~tices of 

P1 P1

1P1

3P1

2 , under (2 1
): 

A~t; 
~1..· 

.·:r ' , . 
~------------------~-x 
0 -t------------- ....... o' 

Now we evaluate dA interms of dudv. 

~ince the .curves PP 1! PP 2 are mapped res~ectively to hori

zontalcand vertical line P1 P'1 , P1 P1

2 along which v. u are 
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constant, .the equations of PPl' PP 2 will be 

g(x, y) = v, f(x, y) = u, 

so that along PP
1

, v. remains.constant while u varies, arid 

along PP~, u remainL constant while v varies~ ·Theref6re if P 

bas coordinates F(u, v), G(u, v), those of the nearby points 

P
1 

and P2 will be 

F(u+d~, v), 

F(u, V+dv), 

G(u+du, v); 

G(u, v+dv} 

arid by Mean Jalu~ Theorem, we hav~ 

P(F(u,.v), G(u, y)) 

P 1 (F(u~ v) + Fu du, G(u, v) 

P2(F(u, v) + Fv dv, G(u, v) 

+ Gu du} _ 

+ Gv dv.) 

Now, since pplp3~2 is nearly a parallelogram 

dv, the a rea· dA is' twice the area of the triangle 

/ F G 1 

dA IPPlP21 ±" F + Fudu G + G u du 1 

F + Fvdv G + G v dv 

F G 1 

I'" ± F du Gudv 1 =± 
u ' Fv 

Fvdv Gvdv 

aF· aG 
au au 

::.") dA ± · du dv 
llF aG 
;rv ;rv 

f. or small 

pplp2: 

Gul 

Gvl 
du 

where ~or - is taken to make the right hand side positive. 

The determinant 

aF .aG I ax 
ay 

au au .'du av 
J or J 

ilF aG I ily ay 
av av au. av 

du, 

dv · 
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is called the JACOBIAN of F, G (or of X' y) with res pee t· to 

u' v, denoted by 

Thus 

fff(x, y)dA 
R 

or il(x, y) 
a(u, v) 

ff 
R' 

du dv. 

where R' is the region b~unded by the image' ilR' of ilR, in 

u v- sys tern_. 
'· 

By a proper change of variables~ the region R 

rand ~or both may be transformed into simpler ones. 

o'r the· integ- · 

When 

is given, .clearly 

If 
R' 

¢(u, 

- If ¢(u, v)du dv 
R' . 

v)du dv If f(x, 
R 

under the same.change .of va ri a·b 1 es u = -
where the JACOBIANS satisfy the relation 

il!x, y) il(u, v) 
a u, v} • a(x, y) 

y) il(u, v) dx dy. il(x, y) 

f(x, y)' v - g(x, 

so that each is the multiplicative inverse of the other. 

y) 

( 3)' 

(3) can be shown by direct multiplication of two determinants. 

These two are the JACOBIANS ot the transformatjon (2) and 

its inverse transformation (2'). 

Example 1. Evaluate 

= If xdy dx 
R 

where R is the region bound~d by pair~ of paral.lel lines 

x-2y = -3, 

a) directly, 

x-2y = -9; X+y.=' 12, X+y 

, b) by a change of variables, 

3 
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Solution. 

a) Sketchirig of R is shown i~ the Fi~ure: 

} ( f c ffll) 

. /-, . ~ ~~~-~ . 
f./' . .....~·,,, 

- . 1?3 ''- ~U},i) 
-I. D I 

tn- : · 
I 

--..---I .. 

I 1/ 

. I 
? pa~tJ 

I 
I ( 

I . I 
I 

I I 
I I 
I -··-·-- -------

0 :1 
----+--'-----~ :)( 

R is the union of Rl' R2, R3: 

1 X+9 

II ~ dy dJ< = I I-r X dy dx 
Rl -1 3-x 

5. X+9 

If )( t1y dx r f-r X dy dx = 36 
R2 1 X+3 

-r 
7. 12-x 

JJ X dy dx I I X dy.dx 17 
R3 5 X+3 

-r 

I = 1 + 36 + 1 7 54. 

b) The equa~ions of lines suggest .the substitution: 

x-2y = u X = 1 u 
~-

+ v 

X+Y = v y = .1 1 v --3 u + 3 

The parallel lines x-2y = -3, x-2y= -9 a·re transformed 

to vertical lines u = -3, u = -9 in rectangular uv-system, and 

the two other parallel lines co horizontal lines .v = 12, v = 3, 
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forming a rectangle A'B'C'D' with sides parallel to coordinate 

1 axes. 

Since for (x, y)eR one has I f'V. 
I I I 

x-2y ~- -3, x-2y >, -9 
C I ;1,31 ! 
.I r------;.-------: t2. 

X+y ~ '12. X+Y ~ 3, 

it follows that for (u,-~)eR' 

-9 ~ u ~ -3. 

hold, showing that the transfo~med 

region R' is the interio~ of the 

rectangle A'B'C'D'. 
,DI L-; ----~;:A--.,---· J 

I I 
! I 

The JACOBIAN of the trans- I 

formation being_ 

a(x, '~-a ( u, 

we have 

1/3 2/3 
1/3 > 0. 

-1/3 1/3 

12 u 2v 1 f- (l + T) ·J . dv du' = 54 
3 

Example 2. Evaluate 

2 A-x2 

I=/ / 
j"---::---

'19 - x 2 - ; 2 dy dx 

by the use of polar substitution 

x = r .cos9, y r sin9 

-3 

Solution. 1-
The region of integration is. the normal regior l 

Rxy = {o. 2; o, . !OJ 
where graph is"the quarter of circular disc 

of radius 2. 
0 

o' 

" 
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In polar coordinates it is the 

normal region 

( 0' 

·Sketch is rectang~lar 

Then 
'IT/'2 

/ 0 
f 

2 

'IT . 
"2" ' 

' ' 9r-system .. 

~ 

h~r2 I rl dr 

- where I rl is the absolute value of the 

Xg xr -r sin9 

Yg Yr r cos9 

d9 

JACOB'IMI 

cos9 

·si n9 

I I I r · (sfnce r > 0 throughout 

'IT/2 2~ I = Of J 9-r r'dr d9 
0 

'!T/2 2 £2 I d9 I rdr 
0 0 

r 

of the 'transrormation: 

-r 

tile region) 

~ (-siS+ 27). 

be a 

where 

D. GEOMETRICAL APPLICATIONS 

AREA 

Are~ of a cdrtesian normal region: 

Let } 

Rxy = (a' b _, L·(x), U(x)) 

no rm·a 1 region (Fig·.) 

Then from Prop. 1. ' we have· 

A = I R I II dA xy 
Rxy. 



' 395 

dA = dy dx (= dx dy) 

Integ~ating dx (independent of y) with ~espect to y 

from ((il.) to U(x)- one obtains the area of the ,yertica·l strip:· 

U(x) [· ) 
L{x)· (dx)dy = U(x) - L(x) dx 

This streep sweeps out the region _when the .last expressio~ 

is integrated with respect to x from a to b: 

b ( ) b U(x) 
= af U(x) - L(x) dx = f · J ' dy dx 

,a L(x) 
( 1 ) 

·When the region is the normal region 

d -~-;!!;!'~} R = ( c' d; R.(y) '· r(y)) yx 
~--·-· ... 

We have similarly 

d r(y) 
" __ J'_· __ - . . 

IR.yxl = 'f f qx d\y (2) 
... c R.(y) () 

In the iterated integrals, for obtaining the limits of inner 

and outer integrals, drawing of vertical (or horizontal) strip is 

·advisable. 

If the region is not normal, it is to be partit'ioned into a 

finite number of nrir~al regions by Prdp. 5.· 

~ 

If R is unbounded or the integrand is discontinuous in a 

·sub_set of _R, then the double integral involves improper integral(s). 

which may or may not be tonvergent. 

'Example. Compute .the a~ea of the region in the !-quadrant 
~ . ~ 2 
bounded by y = x. , y = -x +1 and 3x-2y+2 ':' ·o. 

Soluti6n. The region ;; the shaded one in the figure where 

the coordinaies of A, B, C are 

obtained by simultaneous solutions 

of the equations taken two at a tim~. 

(' {1-, v) 

t;,.) 
--~-~-..:...---~-lt 

0 

. : 
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R is not a normal region of either type. It can be split 

up into norma( regions by drawing the horizontal line through A, 

or the vertical line through B. 

By horizontal. 1 ine through A~ 

R R' vR" yx yx 

( 
1 . 

. 2 ' 1; 

Then 

I R I IR'yxl + I R"yxl 

1 ly 
1// __J dx dy 

11-y 

1 

1// 
(/y-,ty-1 )dy 

4 
+ / . 

4 
+ 

1 
I 

1!/ . J 
2y-2 
---r-

[ - • 2 
ly - .3" 

dxdy 

(y-1)) dy 

2 2 )4 
1 (l2-- y) ,l. 

Compute the same area by splitting up the region int6 normal 

regions of type Rxy· 

Area of polar normal regions: 

Let 

be a norm•l polar region. Having 

A = [Rg I = If dA 
r R 

. 9r 
where · dA = r dr d9 (see Fig.) then 



397 

B t2(e) 

I Rarl 
a 
J . J 

r 1{9) 

For the normal polar region 

Rre =' (a• b; e1(r), 

b 
J 

a 

r dr d9, 

e2(r)J, . 

r d9 dr 

~ ... lr J 

-f?9-. ~ 9,tr} 

.. 
-~-~A 1 \\ 
vI . . . . 

()~---.. 6 

Example. Compute the area of the reston .R bounded by the 

cirdes r = 1, r = 2, the polar axis and 

thespiral r=29. 

Solution. The region R is of 

type R
1
•9 ~ Til en we have 

Rre ( 1 ' 2; 0, r/2), 

and 
2 r/2 2 '~2 

I Rl = / J r d9 dr = / T dr = 
0 

R is the union of two normal regions 

OA.) of type Rar= 

R ' [ 1 . 0' '2' '. 1 ' 2) u (i ' 1 ' 

f/2 . 2 1 
I Rl J J r dr d9 + J 

0 1 1/2 

0 

7/6. 

(separated 

29' .2) 

2 
J r dr d9 

29 
1/2 3 d9 

1 . 
(2-29 2)d9 J + J '2' 0 1/2 

3 5 
l + TI = 7/6 

VoLUME: 

by the 

By the Prop. 2' we have the vo 1 ume· under the surface 

-' 

line 

P.4 
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z = f(x, y)· · over R: 

where 

Then· 

V If f(x, y)dA (f(x,_ y) > 0) 
R 

dA dy dx (or dx dy) in rectangular coordind~eJ, 

dA r dr d8 (or r d8 dr) in polar coo~dinates; 

v - If 
: R 

f(x, y)dy dx {in rectangular coord.) 

v If 
R 

f(r cos0, r sine)r dr de. (in polar coord.) 

The above volume V is the-volume of the solid bounded by 

the right cylinder where directrix is ·the bounda~y aR of R, the 

region R and the surface z = f(x, y).-

When the independent variables are y and z, say, and the 

region. R is in yz-plane, then the. volume is the volume of the 

solid bounded by the ·cylinder_with directrix aR, the region R 

and the surface x = f(y, z): 

.v = II f(y, z)dA 
R 

where ·dA = dz dy (or dy dz). 

Example 1. Compute the volume of the sofid bounded by the 
2 vertical cylinder. y = x the planes y = 9,_ x = 0 and from 

below by the plane ·X = z and above by the paraboloid 
2 2 . 

~ = ~ + y + 4. (In the. I. octant) 

Solution. The volume_ can be 

computed as the difference of two 

. volumes under the surfaces z = x2.;2+4. 

and z = x over the. same region 

R =(0, 9; 0, /y). yx 
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Then 
9 ryi 2 2 ) v of ' 0

J ' (x +Y +4)-x dx, dy 

9 x3 x2 I'' of 
2 + 4x - dy = T .+ y X 2 0 . 

9 ( 1 3/2 5/2 4 y 1/2 .. - f> dy of JY + y· + 

1 2 YS/2 2 //2 + 4 2 3/2 y219 709 1-
~ J + 7 .. '3' y' T 140 '5' . 0 

' Example 2- Find the volume. in the I. octant, of the solid 
2 2 2 bounded by'the cylinder X + y = a and the paraboloid 

2 2 
y = X + Z • ' 

Solution: It is convenient to tak~ 

the re~~on on x~-plane as Rxz" say. 

Rxz =; (o. a; _o. ~) 
a laV 

v -.
0
f 

0
J y dzdx 

a ~ 2 2 4 f f (x +Z )dz dx 7T a . 
·o o B 

E; PHYSICAL APPLICATIONS 

Mass (of a plate):, 

Wh~n in a double integral 

I =· ff f(x. y)dA 
R 

the integrand f{x. y) is taken as the den~ity 5(x. y), per uriit. 

arei of R. then 5(x. y)dA 1s the_mass dm of th~ elementary. 

i 
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area, and the int~gral will represent,the mass of the plate in 

.~he shape of R: 

m = ff o(x, y)dA 
R 

Moments (of· L plate): 

The moments of an element ~f area dA with density o(x, y) 

w~th respect to x- and y-axes being 

d MOX y dm y o (X, y}dA 

d M = X dm = X o(x, y}dA oy 
the corresponding moments of a plate 

with density function in the shape of 

R wi 11 be 

ffR y o dA 

f f . X o dA 
R 

Center of mass (center of gravity): 

The center of mass of a plate with the density function 

o(x, y) in the shape of R )s that point G(i, i) charged with 

total mass· m whose moments with respect to x- andy-axes are 

M0 x and M0Y respectively: 

my = Mox·· mx Moy 

Moy JJR X o dA 
i m If R ~ dA 

·=) G 

i 
Mox fiR yo dA 
m fiR 0 dA 

If o is constant, ~ center of mass G is called the 

aentroid of the reg)on R and has coordinates 
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y 

Moments of inertia: 

When the di stanc'es x and y in the formul'as for moments 

are replaced by x2 and y2 respectively one obtains the moments 

of inertia of the plate: 

1ox If l 
R 

ll dA 

loy JJ x2 
R 

ll dA 

The moment of inertia of the plate i~ the shape of R with 
' density function &(x, y) with respect to the .origin is 

Example 1. Find the center of.mass and average density of a 

semicircular plate of radius ·"a" if the de,nsity is proportional· 

to the distance fr~m the diameter. 

Solution. Taking the coordinate axes as shown in the Figure, 

the regio~ R ·may be taken as 

Rxy [-a, a; 0, fa 2-x 2) 

and the density will be 

/l (X, y) = ky (k is the cons~ant of proportionality) 

Since the plate .and the density 

function are symm~tric with respect to 
r 

y-axis, M
0
Y and hence x becomes zero. 

Then we need to comp~~e the mass m and 

the moment · M
0
x: 



m 
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a 1,2 -x2 
f of ky.dy dx 

-a 
/ 

k a 
. (a 2-x 2)dx 2k .a3', = 2 f T -a 

a la2-x2 
f of ky.y.dy dx 

-a 

k a 2 :-x2)3/2dx _= J f (a 
-a 

(x = a s i n9_, dx = a cos9 

. 7f /2 k a3 cos3e.a· J . -7fA' 
cos9 d9 

Mox ~ n a4n?f a3) m 

~(0, 3 a) Tb7f 

m 21 3 · 1 2 TRT = 3 a I (2 7f a ) 

3 a 
TO ·7f 

4k . 
...-:::-a • 
.:>11 • 

r. 

d~) 

k a4 
'B' 

Obse~ve th~t I is between the ext~ema values 0 and ka 

of o = ky (O.sy::;a). 

Ex•mple 2. Find the moments of inertia of the plate given in 

Expmple 1 with. fespect-\to x-; y-axes, the origin 0, and the tangent 

'1 i ne at A(n/2, a/3/2). 

Solution. 
1"2--"2 a .' Ia -x 2 4k 5 1ox = f f. y ky ..dy dx TS' a. 

-a 0 

a !a2-x2 
x2 2k as ·1 f f ky dy dX T5' oy --a ·O 

10 1ox loy 
2k ka 5 . + T 
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Since 

R.: x + /'Jy -: 2a 0 

the squ~re of t~e distance of (x, y) from~ is 
2 2 d = (x + /Jy - 2a) /4. 

a. ,{2_x2 1 2 
I = = ·f f (x+/Jy.-2a) . ky . dy dx R..- o. 4 

-a tT2 
1 a Ia -x 2 2 . 2 

= 4. f f · (x +2,13 xy+3y -4ax-4al3y+4a )ky dy dx 
-a 0 · 

=·{ [Ioy+0+3I'OX-~~-4a/3MOX+4a2rpl, 
.o . . I 

k- (2 5 4a
5 

r-; 71 a4+· 4a2 .·· 2 a-3) = 4. ·. T5' a + 0 + 3 . ,-;- 0- 4at'3 8 3 
., 

: ka5·(2 12 13 5) =4 TS'+TS'-2 71 +3. 

=' irr I (~6: .~ ·5/3 71)a5. 

If R is a polar region;bY usual transformations one can 

obtain m, Mp~· MCPA' IPA' Ic~A' · I 0 , and the coordinates 

~. r of G can be computed by 

·.~ = arctan 1: , 
x 

Example~ FinB the centroid, and moment of inertia I0 of a 

homogeneous plate in the shape of the cardioid r ~ a(l + cos9) . 

. Solution. 
71 a(l+co.s9) 

m f J .. 0 r dr d9 
'-71 0 

r2 
a{l+cos9) ~4 71 .2 

0 f 2 d9 
71 tl 

(,s i nee ~ is canst) 
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1 0 a2 
1T 

cos9 + cos 29)d9 _= 3 2 
~ I ( 1 + 2 ~0 n a . 

-n 
1T a(l+cos9) 

1PA I I . r sin9 • 0 . r dr d9 
-n 0 . I 

1T r3 
a(l.;cos9) 

=0 J sin9 3 d9 
-n 0 

j,o a3 
1T 2 3 . 

J,-(1+3 cos9 + 3 COS .9 +CO.S 9)d cos9 
-1T 

y 0 

. -n a(l+cos9) 
, J 

0
J r 2 .. o . r d r d9 

-n 

= ! a4 
n. . 2 

cos 39 + cos 49)d9 J ( 1 + 4 cos9 + 6 cos 9 + 4 
-n 

0 4 1T 

cos 29 + cos 49)d9 35 4 
= 4 a I ( 1 + 6 =nona 

I -n 

EXERCISES (5. 2) 

26. Describe the region of integ.ration, and evaluate: 
2 5 2 5 

a) ,I / xy dxdy b >- I 
~ 1 ./ XY dydx 

2 X+2 ?. Jy c) J J dy dx d) I dx dy 
-1 X -1 y+2 

27. Evaluate' If R h-- ~ 2 - i dA 
2 2 where R is the region bounded by the circle 

the use of properties. 

X + y = 9 by 
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28. Sk.etch the region of·integration, and evaluate:-
2' x+2 w l-cos9 

a)· 'f f dy dx b) f f. r dr d9' 
-1 . x2 0 0 

· . 29. Same question for: 
. a -~~2-x2 . Ja2_x2 . 

30. 

31. 

32. 

a 
.f dy dx 

-/~2-x2 · 
a) f f y dy.dx 

0 a-x 
b) / 

Sketch the region of integration and compute 

w/2 3 sec(9 - iJ 
J f r dr 

0 0 

Without evaluating, find the largest and 

value of· 

ff ~ + x2 
+ y2 dA 

R 

d9. 

smallest possible 

where R is the region bounded by the curves y =· 3x - i 2 

· ~nd y x2 -·3x (Property 6). 

Same questio·n fo.r 
·,, 

2 X+3 
.a) . r Of xy dy dx · 

-3 

\ 

b) 
-2 

3 
f 

-2 

. x+2 2 2 . 
[ (x +y )dy dx· 

33. Determine a:> 0 such that 

~. 
~lA 

2 2 2 2 . 
ffR (x •Y )dydx = JJR (x •Y )dxdy 

34. Evaluate ff R. xy dA where· Rer 
Gr 

is the polar region bounded by 

two circles shown in the Fig. 

35. Evaluate 
ffR 

dA where 
(x + y)~ 

,~ . 

R = {(x, y): X) 1 > y;?; 1, X+y<3}. 

36. Given 



37. 

2 x212 
f f 

0 0 
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y 
-===-->2:r.~-..2 dy dx 
v'l +.X +y 

a) Sketch the region of fntegration 

b) evaluat~ the integral 

Same question for 
1 5 cos9 ' arccos "5 2 _f f r dr dQ 

0 1 

' '38. Without 
2 

evaluati~- show that the following integrals are zero:. 
fi-:-x2 1 

a) / 

li 
b) f 

0 

~2/ 2 3 dy) dx 
-v''I-X' X. y + y 

a /t;2-x2 
Jli Sin xy dx dy 

%~ 
3g. Find the area of the region defined by the following inequalities 

a)r.~Ssin9, r~·2+sin9 

b)r2 ~2cos'29, r~l 

40. Same question for 

a) y =X' y = x2 b) X+Y = 2' x2 4- 2y 

c) . 2 y=4-x. y = 4 - 2x d) y = 22 /a -x , y a - x 

41. Same _question for: 

a) r 2 ~- 2a 2cos 29, r} a b) r~3acos9, r ~a (l+cos9) 

42. Find the volume of the space regfon bounded by 

~) cyl i nde.rs 2 
y = X ' X= y2 and the planes z = 0' z = 1. 

b) cylinders 2 2 2 X +Y =a, 2 2 2 y· + z =a . 

43. Find the volume under 2 2 
Z =X + y above-the region 

R = fO, 1; 0, 1-x}. 
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-; 
44. A cylindrical ho1e of radius h is ~rilled through a sphete 

45. 

46. 

of r~dius a (b~ a). What is the volum~ drilled out if the 

axis of the hole corn~ides with ·a diameter of the sphere. 

Find the volume of the solid bounded .by the surfaces 
2 2 

/ .,2 = 4 z=e-x -y and z .= 0. 

Find the centroid of the region enclosed by y = 4-x 2 y=4-2x. , 

47. Find G(x, y) of the .plane region enclosed by r = 2 sin9 

and r=4 sin9. 

·48. Fin~ the center of mass of the region R bounded by the 

curves y = IX, 3 y=x if the density function is 

and_fi~d th~ average density. 

o = 3x, 

49. Given the transformation 

50. 

a) find 

X =· U + V, 

~(x; y) ·and a-ru:vr-

y = u- v 

Cl{u, v) 
a(x, y) 

b) fi~d-the image of th~ triangular region with vertices 

(0, ~). (4, 0), (0, 3) 

Given the transformation 
2 2 . v 2xy u = X -y , = 

a) Sketch the curves ·U = 4, and V.= -2 in xy-system, 

b) .find a(x, y) and a (u, v) 
a(u, v) a ( x, y) 

c) find the image of the. region defined by -2 2 4 x. + y ~ 

d) find the image of the region defined by y ~ 2x 

51. Reverse the order of integration of the dOuble integrals given 

in Exercises 26 and 28. 

52; Same question for those in Exercises 30 and 32. 
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53.· Find the moments of intertia of the plate in the_ .shape· of the 

2 2 2 sm_aller regions enclosed by y =a-x an·d x +y =a about 

a) x-axis b) y-axis 

54. Find. I
0

x 
2 .2 2 

X +y =a 

of the plate in the ~hape of the region bounded by 

with_ density 1'i=/x2+/. 

·55. ~ind I
0 

of the homogenedus triangular plate bounded by 

y = 0, y = x and x = 4. 

26. a) 

l. ·- li:@ 
i t 
z >. 

c) 

--...f:,::.¥-;-~L---7 ')( 

28 .. a) 
. 2. 

't . 

\ -:'!. . 0 - . . '(.. 

· •. 

-·jt~;t 1 . 

::,,~k,~ ''~cA 
1>~-

30. 

32. a) 125, -225/8 

34". 9/16 

36. PA
,~ ,, 

64 
:T 

6 

6/3 

b) 

d) 

. b) 765, 0 

c 

.L:Jl ., . 

63 
4 

= 6 

3-rr . 
4 

38:_a) the inte~rand is odd in y and the region is symmetric 
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42. 

44. 

46. 

54. 
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a) 1/6, b) 2/3; ' c) 4/3, d) 
2. 

(1r-2)a /4. 

a) 1/3, b) 2a 3/3 

j 1T (a3 (a 2 _ b 2 ) 3/2) 

x = 1, y = 12/5 

6 = 36/25 e: (0, 3) 
t"l . . i ·( I -1 ,. \);-. 

c) u 2 +v 2 ~16, 4 
d)v~-Ju. 

arcsec.~ 3 1r!2 
r d9 dr + of . of r d9 .dr 

6 . 1T /2 
• I I r de dr 

3 iT 
0 

+ arc sec i ·. 

5 2 
32a) I f xy d'x {fy 

0 

br as 
T 

y-3 

' / 

32b) 
0 3 2 2 I f (x +y )dx dy 

-2 -2 
5 3 2 2 + f f (x +y )dx dy. 

0 y-2 



5. 3 Su~FAcE INTEGRAL 

A. DEFINITIONS 
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F = Pi + Qj + Rk 

be a vector field defined over. Ds;R 3 , and let S be a surface 

in D. Then the integr:al 

If p a.YOz + Q OZclx + R (fXc]y (1) 
- s 

is ca 11 ed a surface integral if (x, y, z) in p. (), R varies 

throughout S, whe.re dydz for instance denotes free order of in

tegraiion (dydz or. dzd~}. 

Let dr be an el~mentary are~ of the surface S. The rela~ 

tions between do and oyez, azox, axay can be obtained by pro

j~cting dv onto corresponding coordinate planes. 

If 

; = (cosa, cos8, cosy) 

is a unit normal vector to S at P, ·then 

a, B; y wi)l be the angles of the tangent 

plane to S at P with coordinate planes, 

and one has ·,, 

oyez = do cosa, OZciX do cosB, (fXc]y 

so that (l.J ass·umes the forms 

If {P cosa .+ Q case + R cosy)do 
s 

and 
.... .... .... 

If F n do IJ Fn do 

do cosy 

( 1 I ) 

( 1 II) 
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B. EvALUATION 

When S h a s the e quat i on cj>( x , y , z ) = 0 d ef i n i n g 

x~x(x, z), y=y(z, x), z=z(x, y) •. the surface integral (l) 

If Ph(y, z), y, z)ayoz (2) 
syz 

+ ff P(x~ y(z, x), z)CfZciX ~ 
.. 5zx 

+ If . P(x, y, z(x, y)~ 
sxy 

of three double integrals, where syz for instance is the pro

jection of S onto yz-plane. 

When ¢(x, y, z) = 0 defines z, for instance, as a func-

tion of .x, y not uniquely, say /l and ~ 2 , one evaluates sur

face integral ~or bot~ surflces (lower and upper surface). 

When the ·equation ~f S is,siven parametrically as 

X:X(u,v), Y=Y(U,v), Z=Z(u,v), 

then by the usual transformations (change of variables) from yz-, 

zx-, xy-planes to uv-plane, ( 1 ) becomes 

ffs · P (x ( u, v); y(u, v). z ( u ~ v >)I a (y' z) I CIUilV a ( u. v) 
1 

+.If Q(x(u, v) • .Y ( u. v). z(u, v >)I a ( z, X) I CIUilV 
s2 

a ( u. v) 

+ If R (x (u, v), y(u., v). z ( u, v >)I d (X. y) I CIUilV 
s3 

a(u, v) 

where sl' s2. s3 are the i m,a ges of syz •. 5zx' sxy under the 

transformation. 
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When, S is given by ( 1 ') (or by_ 1"), d !i"' can be, project-. 

ed to one of t~e coordinate planes in which the t~ansformed ~oub

le-integral is si~pler. If S ·is projected onto xy-plane, say, 

-( 1' ) becomes 

where 

where 

. If (Pcosa + QcosB .,. Rcosy)secy ifi(dy 
S· 
.xy 

Example l._Evaluate 

$ is the surface 

Solution. R" yz 

Jf(x-z) 
s 

2 ~ ·. 2 
X= y + Z 

2 z2 < 4 y ... .... 

0 ~X~ 4. 

2 . 14-l 
f ,-2] <i + z2 - z)dzdy 

-2 .-/4-y 

2 
··J i 

-2 
z ... 

z 2 1.;4-/ . . ' •'X'-. -+-rl-
2 . . dy 

. -147 
2 2 /~ 1 2 ·r--'2 2. J y~/4-y ... j (4-y )/4-y 

-2 

2 (j '2 ,--2 
4' '~1 2 J y /4-y ... 3 /4-y dy 

-2 . 

8 11 8n. 3 Tl ... j Tl = 

Example 2. Evaluate 

I = f f X 
2 

Z . "ii'YcfZ + /X "ifZCCX + X y (l"X'Qy' 
s 

. 2 2 . 2 
S is the cone x + y = ( z - 4) with 

dy 

0 :s z ~ 4. 
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Solution. 

x2z dy(lZ 
4 4-y 

x2z - I = If = f ' -f dzdy 
,, 1 s 0 0 yz 

4 4-y 
(<z-4)

2 
'- / )z r f dzdy 

- 0 0 
4 4~y 3 ., 2 ' 2 

' f f (z -Sz +16z-y_ z)dzdy 
0 0 

16~/ z2~4-y 4 4 ' 
8 3 

f 
z dy T- 3 z + z . 

0 .... . Q .I 
A .. _ 

-A= ((4-y/, (4-,)2 -~ -~ (4-y) +- 16z/) 

' 2 ' 
(y- 4 )2 _ -3y + n. 16 

1 4 . 3- 2 . 
-: 'l (3y -32y +96y -:-256)' 

1 [3 5 4 3 ' ' ) 4 51 2 1
1

= - ,. y -By + 32y - 256y =-,-,.-
TI :;> . 0 I;) 

2 . 4 4-z 
yxdzilX=·J J /xdxdz=I 1 0 0 

ff 
sxy 

4 
f 

AG-?· 22 f . ( 4 + /x + y ) dydx 
0 0 

4_ 
4 f 

0 

A6-x 2 

f dydx. + 
0 

32 80 16 Tf + ;r .Tf ;r Tf 

I = 2.512 80 ---rs-- + ;r Tf • 

rr/2 
f 

0 

4 
f r.r 

0 

;..!:-
' 

lsv~ 
0----·-

_.'y 
~ .. 

I 
I 

I 
I . 

~-~; 
ty_. •, 
"' ' 

drde · 

. .. -
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C. GEOMETRIC AND PHYSICAL APPLICATIONS 

GEOMETRIC APPLICATION (Area of a surface): 

Let S: F(x, y, z) = 0 be a surface over the region R 

in xy-plirie (i.e. R is the projection of S on xy-planes). Then 

the area of 

and we h'ave 

S is 

Is I ff 
s 

ff do = ff 
· S R 

d(j'"" 
~-dr 
I ! I 

.,. I : : . 
I ' I 

secy dxdy ,.. 
where do is the ~lemcntary area of S 

and y is the acute angle between the normal line to S at a 
., 

point in. do and z-axis. 

Then 

cos y = In. k 1 

if z = f(x, y) 

=> sec y 

if F(x, y, z) = 0 . 

'. 
and 

"IF~ + F; + F~ 
Is I f f Vl + z2 + z2 axay (or ff axay 

R X y -R I zl 

Similarly 
- jF2 + F2 + F2 

IS I ff /i + x2 + x2 'iJ'XciZ (or ff x. ~ z dydz R X z R I i" X I ·. 

JF2 + F2 + F2 
I Sl ff -/1 + i + / crxaz: (or ff X y Z 'iiX'Oz 

R X Z R I FYI 

To obtain a simpler region R or a s·impl er integrand, one 

projects s onto a convenient coordinate plane. 
f • 
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Note. If S: F{x, y, z) = 0 defines two functions, two 

parts of S must be· considered separately. 

Example 1: Find the~area of the SMallest part of a sphere 

~of radius a,·cut off by a plane 1r having distance a/3, from the 

center. 

Solution. Choosing the coordinate system 

Fig., we have 
2 2 2 2 S: x + y + z .= a , 

R: x2 ... /.[;Ba 2/9 

I ~" ,y2 
ff /y 1 ... ---"2" . ... ---"2" .· dXifY 

R z z 

fiR 
a axay = a ff. 1 
z R ;-z 2 2 

2 ,12" a 
a -x -y· 

1r/2 

· dxdy 

4a I r-r 1 
.fa2 _ r2 r drd0 

0 0 

rr/2 i¥· I 2 2 =-4a I v a - r de 
0 0 . 

rr/2 
{~-a)d0 8 Tf 4rr a2. =-4a I 3 "7 3 0 

Example 2. Set up the inte~ral for the surface area of the 
2 2 2 2 . 

paraboloid y = x + {z- 4) cut off by the cylinder x ... {y-2) =4. 

Solu~ion. The vertical cylinder separate~ from the ·para

'boloid two bounded surfaces with· 

equal areas, ·since they are s·ymmetrical 

with respect to the plane z = 4, and 

have the same projectio~ 
2 . . 2 

R: X + { y - 2.) -~ 4 

}-
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on xy-plane. The~ 

where 

M 

2Jf Vl + z2 
+ z2 CfX"Oy 

R X - y 

2 2 X 
y = X + ( Z- 4) · => Z X = - z=4 2 y 2{z-4) 

=>lSI 

1 +4y 

4(z-4) 2 
.1 + 4y 

4(y- /) 

4 4. 2 
4 I ' I y-y I 1+ 4y dxdy 

0 0 V 4(y-x2 ) 

PHYSICAL APPLICATIONS 

1. Mass-..,moments, center of mass, moments of inertia· 

of shells 

By the us~al notations, we have 

' m If 0 do. (o(x 
s 

y, z) is the mass per unit ar:ea) 

If x o_do, M2x = If y o do, M If ·z o do yz s s xy . s 

G(MY 2 /m, _ Mzx/m, Mxyfni) 

- Iyz = II x2 odo, I = II 
s _zx S / o do, Ixy = ffz

2 
o do 

In _genera 1 , for any plane n, line R. and point A we have 

Mn II d(P, n) o do, 'I IId
2

(P, n) 0 dcr 
s 1f s 

MR. IId(P, R.) o do·, IR. Jid
2

(P, R.) o do 
s s 

MA II d(P, A) o do, lA II d2(P, A) o do 
s s 

p is the variable point on t;he sha 11. 
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(S1 is the radips of gyration) 

Example. Given a semi-spherical shell of radius a with 

density proportional to the square of the distance from the 

ax'js of symmetry, find 

a) G, 

Solution. Placing the shell as shown in th~ Figure, 

we have 

a) m 

kff 
R 

ka 
271 - a 

/ OJ 

= j 71 ka 4 

) 

·From symmetry of the_shell with respect to·z-axis, and'of 

cS in ·the variables x, y, the-center of r.1ass G lies on z-axi!(:' 

x=O; y=O. 

To find z, we evaluate Mxy 

Mxy ffz k(x2 + y2) a "iiXCIY z 
271 a 2 1 bra 5 ka I I r . r drde 2 0 0 

~ z M /m = 3 
= 8 a xy .. 

~ G(O, 0, 3a/8) 
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If<x 2 +i) 
2 2 . 

. k(x +Y )do· 

~oz 

s 

k IJ (x2 + y2) 

ka 

2 . 
75"a 

,/ 
2n a 

of 

a CfXciY z 

r4 

la 2 - r 2 

2. Fluid"flow through a surface 

Let 
F = Pi + Qj + Rk· 

r ·drde 

be the velocity_ vector field of a fluid flowing through a sur~. 

face S. If one likes. to deter~ine the volume (or t~e mass) of 

the find s in a unit one writes ~ passing thrOU!Jh time, 
IYI 

~ ~ ~ ... 
q = Ifs F . n do (o~ q =JJ"F.n 0 do) 

considering 
... ~ ~ ..... 

dq = F . n do (or dq = F . n 0 do) 

as the volume (or as the mass) ~f the 

. elementary cylindrical fluid with base do a~d height F. n. 

Example. Let a fluid be in motion with the velocity 

F=2xi+(y+z)j+zk 

where distances are in metc~s and magnitude of the veloc~ty i~. 

in m/sec. Find the vo:~me of the fluid per second followinq 

through the first octant' portion of the sphere x2 + y2 + 2;
2 ;;, a2 . 
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Solution . 

q· = Il ... 
n 

... 
F . 

q 

... ... 
F . n do 

{x, y, z~ X *· = <-a· 2 2 lx + y + z 

... 2x2 {y + z )y z2 
n + +-a a a 

JJ 
sxy 

. 2 2 2 
{2x +y +Z +yz) a z 

2 2 II<a +x z + y) ilXciY 

~) a . 

a2 + / 
JJ ..to 2 2 2 ilXciY + JJ y ilXciY 

a - x - y 

.J..,.. 

C( .. 
'" 

Ja2_x2 

I ·Y dydx 0 . 

[a
2 n/2 a · 2 2 ) a3 I I .r drde + Jfr cos 0 r drde + 

0 0 /a 2 - r 2 Ia 2 - r 2 T 

EXERCISES (5. 3) 

56. Evaluate the area of the shaded portion 

of the sphere of radius a cut off by a 

cylinder {VIVIANI's window). 

57. Find the area of the surface z = ~ {x 3' 2 + y 312 ) over the 

square region O~x~3, O~y~3. 

58. Find the area of the portion of the cylinder y 2 + z 2 ~ 4a 2 

that lies in the first octant and above the triangle bound

ed by the lines x=O, y=·o, x+y=a in xy-plane. 

d-

l 
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59 .• Find the area of the.first octant portion of the surface 

that_ lies inside the cylinder 2 2· x = yz y + z = 1. 

60. Find the area o{ the portion of the paraboloid 2 2 x + y = 2z 

that lies in the .first octant and cut off by the parabolic 

cylinder x2 = z and the planes X= 0, z = 4. 

61. Find the a. rea of the portion of the cone 
'•2 2 2 that y + z =X 

lies above the square bounded by z = 0' y =.0·, z = '1 .• y = 1 

in yz-plane .. 

62. For. the solid bounded by xy-plane, the cylinder x 2 +i~a2 

and the . . b 2 2 paraboloid. z= {x +y) with b > b' find the 

area of the upper surface. 
.. 

63. Find the area and centroid of the plate in the shape of 
2 2 2 'first octant portion of the surface x + y. = z that 1 ies 

between the planes z = 0 and z = 1. 

64. Find the area and centroid of the plate in the shape.of the 

first oitant portion of the surface of the paraboloid 
2 2 z = x + y that lies between the xy-plane and the plane z=2. 

65; Find the coordinates of the centroid of the homogeneous 

plate in the. shape of the fir~t octant portion of the sur-

face 2 2. 2 2 X+y+Z=a. 
,-

66. Find the. se,cond momeilt~the radius of gyration with respect 

to_z-aiis of the plate in the sha~e of the firit octant por-

tion of homogeneous surface 
2 2 -2 

X + y. + z. = 1. 

67. If F=yzi +ZXj+ xyk, show that 

f f F • n da = 0 
s for a closed surface S .. 
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68. If F xi + yj + zk, show.that 

, f fF·. n do = 3V 
s 

where V is the volume of the region enclosed by 'the clos-

ed surface. 

69. Evaluate IfF" n do 
s 

the entire surface of. 

.planes and the planes 

70. Same question if s 

i 

... 
where F = xi + yj ~ zk and S is 

the cube bouQd~d by the ·coordina~e 

is the· sphere 2 2 . 2 2 
X +y +Z =a. 

ANSWERS ~0 EVEN NUMBERaD EXERCISE? 

56. at 

58. 2a 2(i + I!- 2) 

13 60. T1T 

\ 

62. i ((l+4a2b2)3/2_1)/b2 

64. 131T/l2, x=y· -zk [306/2- 3R.n(3.+ 212>)• z=l49/l30. 

66. 1T/3, ffT'J 

70. 41Ta 3 : 

5. 4 TRIPLE INTEGRALS 

A. DEFINITIONS AND PROPERTIES 

L~t R be a. solid region, and f(x, y, z) be a func

tion defined on R Partioning · R into elementary pri~ms 

(dxxdyxdz) with faces parallel tocoorclinateplanes, and 

considering·"the tripl_~ sum r (as double sum in double inte~rals) 

one may s~ow that lim. r exists for continuous f and the limit 
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Iff f(x, y, z)dV 
R 

Properties. Let. f, g be two continuous functions of 

there variable·s. Then 

l. Iff dV = IRI V (Volume) 
R 

2. Iff (f + g)dV Iff 'f dV + Jfj g dV 
R R R 

3. Iff c f dV = ·c Jfff dV ( c is a constant) 
R R 

4. Iff f dV + If f dV II f dV (if R1nR 2 
Rl R2 R

1
vR2 -

5. m1RI 1 
< Iff f dV < MIRI 

R 

6. .II,ff dvl < I'!lfldv 

?· f(x, y, z) ~ g(x, y, z), > Jfff dV ~ Iff g dV 
R R 

- <P) 

The proofs are similar to ones given in double ihtegral. 

Example. Evaluate 

Iff dV 
R 

~here R · i~ the solid bounded. by the coordinates planes and 

the plane x/2 + y/4 + z/4 = 1. 

Solution. From Prop.l, we have 

.1 1 . 
= I R I = 3 ( '2' • ~ • 4) . 3 =· 4. 

B. EVALUATION BY ITER{\TED INTEGRALS 

Let 
I = Iff f ( x·. y , z ) d V , 

R .. 
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and. V be~ normal solid region. 

The six normal regions in ~3 are denoted by 

R R · yzx' zyx' 

obtained by permu~ing the letters x, y, z, in Rxyz wh~re 

Rxyz .is defined as the solid region 

R = {{x, y, _z): {>. y)ERxy' ¢(x, y) ~ z ~ lj!{x, y)} xyz . 

ove~ nor~al plane region Rxy' bounded below and above by the 

surfaces z =<r(x, y), z.= lj!{x, y), A shorter notation is 

where Rxy is 

The six 

If R 

Rxyz = ( Rxy; ¢(x, y), ~J {X' y.)) 

a normal plane region (a' b; L {x), U(x)). 

normal solid regions are: 

Rxyz. (Rxy; •<J>(x, y), 

Ryxz- (Ryx; ¢(x, y), 

Ryzx ·= ( Ryz; . <P (y' z) ' 

Rzyx (Rzy~ .<P(y, z), 

Rzxy ( Rzx; . <P{x, z). 

Rxzy ( Rxz; <j>(X, z)' 

is a norma 1 region, say " 

lj!{x,· .n) 
lj!(X, y)) 

lj!(x, z)) 

1/i(X, z)) 

·xyz' then the triple 

integral "I" above·becomes 
Hx,y) 

R:~ q, {x~y) f(x, y, z)dz dydx 

or 

b U(x) Jlj!{Xi y) 
f f. f{x,,y,.z)dzdydx 

a L(x) - {x, y) 
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which is an Jterated triple integral, and the integration is 

carried out in the order z, y, x. 

When V is th~ -u~ion of some number of d~sjoint normal 

regio _ . the. inte~ra1 is evaluated by th~ Prop. 4. 

~:.xample,. Given 

4 20 
= f - 0 2 ' / 

X + y-

x d·z dydx, 

-/ 

a)-Sk~tch the solid region of tntegration, 

b) evaluate the integral 

.Solution. 

a) Since 

V=Rxyz= (o, 4;. o, 3- j x·; 
2 2 

X + y 20) 

the region is over the triangular plane re~ion 

and bounded below by the paraboloid_ 
2 2 

Z =X + y 

b) I 

Any 

be writ ten. 

REVERSING 

given triple 

as a triple 

any other order of the 

steps are: 

fhe plane z = 20. 
X 2() 

xz dydx 

X 

x(20-x 2 -y2)dydx;, 2.6088/5. 

THE ORDER OF INTEGRA T1 ON: 

i_ntegra 1 in an order of' integration 

integral (or as a sum of integrals) 

variables. To do this the necessary 

can 

in 

(i) Sketching the normal region of i~tegration of the 

given integral; 
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~{ii) Writing this region as a normal. region or as union 

of such regions in desire~ order~ 

~iii) Setting up th~ desired iterated integral{s) 

Example .. Given the iterated triple integral 
, 2 .;;:;!- 4 -;. j X - f 

0
[ / / f{x, y, z)dz dy dx,~ 

reverse the order of integration in the order dx dy dz . 

. Solution. The region of the given 

Rxyz (o' 2; -·o.~; 1 • = 
R , xy, 

It is_the sol~d bounded laterally 

by the vertitaf cylinders. 
2 - 2 

x +Y =4, x·=O, y=O 

and below by the plane _z = 1, above by 

the pl~ne 

4 

{~ + ~ + ~ = 1) 

integral is 

2 - y - "! X 2" 

-----, )-

To write the integral over the solid rd~ion Rzyx' it is 

necessary to determin~ _Rzy plane region which shown as the 

shaded one .in the Fig:· 

Rzy (1, 3; 0, 2) u(3,'4; 0, 8-2z) 
R I R" zy _ ·2y 

Then 

and the integral becomes 
. _,---;, 3 3 

3' 2 v4-/ 4 8-2z 6 - 4-.y 2" z 
f-- J J f dz dy dx + 

3
J 

0
J 

0
J f dz dy dx 

1 0 0 
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C. EvALUATION BY CHANGE OF VARIABLES 

Let 
fff '1(x, y, z)dV 
R 

be a triple integral, and let the following transformation 

(change of variables) 

x=f(u, v, w), _y=g(u, v, w), 

be given. 

z=h(u,v,w) 

As we have in double integral, dV becomes 

dV = j J I du dv dw 

where J is the JACOBIAN· 

d ( .:G...Ju_ h ) 
a[u,v,w} 

If R' is the image of R under the given transforma

tion ihe triple i'ntegral· becomes 

·. fff '7 (f, g, h) IJI du dv dw. 
R' . 

~xample 1. Find the volume of the ellipsoidal region 

Solution. The Fig. represents 1/8 of the solid. 

a £ ~~2-x2 ~ ~2b2-b2x2-a2y2 
I~J = 8 f fa fau dz dy dx 

0 0 0. 

By the use of transformation 

z = cw , 
V is mapped to t~e unit sph~rica~ regions 

2 2 2 
u +V_+w ~1. 
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a 0 0 
J 0 b 0 ·= abc · 

0 0 c 

lVI = fff abc dV' = abciR! I 
'P.' 

4 4· abc. j1T = j1T abc. 

Example 2. Find the volume of-the· solid defined by 

2 2 . 2 
X +Y +Z ~16, 

Solution. 

212~ 
IRI=4 J ·f 

0 0 

z~O 

Tr-ansforming it into spherical 

coordinates, we have the transformatjon 

x ~sin'fcose 

.y r sin 'f sine 

z = f cos tp 

with Jacobian 

J 

I Rl 

a(x, y, z~ 
a(e, 'f• s 

- ~ sin'f sine ~ coslf cose sin'f t:ose 

ssin'fcose ~cos'fsine sin'fsine 

0 -)sin·'!' cos'{' 
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D. GEOMETRiiAND PHYSICAL APPLICATIONS 

1. Volume of a soiid: 

From Prop. 1~ we have 

IRI = fff dV = V (volume). 
. R 

IRI = 1II dx dy dz (in·cart. coord.) 
R 

0 I • • 

I R I Iff r. dz crrae (in tyl. coord.) 
R I 

Having exam~les_on cartesian and spherical coordinates 

previously, we give_dne on cyl~ndrical coo~dinates. 
• I 

Example. Find the volume of the sol.id in the I. Octant 
. 2 2 ·. 2· 2 2 bounded by .the cylinders x +.y =a , . x + z = b (b~a). 

Solution. 

IRI = III 
R 
rr/2 a 

I I 
0 0 

dz dr d0 
2 2 2 

b -r cos 0 

0 
I ~ r . dz dr d0 

rr/2 a 2 I I r(b 2 - r 2cos 0)dr de 
0 0 

r dr de 
rr/ 2 a 

3 
· . 

2 ·I .· I r cos 0 dr de 
0 ' 0 
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·2. Mass, moments, center of _ _9.!:evity. moments of inertia 

By the usual notation> 

m = fff 6(x,· ~. z)dV 
R 

M = fff z 6 dV, Mxz fff y 6 dV, M. . fff x 6 dV 
xy R R . yz R 

G(Myz/m, Mxz/m' 

f Jf ( Y 2 +Z 2 ) 6 d V , 
R 

and in general 

2 2 fff (x +Z )6.dV, 
R 

= f~f 
2 2 (X.+Y }6dV 

M71 = fff d(P,11}6dV, 
.R 

I = fff d2(P,TI}6dV, 
11 R 

MR.= IJI d{P,R.}6dV~ MA = f~f d{P,A)6 dV 

.IR. =IJ f d2(P,9.}6dV,_ lA, = IJI d2(P,A) 6 dV' 

Example. Find the centroid {~ is constant)_ of the solid 

bounded by 2 2 2 2 x+y+z=a, in the first o'ctanL 

Solution. From symmetry we have X= y = Z .· 

6 3 . 
m = oV = 0 11 a 

11/2 TI/2 .a -
mz = Mxy / / 

0
f ). cos'f. )

2
sin'f d)d<rde 

. 11/2 TI/2 a · · · . 
= ~ r -1 1 s~ds- sin2'f d<r de 

0 0 -

11/2 71/2 
f f _sin2'f dfde 

0 0 

_ 6 a4 11 6 4 
- ~ . 2 = TO 71 a 

6 4 '6 3 3 z=x=y= 10 Tia/{0 1Ta) 8 a. 
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,EXERCISES (5. 4) 

2 a /a2-/ Ja2-x2 
71. Evaluate 

2 3 
a) J J 

0 1 
J x/dzdy dx 

1 
b) J . J J dzdxdy 

0 0 0 

72. Use cylindrical a~herical 
k a /a.:-x2 /?? 

coordinates to evaluate: 

J J . J a -x ~x-+Y2 
0 0 0 

dydxdz {k>O, a>O) 

73. Use cylindrical or spherical coordina~es to evaluate 

1//Z X 11-/-/ 1 r J J z(x 2.;z,- 12 dzdydx 
0 0 0 . 

74~ Find the volume of the solid bounded by the cylinder 

y2 = 4-4z and the· planes x = 0, x = z. 

75. Find by triple integral· the volume 

a) of of the vedges cut o·ff from the cylinder "2 2 2 
X +y = ~ one 

by the planes z = 0. z = x. 

b) enclosed by the cylinders y? = z. X2+y 2 = a2 and the 

plane z=O. 

c) enclosed by 2 2 y +Z =4x-8, 2 2 y +Z = 4, z = 0. 

76. E~aluate the volume of the solid bounded by the paraboloid 
2 2 x=x +Z and the plane x=4. 

77. Same question for the region bou.nded by x + 2y + 3z- 6, 

x=O, y=O, z=O. 

78. Use spherical coordinates to f-ind the· volume of inside the 

cylinder x2 + y 2 = 2x bounded below by the cone x2•/ = 3z2 

.and above by xy-plane. 

79. Use ~ylindrical coordinates to find the volum, of th~ solid 
2 2 above the paraboloid x +y = z and below the plane z = 4y. 
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80. Use spherical coordinates to find the volume enclosed by the 
2 2 2 sphere x .+y + z = 16. 

81. Find the moment of inertia·with·respe~t to the x-axis for· 
.. 

the mass of the solid in the first octant bounded by the 

1 . d 2 2 d th 1 1 1'f .the den-cy 1 n e r s z = y, x = y an e p an e y = · 

sity is proportional to z. (o = kz). 

82. Find the centroid of a solid bo~nded by a sphere of radius· 

a lying within a right circular cone with vertex at the 

center of the sphere and vertex angle a. 

83. Find z coordinate of the center of grtv{ty of the body of 

_uniform density· o situa:ted above the xy-plane and bounded 

by the surface ·r=z(l-cose), the cylinder r=4(1-cose) 

and t.he plane. 

84. Find the mass in the first octant of the solid bounded-by 

the cylinders 2 ' z = y, 2 x =Y and the plane y=l if the 

density is o = kz. · 

8~. Find the center of mass of the soli~ bounded by the planes 

Y+Z=2, X+Z=2, X=O, y=O, Z=0 if ·o=kX. 

ANS\'IERS TO EVEN NUMBERED EXE_RC I SES 

72. 71 k a 3 
b 

74. 16/15 

"76. 871 

78. 71/2 

80. 256 71/3 

82. Z·= 3 a 
'B" ( 1 + cosa) 

84. k/5. 
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/ 

5. 5 ·THEOREMS ON CHANGE OF MULTIPLICITIES OF INTEGRALS 

(GREEN'S'; STOKES'- AND GAUSS' THEOREMS) 

2 A. GREEN'S THEOREM IN R : 

Theorem~ f f 
R 
,~ - ~) (fX"dy 

ax ay Pafi Pdx -+_Qdy 

if aR is a simp_le piecewise smooth closed curve(*) and P(x, y), 

Q(x,. Y1- are continuously differentiable functions on a re~ion 

containing 'R _u aR and if aR- is positively oriented (counter

clockwise). 

Proof. we prove that 

f~ ~~ ~ = PaR Qdy, JRJ- ~-axay = p Pdx ay. aR ( 1 ) 

. T_he proof wi 11 be. given for. a region expressible in both 

types Rxy and Ryx;, 

R -= (a, b; L(x), U(x)) = (c. d; R.(y). r(y)) 
. Rxy · Ryx 

The first equality in ( 1} will be sho.wn for R = ·.Ryx. 

and the second for R =- Rxy: 

~~ ~~'dXOY = ff iQ dxdy 
Ryx ax 

d' r(y) 
aQ dx)dy f f . 

c .R.(y) ax 
d 

(otr(y), y) - Q(R.(y), y))dy J 
c 

.D 

J -~(32··--; •' ~) 
-4 --ae 

c----- . 
c 

r Q(x, y)dy f Q(x, y)dy 
tsp CAD 

0 

= f Qdy + J. Qdy = faR Qdy. 
CBD DAC 

(*)a CUrVe X=X(t), y;;.y(t) is 'a simple curve if it has no double poir.t, 
and piecewise smooth _if it consists of pieces of curves, for each of 
which x, y, x', y' are continuous; · 
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ff~TxOy=ff ~dydx 
R ay - R ay 

. - xy 

b( U(x) J 
I _ I * d_y dx a L(x) 

b 
(P(x, L(x))dx I U(~)) - P(x, 0 e( " 'X 

a 

Ios p (X'. y)dx I P(x·, y)dx 
ACB 

= Ios P(x, y)dx + I 
BCA ' 

'p (X' y)dx f Pdx. • 
aR 

Exam~le 1. Evaluate 

I·= i y2dx + x2dy 
. r -

by th~ use GREEN's· Theorem, where r is the boundary of the re-

gion bounded by x = --.trf=Y, . x/6 + y/9 = 1 and y = 0. 

Solution.' The region R is as shown 

in the Fig. Then 
2 2 

~ If (~- ~Jaxay· R ax ay 

=If (2x-2y)dxdy 
Ryx 

9 6(1-*) 
2 · f f ~ · (x-y}dxdy 

0 - -.trf=Y· 
2 

9 2 '16 - j y f x -2yx dy 
0. -19-Y 

- / -( (6- -ry) 2 - 2y(6- ~ y) _ (9-y)-2y-/fJ""=Yldy . 
0 . . . 

· 9 [ 42 '4.2 .. )" 

0
J 36 '" By+ 9 y ,. 12y + 3" y - 9+y-2y-/fJ""=Y dy 

g 
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. /
9 
(~ i- 19y + 27- 2y/9-:y)dy 

16 
27 

Example 2. Evaluate 

9 

0 

-, 2 
0 

I= JJR x3<fXOY 

9 

f y/9-:y dy 

-191 '7 

·by the ·use of GREEN's Theorem, where R is the reo ion boo,nded 

by x = 0, · y = 0, x+y = 3. 

we have 

Solution. 
x4 

Q_= 4 

Considering x 3 as -aQ./<lx 

(sine~ integral is d~finite) 
. x4 .· 

and I.= ~ 4 dy 
r 

Compute the-same integra! considering x3 as -aP/<ly. 

Example 3. Evaluate the line integral 

I = f 'y2dx + xdy 
·r 

along r: y = x 2 from A(-2, 4) to B(2, 4} by closing the 

curve with 1 i ne segment (AB), 

Solution: From GREEN's Theorem 

.we ha.ve 

r .. . + J • • • JJ 
r BA R 

·Then 
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If lax_ a/ - I /dx + x·dy 
R ax ay-Jdxa.Y 

BA 

2 4 -2 
I 2I (1- 2y)dydx- I 16dx 

-2 X 2 

2 4 
2 I y-y dx + 64 352/15. 

-2 x2 

B. STOKES' AND GAUSS' THEOREMS 

Theorem. (S!OKES') 

I£ (~ ay - ~) az -ayaz 

+ (lf. az - ~) ax CiZOX 

· + (~ aP -:r.:-:r-:-: _c ax - ayl uxuy = 'f. Pdx + Qdy + Rdz 
as . 

where S is an surface oriented by its unit 

v~ctor ; . varying continuously over S, as 

is a piecewise smooth closed curve which is the bounda~y of S, 

and F = Pi + Qj + Rk is a vector field (smooth) defined over 

a region containing SL'aS. The lim! integral is taken in the 

sense such that S is a)ways on the observer's left as he 

moves on as, and the sense of the otiserveT (from foot to head·) 

·and .~ are the same. 

Using vector notation the same theorem becomes 
' .... I r curl F • n dcr' = f. F • dr 

,~ . . as -

Note that STOKES' Theore~ is th~-GHEEN's Theorem in m2 

when S is flat. 
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# curl F . n d'o 0 
s 

Theorem. {GAUSS) 

f~f (~-~ 
ao· aR 

+ a.Y + az )<rxayaZ ff P <rYaz + Q azax + R .OxO.Y 
aR · .· •. 

. . 
·where R is a space region bounded 

by ~ p~ecewis~ smooth orientable closed sur

face aR(= S), F = Pi + Qj. ·+ Rk ·· is a smooth 

.vector field defined on reqion. ~ontaining RUaR, 

~and the boundary aR is or~ented by taking 

n as the exterior normal. 

This is also referred to as GREEN's 

Theorem in space. · 

Since its vector e~pression is 

f~fDivF.dV 

the same theorem is also called 

= <t':f: F • ii do 
aR I 
·. . \ 

the Divergence 

0 

Theorem. 

Example 1. Eva_luate. by the use of STOKES' Theorem 

I = ffs curl F.ii do 

·where· F yi + zj + xk and s is the cylindrical 
2 2 cut by the planes z = 0 and X +Y 

X+ 2 oriented with 
... 

P.ointi ng z = n 

outward. 

Solution. We have .. 
I '= 1 F.dr = ~ F. dr - p F.dr 

as rl r2 
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since the given surface may be considered as the difference 

(SUS')-S' (S': Z=X+2 bdd.by r 2). 

,. r 1 : x=cos0, y='sin0, z=O:fF=sin0i+cos0k 

dr ':' (-.sin0i + cos0j)d0. 

.{ - • 20 
'f -. s 1 n - = -
r 

21T 2 
J sin 0 d0 = -1r. 

0 ' 

r 2 : X=COS0, Y=Sin0, Z=2+COS0 

-=> F = sin0i + (2 + cos0)j + cos0 k, 

dr' = {-sin0i + cos0j - sinek)d0 

-~ {-sin
2
0+2"cos0.f-cos

2
0.-sin0 cos0)d0 

. r2 . 

Ex~mple 2. Evaluat~~y .the use of-Divergence iheore~, 

I = If 
s 

-+ 
F • n da

1 

where F , -2 z). {2 x).-(2 ylk . x + ye 1 -1- y + ze J +- z + xe and -S. is the 

boundary of the solid R. bounded by Z_= 0, Z.= X+2, 

Solution. We have 

' 
I = fff Div .F dV = Iff 2{X+Y+Z)dV 

R . . '. R 

1 , '/1 +X2 ·X+2 
2 f .-

2
/ f { x+y+Z )dzdydx 

-1 -/1.-x 0 

EXERCISES (5.5) 

86. By the, use of GREEN's Theorem, evaluate 

,p· 4xy 3dx + 6x 2idy 
r 

2 ' 2 where r is the circle X + Y. 1. 

87. s~me question for 

2 2 
X +Y = 1. 

19 T n . 

0. 

·1 
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' . 

~ . exsiny dx + excosy dy 
r 

where r is the rectangle with. vertices (6, 0), (1, 0), 

(1, n/2). (0, n/2). 

88. Use STOKES' Theorem to evaluate 

~ 2x/z dx + 2x 2yz dy + (x2/- 2z.)dz 
r 

\~here r is (cost, sint, sint), t e: (0, 27r) and directed 

in ·incr~asing values of' t. 

· 89. By the Divergence Theorem, evaluate 

J/ X '(ly(lz + y CfZciX + Z CIXciY 
s 

·where s is the surface x 2 + y2 + z2 = 1 and n is the 

outer normal. 

90. Same quest·ion for 

fJ F n dcr 
s 

where S is the surface 2 2 2 2. X+y+Z =a, and 

a)F=xi+yj+zk b) F'=·XYi +yzj + zxk F 2. 2. 2k cl =XYl+YZJ+ZX 

ANSWERS TO EVEN NUMBERED EXERCISES 

86. 0 

88. ci 

90; a) 4na 3 , b) 0' 
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A SUMMARY 

(CHAPTER 5) 

LINE INTEGRALS: f Pdx + Qdy + Rdz 
Ar 

line integral along~ curve r from 

B -
f F.dr is the 

A r 
A to B, meaning 

that ~he 1ntegral is taken when the point (X, y, z) is 

moving on r. 

Independenc:e of path: A line integral which depends only 

orr the limiting points A and, B is said to_b~ indepen~ 

dent of path. 'The necessary and s~fficient condition for 

independence of path is curl F.~ 0. 

5, 2 DOUBLE INTEGRALS: f~ f{x, YJ-(JXQy_ is the double i~teg• 

ral of f over the plane region R. When R is a normal 
I 

region - Rxy or Ryx, we have 

:b U {X) 
f f f dydx 

a L (X) . 

d r(y) 
or f f . f dxdy 

c Jl.{y) 

as iterated int~graZs. · 

I Rl If dA (area of R) 
R 

v If f dA {Volume under the surface of •f>O over R) 
R 

Change of variabZe: x=F(u,v), y = G{u, v) ;9 

f ( '((x, y)dA = f_f .p[u, v)dA~ =If 4J(u, v) ~~{x_!_y).l (fij(Jv 
R R' R' ~ 

where R urider the transformation, 

and is the Jac:obian of the 

transformation. 



·' 

. 5. 4 
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. SURFACE INTEGRALS: I = fJ p. OyOz + 0 dzdx + R CI'Xdy 
s . 

II F. ii dcr is the surface integral of F. n over S. 
s 

.".I" is -equal to 

II ( P cos a + cos 6 + Rcosy} sec a dydz, or 
syz. 

If. (P cosa + cos6+ Rcosy)sec6 "dZdX, or 
. 5zx 
If (P cosa + ·cos6 + Rcosy)secy CI'Xdy, 
s xy 

where Syz say, is the projection of S on yz~plane~. 

and 
+ 
n =. (cosa, cos6, cosy). 

Area of a surface: IS I = II da. . s 

TRIPLE INTEGRALS: III .fl~· y, z)dV 
.R 

is a ~riple integral ~f f over the space region R. 

when R 

V = IRI = III dV ~v~lume of the solid R) 
R . 

is on~ of the six normal regions, iay Rzyx' 

we have the iterated integraZ 

b U(x) ~(y~z) 
I · · I I . f dzdydx 

a L(x) $(y,z) . 

Change of ·variabZe: x = f(u·, v, w), y = g(u, v, w), 

Z=.h(u,_v, w) 

f dV Ikf (u, v, w} ljl dudvdw 

where R' is the image of R under the transformation. 

and 
X . u . XV xw 

J il(x, y, z) 
y!l Yv Yw il(u, v, w) 

zu zv zw 

is the Jacobian· o~ the transformation. 
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PhysiaaZ appZiaations ,oj in~e!rraZs: If the symbol. f· is .. 

used to represpnt a line inte~ral (fr ds) or double,. 

surface or triple integral, we have 

(R i's r, :dR ~ ds for line in- I 
_ · tegrals) 

m J. o dR, 
. 'R 

MR. r o.d(P, qdR 1 
H 

M = I. o.d(P, TT) dH. 
Tl R 

IR. 
2 ndR, Io.d (P, I = I 0 d2_( p' TT)dH 

·TI R 
G: mxi - I x1 cdR, 

R 
( i = 1 • . . . ) 

2 
I '1./m. fR. 

5. 'S GREEN Is I STOKES I AND GAUSS I THEOREM 

91. 

~ Pdx + Qdy (GREEN 1 s Theorem in 1R 2 ) 
()R 

I~(R.y- Qz)dy(lz + (:z- Hx)CfZcfX + (C)::- PY)'ifX<Iy 

'· 

= I Pdx + Qdy ~ Hdz (STOKES 1 Theorem)· 
as 

If k ( px + Q y + R z } (fi('(lyCIZ 

I I P TyOz + Q dzdx + R 0xTy (GAUSS 1 Theorem} 
.. aR 

B 
Prove I Pdx + 

A r 
length of r and M 

lp dx .as + 

MISCELLANEOUS EXERCISES 

(CHAPTER 5). 

Qdy + Rdzl~s.M where 

is the. maximum value of 

Q dy 
as '+ R dzl as on r. 

s is the 

92. EvaluaBe . ·. 

I (eYZ,+ 1 )dx + (xz e-~z + 1 )dy + (xy eYZ + 2}d.z 
' A r 
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1~he re 
3 .. 

.-, 2 
2x' y:. -xvz 

. A(l, l, 1), B(l. c. l/6), 

93. Evaluate 
8 r z f (ev ~ ze')dx .. (e • xeY)cty + (ex .. yez)dx 

A 
along any curve frvm. A!O, 0, 0) to B(~n Z, ~n J, 1n 4)~ 

qa. Same question for 
B 

( 
A. " y dx + x dy + z dz 

if A( 0, 1, 3), B(2, 3, 6 J 

95. Evaluate 

2 2 2 " f (x + z )dx + (y + z .)dy + (2yz +·2xz)dz 

for. 
2 2 x + 2xy + z, - 5x + y - 4 = 0, 

r: 
2 . " X - Xy + 2y + 2 Z + 6 X - 8 = 0 

from A(O, 0, 2) to B(O, 3, 1) in two ways. 

96. Find the work done by a particle niovinq alon.a _the helix 

r: (a cost, a· sin t, b t) from t = 0 to t = 2n if it i s 

subject to the force field 

3 F = (4x + .vz/x, z 1nx, y .1nx + 2z). 

97. -Find the mass. of the wire in the shape of the curve 

r: (l'et, 2e-t, U2t), tE:(O, 1n 3), .if the density per 

uni"t lenqth is fi = xyz. 

ff yx dA where 

R R~ [ro. 1); 1-x. £ 2) 

98. Evaluate 
' 

2 2x 
99. Given r. 

2
J yxdydx, 

0 X 

~) Sketch the reqion of integration, b) evaluate the integral 
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2 2' 
) .. 2 2 ~ 2} 100. Evaluate If -X -y dydx where R {(x, e y : x +y .... a .. 

R· 
101 .. F-ind the area .of the region outside r = a(l + cose) and 

inside r = 3a cos e. 

102. Find the area .of the region bounded by the parabolas 
2 y2 2x. ( y = X • = 

l!i15' ~Iii'S" 2 
103. Evaluate [ f ex dxdy 

0 y . 

104. Reverse the order of integration of the following double 
I 

integrals 
2 xt2 2 .x 2{2 ~ 

a) f 2] ~(x, y)dydx~ 
-1 X 

b) f f f dydx + f f · · f dydx 
0 . 0 . 2 . 0 

105. Find G(~. Y> of th~ ~l~ne region bo~nded by the arc of 

parabola IX +IY = ra ,(a> 0) and X= 0, y = 0. 

106. Prove 

a) a(f. g~ a( u. v) = 1 b) a(f. g) a ( u. v) = a(f. 
a(u, v a (f. g) a( u. v} · .a(x, y) a(x, 

107. find G(~, Y> of the region bounded by one loop of the 

lemniscate 2 = 2a 2 cos2e and which is .exterior to the r 

circle .r = a.· 

108. Find tht: center of mass of the plate del'cr1bed as: 

a) bounded by y =X 2 and y = X+2 with 0 =· ky 

b)· bounded· by 2 y =X and X 2 = y with 0 = ky. 

109. Same question for 

a) bounded by . r= 2(1 + cose) with 0 constant· 

!J) 
y) 

b) bounded by 4x 2 2 + 3y ·= 48 and 2 2 (y-2) +X= with o constant. 

110. Find G(~. y, ~) of the portion of the surface of a sphere 

radius a, cut off by a right circular cone whose vertex 

is at the center 9f the sphere and vertex an~le is 2a. 
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111. Show that if R .is symmetric with respect to the x-axi-s 

(or y-axis)-, a.nd o (x, -y) = 6{x, y)- {or o{,.x, y) = o{x,y) 

for an x. y on R • then y = (\ (or x 0). 

112. Find the· center of mass of the solid in the first octa-nt 
\ - 2 . 

bounded by the para_bol ic cylinder y =X and the planes 

x = 0, y = 1, z = 0, z = y if o ~ k(x + 2z). 

113. Use cyli_ndr_ical coordinates to find the volume of the solid 

sphere 3 units 0~ radius. 

. / 
114. Find 'the volume of the solid bounded by the ~lliptic para-

2 2 . 2 ' 2' 
boloids z = 4x .+Y z = 8-4x -y. 

115. Same question for one.bounded by -x=_O, y:O; Z=O and 

x/a + y/b + 7-/c {a, b, c > 0). 

116. Find the volume of the region lying above the xy-plane and 

dd h f 2 2-·2 d 0 boun e by t e.sur aces x +Y ·=a, _z=y an Z=. 
' ' 

117. Compute the vo 1 ume of the so 1 i d bounded _by the cylinder 

2 X =Y and the nlanes Z:y, Y=Z, X=O, Z:O. 

1.18 s t' f b d db 9- 2 '9 2 ' d . arne ques, 1on or one oun· P y- z = - y , z = - x an 

coordinate planes. 

, 11~. Use cyliridrical coordinates to find the centroid of ~he 

2 2- 2 -solid.-IJOunded by the cone x +y. =z and-the plane z=4. 

120. Use cylindrical coordinates t~·find th~ moment bf inertia 

with respect to a ·diameter 'of a sphere of radius a filled 

with a homogen~ous material .of density o = k. 

12l.·use spheri.cal coordinates to find the centroid of the solid 

' 2 2 2 enclosed by1 the hemisphere- x + y +z- = 9, {zqO) and 

the xy-plane. 
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122. Use spherical or ~ylindrical coordinates to evaluate 

-~2 2 2 2 
b Vb--x· Vb -x -y ,i2 2 2 . r J I zVb -X - y dzdydx (.b > 0} . -

0 0. 0 

123. Find the vofume cif the solid bounded by .the surfaces y =ex, 

y=z, z=o, x=O and x=2. 

120. Find ~he moment of inertia of the space region bounde~ by 

X2/.a2 +- Y.2 1bz + 2 2;c2 = 1 the ·el)ipsoid ebout z-axis. 

125._ Find the centroid o'f the_ plane ref!ion bounded by· the curve 

y =.2(1 + x3 ) and the coordinate axes .• 

126. Evaluate 

121. Evaluate 
(2,3,1} ... 

{ · F . dr 
(,0,_1}· 

along a'straight line JOlning the two given points ~f 

F 2. • 2k = X 1 - XZJ + y - . 

.'128. Evaluate 
TT /2 · Sece 

J J r drde 

0 0 

by transformin~ to rectangular coordinates 

· 129. Find the area of the plane region outside the· circler·= 3a 

.and inside the car'dioid r = 2a'( 1 +·cos0}. 

130. Given 
~ co 

J ~~ f(x, y)dxdy, 
. _., - 4+y2 

write the integral in uv-systein· if X,=· U+V, y = 2/iiV. 
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(0, 

('2. !l) 
I L · .dr 

1 i 
aloniJ the curve .Y 

3 . 
X ' 13!. Evaluate 

where 
. 2 2 ·(x, y) = x -y . 

132. Show that the line integral is independent of path, and 

eva·l ua te: 

'(2,1,3)· 3 2~ 2~ 
I 2xy zdx + 3x y zd~ + x y dz 

( 1 • 1. 1) 

133. Find the area of the' region enclosed by. the curves 

r = tano, · o = 0, 0 = TT/4. 

134. Find I 0x for the semicircular re9ion O~r~a. Q.~ 0 ~ TT 

if the densi~y is li(A, r) = sinO. 

135. Find _the centroid, using polar· coordinates, rif the region 

bounded by the curves y = 2x, y 2 = 4ax (a> 0). 

136. Evaluate 
I 2 2 
X +y e . dydx 

by transforming to polar coordinate~. 

2 2 137. Integrate Jr (x + y )dx + x ydy along the boundary of the 

region defined by / ~ x, IYI ~ ·2x- 1 

a) by the use of GREEN's Theorem, b) without.using·it. 

138. Find the mass of the wire in the .shape of the arc· 

r: x=cost, y = sint, te: (o, Tf I 4) if the density is 

6=X 
2 2· 'l.. + y + X 

139. Evaluate by the use STOKES' Theorem: 

If curl F 
-+ 
n dr 

s 
where F = zyi + xj + xyk and s· is the 2 4-z =X +Y 

2 cut 

by z = 0. 
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140. If F = p(y, zji + q(x, z)j + r(x, y)k, show that 

(it S is closed) 

cf[ F • n do = 0 
s 

lql. tvaJuate by the use of Di~~r9ence Theorem: 

If F • n do 
s 

where F 2. 2. 2k 
=X l+y J+Z s is the surface of the unit-

.. ,·cube: O<x~l. O~y~J. O~z~l. 

142. Evaluate if possible by the use of GREEN's Theorem: 

. 143. 

144. 

I y dx X dy 
X2+.Y2 

-· z--z 
r X +Y 

where is the ell ipse 2 2 4. r 4x + y = 

Show that for an allowable region R 

( ( 2 2)-1 (xdy-ydx) J X +y 
ilR 

Why doesn't this resu.l t hold if. R 

r: (cost, s i nt). 0 ~ t ~ 2n 1 

Evaluate ( 1 2 if is J "2" X d_y r 
r 

a) the square wfth vertices ( 1 ' 1 ) ' 

b) th~ square with vertices (0, 0), 

( 0, a )" a >· 0. 

c) the circle (x-h) 2 
+ (y-K) 2 r 2 

by the use of GRE~N's· Th~~rem. 

is 

of IR2 

= 0. 

bounded by 

( -1 ' 1 ) ' (-1,-1),(1,-1) 

(a' 0), (a' a)' 

145. Suppose that· f(x, y) satisfies the LAPLACE equa·tion 

fxx + fyy =·0 in a region R. Show that 
I 

f · f dx - f dy = 0 r Y x 
where . r c... R ·- aR. 
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ANSWERS TO EVEN NUMBERED EXERCISES 

92. e113 - e -. 2/3 

94. 69 
' 

96. 4n 

98. 5/6 
-a2 

100. n(l-e ) 

102. 2/3 
. ~ 

1 .,ry 4 ry 2 >"8-y 
· 104. a.>_.

0
I _ r.:YI.t dxdy + I · r f dxdy, b) I I f dydx 

>':Y 1 y-2 . . 0 y 

' 
108. a) x = 25/16, y 235/112, 

110. x=O, "Y=.O, z=a cos
2 ~ 

112. (95/238, 100/119, 

114. an-., 

1Hi. 2a 3/3 

na. 81/2 

120 •. 8na 5 /15. 

122. nb 5/20 

124 • ..fr; n abc (a 2 +b 2 ) 

185/357) 

.. 

126. Inverting the order of integration one finds 1- sin 1 

128. _n/2 
. 1 1 +'I lu-vl 

""7'U"V 130. // 
I 

v-1 

i32. 11 
4 l34.a/3. 

f(u+v, 2/iiVJ dudv + 

l+v ~) lu-vl f. f(u+v, 2 ... uv ~ dvdu , . 

136. i ( e - 1) ' 1f 1 138. 4 + '2'. R.n 2 

142. not possible since P, Q are rot co~tinuous at the 

interior point. (0, 0); 
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CHAPTER 6 
'DIFFERENTIAL EQUATIONS 

A .relation involving a dependent .variable, its· vari

able(s) and derivatives is called a differential- equation (DEi • 

. Thus 

y" -2xy' +y :'.ex, az 2 a2y 
+ = 0 a;z . a/ 

are dif~~~ential eq~~~ions. 

A' differential equation involving ~n unknown function o( 

a single variable and·some of its dl!rivatives is.called an 
. . 

ordinary differential- equation .(ODE), and one, involving an un-

known functirin of several variables and some of its (partial) 

derivatives, a partial- differentiaZ.equatio_n (POE). 

and 

The equations 

F(x, y ¥x ' ... ' 
n . 

d y --), 
dx"' 

. au · au F(u(x, y, ••• ), ax., ay , ...• , 

represent ODE and POE in their general frirm. 

In this Book we will discuss only ODE's. 

O~der arid de~ree ~f a bE~ 

.. 

(1) 

(2) 

The order of a DE is the ordei of the heinhest-ordered 

derivative in the DE .. 

The degree of a DE is the exponent of the heighest~order

. ed derivati~e when the DE is expressed as-a polynomi~l of de

rivatives. 
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In the following exa~ples the orde~ and degree are indi-

cated: 

Order 

2 

dr 2 e 
(dEl) - re = 0 2 

z . 2 

. y" ly + lY' .2 4 

r.osy 1
· xy I {no degree) 

cosy 1 xy 

Solution, qeneral and part~c~lar solutions of a DE 

Any r~latibn f{x, y) = 0 satisfying a DE_ is called a 

solution of the DE. 

A solution {of a DE of order n) involving n arbitrary 

constants is called the general solutio~ {GS~ while one in

volving less than n arbitrary constants a partlaular solution 

{Ps;. 

Example. S~ow that y x -x c1e + c2e is a- solution of 

y" - y = 0. 

S 1 . 1 x -x ~ut1on. y = c
1

e - c2e , 
\ 

This solution involving two arbitrary constant is the 

GS, while y = c
1

ex + ex, 

particular solutions. 

x -x y = 2e + c 2e 

Finding the· DE from the GS 

x -x· ·e , , e are 

To find the DE from the GE, differentiate it w.r.to the 
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indepen~ent variable as many times as there are arbitrary- cons

tants, and then eliminate the constants between the obtained 

relations and the GS. 

Example. Find the DE from the GS's: 

a} y = x sin(x+c) 

Solution. 

a) y = x Sin(x+c) . > y' sin(x+c) + ~ cos(x+c) 

=>sin(x+c) y 
x' 

cos(x+c) y' -

sin(x+c) = l 
X 

y'= ·r + x cos~x+cj 
X 

. - y 2 *} ' - :1(y' - -x) 

b) y = c 1 X + c 2 => y I = c 1 => y II = 0 

l. 

Since in y" = 0 there are no arbitrary constant it 

is the ~eq~ired DE. 

EXERCISES <6. D 
1. Examine each DE for the dependent varitble and independent 

variable(s}, and then tell which DE is ordinary and which· 

is partial, and also determine the-order and degr.ee of.the ODE: 

2 d2 

X*= 
a2y ~ a). X~ + sin X b} 4 

dx ;;z az 

2. Same question for 

a} Y'+ cos xy .1 b) y"2 ,xyr+ IY 
c) xi t) + 2 sint 0 d) y"= .rxyr +IY' 

3. Stat~ the order and degree of the DE: 

a} (x 2+i}dx + xdy 0 b) y'3 3x2 
+ 1 
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4. Same ~uestion for: 
3 2 

a) ( d ~) 4. _ ( d y) 5 + x = 0 
dx d7" 

5. Show that the _given function is a solution ~f the DE: 

a) y = cx 2 . -· x; xy' = 2y + x 

b) y c, sinx + c2 cosx; y" + y 0 

c) y (2x+c)e-x; y' +y 2e-x 

"J. Same question for; 

a) ,Y . e2x c e-~x xe2x c 1 + .. 2 . + . y" + y' · 2x 6y + 5e 

b) y .= r 2ta·ne = c cose ; 

1. Find the· DE from the given· GS: 

b) y c R.n x 

8 .. Same q~estion for: 

a) Y b) y =- · sin ex 

9. Verify by substitution that for each case, the function given 

a solution of the. corresponding DE: 

(Y = ex + c
2
) 

in the·bracket is 

a) Y~= xy' + y'2 · 
2 

b) d y + dy - 2y d7" Ox 
2 ( x . -2x 2 ) ·3-2x · y = c1 e + c2e + x + x 

10. Same question for: 

a) !! - 2 az :(- 2x (z xy + ljl(2x + y)) · ax ay 

b) 2zxx + 3zxy - 2z = 0 . yy· (z ljl(2x-y) + w(x + 2y)) 

ANSWERS TO EVEN NUMBERED EXERCISES 

1. a) y; x, ODE, 2·, 1 b.) y; X' t , POE, 2, 1 
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2. a) y; x, ODE, 1, 1 b) y; x; ODE, 3, 4 c) x; t, ODE, 2, 1 

3: a) 1 ; 1 ' b) 1 ' 3 

4. a) 3; 4 '· b) 3' 

7. a) y-y" = x, b) y = xy' £n X 

4 1 1 
8. a) 

d y 
=· 0, b) y' (arcsin y) 

~-
= ~ ·X /1-y 

6. 2 FIRST ORDER D~FFERENiiAL ~QUATIONS. 

The _general form of such an equation is 

F(x, y, dy) 
dx = 0 (1) 

which wtien solved for -dy/dx given 

dy ( dx = f x, y) ( 1 I ) 

which becomes 

f(x, y)dx·- dy 0 

and more generally _ 

P(x, y)dx + Q(x, y)dy = 0 ( 2) 

We classify (2) into four main tyoes as separab.le, homo

geneous, ·exact and 1 inear equations. A DE may belonq to more 

than one type. 

A. SEPARABLE DIFFERENTIAL EaUATIONS (SDE) 

A firs-t order DE which can be writ-ten or having the form 
I 

P(x)dx + O(y)dy = 0 ( 1 ) 

'is ~alled_a separabl-e' differential equation· (SDE) 

I~S GS is obtained by direct integration of its terms: 

f P(x)dx + JQ(y)dy = c 

f(x) + g(y) = c 
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where c is ·an arbftra~y constant. 

~· the following are SDE: 

(x 2 •l)dx•ydy~· o, 2 . . x" 
(.y + 1 ) dx - e d_y · = 0 

dy y+ 1 
dx X-T r:de- - edr = o, 

y' = (1-x)(y-1) y' (2+x-2y-xy) (why?) ' 

Example. Solve 
2 2 .. 

(y +1 )dx- (x +4)dy = 0 

Solution. Seperating the ~ariables~ we have 

'\ I .' .. ·X ' 
=> 2 arctan 2 ·- arctan y c 

Equatidn reducibl~ to SDE: 

The DE 
dy 
dx f(,ax+by+c) . (a, b~ c ~onst) 

·wher'e f is a ·function·of a single variable is reducible to 

a SO£ upon the substitution 

t = ax+by+·c. 

Indeed, differentiation g1ven 

dt a b dy 

* dt a 
dx .. dx ==> t dx - t. 

1 dt - a f(t) =-',> dt f(t)t => t dx 't dx - a = 

~> 
dt dx = a + f(t)t => dx dt 

a+ f( t)dt (SDE) 

Examp~. Solve 

dy 2x-y•l dx e ·· + 2 x ~Y + 1 



S.o 1 uti on. Settin') t = 

y = 

=>· 2 '-

=> 

2x-t+l =~> 

dt et + t 
dx 

dt = dx 
2-et-t' 

X = 

=> 
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2 X-y+l., 

dy 2 -dX 

dt 2 -dx 

=> t = 2 1{ t) - y + 1 => y 

I 
X = <f( t) + C 

GS: , . 

y = 2'f(. t) - t + c + 1 

we 'have 

dt 
dx 

et - t 

B. HoMOGENEOUs DIFFERENTIAL EouATIONs (HDE) 

The DE 

P(x, y)dx + Q(x, y) = 0 
. . . 

(1 ) 

ts called !1 Homogeneous Dif/erentiaZ Equations if; P(x, y) and 

Q(x, y) are homogeneous* of the same del)ree • 

. Thus the 'f()llowinq are HOE: 

dx 
.;,2 2 

X + y 

dy 
y·= 0 

Remark, Note that a DE of the form 

'dy y 
dx = f(x-) ( 2) 

is a HOE, since replacement of x, y by tx; ty (t·> O) does 

not alter the equationr 

(*) f(x, y) is called horoaenecus of denree y into variables x and y if 

f(tx, ty) ."= tYf(x, y) for al]_ t > 0 · 
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Met~od of solution. 

, The substitution 

' y = x t(x) (or x = y t(x)) 

transforms (1) into a SOE in the variables x a·nd t. 

to SOE. 

Indeed, 

y = xt =~> dy = xdt + tdx 

==> P(x, tx)dx + O(x, tx).(xdt + tdx) 0 

=> xYP(l, t)dx..: xYo(l, t).(xdt + tdx) 0 

=> [p(t) + q(t)t)dx + q(t)x dt 0 (SOE) 

Hence all HOE and ones reducible to HOE are reducible 

Example. Solve the HOE: 

2 2 2 a) ~ dx + (x -xy-y )d~ = 0 b) dy 
= (f)2 

dx X 

Solution. 

a) Sincethe coeffi-cient of dx ' is simpler, 

x t(y)y instead of y = t(x)x 

x tdy ==> dx = tdy + ydt 

=> 

~=> 

/(tdy + ydt)+(t 2/- t/- /)dy 

(tdy+ydt) + (t 2 -t.;.l)dy= 0 

0 

2 
~~~> ydt + (t -l)dy = 0 (SUE). 

Then 

dy + dt 
y TJ 0 => 

=> y~ = c 

GS: y \;x-y·_ c . 
. X+Y 

R.n t-1 
t+T 

= c 

+-'l 
X 

we set 

R.n c 
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b) Setting y = ·tx~ we have 

=> 

=> 

and 

dy dt 2 
ax=axx+t=t +t 

.g;.. X = t 2 
=> ~ -ux. t" 

dx 
X 

1 1 
- t X + C => X = - t + C 

tx = -1. + c t 

GS: x y = ct-·1 lparametric) 

Differential Equations reducible to HOE:' 

The DE 

~x __ f (ax + by + c) 
u.>< dx + ey + f • 

where f is a function of a single variable and a, b, .•.• f 

are constant, is reducible to HOE: 

Consider the straight lines· 

R.l : (iX + tiy + c = 0 

R.2: dx + ey + f 0 

1 ) If R.l//R-2. from the proportionality 

a b (= A.) = A.d. b A.e a= e or a = 

we have· 

~x f (A.(dx + ey~ + c) - g(dx + cY) 
u.>< ( dx + ey. + f -

which ~as shown to be reducible to SDE. 

2.) If r.1 • r.2 intersect at a point (h. k) so 'thi,it 

ah+bk'+c=O~ 

holds~ by the substitution 

dk + ek + f = 0 (a) 
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and ' 

translates 

------ 'Then by 

dy dv 
Tx=ru 

which is a.HDE. 

Example 
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X = u + h dx = du 
=> 

y v + k dy = dv 

the ori g5 n 1;0 (h. k). 

the use of·'(a), the 1 i riea r expressions become 

au +' bv, du + ev, 

Solve 

(2x- 3y + 2)dx + .(4x- 6y + 1 )dy = o 

Solution. Since the lines 2x- 3y +·2' = 0; 4x- 6y + 1 0 

.· are• parallel, substitution :t=2x-3y giveS' 
I. 

(t+2Jdx. (2t•l)( 2dxfdt) = o 

. (3t.+ 6)dx + (2t + 1) (2dx- dt) = 0 

(7t + 8)dx- (2t''+ 1 )dt = 0 

dx = 2t + 1 dt 
'Tf+"B' 

x = J ~~: ~ dt_ = J <9- (7i1} 8 >)dt 

2 9 . ( . 8 7 t- ~ ~n t.+ ~) + c · 

X 
2 . 9 8 
7 (2x- 3y) - 49' (2x- 3y + ~) + c 

Example 2. Red~ce the following to HOE: 

(2x-3y+l)dx + (y-3x+2)dy = 0 ,. 

Solution. Since 
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2x "" 3y + 1 0 } has the sotution (h, k) = (1, 1), 
-3x + y + 2 0 

· Setting 

X=U+1, Y=V+1; dx = du. dy = dv 

we have· 

( 2 u + 2 - 3 ( v + 1 ) + ·1) d u -~; ( V+ 1 - 3 .( u + 1 ) + i) dv 0 

=> ( 2 u - 3 v) d u + ( v - 3 u ) c. . I) 

. \ 

. C. EXAC! DIFFERENTIAL EQUATIONS 

' The equation 

P(x, y)dx + .Q(x, y)dy = 0 ( I ) 

is ca 11 ed an 'exaa't differoentiaZ equa.tions ( EDE) if the 1 eft hand 

side is the total differ~ntial ~fa function u(x, y). ca1led"a 

primitive. 
/' 

It follows that·the condition for (1) to·be exact is 

• PY = Qx or 

(S~e Line Integ~a1 in IR2). 

(2) 

-Method of solution: Since (2) ho1d~there is a primitive 

u(x, y) .such that 

au P . au 
1ix = ;· ry Q 

The DE .be~oming du = 0, the. GS ·will be 

u(x, y)' = c 

where c is an arbitrary constant. 

u is determined by solving one of in (3), say au ax 
U (X , - y) = .f P (X , y) d X + , 'f( y) 

(3) 

P: 

·whe~e integration is performed .keeping y constant. ~ence the 

constant of integratiort involves the variable. y and is deter-

-I 
! 
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mined from the second of (3}: 

Q = u . y f Pyax + <f'(y). 

Example 1. Solve the differential equation 

{2x .l'.n y + eY} dx + 
2 

(25._ 
y + xeY + /)dy = 0 

Solution. Since 

the equcition is exact. Hence a primitive u(x, y} exists which 

is obtained on follows: 

u(x, y) 

au 
=> ay 

f {2x tny + eY}ax 

2 x .l'.ny +-eYx + TlY) 

2 
x + eYx 
y 

+ 'fl {y) = Q x2 + xeY + 2 = y y' 

=> ~I { y) = / . ~> 'f{ y) = y 3/3 . { C = 0 is taken) 

=> u{x, y} = x2.1'.ny +xeY + f 
3 

x2.1'.n y + xeY + ~-= c. GS: 

DIFFERENTIAL. EQUATIONS SOLVABLE BY INTEGRATING FACTOR: 

Integrating factor: For a non exact DE. 

P{x, y)dx + Q{x, y)dy o,. { 1 ) 

if a function p{x, y) exists such that 

p Pdx + p Qdy = 0 { 1 1 ) 

is exact, then the fa-ctor· p{x, y) is called.an integ_rating 

fa'ctor of { 1). 

From the exactness of {1' ), we have 
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JL (~P) - JL (~0) = 0 ay ax · 

=> (~YP ... ~PY) -.<~xQ ... ~Qx) 0 

~ ~ p - ~(P - Q ) y y X 0 ( 1 ") 

which is a POE in the unknown fun~tion u, whose solut n is 

more difficult than that of (1). However if we take~ as a func· 

tion of x or y alon~ th~ POE (1") becomes more simpler: 
I 

1) Case ~=~(xj: 

~~Q-0-~.(Py-Qx) 0 

=> .!!__ 
~ 

PY - Qx 
Q 

which is solvable if (PY 

Then 

Qx)/Q is a function of x alone. 

p - Q . 
R.n ~ = f Y Q x dx 

p - 0 
~(x) = expf Y Q ·x dx 

.2) Case ~ = 11 ( y) : 

For this case one finds 

~(y) 

where the integran~ is a function of y alone. 

Example 2. Solve 

(2) 

( 2 I ) 

by finding an integrating factor of the form ~(x) or ~(y). 

Solution. 

From 
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we observe that 
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PY - Qx = (2x R.ny+ ?x + ey +.yeY) 

-(2x + y +eY) = 2x .tny + eY 

. - 1 
(PY- Qx)/P = Y .. He~ce 

-
1 · -R-ny 

ll(Y) .=_exp_f- Y dy := exp (-R-ny) = e Y 

Then ·multiplying the terms of the DE one gets ,the EDE 

x2 2 (2x l!.ny + eY)dx + (- + ·xeY + y )dy = o y 

w·here. the GS was obtained as 

x 2.tn y + xeY + ~ = c 

in Example_ 1~ 

D. LINEAR DIFFERENTIAL EQUATIONS 

·The equation of the form 

0 ( 1 ) 

1 i near in dy I dx ·and y is ca 11 ed a Linear. differential equ-

ation (LDE). 

Such a LDE (l) is usually expressed in its standard form* 

* + p(x)y f(x)' 

obtained from (1) through division by .A
0

(x). 

{1 ') is solved by putting it in differential form 

-· (~(x)y 7 f(x))dx·+ dy = 0 

· and by finding .. an integr.ating factor of the form 

(*) Changing .the roles of x ·and y, .the equation. 

~ + p(y)dx = f(y) 

is also linear in dx/dy and x. 

ll(X): 
. \ 

( l' ) . 
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p - 0 
Y . ·x p .-· Q p ( X ) ==:'> Q y X 

p(x) => 

Jl(X) e f p(x)dx (2) 

Then 

Jl(X) * + Jlp(x)y" = !lf(x) 

is exact. 
~ . 

Since 

d)l d e f p dx ~ f p dx P · = llP• Ox Ox . 
we have 

dy 
!lax 

d!l 
+ dx y = Jl f(x) 

d 
!lf(x) => dx llY 

=> llY = /!lf(x)dx + c =i> 

=> y ~ [1 !l.f(x)dx + c). (3) 

which is t~e· GS of (1)~ Explicifly 

y = e:- fp(x)dxlJefp(x)dl5f(x)dx + c] 

Example 1. Solve 

a) .<!.Y + l.y = ex Ox X . 
b) (y+l )dx + (i!x-y-/)dy a· 

Solution. 

a) Since it is T1near in dy/dx ·and y_, fr.om 

~~ R.n X Jl(X) = e x e X 

and (J), we have 
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y x [ f X exdx + c) 

(x ex - ex + c) 
X 

· x-1 ex c + -
X ·x 

.. b) Arranging it in dy/dx and 

dy + y+l 
Ox 2 x-y-y 

we see that it is non l·ineat: ArranQina 

have 
dx 2 
dy + y+l X y 

whf~h is linear. Then from 

and (3) we have 

2 . J V+T dy 
p(y) = e Y. . . 

3y4 + 8y3 + 6i + c 
12(y+l} 2 

EQUATIONS-REDUCIBLE TO LDE: 

0. 

.in 

y as 

dx/dy and 

1. BERNOULLI-Differential Equation (BDE): 

~ + p(x)y = f(x)ya. 
I 

X we 

This DE is 1 inear when a= 0 or a= 1. So we suppqse 

~ ~ fr, a~ 1. It is reducible to linear upon the substitution 

Indeed, setting 

1 
1-a y = u or 1-a 

u = y 



in the_DE, we have 
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a 
& 1 '-a du 
dx .,-:a u ax 

a 1 a 
1 uT-a du 1-a 1-a r:a ax+ p(x) .u = f(x) u -

=> ~ + ( 1-a)p(x)u = ( 1-a)f(x) (LDEJ 

It can be s~o~n ~hat the BERNOULLI DE becomes a SDE 6y th~ 
substitution - f - d 

y = v(x),e- P x 

Example. Solve the BDE 
2 

~ + xy = ex Y3 

Solution. Substitutin!J y = u 

3 
& - 1 - 2 du 
dx = 2 u Ox 

3 1 

(a = 3) 

1 
1-j 

u 

and 

1 2 du - 'l 
e 

x2 
- 'l' u 

:--> 

Ox + X u 

du - 2x u 
Ox 

ll(X) = e -2 f xdx. = 

2 ( 2 2 u = ex f e-x ex dx 

1 

y = u 
2 

1 
'l 

3 

u 2 

2. RICCATI Differential Equation (ROE)· 

~ + p(x)y f(x)/ + g(x) 

-This DE is usually written as · 

we have 

( 1 ) 
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dy 2 ltX = A{x)y · + B{x)y + C{x) {1') 

so that the derivative is a .quadratic expressian in y. 

The ROE ca~not be solved unless~a p~rtiLular solution 

is known. If yl ·.is a PS of {1 I) the transformation 

y.-y
1
+u{x) 

transforms it to a BOE .with a= 2 which i_n turn, is transformed 

into a. LOE by u t- 1 • ~~nee the transformation 

y yl + v 
reduces {1 1

) into a LOE. 

Indeed, 

dyl v' 
A{yl .! ) 2 B{yl .!) c ""dx -~ = + + + + v v v 

v 0 2 2Ay 1 + B A yl - ~- {Ayl + Byl + C)+ { v ) + ~ + => 1 v ~ v 

=> -v'= {2Ay 1 + B)v + A 

=> -A{x) {LOE) 

F.xample. Given the ROE 

Y o . 2 2 2 1 ·o + y + xy + x + = . 
. \ 

~). find a PS of. the form y1 

b), Solve .. 

ax {a const) 

Solution. · 

a) .a.+a
2

x
2 

+ 2x.ax + x
2 

+ 1 = 0 

=> {a 
2 

+ 2 a + 1 ) X 
2 + (a+ 1 )' = · 0 

=> 
'2 

a + 2a + 1 = 0, a .+ 1 = 0 

=> _-x. 

~>·a -1 
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=> 

GS: 
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b) Setting 

Y -x + v 

- 1 - v' rz ( + .!) 2 2 ( 1 ) 2 1 +, -x v + x -x ~ v _+.x + 

v' x2 -1---:-z+ 
v 

- v' 1 0 7 + --:-z v 

y -x + 
X 

2x + ~ _ 2x2 
v v 

2x 
+- + . v 

=> v' = => v 

+\ c 

X + C 

0. 

0 

==> 

DIFFERENTIAL EQUATIONS LIN~AR IN X AND Y: 

,Consider the DE 

A (y I ) X + B(yl)y>+ c (y I) = 0 

linear in X and y, which is usually wdtten as solved 

y = xlj>(y;) + w (y I ) 

for 

~his DE is called a ·cLAIRAUT Differential equation 

(CDE) if •(Y 1
) _ y 1

, and LAGRANGE Differential equation 

otherwise; 

1. CLAIRAUT DE: y = XY 1
• + 1J.I(y 1

) ( 1 ) 

. 0 n e sets y 1
• = p i n ( i ) o b t a i n i n g 

Y = xp + 1J.I(p) 

which .when differentiat·ed once gives 

p p + X ¥x+1J.I'(p) 
dp 
dx 

=> (x + 1jJI (p)) * 0 

I. 

-1jJ I ( p) dp => X = .or dx 0 

,· 

y: 
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The first of which gives a parametric sol~tion 

X = -1)1 I ( p) 
(2) 

Y xp + W(p) 

This.sol~tion not involving an arbitrary constant cannot the GS. 

. The second ·give~ p = c or the solution 

y = ex + w(c) ( 3) 

which the GS. 

The soltition (2) cannbt be obtainable from the GS (3) 

by a_choice of the arbitrary constant c. ·Hence (2) i~ not a 

s6lution. It is called a singuZa~ solution of (l); The graph of 

this singular solution can be seen to be the-~nvelope of the. 

family (3). 

Summarizing, the GS of (l) is obtained by replacing 

y 1 by an arbitrary constant in the DE and the envelope of (3) 

is the singular solution. 

CDE: 

Example. Find the singular and geheral solution of the 

1 + y I' 
Y = xyl + r-yr 

Solution. The GS is obtained by replacing Y1 

1 + c GS: y ex + ~-

\ 
by c: 

S_S : X -2 I ( 1 - p ) 2 • y = X p + ( 1 +p ) I ( 1 - p ) 
2. LAGRANGE Differential Equation (Lg DE): 

.Y =X <P(yl) + ljl(yl)/ (<P(y') 1 yl) ( 1 ) 

Sett.ing Y1 p in (1) and consi~erin~ p as a new 

variable, differentiation of (1) gives 

p = <jl(p) +X <jll(p) *+ ljl"(p)* 
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Integrating factor: 

yielding x = x{p). 

p - Q p X 
[cj>l(p)~l).- cj>l(p} 

r~ 
> · ll{P) = e cp-p · 

So the GS of (1) is the parametric function 

Example. ·so 1 ve the Lg DE 

Y. = xy'2 + 1 - yl 

t 

-1 

•Solution. Setting yl = p in the DE and differentia-

ting y = xp2 + 1 - p with respect to X we have 
\ 

. 2 2. I I P = P + xpp - p 

(p 2 - p)dx '+ (2xp- 1 )dp 0 

with an integrating factor 

Then 

dp 
ll{P) = exp f-2-

• p-1 p-1 exp in -
. p -p p p 

p-l (p 2 -p)dx + ~ {2xp-l )dp 
p . . p 

(p-1 )2dx + ~ (2xp-l )dp = 0 
p 

0 

is exact and s~lyed as follows: 

-'--> 

2 (p-1) dx + 

d [ { p ~ 1_)
2 x] 

2{p-l)xdp- ~ dp - P. 

= dIP~~ dp · 

or 
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=> 

Find the GS of 
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(p-1) 2x = (p- ~.n p) +-

p - ~.n p + c 
fX(p) = ---z 
{ ( p-1) 
( ~ 

y{p} ·= xp + 1 - p 

.EXEnCISE~ (6. 2> 
the fo 11 owing SOE: 

' . 2 .--2 
~n .Y a) dx 0, b) dy 2ydy + 4x 14-y = Jl.ny 

4 
X dx - "'"'2 0 
.Y 

12 .. Same question for: 

a) 3' 3 dx; X dy - X dx = 

- 13. Same question for: 

a) 3x2 - 2y 3y' = 0, b) Sine dr • r cosO dB 0 

14. So.l ve 

a) dy cos(x-y) Ox 
dx X/t X 

b) dt = e + t 

15. Find the PS under the given condition: 

a) dr = r tane dB; r = 1 when l'J = 0, 

b) 
X . 

dx x dy 0, y(3) rr/3 e secy + (l.e )secy tany 

16. Find the GS of the foll 0\1i ng HOE: 

a) (.! - iz ey/x)dx (.1.. ey/x 1 
0 + - -)ay 

X - X X .Y 

D) (x·,.{2 
·--2 2 xy dy + y - y )dx + = c 

17. Solve 

· dy = y-x 
a) ax y+x 

18. Find. the GS or the following HOE: 

b) x(ll.n x-JI.n y)dy-y dx=O 

·· 12 2 
b) ydx = xdy- -lx +y dx 
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19. Same question for: 

2 2 ·. 2 . r,-- . 
b) (3x +2xy+4y )dx+(20x +6xy+y )dy=O 

20. fipd the PS under the given condition: 

a)· ( x + y) 9Y - y dx 0; y(O) = 1 

21. Find the GS of the following EDE: 

-
( 2 X 

2 + 5 xi ) d X 
2 4 a) + ( 5x y -.2.v )dy 0. 

b) Sec 2x tany dx + Sec 2y tanx dy 0 

22. Same questi~n for: 
-.2 

a) arcsfnydx + X+ 21l-y cosy dy'= 0 
./1 - y 

2 

0, y(O) 

b) (x tny .;y x.nx + y)dx + (~ + x tn x)dy 0 

23. Same question for: 

a) (y ch xy t ch y)dx + (x ch xy + x Sh y)dy 0 

b) (sin x + sin y)dx + (x cos y + cos y)dy = 0 

24. Find the PS passing through the given point: 

3 

2 . . 
a) (2x siny + 2x + 3y cosx)dx + (x cosy + 3 sinx)dy = 0, {71 /2, OJ 

b) (ye2li- 3xe2Y)dx + (i e2x- 3x 2e2Y- eY)dy = 0; (1, 0) 

25. Fi~d an integrating factor p(xy) and solve 

x dy + y dx = x2y2dx 

~6. Find the GS o~ the followirig DE by finding an~ iniegrating 

factor: 

a) dx + (x tany- 2 secy)dy = 0 b: (2-xy)y dx + (2+xy)xdy = 0 

27.·Find the GS: 
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) 3 .2 d 5 d a X dy - X y X = X y X b) xdy - ydx 
2 1-2--2 . 

x lx - y ·dx 

28. Find the GS of the following LDE:. 

. . d 
a) sin x d~ - · y = .5 

29. Same question·for: , 

2 . 4 2 
·a) _x y' + xy = x + x. 

30. Sa~e question for: 

a) dx + 2xdy = ydy. 

31. Find the type and then solve: 

a)-~ +·,y = 2 + 2x . ux ' 
2 . 2 c) yy' + y tahx = cos x 

32. Find the GS: 

a) (2-x-y)dx +.(3+x+y)dy = 0 

33. Solve 

b) y' + 4y x2 

b) dx - xdy in y.dy 

b) dy + y = ·. y2 ex 
dx 

d) y' -2y 2 6 ( PS.: •-z 
X 

b) (2+3x-5y)dx + 7dy 0 

2 2 . 

34. Solve: 

a) x·y( xdy + ydx) 

b) ( 1 .+ eY /·x) dy + 

35. Find the GS and 

11. a) i 2 sin(r 

X y 

'3 . 
4x dx. 

( 1 - Y..)ey/x 
X 

the singular 

ANS~/ERS 

x4) 

dx = 0 (Hint: Set y/x 

solution.of the CDE! 

•b) xy• 2 - yy' + 1 = 0 

y1 = atx) 

i) 



1 ~. a) .Y. -

13. a) ··3 
X -

14. a) X.'+ 

1 b. a J r 

16. a) .y 

!l73 

1 
X + :z = c. 

2x . 
~rc~an·y=.c 

y4/2 = c. b) r sin0 c 

cot x-.v 
= -z 

sec0; 

ex, b) 

ce 

c. b) R.n t -x/t 
·C -. e . 

b) 
·' X . 3 
+ e = 2( 1 .... e )cos y 

X R.n I X I + lx
2 

+ / : ex 
_.arctan f 

CY+·l b J x : ye · 

2 2 1 8. a ) x + y = cy • · 2 ·2 Y .... /x + Y 

19: a) 2y -' x sin 2f + 4x .l'.nx ex 2 ' 2 ' b) X + 7 X.Y + y = C ( 3 X + y) 

20. a) R.n b) 2 2 :J(X+y)· 0 y y = X' X - xy ... y - : 

21. a) 20x 3 2 . 
12y 5 b) + 75x y = c. tan X tan .Y : c 

22. a) X arcsin y + 2 sin y c b) x
2 

R.nlyl + 2xy R.nlxl = c 

23. a) Sh·XY + X Ch y c. b) (X+2)Sin y - cos X = c· 

x 2 siny x2 n 2/4 
·· 2x 2 2 

24. a) + + 3y sinx b) .ye - 3x e y - 2eY + 5 = 0 

25. 
. "-2 -2 x2y cxy 0 1.1 = X . y ' + + = 

26. a) 2 tany b) 2 
R.n I xl R.n I y I X secy - .- c - + - c 

I xy 

27. a) ·R.n l 1 ~3 c. b) arcsin l 1 ~2 
j + = '2'. + c X X 

28. a) X 
5. b) y=-1-x tan X tan X c) 2 

y = c tan '2' - '2'+C -2 y=X +CX 

29. a) 4xy 
4 2 b) ce-4x x4 X 1 

= x + 2x + c, y = ... 
4 - 8 + 

32 

-2y ( 1 -4 
c) 30. a) 4x = 2y - 1 + ce b) x + R.n Y = eY I f e dy + 

l y 

j]. a) y = 2x + ce -.x, b) X = -e-y/(y + c) 

c) 2 (2x 
. 2 

d) 2 7 
y = + c)cos x y = + 

cx 8 X • 2x 
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32. a) 2y - x - 5 R.n ( 2x + 2y + 1 ) = c 31 b) 5x - 7 R.n ( 3x - 5y + ·-;--) = c 

+ c, 

35; a) y 2 ex + 2c , 

b) y + xey/x = c 

1 
c) y =ex+ c d) i = 4x 

6, 3 SOME PROBLEMS LEADING TO FIRST ORDER DIFFERENTIAL I:O.UATIONS 

GEOMETRIC PROBLEMS. (Trajectories) 

A. Determination of the family of curVes under a qiven 

c.ondition· involvinq first order derivative 

A cohdition involving the first order derivative is 

expressible by • relJtion 

f(x, y, y') = o 

which is a~ ordinary dlfferential equation where the GS is the 

required fall!ily. · 

Example. Find the family o~ curves having constant sub

tangent. 

Solution. Let y = f(x) .be a 

member of the family and let' P(x, y) 

be a point on the curve. 

Tangent-line: Y-y f'(x)(X-x) 

y' ·· (X-xJ 0-y 

=> " y A-X=yr 

Setting IX-xl a (const), we have 

a= lfl 

I ~~~': 
; 
! 
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=> L 
y ± a => R.n y = ± a X + R.n C 

=> y 

\ . 
B. Determination of the fam1ly which is in a relation to 

a given family (at all common points). 

Let 

f(x, y, c) = 0 

be a given family of curves r 1 (t) where DE is 

F(x, y, y I) = 0. 

The given condition and F = 0 yields a DE 

G(x, y, y 1
) = 0 

- where solution: 

g(x, y, c) = 0 

is the equation of the requi~ed family of curves r 2(c). 

On~· of r 1 (c), r 2 (c) f is said to be the tl'a,j eatol'y of 

the other under the given condition. If the condition between 

_them is the orthogonality then th~ trajectories are called 

Ol'thogonaZ tl'ajeatol'ies. 

Example 1. Find the orthogonal trajectories of the family 

of parabolas with common axis as the y-axis, and ·passing through 

the origin. 

Solution. The equation of the 

given family)s 

between 

Then the DE·of the family is obtained by elementary 
2 y = ex ·and y 1 =: 2cx: 

c 
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y' 2 l 
X 

Hence"the.differential equations of th~ orthogonal tra-

jectories becomes 

2ydy +.xdx 0 (SDE) 

since y' y' _ -J, and ·its solution is 
rl r2 

c (c > 0) (family of ellipses) 

·Example 2~ Find the orthogonal traj~ctories of the family 

of cardiods 

r = c + c case 

Solution. The DE .of r 1 tc)_ is obtained .by 'eliminating 

c between 

case and dr sine: I'=C+C de -c 

DE: dr -r sine r 1 +case 
de +case or ----rr = - sine 

'I • 

The·n the DE o'f the ortho!)onal trajectories will be 

r' 
r 

+case 
· s 1 ne 

Slnce ll ll - = -1 
r 1 ,r 2 

(See Book 1/2 p.535). Separating the 

ables.and integratin~. we have 

·dr 
r 

R.n r 

1' +case de 
- s1ne 

e . 2dSin,-z 

Is;~ 
"2" 

=;> 

2 e 2 cos 2 
R. n r = J --------=:--"---=-

2 sin ~ cos ~ 

va r .i • 

de 
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2 2 0 0 
COS· 2 t:os- 2 

r f dO -~ 1---e dO 0 0 2 Sin 2 c~s .. ~ Sin 2 

2d sin ° 
~ f 2 

- 0 
s 1 n ·z 

0 2 ~n sin 2 + ~n c 

2c r = c 
· Sin 2 0 

2 
~ cose (parabolas.) 

A. P08ULATION PROBLEMs· 

The law governing the problem is the followinq: The time 

.Pate of change at time ·t is pPopoPtional to the amount pPesent 

at time t. When this law is formulated mathematically we arrive 

at.a DE: 

x(tj The amount of population at ti~e t 

dx 
d.t 

DE 

The 

.x(t) 

dx 
df 

time rate of change or the rate 

~lith respect to tiine 

kx where k is the constant 

of cha119e of 

of population. 

.Populati~~ i~creases (decreases) when k>O (k<O). 

Note that· rate ·problems on interest and on decay of radio~ 

active ele~ents are the same as population problems. 

Example. The population in ~urkey is 41.000.000_ in the· 

ye~r 1975~ and increases 3 % per unit time. Estimate the popula:_ 

tion in the year 2000! 

--



where 

where 
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Solution. The DE of the problem is the SDE 

GS is 

dx = kx 
Of 

x(t) 

or 

= ce 

dx 
X 

kt 

kdt 

' 

the constants are determined by the given data: 

If- in dx/x kdt dt is unit, k becomes '3/l 00. 

x(t) = ce0,03t 

Considering 197.5 as initial time t = 0, we have 

x(O) = c = 41.000.000-

Then 

x(t) = 41.000.000 ,e0•03 t 

=> _x(25) = 41.106.e0 •75 

= -41.1 o6 • 2 ,0923 

-"' 86.000.000 

Then 

since 2000-1975 25. 

B. COOLING OF A BODY 

The phenomenon of cooling of a hot body in a given medium 

is governed by NEWTON's iaw of cooling: The time rate of cooZing 

of a body at time t is proportionaZ to the difference between 

the temperature of the body ani:l that of the medium at time t. 

Formulation: 

x(t) temperature of the body at time t, 

dx 
Of 
DE 

a temperature of the medium, ~sually ta~~n as 

constant 

The time rate of cooling at time t 
dx Of= -k(x-a) (k>O) 
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Example. A piece of metal of temperature of 80°c is plac

ed at time t = 0 in a mediul'l of constant temperature of 20°c. 

At the end of 5 min the metal has cooled down to 70°c. What will 

the temperature be at the end of 10 min? 

Solution. From the·SDE 

~~ = -k·(x-,20) 

we have 

dx x-::-70 = -k dt 

=> R.n(x-20), -kt + R.n c. 

The constants . c and k are determine'd from x(O) ~ 80 

and x(5)=:70: 

Then 

c = 60 R.n(B0-20) = R.n c => 

l'.n(70-20) = -5k + R.n 60 
. 5 

=> -5k = R.n 6 

'1 . 5 . 
R.n(x-20) = 5 (R.n ~)t + R.n 60 

. R.n(x-20) 

X 

=> x(lO) 

l'.n(~) t/S + R.n 60 

20 + 60 <i> t/S 

20 + 60 . ~ '; 61.5° 

C. STREAM LINES (VECTOR LINES) 

· Let 

F = P(x, y)i ~ Q(x, y)J 

be a vector field in IR 2 . We define a vecto~ line (stream line) 

of F a curve at every point of which the corresponding vector 
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of the field is .tang~nt to the cu~ve at that point. 

DE: dx 
-;p 

dy 
Q or 

Q(x, y)dx- P(x, y)dy 0 

The or,thogonal trajectories of the' v~ctor liries are called 

~quipotentiaZ aurves of the field with DE: Pdx· • Ody
1
= 0. 

Example. Find .the family of vector lines (stream .lines) 

of the vector jield. 

and the equipotential 'curves. 

Solution. dx 
· 2xy 2 2 

- (X - y ) 

dy 

2 2 
GS: x + y = ex (circles) 

Then the DE of the equipotential curves ~ill be 

2 2 (x -y )dy- 2xy dx ~-

~lith solution, 

. EXERCISES' (6; 3) 
·, 

36. Find the DE of the family df parabolas having the origin as 

focus arid x = -p ·as directrix. 

37. Find the curve having length of subnormal equal to 3 and 

passing thro~g~ the point (1, 4). 

38. Find the equation in polar coordina~es of the curves such 

that the tangent of the a~gle • betwee~ the radius vector 
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and the tangent lirie is equal to the square.o·f the radius 

vector. 

39. Find the equation of the curve~. such ~hat its· slope at any 

po~nt P(x, y) is ·equal to the difference of-the squares 

of the distances of P(x, y) from the points (l, 0) and 

( 4. 0). 

40. Find the orthogonal trajectories of the following family: 
2 a) y = 4ax, .b) xy .= c· 

41. Same question for: 

a) r = c i:os0 b) ( 1 + 2 cose)r 2 

42. sal'le question for: 

a) 2x 2 + 3y 2 = c b) x2 + 2 y = ·CX 

43. Find the st_ream line throu!)h ~{3, 1) of the vector.field: 

F = (2xy, 'x 2-i> 
· 44. The surface area A of a. snowball incre~ses proportional 

to the area at that moment. If A= 4n ~m2 at t·= 0 ~nd 

64~ dm 2 at t = 2 min, find the area at t = 3 min. 

' ' 
45. A body falls from rest through air. If air resistance ts 

proportional to .the square of the velocity, determine its 

equation of motion s s ( t). 

36. yy• 2 +,2xy' - y = 0 

2 37. y 6x + 10. 

38. 2 
r ±20 + c 

ANSWERS 
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39. y = 3x
2 - lSx + c 

40. a) 2 ce-x/a b) 2 2 2 y = y - X ·- c 

41. a) sine. b) 
2 . 

r = c r (1-cose)sine = c 

42. i 3 ex • b) x2 + i = cy 

43. x3 3xi - 18 "' 0 

44. 192n dm2 ., . 

45. s l 
= c .l'.n .ch(act). a "' ,rgrc 

6. 4 LiNEAR DIFFERENTIAL EQUAT(ONS OF HIGHER ORDER WITH 

CoNsTANT CoEFFICIENTS 

A, DEFINITIONS 

A differential equatiori oY the form 

n 
A ~ + + A (x) dy + A y 

o(x) dxn ··· n-1 dx n(x) f(x) ( 1 ) 

is called a LDE oj order n (which is linear in the dependent 

vari.able y and all-its derivatives). 

( 1-) is homogeneous (non homogene_ous) LDE if f (X) _ 0 

(f(x) t 0). 

The LDE (1) may be expre~sed as.· 

(A 0 Dn + ••• + An_ 1o + An)Y f(x) ( 2) 

or 

P(D)y "' f(X) ( 2 I ) 

where the oper<ifor P(D) is linear. 

When all the coefficients are cons-

tants. we have a LD~ with constant coefficients. 
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In the following, only LDE with constant coefficients 

will be' treated. 

B. SoLUTION OF A HLDE 

Let 

(3) 

be a given HLDE with constant coefficients a1. 

This HLDE a~mits the trivial solution y = O,.and non 

trivial solutions are obtained by the substitution 

AX 
Y = e . 

yiel~ing th~. polynomial equation 

P{A) = 0, 

Since 

(A constant) 

where P{A) = 0 is the auxiliary equation. 

The auxiliary .equation {4) has n complex roots 

(:>R), s'imple or multiple. 

The GS of (~) can be ~btained by the use o( the 

following theorem: 
. I 

{4) 

Theorem. Let P{A) = 0 be the auxi)iary equation of a 

HLDE {3) of order n. Then , 

1. if ~=.a is simple ·re~l root, the corresponding 

solution is 
/ 

c e ax 

2. if A= a + ib (b ~ 0) is an imaginary simple root 
' i 

\ 

(=> X = a- ib is a root too), then the corresponding 
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solution is 

cax (c 1 cos bx + c2 sin bx} 

3; if A= a fs a real r-fold 'root, then the corresponding 

solution is 

4. if. A =a ... ib (b 1- 0} is an r-fold imagina.ry root, 

then the corresponding solution is 

eaxr(·c'l ' +c. 2x + ••• + 
r-1 c'rx )cos bx 

+(c,,,l " " r-1) , b, l c 2x + ... + c rx s1n x
1 

and the GS is the sum of the solutions correspo~ding to all roots. 

For instan~e. if t~e equation is 

(D-i){0+2} 3 (D 2-6D+l3) 2y 0, 

wh.ich· is of order 8, the auxiliary equation being 

3 2 2 . 
P(A) = (>.-4)(>..,.2) (>. -6>.+13) = 0 

·~, the roots are 4, -2, 3+2i, 3-2i of multiplicities 1; 3, 2, 2 

respectively. Then by the theorem the solutions corresp6nding 

to · .4; ·-2. and 3 ±'2i are· 

2x ). 

Hence the GS is 

4x· 2 -2x e + (c 2 + c 3x + c4x )e 

+ e 
3 

X r ( C S + .C 6 X ) C 0 S 2 X + ( C? + C B X ) S i n ; X) • 
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/ 

. C. SOLUTIO~ OF NHLE: 

Let 
. n. 

P ( 0) y = (a 
0 

D + ... + a 1 0 + a ·) y 
, n- . n f(x) ( 1 ) 

be a NHDE ~ith co~~tant coeffitients. 

We ca~l the HOE 

P(D)y = 0 

the reduaed equation of ( 1) and it GS is said to be the comp

lementary solution of (1), written Yc· 

We show that the GS ·of (1} is the sum 

Y = Yc + Yp 

where· Yp. is any particular solution of (1). Indeed, 

P(D)y = P(D)(yc+yp) = P(D)yc,+P(D)yp='O+~(x)=f(x·). 

and since involves' -n. arbitrary constan,ts it is the G.S. 

Let (1) has the form 

P(D)y ( 1 I J 

where non of fi(x} is a constant multiple of a~y rither. 

We state the following: 

, yk are particular solution of.the.DE's 

. ' 

P(D}y = f 1(x) ; ... ,·P(D)y = fk(x) 

' respectively~ then a particular s~lution of (1) is the sum 

of particular solution~.· 

Indeed, since· P(D) is linear and P(D)yi 

we have 
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P(D) L yi 

L P(D)yi 

- L fi(x) 

(linearity of P(D)) 

METHODS FOR FINDING A PARTICULAR SOLUTION 

Among various method for finding a PS Yp of a. NHLDE 

we mention 

I. The method of Undete.rmi ned Coefficients (UC method) 

II. The method· of Variation of Parameters· (VP method) 

I. UC Method 

This method is applicable when in the DE 

( 2) 

the function fi(x) are all UC ·function, a uc funation being 

one whose the set of all its successive derivatives is 1inite. 

' The basic UC functions a~e 

P(x), eax, sin bx, cos ex, 

the others bein~ their·sums and products, where ·P(x) is a 

polynomial. 

Note that tan x is ~ot a UC function, since ·its succes-

sive derivat.ives 
2 sec x, 

do not form a finite set.· 

tan x , ... 

To determine a particular s~lution yp of (2) the 

steps are as foll~ws: 

1. Obtain the complementary solution 
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(obtained by P(A.)=O) 

2 .. For 

P(D)y f i (X) ( 3) . 

write the set 

whose elements are fi(x) = 'f'1(x) and functions 

appe~ring as terms in all derivatives (constants 

being omitted) 

a)· If none of 'f. 
1 

are contained in 

then a particular. so]utidn yi is a linear com~ 

bination of 

and set this .yi· in (3) to obtain an identity 

yielding m equations in the m unknowns 

b) If some o( 'fi ar.e containecl Li1 {u 1 , ... , un}, 

multiply each element of Si by the least power 

s I • 

1 
havinq no elemen~ in of x to obtain a set 

common with {u1 , un}. Then· a linear combi-

nation of the elements i~ s I • 
1 

is a particular 

solution whose coeffic~ents are obtained.fS in a).· 

3 .. Obtain in this manner all particular solutiors. 

yl ' . yk corresponding to fl (X), . .. ,fk{x), 

Then the required PS wi 11 be 

Yp = yl + ••• + yk. 
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Exa~ple 1. fi~d a PS 6f 

:y" - 4y:= x~ +.ex 

Solution. 

1 . . 1. 2 - 4 = 0 => I. l = 2 , 

e2x -2x 
Yc ~ cl + c2 e ' 

2. _f1 (x) = x
2 : 

3. 

2 
" X 

=> ... S l . =, {X 2 X , . 1 } => yl 

q(x)=2 

Ax 2 + 8x + c 

.f2(x) = ex: 

=> 
X h = {e } => y2 

·X 
D.e 

Then 

-4 yp Ax 2 + 8x. + c + D ex 

0 y' 
p 

~Ax + 8 + D ex 

.y" 2A D 
X 

+ e p 

2 2 -4Ax - 48x - 4C - 4Dex + 2A + Dex = x + ex 

=> ) 2 X 2 
-4Ax - 48x + (2A-4C)- 3De = x + ex · 

=> ,-4A = 1, -48 0, 2A-2C. 0, -3D = 1 . 

=> A--1/4,8 0, c 1 
- 8 ' D 

X
2 1 1 ex 

-. T - 8 '! 

I 
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Example 2. Find the GS of 

y'1' ·- .2Y" + y' = (x+2) +ex 

Solution. 

3 2 . 2 
1 . A - 2A + 2 A · = 0 ===> ). (A- 1 ) = 0 =>A. l = 0 , A 2 = 1 , A 3 = 1 

i X .'X => Yc = cl ~ c2 e + c.3 .x e ' 

2. f1 (X) =.X+ 1. sl ·= {x+.2, .1} 

wliere is contained in Yc· Then 

Sl = {x.2 + 2x, x} 

f2(x) ~ ex: 52 = {ex} 

' 
ex is contained in Yc· Then 

S' = {x2 ex} 
2 

So 

Yp = A(x 2 +2x) + Bx + c/ 

3. Ax 2 (A+B)x 2 ex Yp + + Cx 

y~ 2Ax + (A+ B) + 2Cxex + cx2ex 

-2 y" 
p 2A + 2Ce~ + 4Cx ex + cx 2ex 

ylll =' 6C ex + 6C xex + Cx 2 ex 
p . I 

(x+2) + e X 2Ax (A+ B) 2Cx ex Cx 2 ex + + + 

-4A 4C ex 8Cx ex 2Cx 2 ex - - -
.6C ex 6Cx ex 2 X .+ + Cx e 

x + 2' + ex =• 2Ax + (B-3A) + 2C ex 
I 

=> 2A 1 ' 2' 

{ 1 ' ex, ~ex} 

ex 



=> A 1 
'2" • 

=> 

7 
B = '2" 
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c = r 2 

1 2 4 1- 2 X '2". X + X + 2 X e 

II. VP Method (Variation of parameters): 

This method is applicable als~ when fi 1 s afe not ~C 

functions. 

For simplicity in explanation, ~e.consider a DE·o~ 

order 3. Let 

P,(D)y = f(x) ( 1 ) 

be a QE of order 3 with complementary solution 

Yc =- c1 u1(x)+c2 u2(x)+c 3 u3(x) 

This method is based on replacing the arbitrary constants 

(parameters) c1 , c2 , c3 by functions .c1(x}, c2(x), c3(x) 

and on .the determination of themto get a PS in the form 

We. have 

Yp = c1 ul + c2u2 + c3uj + ( cl u1 + c2u2 + c3u3) 

Setting the expressio~ in the br.acket equal to zero, i.e. 

cl ul + c2u2 + c3u3· = 0 (a) 

and redifferentiating y~, we get 

y"··= c1 ui1 
+. c2u2 + c3u3 + (c

1
U

1 +. C I U .I +. ·c I U I 1 
p 1 1 2 2 3 3 J 

Just as before, set~ing 

clul + c2u2 + C3U3 0 
/ 

and differentiating y" p' we have 
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Now subs~ituting yp and its derivative~ in (1} one ~et~ 

(c) 

Jince P(D) ui(x} 0. =1.?,3,' 

This may, we obtain· the three linear ~quationi 

u1c] + _u2cZ + u3cJ 0 (a) 

u·· c • 
1 1 + UzC2 + ujcj 0 ( b} 

ulcl + UzCz + u3cj f(x) (c) 

in"the unknown~ c] ( x); Cz(X), cj ( x,J. 

Since u1 , u2 , u3 are.linearly independent, -we have 

w i 0 

u" 1 

Then c](x), cz(xi, cj(x) and c1(x}, c2(x), c3 (x} are deter

mined uniquely, ex~ept the constants of integration which are 

unneaded. 

Then 

Example 1. Solve y";-·4y =ex. 

Solution. Since .. yc = c e2x + c -~- 2X we have 
' 1 ' 2 

2x -2x yp=c1(x)e +c 2(x}e 

+ c' e-2x 
2 0 
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cpx) 
1 . -x 

c2 
1 e3x => 4 - e . ' - 4 

I cl ( x) 
1 -x 1 e-x => if. f e dx 4 

c2{x) 1 e3xdx 1 e3x => =- 4 f TI 

1 e-x e2x 1 e3x -2x 1 ex => Yp 4 - TI 
e . '3' 

=> y = cl 
e2x + e-2x - 1 ex. c2 '3' 

Solve this DE by UC method. 

Example 2. {On electricity). In the given ele~trical 

ci~cuit with the data. 

~ 
e 220 Sin{lOO 1rt) vo·l ts (emf), 

R 3 ohms (resistance), 

c 1 farads .(capacitance), e 
r fi "2' 

L - 1 henry {inductance), T-
. -----

c~mpu~e the quantity q {coulomb) of electricity, 'and current 

{ampere) if q = 0, i = 0 at t = o, 

Solution. From the KIRCHOFF's law{*)l, we have · 

R t + 
di 1' 

Lor+cq=e 

Since i dq/dt and di/df = d2q/dt 2 , it becomes 

e ·{General equation of a.circuit) 

Then . 

( *) 1. Around any closed circuit {path} the sum of instantaneous voltage 
drops in a ~peci fi ed direction is zero, 

2. The sum of currents following into {or away from) any point 'on the 
circui~ is zero. 
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2 {D + 30 +·2)q 220 sin(100 7Tt) 

=> (0 + 1){D+2)q 200 sin{100 7rt) 
-t' .:.2t 

' qc. c·1 e + c2e· 
=> 

c
1
(t)e-t -2t 

qp + c2{t)e 

{ 
cl e-t 1 -2t 0 1 + c 2 e·." 

=> 
e-t 1 -2t -ci 2c 2e 220 sin 100 7Tt 

\c 1{t) 200 I sin{100 7Tt)et dt 

=> 
1rt)e 2t dt c2{t) -200isin{100 

Using 

I sin at ebt dt cos at ebt, 

we have 

c 1 { t) 
sin at - a cos at et 

a +" 1 
.(a 100 7T) 

c2 tt) 2sin at - a cos at e2t 
a + 1 

Then· 

q = + (sin at~ a cos at)++ {2 sin .at-a cos at) 
P a+1 a+1 

==> q(t) -t' -2t 1 {3 sin at·- 2a at) · c 1e +c 2e. +-y-; cos 
a +1 

i(t) -t·· -2t 1 {3 cost+ 2a 2 sin at) ~ -c e · - 2c e + -y-: a 
1 . 2 - a +l 

Using the conditions q(O) 0 and i { 0) o .• we have 

2a 0 
r1 

a 
c 1 + c2 - --r:- ~ a + 1 

=r. 
3a 0 lc2 

a 
-c1 - 2c 2 + --z-:-

~ .a + 1 
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and 

q(t) ·--;- (e-:t + e- 2t) + + l3 sin at- 2a cos at) 
a +1 a +1 

a -t -2t a i(t) = - :-z-- (e +2e )+z-=: (3 cos at+ 2a sin at) 
a· +1 a +1 

where a 100 1T. 

EXERCISES (6. 4) 

46. Find the solution_of the following HOE: 

a) y"--y· -6y = 0 b) 2y"'- Sy"-y'+ 6y = 0 

47. Find the GS of the following NHLDE by two methods (UC, VP): 

a) y" - y I sin 2x- b) y" y' = 6x 5 X 
= - e 

48. Find the GS: 

a) y:l .. 4y = 2 tan 2x b) y" .. 4y = sec 2x 

49. Solve: 

a,) ( o4 - 40 3 .. so 2 - 40 .. 4 )y = 0 (check 2 as a double root) 

b) (o 4 -ao 3 +42D2 --104D~l69)y = 0 

(Find the constant b if P(D} = (0 2 ~ bD + 13) 2 ) 

50. Find tire DE in operator form admitting 

4x c1 + ~ 2 x + c3 e . a~ GS. 

ANSWERS 

46. a) y-= cl e3x ~ c2 
·· ·-2x 

e ' b) Y = cl_ e-x +·c 

47. a) y =· cl .. c2 ex 1 
-_5 sin 2x .. 9 

TIT cos 2x 

2x 
2 e + c3 

e3x/2. 

b) ex tx
6 

- 6x 
5 + 30x 4 - 120x 3 + 360x 2 - 720x)ex y=c 1 +c 2 

.. 



4B. a) y 

b) y 

'49. a) y 

b) y 

50. D2(D -
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cl sin 2x + c2 cos zx l 
- 2 cos 2x R.n {tan 

cl sin 2x + c2 cos 2x + cos 2x R.n .:os 2x 

2x ' (c 1 + c2x)e + c3 sinx + c4 cos X 

e2x ( ( cl +c 2x)sin 3x)+(c3 + c3x)cos· 3x) 

4)y = 0 

A SUM~1ARY 
(CHAPTER 6) 

2x + sec 2x) 

6. 1 DEFINITIONS 

brder of a DE is the order of highest ordered derivative 

in the DE. 

A solution of a DE is any relatiun satisfying the DE. 

The general solution of a DE 'is the solution involving 

n arbitrary constants if the order of the DE is n.· 

6. 2 FIRST ORDER ORDINARY DE: 

General form: 'f(x, y, ¥x> = 0, 
dy 
ax 

Separable pE: P{x)dx + O{y)di = 0 

g(x, Y) 

Homogeneous DE: P{x, y)dx + Q(x, .y)dy = 0, ¥x 
. . 

f(l) 
X 

where P, Q are homogeneous functions of ~he same degree. 

E:x:aat DE: P'(x, y)dx + Q(x, y)dy = 0 if Py- Ox. 

Linear DE: dy 
ax+ p(x)y f{x) {linear in y, dy) 

ax 

dx p(y)x = f{y) {linear in X' 
dx) 

dy + Oy 

Bernoulli DE: ¥x + . X p{x)y = f{x)ya 
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Ri~aat'i DE· dY -A{.~)i + B(x)y + C{x) · dx 

C~ail"ant DE: y xy' + 'w(Y I) 

Lagrange DE: y xcp(y·) + 1)J{y') {cp(y")iy') 

Integrating .faator of a DE Pdx + Qdy = 0 is a function 

IJ(X, y) ·such that 1-1Pdx "': 1-10dy 0 is exact. 

6, 3 A trejeatol"y of a given ·family of ·curves is a curv~ 

satisfying a· qiv~n ~elatiori at all common points with 

the given family, if.the· given relation is arthoqonality, 

the trajectories are orthogona~ 'tra,jea_tc:ri,e ,. , 

dx ,-
The DE·of a Popu~ation pl"ob~em: dt = k(x+a) (a, k canst) 

The DE of stl"eam lines of a vector- field F =Pi+ Qj! 

_-T.he DE of a equipotential au!"ves· (orthogonal trajectories 

of the stream linei): 

Pdx + Qdy = 0 

LDE OF ORDER n (cdnsta_nt coefficients) 

P(D}y (a· Dn + ... + a 
1 

D + a· )Y 
o - n- n f(x) 

GS: y = y + y 
C. p 

where Yc is the complementary .solutio~ (GS of th~ 

reduced fdrm P(D)y = 0) which is obtained by the use 

of auxiliary equation P(>.) = 0, and yp is a parti-

cular solution of . . P(D}y = f(x) 
' 

which can be obtained 

by several methods, say by iJC and VP methods. 
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MISCElLANEOUS EXERCISES 
I 

51. State the order _and degree of: 

3 ;--2 5. 
a ) Vl + y" + x y "' + 2 xy = 0 · b) sin(y" 5 ) 

2 3 . 
+X + y 

52. ~ind the DE of the following family of curves 

0 

a) The circles centered. on y = 2x and radius 2 units, 

~) Jhe parab~las intersecting x~~xis at -2 and .3, 

with axes parallel toy-axis. 

I 
53. Find the DE admitting the given family as GS: 

54. 

X 2 a) y = ce -c · 

Same question for· 

a) z X ¢(x2y) b) z .p(x) ~·(2x-3y) = + + y 

55. Find the DE of a 11 

dy 1 ,+ y 2-
56. Solve dx "177 
57. Solve the .,SDE: 

a) tan y- (cot x)y' 

58. So 1 ve 

circles in 

0 

. 2 
R • 

b) tane dr + 2r de 

b) dd.Y = X :_ y +. 1 
X .X+Y+3 

0 

59. Solve the DE. If not exact fi-nd an integrating factor·. 

. 2 
_a) 2xy dx + (l+x )dy = 0 · ( 2· 2 X . ) 2yd 0 b) X + .Y e ) d X + ( 2 X.Y +X e y = 

60. Same qu~sti~n for: 

2 2 a) xdy - ydx = x y dy ) . 2· 3. 2 ) 2 d b (X + ,Y d X - . XY X 0 

c) ydx = (2x 2y 3 - x)dy, y( 1) 1. 

61: Find an integrating factor ~ = ~(x~y) and solve: 
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(x+3y+5)dx + (2x+4y+5)dy= 0 · 

62. Find a PS of the following·DE, thr6ugh t~e given poin~: 

. 63. Find an integratinif factor of the form m n. X y and solve: 

(2y + 3x2y3 )dx 
3 2 . 0 + (3x +_5x y )dy -

64. F:ind the GS of the followinq . . . .. LDE: 

a) dy - xy = X ax r, 
b:) (y cos 2x + 2 sin 3122x)dx + sin 2x dy 0 

·65. Find the GS: 

a) (x-y-3)dx + (3x-3y+l )dy = 0 b.) (2x-y-l )dx + (3x+2y-5)dy = 0 

66. Solve: 

a) XY 1 + y = i~3 sin x 

b) (Jx 2 +2Xy-2y 2)dX + (2X 2 +6Xy+/)dy 0 

67: Find the GS of the BERNOULLI DE: 

2 dy 3 3 a ) ( 1 + x ) ·ax + xy = x y • b) dr 
ere 

68. Find ~he singular and general solution of the CDE: 

a) 2xy 1 \ .. 2y - y 1 2 = 0 b) y xy 1 + .l'.n y 1 

69. Solve y = 2xy 1 + yl2 

70. Same question as Exercise 66: 

. a) y + y 12 = xy'+ 1" •. b) y y 1 x '+ .l'.n y 1_ 

/1. Find ~urves such that } 

a) jor2 /IQHj·= a const ·• 

0 
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b) 1 NS 1 = a 

:/2, Same question'for: 

a) I is fixed (IPII=IITI) b) IONI=IPNI 

73. Find curves having constant 

a) subnormal p, b) subtangent_ q. c) normal R, d) tanuent t 

74~ Find a family of c~r~es such that the perpendicular distance 

from the origin to each tang~nt i~ equal to the value of x 

of the point of contact. 

75. Find th~ orthogonal trajectories of the family~: 

2 2 . a) y = 2cx + c · b) r = c (Seca + tana) 

76. Find the stream lines and equipotential curves of the vector: 

field. 
. 2 2 

F = (x + y , -2xy) 

77. An object of W 64 ~q is falling in the air with a resis-

tance force'proportional to the square of velocity~ If the 

velocity v = 0 at t 

(rhe law of equation: w 
g 

0, find v. 

~~ = W-k/) 
18. A certain radioactive substance has a half-life of 38 hours. 

Find how long it takes for 90 % of the radiractivity to be 

dissipated. 

' 
79. Find the orthogonal trajectories of the family: 

a) r = a(Seca + tanB), b) a~= a Sine tana 

80. For the given 

when t = 0. 

electrical ·circuit compute. i if q = 0,015 

L~e - R= l.o o ;,r. -,.._/'lo-S< T =~ov . T "'"" .,.. 

' 
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ANS~IERS 

!>1. a) 3, 3. b) 2, 5. 
•' 

{2x-y) 2 {l+y' 2 ) 
. 2 2. 

52. a J = 4(1+2y') ' b) {x -x-6)y'-(2x-l)y 

53. I 2 x(ex-2)y' 
' X 2 o .• a) y - + {e -2) y = 

... b) dr 
{r+l){2 

1 0 ere·+ - -e> = 

c) {cos x + sin ~)yn-2{cos x)y' + (x-y) {sin 

54. a) 
2 

3x xy~x - 2y zy + 

55. {l+Y'
2

)Y·'i' .-:3y''y"2. = 

56. xy + c { x'.:y) + 1 = 0 

57. a) cos y = c cos X' 

=- 0, 

0 

+ 2z yy 

b) r = c
2 

csc
2e 

X - COS X)+2 

= 0 

·sa. a) x + y +,2- R-n(X+Y+Z) = c 

2 

2 2 .. 
b) X -2x-y +X+6Y-'= C 

,59. a) x y + y = c, b) x 3 +3Xy~.2y = C 

. 3 . . 2 2 . 3 . 
60. a) xy -3y+CX=0, b) x -3y =CY, 'c),xy -2xy-1 0 

61.-)l·= X+y, 4- + 2x
2

y + 3xy
2 

+ j y
3 

+ i {x
2

+Y
2

) + Sxy = c 

62. ) 2{ ) a x + y =. x x--y , 
3 

xy - 2xy + 1 0 

63. 
. -9-13. 

)l =X y . ; 
2 2 . 8 12 

2x. y - ex y + _1 = 0 

a) x 2-1+c~ b) ' 2x.{cos 2x +·c) 64. y = y = sin 

65. a) 5 R-n{2x-2y-'1) 2x + 6y + c 

b) R-nfx2-:.-;Y + y 2·-::_ 3x - 3y_ + 3 2 a r_Cta n X+ 2y- 3 c .+ 73' 13 (X - l ) = 
I 

'66. a) xy(x. cos X - sin X c) 1 ,• b) 2 2 
C{3X+Y) + = X +XY+Y 

Y.f-. .. ( X 
2

+ 1 ) 2 ) . 2 ) 2 02 67. a) R-n (X + 1 + C{ X + 1 .:.1 =. 1' b) r + c0 

0. 

cos 

68. a) Y=X
2
/2; ·· y =: c X- G 212 , b) y -1 + R-n -1 y ·= ex+ R-n c = X 

X = 0 
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69. x = -2p/3 ~ c/p2, y = -p 2/3 ~ 2c/p 

b)'xey+l+l=O; y=cx+R.n c 

71. a) Parabolas tangent to coordinate axes, b) cycloids 

72. a) parabolas having fixed focus 

73. a) 2 y =2p(x-c), b) y = ce±x/q, 

d) t(± R.n 
t + ft2-l_ ~ ± ---) y y 

14. x2 2 ex = 0 + y -
75. a) ~2 

76. x2y + 

77. ~8 I) 8 

78. 123 h 

79. a) r = 

2cx + c2, 

y3 -
j- c, 

+ lk v glk 
- l1t v --g-

-sin0 c e · ., 

80. i = 1,25 e- 250 t 

X -

t 

b) r 

Y2 
= 

X 

2 b) r 

c 

c 

b) circles 

c) (x-c) 2 + y 2 

= X + c 

e.:.sin9 
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