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. PREFACE
Be1ng we]] aware of ‘the ex15tence of excellent textbooks
of 51m1]ar content, before addlng another one to’ the market we
humbly-fee] that-the nature of the cha]Yenge, wh1ch motlvated.us

to prepare th1s work, needs a Just1fy1ng explanat1on Summing up

we may state brlefly the following facts

a. This work is des1gned pr1mar11y for students ‘who were

- 1like the ones- at METU - to utmost one year 1ntens1ve

1anguage tra1n1ng in’ Engl1sh ,

'b. Its content’ is c]ose]y related to the syllabus traditio-

nally fol]owed at METU "and s1m11ar 1nst1tut1ons,

c. It is a pract1ca] answer to therever_lncreaSIng demand,
causeo by contemporary currency fluctuations which '
"effectively curb thezavailability of'the/textbooks

edited abroad.

We sincerely be]1eve that the- top1cs treated in the two
volumes," each conta1n1ng two d1st1nct parts, are se]f conta1ned
“and compact.anch_part and each chaoter is prov1ded with numerous
,exeteises;fint1uding the answers corresponding to the even oumber-r -
ed‘ones, ' ’ » o )

"~ We express our:gratitude to our colleagues for’their'constant

k encoqtagements'and to‘Mfss Zehra Uner for her carefil typing.

1980
ANKARA
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CFAPTER T -
‘SEQUENCES AND SERIES A S

1. I. SeQuENCES OF NUMBERS
Angzmm_u_ N i .
If f: D >R’ 1s a function whose doma1n D admits the

set l . of consecut1ve 1ntegers P p+l, p+2, .o

_subset then the 1nf1n1te1y many numbers

F(p) 5 £(p+1), -n- L)y s | (1)

wrltten in, th1s order, is ca]]ed an infinite seqyence or simply a

: seguence, where: f(p), f(p+]), e "f(n) are called the.f1rst

~term,»the second term, ... , the general term resbettiVely'
' For br1ev1ty one denotes f(n) usually by a letter w1th

the subscn1pt n,' say “an, and the sequence (1) by

RGOHIES (a,,)}‘,’

_or more_Simp]y.by

(F(), or (3,

Examples = ' o x -
' (")Iﬂ ‘ o, 2,'3;,.;y{?'n,'...

. m3 .. "E?,s,i.‘.x'.’ F-—.Z’ PR

% N3 ... as a’




(n)g © 1,1, 2, .en 5oty ...

B CC PLintl UPAR TS TR PR DL

-The potation (a )q is used to denote a finite sequence’

~

K adm1tt1ng also 1ast term

®

(/ﬁ)g :\\2-)‘;\/—5., vrsg ﬁ" 2/-2-g 3j

In th1s Sect1on we d1scuss br1ef1y 1nf1n1te sequences only

A sequence is un1que1y determ1ned when the first and genera]

term are givena Thus 7?3“.4? eh 20" 1 \def1ne_the sequence’
(2" Ny, a8, 2"

;wh11e some numbers wr1tten 1n succession fo]]owed by three dots,

‘such as .

B, 7.9 eee ST
do\not-define uniquely a sequence, since the general term is not
g1ven, and as the 4th term any number can be ass1gned arb1trar11y :
other than 11 (that one ‘would expect) Indeed ‘the sequence V(an)]

- With general term

‘ } , L a, ;_(nll)(anj(néa)'4-2n +3

- gives 5, 7, 9 as the first three terms and 17 as the 4th term.



~

Determ1nat1on of Sequences By Recurrence Relations:

A sequence (a ) can be defined more genera]]y by a

. recurrence relatwn

.f(anf sie s anfk)’=70

andk‘k consecutive terms>>ap~5... R ap+k-1'

The following are two examples for k = 1 and k=2,

Example 1. Given the sequenCefdefined by

ay =.§, .and a, = an_] +2 .

-a) obtainfthe'first'fourAterms,

b) find the general term.

, So]ution,

“.a) a'].-.3n,'a2.-.a]‘4-2 = 5‘," ag = 62+2 >=7, va4 =742 =9

‘b)’wniting the -relation for n =2, 3, ... up 1; and
add1ng these member' to member, the 1ntermec . . terms
s +re w @,y tare cance]ed, .and ua& is ob .

o 7 ‘_\Qa.= a, ;,2
et

:\a“ ]4-2

a, = a 4 (n-1)2

. =342 -2 = 2nH.




"Another defihitioh of a sequence is obtained by‘giving the
. first tWo‘teEms:and a relation between a, and a _, whose indic-

es differ by 2: e S o

“Exam21é 2. Given the sequence defined .by : o -

LAy =3 3 =2 3, =T 30

é) obtain the first four terms,
b)  find the general term.

Sq]utionri
: 3 3 6
> a) a] =3, 32=2, 33 :ma'] :.'2-,34 =27 32 =75

'-b);Since indices differrbyﬁZ, one evaTuates a and

2n
5041 seperately; Replacing n by 2n in the given
.relatian, one gets

a _"Z.n,-]a‘v
“2n TZ2n+ T “2n-2

. Mhich, when’writfén for n = 1,‘2, ..s up fo n, gives

5
P 7T 3 \
5
»a6 =7' a4
N . 25

which-in turn, Qhen’multiplfed,member to member yield



S.03 -6
An = 32 = zn#T 2. = 7naTC
.} N
“Now, replacing n by 2n41, ohe.has
32n41 T 14T 22n-1. F %2ne1 T M7

by similar process.

Algebra of Sequences:

o2 Given two seduéﬁhes (an)],l (bn)1 ‘having the common

>

doﬁﬁin;fﬁﬁ
1. (Cangr

: Ca]', caz,r cee

2. (an-lbn)'

i .: a]+b],'§2+b2;:.

: a1rb], az-bé, .

» cap

-l

-b

. 3. ('an-br\l)t s a2.
4. (a bn)1 :_aTb]f a?bz, s anbn4’
Thus, if a =1, b =VA, ‘then

. . C 2
-(Z/an-bn)].],l-f/f, » = -
_ 2 .
(anbn)] 1, 1, s 1y

we define new sequences:on NI? namely

. - ceR

e s adfbn, e

ns -
.. (bn#O for.all n>nﬁ)

...




'Subseguences: ) ’ , _

If every term;ofzan (infinite) sequence an)i_ i§_alsq a
ﬁerm.bf‘a sequence (ah)ij,.then.;fbn)1‘_ié said tofbe'e'suﬁsequence
of NC S | *

- C]ear]y, ‘every sequence is a subsequence of, 1tse1f Among

~ other subsequences,of (an)] we. mention the fo]]ow1ng
(aan)s > (pyadys (3 p)7s (apidps (3p)y

A notation for arbltrary subsequence of (an)le’is (an )6_]

w

2/ . .
- B.,BEHAVIdR OF.A SEQUENCE =~~~ "

= ”
where - (nk) is a sequence.of 1ntegers. , :
Some subsequences_of ((-1)")2 are ’ k_ .
O O T T PR S
“ -1, -1, -1, s -1, S
— i

1o =la by 2lo oty ey Ta 21, Lo, =1,
J

I. Monotonoc1ty ‘ R
A sequence (an)]l.1s eai]ed,monotbne~if

ag€a, "f's a4 ‘o
or else

aq,> e i a e ...
'IIaZ 4 4 n/

In the former (latter) case the sequence is said to be

N



monotone 1ncreas1ng (decrbas1ng)

Toshow that (an)] is monotone increasing, one proves

)

either

or ’an+] a2 0 »fon all n;]

In the second case, the inequality_is to be reversed;

Example. Show that the sequence (E—l)2 is monotone inc-

—~—

reasing. ‘
- Solution.

A1 T = = \' }0 for aH: n32 .

-
+|=
]
=|
1
=
=
-

2. Boundedness;

A sequence (a ), is bounded'(fnom)‘above, if there is a

.nunber u 'such;thdt

an§u for ell n}b; | o B - )
and'bounded (from)bglog, if‘there is a-number'z eucb'thatv

RS n r'for a]]v n;b.n

“n
‘A sequence wh1ch is bounded above. ‘and bounded below is said -

to be bounded, otherwise unbounded In a bounded sequence all the

- terms lie in a closed 1nterva1 [€, u], where u is an upper bound,



and -2 is a 1ower'bound.'Any number . larger then u is an uppér
_bound , and any number smaller than & is alsoi a- Tower bound of. .

the sequence.

If (a,); is bounded there exists, clearly, a pusitive

number K such that

-Kg a. ¢ K or. : bnlg K for all nzl.

L T 1, 2, ... s-ny ..:Amonotdne and,bouﬁded bé]oﬁ,
2. 1, 1/2; .,. ,l)n,‘..,vmonotone and bounded;,
3. 2, 2, ,f;.l, 2; ;;. mdﬁgt&ne ahd bouhdeda ,
4. 5i, 1,-_‘5.. s (;1)9, <. NON ﬁonatone, but bounded;

.‘Examg1é..MShow onndédne;s of

‘?"(%'%13)1'_' L (;%’3')4_,

_So]ufion,

lsindl 1 s

sin n 1 1
) |7"_nTE| =~y Svme < yms =3 (K =3)

since max(sin n)=1 and minn = 1.

| e e e e bt (e

4.

' “since min n




€onvergence: _ , .
A sequence “(a: L is said to be onvergent 1f the general

¥

~ term a, has-a limit as n + o, otherw1se it is d1vergen

“If Tim an.£7a, one says that '(an)1'_converges to'ad
n + o« - ) - o :
and one wr1tes

(ah)] +a or a_ -+ a

Clearly if "(aﬁ)j>+ a, cnen_'(an+P)] +a. (forf nep. > o

as n + =),

"~ Since

-(anbl > a>g$_ a -a + 0 =;‘an—e|+ 0, o '.~‘ )

it follows that jnfd'convergent.sequence'?(an)],°f6r-sufficient1y

.Jarge N, all the terms Anee au+2’ “e (or almosc every term of
(ah)]) fal] inside ‘a ne1ghborhood (a- e, a+e) of a. In other
words, the s$equence (an)] converges to a, if given e>0 there
exists a positive integer N such that

a, & (a-e, ate) or |an-a|§e‘for all -n>N.“

We note that omission of finite number of terms from a
sequence‘doee not alter convergence or divergence of the sequence,
and as far as convergence 1s cbncerned the index p . in (a‘n)p
'may be dropped ' ’

The following statements hold true:
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1. If a sequence- is convergent, then every subsequence of
it is convergent,

2. If a subsequence is d1vergent the or1g1na1 sequence is .

divergent, .

3. If two subsequences converge to distinct 1imits, the
A _

original sequence is divergent.. S

" Example.
1. 3, /T_; ;.: s /S, .}; eieerges‘toi 0,
2. ((1 4 —)")2 .converges to e;
3.1, -1, 1, 1, "o diverges since it has
the eubsequenteé (1)vand_(—1) haying disfinct\]fmits Ir

and -1.

Theorem. 1.7 If (%n) 2, (b;) ~ b, and caR, then

a) (ca ) »ca .. b) (anx* b,) » a+b
'_ ’ ’ a . <\ .
c) (agb,) > ab , d) (52) » £ (if b F0, bfO)
- ] - n -

d) (layl) ~ lal
Proof. We prove c) on]y Those of the others are s1m11ar

The. proof runs in the 'same way ‘as, that for funct1ons w1th cont1nuous

var1ab1e.

Let a, + a, bnv+ b. Then given €>0 thefe exists MO0,

such that




11
‘an - a|'§ €, lbn -_b\:< e for all n>N.
qushow anbn-+ ab Wg from anbn ab‘.and get

[anbn,-‘abl = [anbn;; abn --ab + ab_|

[(anr? a)bﬁ>- a(b - bn)

in

oy = alibgl + falfo - 5|

K/

LI e=.+,|al £ .

Since for all _h>N,. by lies in the intervai‘ (b-g, b-~g)
/ ’ : '

it follows that"ba < K for-some positive K, and one has.
- “ f
| anbﬁ~-.ab~k Ke +]aj e = (K#a))e

5“°W‘ﬂ9 that' a b, - ;b.

Theorem 2.
a) A monotone bounded sequence is convergent,
b) A.conv;rgent sequence is bounded,

ns nS7n

c) (an) +a, (bn) + b Vand a_gc gb for all . n>N

,=§j' (cﬂ) + ¢ and agecgh.

Proof. Omitted. .
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v

C. SomE'Important Convergent Sequences

1. a):("]ﬁjl :a, {55'13/5, ... » "J&, ... converges to l,"
. (for azo)'_ ' "

b)r("/ﬁ)] e, 7z, 34,0, A, ... converges to 1+
2. (0 #2)") > e or (FEH" 5

~ anP n: - . ,
— 3. a) (&ﬂﬁ—ﬂ) -~ 0 for any tonstant p.

P o
b) (ﬂﬁ)—+ 0 for any-constant P.
, e S s/

,,4; If (a,); »} a]T-aé, ;.; s @y ... s g‘ﬁequencg with

n!
- - poSit{ve terms, converging to the ‘1imit ‘ah'then
L ‘a ‘+ ;..'+’a\
a)A = ] n > a’

n T T n : S e

n _ .
- b) Gn = ay . a »a
~“w5ere\gAn, G; ‘are cqlledvthé arithmetic mean and éedmetric mean

of the positive numbers T T

n*
A noJ . SN | -
f5 ) (G52 e ) (5) » 0
e ' L n.
The proofs 6f.i+u3.are obtained‘by ]imit'procesg-considerf
 ing thé_functiohs va1/x; x]/x; (1 = %)x; (;npx)/x, xPre* of

" continuous variable _ x.

Prooffi)Since . (a,) N é, then given ¢ > 0 there is. 'Nt> 0

such that



g

- [a'n - al< ¢ for.all n>N.

’

a) considering thé*pif?erence' Ay - a, “we have -

n

a]+....+a - . (a];é’)f'-°" 4 (an-a‘)
n n T "ﬂ’

>
L

-1

1

L e s s(agra) (e el -(ag-a)
- | . — t —

’ la-al+ .. +'Ia“-3( ;a"”v-fa]g- et [anfal. o
B n.o ‘f, n

la; - o+ oo 4lay - 4 *V'(n - W)e
: n . e

|
‘ . B .
- For sufficijent]y Targe n, say for "Ni>N _the first term
on the right hand side is-less than &, and o
oo ' N] - N \_ e k \.
B '. ‘AYI-- al < et ———N—T € =«ke. B

S S N o ' gnoay & ... dgncag :
" , . b)Gn‘.'-:'Va-l oo an;;R,[lGn=4 ‘+_£na.

- by (a). B Gn—»a\.'ﬂ"
. Proof‘(g)" - . AP
‘ nil

a) Applying 4b to '(a'n‘) = (T)n > e, we haxfé
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6y = VBT 7 G Eh"

e n{l | 1 1 n#f_ﬁ ' n{i : .
S ENT 7 o neT ( n ) = e

n.l

o

n__ _nil n_ e.1

n/ﬁz = “vﬁ? g+1

b) We use the lemma:

B ) . N n . ‘_.

Lgmma. a, + 0‘,-.-> a_n e 0.

Indeed, ‘since an.+ 0, given £ > 0 there is N30 such
that laJ'=[anvf'q<e for all" n>N. Taking. e<l, =

q.n -n - n
a . < a_ ~» 0. -
lagl < ¢ € = ay :

Now;'
e - e/ﬁ 0 : e ®
mmferM/n+|;e-o n. 0

i

- : | EXERCI S.E S. D
1. Which oﬁgs 6f the following are subsequences of (if(-lrn)l 7
Ca) () - b) (-1) <) (0) d) (2)

2. Write two subsequences of




a).{cos nﬁ)b - .- b) (sin n'%)n

For each of the following céses find divérgéntﬁseqhences (dn)

and - (d'n). such that - } , k ' '
. T » T 1 T . ' !

a) (dn+d n) b) (qn ‘ a' ) c) (dnd n) d)»gdn/d n)

is coﬁvergent.

Examine the following sequences for mohoﬁoﬁbcit»'ﬁdundedness‘

and convergence:

AT e
no- 1" LML BT
Same question for:
a) (fn n), : b) (1/€n h)2
. Same question- for: »
S 1 - o 0,if n is odd
~a) (fn ﬁ)] ‘ b) (an)0 whgn a, - {

n if n s even
Same questibn for: ' _
a) A% Dy v @i,

Same question for:

) /A ) (M) o den™Th a (0.22,.:2),

. Fihd the éenera] term of the sequence defined by

a) a‘} = ], a.n ;3§n_] \b) b.l ,; 2,‘4’ bn = 3«[- bn_]
C) ¢y =2, ¢y =1, ch :.(v:n‘_z d).‘d] =1, d2..2, dn""’-dn’-z

4
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10. Given the sequence a; = 1, a,-= /1 + a1 ﬁrdve, that f(an)
a)'\.ié monotone ihcreasing,’ » k b) is ‘/,bounvde‘d
¢) ‘has a limit, and ‘find this limit.

-

 ANSWERS TO EVEN NUMBERED EXERCISES
C2ea) (1), b)) (0, ()
‘4. a) M, B, C, b) M, B, b, S .

6. a) M, fs ¢, RUN IS |

8. a) M, B, C, b) Js £, g oMo, d) M, B, C.
o oteen) '



I. 2, SeriEs O#'NUMBERS

7 A.vDEEINIIIONS‘ ’4/
A sum-
ap A, v Ll aﬁ 0L -'n§1 a | | ‘(j)
of‘infipite]y many numbers jn the given order/}s c§11ed an infinite
)éeries or simply a series, where “a R 15 the qenefaf terquf the
series. ’ i | ‘
| 'nvIn the sum-(l)Jthe numbers are to be added in succeséioﬁ,*

that is, a, is to be added to ‘a],: next a3 'is'to be added to

a];f 35, then a, is to be added-to a; f az‘f'a3, .and so on.

This definition. of (1) is equivalent. to .
- o limoe,
S o e pa e N
where .
R R CE T a,
is_cé]]ed the génera1:partia1 sum of the series. .

If thiﬁ‘}imft exists which is‘gquallto Za , we call (1)

~ convergent, otherwise divergent.

For instance the series

Ton™ o Tal =1 w oy (-1,
n=1 : B o s o
is,ﬂivergent; since
’ . : [0 if n is even
| o 1 if n s odd
“has no Timit. L o R '
- _wr{ting P # |

Lan=®n+ Ry



s

where

+.a. ., 4

R n+1 nf2

nel =8

is the remainder after the general term, we have
= T —. = : i 5 - :'—'S"s -
| .Bn+] ( ; ag) - s, = (Vim S,) -0, n
showing that

nsl 0

for a convergent series.

—

Arithmetic, geometric, harmonic series:

;These series are related to arithmetic4 gepmetric and har-

monic means of numbers. If a, b>0,. then the numbers A, G, H
“defined By . V .
“a+b T2
Ae-. 6=/, g=g*p

are resﬁéctiveTy called the arithmetic, geometric and harmonic .

means of a, b. Observe that #H is the reciprdca];df the arith-
',met1c mean of the rec1proca]s of a and 'b.

A series whose .all terms are pos1t1ve is ca]]ed an ar1th-

~

metlc, geometrlc or a harmonic serids according as every term a_

of ‘the: series, except the first one, is the ar1thmet1c, geometr1c

or. harmonic miean of its adjacent terms a _, and 'n“.The f1rst

Aterm is an arb1trary positive number.

Arithmetic series: a + (a+d)+(a+2d)+ ;;,'+(a¥nd)+..};

‘Geometric series: a + ar & ar’ v .. vart
Harmonic series: L ¢ -1 O KRR % 1,

In an arithmetic series . a7 -~ 3, = d s the common dif- '
ference, in .a geometric series ,ah‘1/an=ris;the common ratio.
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~These three series defined for a, d, r>0, have nbvious generali-
zatinns 0 negative a, d and - r. ' |

An ar1thmet1c series is convergent on]y when a=0 and &;o
Vand d1vergent in other cases: | ‘
A geometr1c ‘series (for aJO) is obv1ous]y d1vergent for r=1.

In other cases (for ago), hav1ng
~ . ‘ nel
. .. ; . e n / - r ) Y .- ‘I
Sn“ = a(.]"l“l' . .. +&r ) = a < -1
there.fe convergence when |r|<1 or when n-]<r<], end divergence

when {r[>1. Hence

) T%% iff[r|<1:

n=0

@ if Irl),]

~ . . The harmonic_series' o o ' S ". -
n =f}L* i +A§ + el %

S|
. .

1

Y

T ,
corresppnds- to. as1":and d 1. we show that 1t is a d1vergent
-series. To pxove divergence we assume its convergence and produce

a contrad1ct1on by estab]1sh1ng a re]at1on between h2n “and »ﬁn

-

where _hn is the general part1al sum:

T )
3 (1« :t]r),“(l]r + 3t g * 22
_=.3l-f]-+~_-;-* ;%:%—fh

2=>h,, - h >3 ‘contrad1ct1ng h, -h —»h- h - 0.
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Theorem. o : o ;
a) In a-convergent.series; tnergenera] term tends to.zero,
- b) If, in a series, the genera] termdoes not tend to zero,

™.

~ the series is divergent.

We caltPart btest for divergence by general-term lest

‘Proaf. IR S N
'a) Letr ;an = s. Then A = Sp,) TSy s -s = 0
b} Let .an + k#£0, but suppose the series 1s convergent

Then by e), ah‘+-0 contrad1ct1ng' k#0.
Remark._As{Ine:harmonic series shows, the'approach'ofl a
to zero .does nof-imp]y the convergence of the series; that is,
the series in which ap > 0 may converge dr d1verge.
' Tests for convergence and d1vergence are génera]]y g1ven :
for ser1es of pos1t1ve terms. _
., By _§EB1§S OF POSITIVE TERMS

A series hawing almost every term (ail terms except perhaps

" finitely many ones) positive.is_called'a,series.of poSEtive terms.

Thus the series

, ‘ : -2n-3 a3 5 n--2n-3
.Y imy Tla, I = =4 - %= 0 %>+ ... 4 - ¥
R B AL S L PR n
rare serieslof positiverterms, nhi1e X (- 1/2) is not.
~.The tests that are glven here are comparison tests by which @

a given ser1es»of'pos1t1ve terms 1s~eompared e1ther with a positive - _
1mproper integral or with another serigs of pos1t1ve terms There A
are a]so Jintrinsic tests wh1ch are app11ed directly to a given

" series itself.
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1. Integral t.est of McLAURIN): o
h Theorem. Let X a, be‘a series of pos1t1ve term with e
an f(n) _and [p,, . If f(x) s po§1t1ve, cont1nuous

yd

and- decreas1ng on m, m), N>p, then

) a and f(x)- dx » ' :
p " lﬁ = |

~are both convergeht oh both divergeht;‘

' Procf. Consider the partialvsum' s Separating from it'the
,"terms' ap, PR aN 1 of [P, N- ﬂ on which -F(x) may not sat1sfy

the -hypothesis, we set -

ay + Tk oa

is finite).
n

. >Sn =VSN-]7 *\N____.\'./.—\_D) ’ (SN_] R
. L S Ye e -
11m s, exists if Tlim s’ n,'existsi Then-the series is convergent,
otherw1se d1vergent.v
. Yo
Consider the graph of f(x). ,4"
f(x) be1ng decreas1ng -.one has the -

doub]e 1nequa11ty

- f(n) < f] f(x)dxcf(n -1)- - 4?/0 N e :.,ZK
n? L ‘ , .

.which,;hhen,written for a]] subintervaISjon [N,fh]:and'added;giyes
| . ,>- .n. o A : .
-56--\SN < Nf f(x)dx<st 4 -gsN;]f
If the'integhaT7has & limit when ‘n:+ 5,:thjsl1imi§ is an
upper bound for the:. 1ncreas1ng sequence J(S;‘;NSN). Then (Sh):
“and hence, Xa is convergent. . * v
| If the 1ntegra1 d1verges to &' the same 1s ‘true for‘

~ (spoy - SN-I)' ‘Then (s n;])__ahd hence,_;ah 1§‘diyergeht.
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" p-series:
b\The]series . ,
. 7 . z _— ]t —  —— .. 4 —_k .,
- nsl P 2P 3P P

is called a p-series. Clearly the harmonic series s a p-series

for p=1.

AL

Theorenm. The'p-séries is convergent;wheh p>1," divergent‘
when pgl. ' o

Broof. For p=l  the p-series is'harmonic and'thenéfore
divergent. ' .

The function - f(x) = 1/xP s bdsifivé,’continuau§*aan

N

decreasing on [1,’ ©). Then

@ o . -p+l ,
. dx =P x7PY 1 -1-p
8x . dx = -
e Rt EZL I E I

 which is convérgent if 1 -p< 0,'orjwheh p>1, and qivergenf

~when p<i. o o .

Ekamg]e i, Test'the series,

T o1 1,1 1,
- ) —— = 1 & + ook m— L
o. N +:l 2 5 o2 n +1 -

for convergence.
Solution. The series -is of positive terms. The function

f(x)_:,l/(x2¥1) beihg poéitive,_continuous,and decreasingron

1, =) the integral test is applicable:

e

dx . ® T - ey
S ;ZIT = arctan X L (convergent)i

Hence the given series is convergent.
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. Example 2. Test the series X ’“l_ﬁ' for convergence
: 2 noantn: :

-Solution. The ser1es is of positive terms. The funct1on
f{x) - 1/(x &npx) fulfills the cond1t1ons of the integral test .
on [2 . 'oo) : . : . . . .

o«

s dx d fn x

: P =I.,—7—F,——=]—13(2n}=3p
2 X 27X 2 gnn X ‘ T T2

converging when p>1, diverging when ;p<T.<Hence the given series_
ie‘convergent:only”when p}T. o

2. Comparison with other series

‘Below wefgive two tests by comparison of a giVen series of
. positive terms with other such series.

Theorem 1. (Test by 1nequa11ty) 'f ' . !

Let Za ~be a g1ven ser1es of pos1t1ve terms, and Tet
.ZC‘,’ Zd ~be two such ser1es wh1ch are convergent and divergent

respectively. Then . Za is. convergent or dlvergent accordlng as-

a_gsc . or a_-3d

. n=s “n- n n .
- for all n>N for some N.
Proof. a . q => E a_s:J c,- By Hypothesis ZCn having
o o : ‘ N .n T X .
& 1limit as. n > = , the sequence’ X a ) is boundedrabove by -

‘this Timit.. Since it is increasing, has a limit, and. Za /'1s‘
convergent. » _ '
",D{vergence case can'be'proved sTmiTar]y

A genera11zat1on of the above Theorem 1

The Theorem holds true when the 1nequa11t1es are replaced by

e

where - p and q are positive numbers.




In tests for convergence a: ser1es 1s compared often e1ther
w1th a geometric ser1es Zr or with p- ser1es Z 1/np, since there

is pos1b1]1ty for an easy selection of r, - for compar1son

Examg]e‘l.-Test'Z 32%2 for convergence.
N ) 1 v~

n
i "2n+3_2 3
Solution.. Wr1t1ng an = _;Z"~ Tt ;? »_the series of pos1-
t1ve terms is comparab]e w1th harmonic series:
' 2

an >= :=¢ Xa > 22 - = d1vergence.

&amg]e 2. Tesc J =

- = for convergence.
1 znn 27 o

‘Solution.'Having

'n n 3/2)"
e e BT @7
Enmz 2"
Xan is convergent since the geometr1c series Z (3/4) e'

convergent

This Theorem 1 and 1ts genera11zat1on may be’ rephrased
as follows:

.Coro1larz.( P T

If for series *Zan,v an>iof_poe1t1ve‘terms,

a' . RN )
' , n .
o $-E_ < b (or a.ons a < b.bn)
holos for positive numbers a,.b for all n>N; then Za Ib

are both convergent oF both divergent.
Theorem 2. (Test by Timit ratio). _
Let_rfah, .Zbﬁ be two series of_positive terms,withi
ap L R
1im — = )\(>Q) (240, A=0, or Alm®)
bn.‘ L S ’

a) If A#0, the series are of the same nature,
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".b) If 1=0, the convekggnce'bf"fbh,'impliesrthat of'~zin
i,(or q1ver9enceof ~Zan iTPJIes,that of  zbn)‘
c) If A = =, fhe;convergence of Ja, dimplies that of Jb_
(or divergenceof . Jb, ‘imp]jes that of Ja )
~ Proof. o o
‘.a) If 40, given >0 and Tess then,x,there,is "0 such ﬁhét‘«'

o

: a - : ,
A-e<— < Aa+e For all  n >.N..

- b'ﬂ. » ’
Then. by above'cprollary the two series have the saﬁe_nature. -
 b) Let As0. Then for n >°N for some N, -
a, - _ RIS
b—n < g or’ Lag< ’sFJn

‘holds. By Theorem 1- the aséertion-isr}fue;
c) Let A = = . Then there is @30 such that

ap - ] ;
: L ‘ > '
- _ o ph a or a, abn

for all. AN, Againﬁgtoro}lary the éssertion»is true. &

Example. Test-the coﬁvergencé by limit rati: st: - -~
- Y . | - , v
a) ;Z ne L »kb)z I tan -
. ..1. ~ N 1 -

Solution.

L . n . : 1
a)_Compar1ng a, = ;ﬁ ,w1th b, = ;? we have -
- C | bén o nd ' ‘ ~=n

7 x = lim— = Tim = = 0 = conv. of J ne

bn - e ] 1
b) Comparing a, ="tan % with  bn = 1/n wé havé
“a, tan. + ;

oA = lim — -;]1¢ —1— = 1 =% div. of ] tan n
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3. Intrinsic tests - S : -

By an intrinsic tesfkwe mean one re]éted\only'tb the terms
of the giyen serie of positive terms without‘referénce to-other
series: The following two theorems express such tests:

Theorem 1. (Root and ratio tests of CAUCH Y)

A series Zan of positive terms is convergent if there is

a number k such that

. - ’ 3 . a
a) "a ¢ k<] or by ke

and divergent if

a') n/En st . or b'):
for all n>N for some "N,

Froof.

a) Since: "v@ < k<1 ==>;én<-k", the'series is comparable

n
with convergent geometric series _an. Hence Za is convergent.

a, .
n+l
- -b) a k<'|=:an+] kan
Bner < koA *
aN\+2$k aNHsk2 aN, )
.—;’7 N . .
. .n-N -
CIRN k a 1< “'f< k qN‘

Tek + .o+ k"N S g timit

= S, =2y ... +aRﬂ+a~L

4y N 3 Sy .-
a ) »/é‘n->,1 %an > 1 ==> a, 0 (d'lV‘.?
vy 9n+ll L . : P
b") -3;— >,] ==>_anﬂ>, 3n =:’ an » 0 ‘ (div.)
The following tests are more useful in pract1ce, than the
above test because of the detern1nat1on of. kr‘



- (d1v ) j -

Theorem 2. (L1m root, Tim rat1o tests of CAUCHY)

- A series Zan of positive series is convergent if

o | .
a) 1im "va <1 or  b) lim MLy

and divergent if

a') lim '?_/Eno'l S or b"‘)']'ilﬁ'v——:*—]- > 1.
o : n

Test fails if limits are equal.to 1.

Proof. : S

"d) Let lim n/ih_=

If rel there fs k such that r<k<1. Since r' is the

Timit, _nlihs k. holds for all n >N for some 'N. Then by root

test, -Ja  is conv. S

d') If r>1,. then n/3h> 1 ho]ds for all n> N_ and

- .

The proofs of by, b' are-similar. W

Remark If one of the 1im root, 1im ratio test fails, fhe'

other fa11s too.

In the fa11ure case, one way apply the fo b'lind:

RAABE-DUHAMEL's Test:

A series»zan of positive terms is convery.. . ur divergent

according as

a _

Tim n(3 LI

' n+l :

is greatér.or less than-1. Test fails if limit is eqUa] to 1
Examgle. Test the fOIIOW1ng ser1es of pos1t1ve terms for

convergence

EY
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) IELHY n1EHE o] % ) Iry
1 e .t A

Solution.
.a) Since an'4 e # 0 -the series is diverges.

a n+1 : . - ‘
b)) n+l 2 ﬂ_ = H%T‘* 0<1 (it converges)

?nA (nﬂ) N

‘ n . . o
c) "/Eh =’ 1FT'->‘%-<1 (it converges)

Cdya > 140 (it diverges)

C. ALTERNATING SERIES
A series k
S” V» : n -’ . » 3 N n . )
-X,(—]) 3y = 3573, *az - ‘i"* (-1) ap ¥ (a,>0)

in-which the; terms a]ternate in s1gn is caltled an 1ternat1ng
/
ser1es L i
The series. O ’ ,
: R RSN TS B
1 - 5t g -7...‘+ (-1). \ H<+

is an alternating one, known as the alternating harmonic -series.

Since an.é1ternating séries-{s not a sefieshpf'ﬁosifive
~terms, the. prevTous tests cannot be apP11ed However there is a
test spec1a1 to alternat1ng series which is the f0110w1ng
- Theorem (LEIBNIZ)
" The alternating series
.%d;- a, % az‘- ;.._+'(-i)"fan + ... (ah>0)
-is convergent if -

a) 30> 433 A, 2.2 2y el



T R - 29 -
. ) ,A ) .
Proof. It will sufficg tojprove that s, ° and s, ., -have

the same limit..

‘ A;zn'=v(a07a{)+ v +(a26?aéﬁ) ?O :'(frém 1f
Son =»aaéka]—52)- e -(éZn_z-a;Q;i)Qa2n<>ao (ffom 1)‘

A .""’_“=_>/0‘.\‘< S2n€ % |
; .

Hence (Sén is bounded, ‘and being monotone increasing it converges
" to-a limit s. Now, .

BN ~ Sanel = S2nf¥2ns1 Sfo =8, 8

'Coro]1ary.113§ a convergent alternating series - -

S = A -agtan- L. 4 (-1) an*RnfE'
witn’g{Ven>hypo£hesiS,'the jnequa]ity'
IR"+1I$f@n+1

holds’, that is the error made in‘taking .En for S, is less ﬁhan

e
s P s
‘,==?an”|’=|%”: R
=,én+1 (a 3n+$)-';5.< a -

n+2" N+l

Example. Given the .alternating harmonic series
* 3‘ -

T - Jz . f"(i-l')f‘*‘ LR

: A i .
a) show its convergence-




G

s
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b) to‘have ma x error of 10'2 in,snmvs, howfmany terms[should'
| oe taken2 ' |
'a5 Since 1 }%‘};%“;.J %%->... \anJ' % - 0,-there is

convergence

_b) ——? =ﬁ7n+1 >100 = n> 99 ’~(10¢_term§)

D. SERIES OF ARBITRARY TERMS

1

If a ser1es 1s one of pos1t1ve terms, one app11es a test

. g1ven for such ser1es if ‘the ser1es s a]ternatlng one applles

LEIBNIZ test (test for alternat1ng ser1es) For_an arb1trary‘series

the fo]]ow1ng theorem ho]ds

. Theorem. A series

5 a = a;.+ aé,} “e +.a. %
1 ‘

is convergent if the series-

Hanl ‘;]\ +'\az\; .‘+ \a-n\. ,, e

of abso]ute va]ues is convergent

Proof. Let Spo Sn ‘be the correspondfng partial sums.Thevsum

Sh ~contains non negative and negative terms and we write

% ® Pn"dn’,'-'"sn =Pp* %

where Pn,;Qn' are sums of pos1t1ve and negaflve terms respect1ve1y

(P ) (Q ) are monotone 1ncreas1ng sequences bonnded above
by S = 1im S,. Then P.—» P, Q Q. and S > P +Q: It follows .
that s+ P- Q. ® ' o
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A series__Zah .such that: Zlanl ~is convergent-is\called an

absolutely convergent seriesy and the above theorem states that an

absolutely convergent series is convergent.

“As the alternating harmonic’ ser1es shows a series may be
convergent without:. being abso]ute]y convergent Such series are

1
called simply convergent_ser1es.

]a [ (conv.) = Ja, (conv) ... ahs.’conv. of Qan
va_ - (conv) ... simply conv. of za,

(d1v ) = N or
XI "k “ea; “tain)
There is an essent1a] d1fference between the absolutely

convergent.ser1es and s1mp1y convergent ones. The abso]utelq con-

vergent series have ‘the following twe properties‘amongiothers:

.The terms can - be rearranged in any order (rearrangement
does not alter the ‘sum)-

2. Finite]y or infinitely many terms may,be'repiaced by

| their sum. ' \

»These prooerties'mayvnotbbe'shafed by sinply'convergent
series, that is, @ Vearrangement'of terms;in a simply convergent
series_may give a different sum as'illustrated'by‘the fd]towihg ' C
-example: _ 7 ' |
Consider the simply convergent aiternatingtharmonfc”series 5

- o . |

S =1=- 7ty --% ACER (f-l)"'] % +».;,

Let us rearrange the teémsgto have the series - | X
SRS N S A IOV FORS R G I |
"0ziaGosoE W)
- 1
+_..2 + (ZETT TheT zﬁ?I) LI

1 In many texbooks conditional convergent or semi- convergent termi-
nologies are used 1nstead of 51mp]y convergent '

e



we have:
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-

Observe that every term in one series 1s conta1ned1n the

: other exactly once: - " : I -

S'

( S B
o 2n+l, In+2-~ In+d

1L RS Y
§~(v§ﬁi? i dn+d )A“‘?gg (Zntl Tne7)

n .

- % PO (;1)n‘] %‘4 ..r)fa % s.

~%:(1 - % +

. W=
=

EMAL ATION OF SERIE

\

Rn+1 for certain n w1th some approx1mat1on

Exact eva]uat1on is 1mposs1b1e 1n general, except for con-
'vi Vergentvgeometrlc,serles and some—sgr1es whose genera] term a,

is rational fUnEtibn of»-m.‘There“afé other possibilities by the

use bf'poweh:seriés (81. 3). - E oo

Example: Evaluate the geometric series-
____%__ : _

e L N - .‘ ) -‘ 4" n .
RESI SR L SNt 5

Solution.‘Reca]]ihg

a(l e r e .4 ri' e L.l) = T%F B (‘r|< LD

alrsg gy = b]—r? -

DEEES XN ]—1—% = 3/5.

:'ExamE]e.~ijeh t = 2,137,
-a) write it as a geometrig series,

Each series can be eva]uated by neglecting ‘the rema1nder _



b) disscuss the convergence and fiﬁd' t -as a raiio of two

1ntegers
Solut1on »
1 37 37 - . 37, g
a) t =2 4 o 4 + e =
o T0 000 © TOO0O0 © ** " ygg0.7100"
21 . 37 21 - '
=70 * 7000 ' Y700ttt ponT t -)

—~b) The series within the’paranthésié is a geometric series
. with, r = 1/100“ which js,absd]utely less than 1. Then-

it is convergent:

_21 3 1 21+ 37 Q-
=0 * Y000 T T T0* ‘m‘s
- T Y00 ,
Example. Find.the sums: v
1 R
a) 73 YAyt .
b)‘r'*‘—;—"“ Rt
Solution. .
S A, B _
a) a, = ml:i_*m':—_—?l}-]’ B = -1
= d =l> !
. n"Tn o N+l

O N A Bj)
~b) a_ = — = p—— 4 :
n ‘(Zn)z—l 2n=1 "2n+}

: a =1l o 1oy
=t} T e
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= ez [0 - Pz g el - e

7 U-gmp) =ws =12

- EXERCISES (1. 2) - o
1. Are the following dEfine‘avéeries?iGive reason
\ 193,343,243 vy 1 5
g);1+2 f?:+4 f cos b)z Eﬁ c) I n!

:12,_In~fhe following series forming Son

convergence or,divergeﬁce,
SRS I 1A
1 - Tty -yt .. +'ﬁ_' ot
13. Show the following for diyergencé by the use of géngralkterm teét;
2" e 2w o2
a) } =5 b)) Ismn” 5 ) (1+=2

1 n 1 ] 1

" T @

-.14.'?Estvthe fq]]owing for~convérgence’by ihtegré] test:

a) —éL; ) b)) o
%-n +1 ‘ o E n.en° n

S0 S EE T R &
R O al

15,.Tbst~for convergence by comparison.

2t v 2n

a) - b) } -
.gs"wn, _ . ,En £1
. 2n T 2n -1
c) 1. S d) - ——
L . fs,? -3ln+8
 16. Same question for: |

e 3n o nt ’
a) : : : . b)
: E ne2" o '§ ;3



17.

Test thg series giveé in Exercisés 5 and 6 by the Use of
CAUCHY's root or r. trs test. -
" 18. Same question for the 01 Towing series:
a) [ e b). I i
LT ' ' ?;BYF?T :
- 0 CL 1 .
. c) I (1'-27)‘"‘ d)[‘(l")“z'
L o’ lL n+l
v]9}:Test the.fol1owing alternafiné'sefies-for convengencg:;
T nn T et
LN b) T ~met
. o . :
o qan e ] ¢ .7\ 4un |
. ¢©) Z (-1)" sin & dd) (=1 T
s ‘ o 1
20. Same question for: ‘
g (-1 S no o1 -
a) } ot b)-J (-1) cos +
0 ] 1 - .
21. Test for-convergence:
| TR | . T e
- n . iy A 2% .
a)nz~2n T p) I n" oen (1 + hﬁ)zﬂ
‘ 2 o o N
22. Test‘for.conyergehcef
- n! ) n+lyn’
a) I = b)Y § (5 .
1 1
23. Test'for-convefgéhce:‘
L.on .
n « (n*1}(n+2)...\n+n)
a) ] (Zn)" b) Z o N
0. | 1 2h ot
24, Discuss ABso]ufely and4simp1y convergehceE
q)vz.(l S )s  (0<q ;1) b) L A ’+ SIS +
_ L tn hean > AT RS B { vh-1  Jnel. "
25. Same ‘question for:. o
. wn=1 ’ n
o (=13D -
a) J - b) } n) .- .
- , 1 (2n-1)



26.

27.

28.

. 29.

2.
14.

16.

Find Sy and eQaJuate'limAs

-'[0;71].

30..
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Discuss the.convergence, and find the sum when convergent:

b} § ,(-f)n+] = . (use the identity:

r - - - .
L A R 1
T-z*3 - " m=wmT w2 o

and express the right hand side as a RIEMANN sum)

Find the sums:

© 2nZebn+3

a) | H— S b) I - AR (7 3)
. , 7 *

n4+4

(Hint:'Use'déqoﬁpositionifdto partial fractioﬁs)'

n‘,; N .‘ -

. : . 2_.»: - v ‘ ‘ ) . |
a) Z “sin 414“1’]) sin 16n B b) Z ,Iin+] - ﬁ{.rlT + 1
T :

(4nf-1) (an®-1* 7

'Let:[AOBA]ibe éhe interval [0, 1] ; Let '[AOB;X be biseﬁted

by By [AB] by Ay ... o [A218,] by A, and [A,8,] by’
Bn+].-Show that Iim1t1ng-po§1t1on,of ‘An‘(or Bh) tr1§ects
A ping-pong ba]], wﬁen dkopbed ffom a height'rebouhds a dist?

ance of‘fhree fourth of that hight.)Find the total distance -

travelled by the ball if the initial height is h cm.

ANSWERS TO EVEN NUMBERED EXERCISES

L

c SR _ o
Son = 00 Sony® TRsT °s-C°th‘
a) Div., b) conv., c) div.y d) div.

a) Conv;, b) div.,
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'18. a) Conv., b) div., 'Q)_djv;,; “d) coﬁy. o
20. a)ijnv., b) div.

22. a) Conv.,  b) Conv.,

.24.'a) Sjm§1y;conv.,

: b)-abs}'conv; =

26, a) ConQ., S=4, b) conv., s = fn2.

.é8..a) Sp =T % cos 4 +_%-tbs 2£2T , S = %~(1 - cos 4)
b) s, =‘§%%T -zt (s e ) 5 20

30. 7hem
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I. 3. PouER SERIES

A, DEFINITIONS

An infinite series
i o«

n-0

"in powers of x-x_, where x s .a variable and . x
PR

Xo »an are CQI’]S-.,

09
“tants, is called a power ser1es

VI, xo:; 0 the power series is SImply
’ n , n : o ‘,
a, x ;kao*a] XA ot axe L : {1")

C' o1 B

tSome?power series are“convergent for a]l‘Values of the vari-
ah1e X, some others for no value of % texcept for 7x=x6; still -
others are convergent for all veiues is an interva1 of non'zero
v 1ength-end divergent outside 'this tntervaT Such an 1nterva1 I is , 

called the 1nterva1 of convergence of the series ().

There are serles convergent (d1vergent) at both ends of the

" interval of convergence I or convergent at one~end and d1vergent at -

the other ] _

A main problem, \in connectlon with power series, 1s the
"‘determ1nat1on of the- 1nterva1 of convergence It-1s determ1ned-by
CAUCHY's 11m1t root or limit ratio test app11ed to series z|a (x- X )|
of absolute va1ues, y1e1d1ng an 1nequal1ty 1nvo1v1ng x, the so]ut1on
set of which 1s the requ1red 1nterva1 of convergence I
_For every x in- the obta1ned 1nterva1 I, the power series

will be absolutely convergent' and‘accord1ng]y the intefva] 1 may

‘also be ca11ed the interval of abso]ute convergence.

In the 1nterva] of (abso]ute) convergence I the-half length

R is referred to as the radius of convergenc 0)

~

1) The. reason for calling it rad1us of -convergence is that the power series
Zan(z z ) for complex numbers admits a c1rc1e of convergence.

5 AA(x;xb)"-g a§+a1(x-xd)+ Q..'+'an(£~x0)“+,7.e (1)
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Ap)1y1ng to (1) the CAUCHY S 11m1t root or 11m1t

“'say 11m1t rat1o test for abso]ute convergence, we set

.and .have ]
. , : n-
Tim‘lun+]| = Tim [ a1 (X°%p) | :
= n
Un an(x~xo)
, ‘= 1im | "*]l fx = x | <1
\ - 0 .
for convergence, or
- T ~ya
S _ Cx - x| < Tim ’ n l
R ' ) . 0 : A4l
where a ' .
. ) N an.
Tim l-_— = R~
an 1
- is the rad1us of (abso1ute) convergence, ana
T - _’lx‘.- X, <R > I (x -Ryx +R)

If 1imit’rootktest”has‘been applieq,bwe woqu get

ta- B —1
vim Va, ] = R.

7

power series: .

: Lo n ) . ' | '
‘a) ; AT eemte ‘b).g -1" EE K"

Solution.
. " on a n-

. n n n
“a) up o=y e o Tupl = g lx-1]

n -
B PRI R PSR
" VTR I L

~ - - . ’

rat1o test,

un=an(xfxo)

Example. Find the interval of (ebso]ute)'convergenf of the

[x=1] <e = -e<x-l<ept-e<x<lse

N

1 = (1-e, 1+4e)
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. b) .In this case we evaluate R:

a n n+1
. n |- . wn 2 n
R.= ]jm Ian+] = lim ( / (n+1)')
1 nl Cr . '
= 1m—2- =;>I‘=(-°°s°°)-

PRESEN AT 0 0 UNCTIONS OWER RLE_ -
For the present the on]y funct1on that is known to be rep—
resentable by power series is ’f(x) = 1/(1-x). Indeed the geometrlr

series J x" with common ratiox.s known to be equal to 1/( -X):

. 2 n °
= +X+ 4 ... * e
== ° 1 X . X A

which is valid in T = (-1,.1).'
‘The quest1on now. ar1ses as to wh1ch funct1ons are represen—
‘table by- power ser1es- The answer- to th1s quest1on is g1ven by the

fo]low1ng theorem borrowed form Advanced Ca]cu]us

Theorem.
1. A function - f(x) admitting. derivatives of all orders at
a.point. *o has a unique power series representation
) - ) - . » . n -
' f(x) = ao+a](x-xo)+ cen +an(x-x0) +v... ‘(])
valid in an.interval'I Of-absoTute convergence.
2. The power series representing the der1vat1ve f! ( is

obta1ned from (1) by termeby—term differentiation:

fr(x) = a]+2a](x—xo)+ ... #n a (x -x )n ] b (QT

va]id-in the same inteEVaT as that1of (1) .
. : . : M
3. The power ser1es representing the integral f f(x)dx -
Xo
is obta1ned from (1) by term-by- term 1ntegrat10n
?_
. | RN
X, f(t)dt = ao(x-xo)+ et AT (x xo) +.... (3)

valid in the same'intényaT as that of (1).
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The coeff1c1ents a, and é] ere'iﬁmediately obtaniable
from (1) and (2) o I |
‘.ao,’ff(*o)’ . a]V= f'(x0).

D1fferent1at1ng (2) -1 times, one gets
(")(x) = n(n 1) .:J l'an_+ powers of _(x-xo)»

and -

]

n n,
~ Thus we'arriye—at the power series:
() = f(")(x )
Fx) = f(xb) + ——11——-(x X ) o4 -—ET—~— {x-x )

0
which is valid for x&I: and non valid if «x is exter1or fﬁ this

Cof. f(x) at Xgo ca]]ed the TAYLOR Ser1es of f(x) at” x = x.

' intergal 1 of'aﬂsoTute convergence.

~ TAYLOR series becomes what one calls the McLAURIN series if

x_is taken at the origin:

0 » ) :
Cecoy . FUO) Lo £M0) on
f(x) - f(o) +—l—!—-)-x lf“..‘."’ —'_nT——LX_ 1 ...
Example. Find the power series of the following functions
.at-indicated points:
,a) eX, X:O; - b) sin x, cosx, x=0, . ¢) € x, x=1
T ’ h Cs o
Solltion.

a) f(x) = e* has derivatives of all orders at x=0:

f(n)(:X) = ex % an .= irlg—-(ﬂ)- = 1/": % )
X 1 :' 1 .2 e |

Since e* s convergent for any ~xeR, we have

e” =1 T Xt T XD v 4.%L X ¥ .. (-,
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: IR I .
e :,I t T + ot o4 RT + “e
-1 1, 1,
’e = 1 - TT' + -2-!-"" .+ ( ]) HT ees
b) f(x) = s1n X- has der1vat1ves of a11 orders and are cos X5

-sinx, -cosx, sinx per1od1ca]1y, and

f(0) =0, f'(O) =1, f"(O) = 0, ,f".'(O) = -
R L2041 ,
S1nx,=x--3-£--i‘-5-!-- oo 'l’ ( ]) '—Z——T"' .'.-)_ ,;,(-w °°)
The eXpansion_of.cos X is obta1ned more easily by d1fferen-
‘tiating the series of sinx: '
| | - xZ Xt nooo :
cosx :‘1 - ET fsz - ..t ( 1)‘ Cee f'ﬂ(-w’fé)
Note that the odd funct1on sin x (the even funct1on cos x)

&Y

involves on]y odd (even) powers of X. o~ : N o
- c)’f(x),:“zn X hesvderivatives'of,alj orders at x = 1.

R L G PG L 1 B G PICE P

‘><|—l .

Sf(x) =

A =sv(._‘”v("2)f--~"('"‘-1)X’"'= P LY CIR PP

X

= M) - (-J*)l"'] (1)t n= 1.2y -

\zn’x; —(-l?ll( 2(1)“‘—"T‘L

Cnx s X L_Z_L L_a_L o (T T ey

' Part 3 of ‘the theorem is usefull in obtaining expansions .of
funct1ons whose der1vat1ves are (s1mp1e) rat1ona1 funct1ons such as

2n(1+x), arctan x, Argth x.
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Example. and'Mc}AURIN}series'fbr' _
‘a) en(1+x). -+ b) arctan x - .c) Argth x
‘SO]utfon._Knowing the sum of’geométric\éeriés

a) i-:-x;t-xz-w’.-...?l- (-1)" "+\....=T]— a—zn(HX),

‘we have by term b} term 1ntegrat1on o o
' : 2 3 n+l

Can(1¥x) = %r + %r»' c k(N X - ..)(-13“1)j

In~a'§imilar way -: -

b) é% arctan x = ;J—z =1 - x5+ xT Lo (-1)n x2n + e
7 S 14X ) o '
: 3.5 2n+1 -
arctan x =-x - %T +1%? I T ])n %TTW" oo (=1, 1)
c) éL Argth X 2 qoas 1t 2 xt e s 2"+~--
f B . . -
D R - 2ntl
. Argth x = x %+ 4 L SR I (-1, 1)
_ : _ 3 5 \ Zn+] S _ , v
N ‘ , )

The serjES‘df £n(]+x) being conyergent at the end point ]

of ‘I = (-1, 1), we have

wn2=1-5+4 % - et (#1)ﬁ+] % ¥ ... (why convergent)

_ : R
% - % (t])",?ﬁ%T’ ‘ ‘f!Why”conveﬁgen}

1

-g-:]
Thése'are not‘preferable for computing 2n- 2 .and w/4 . as the
_serles converge very slow]y

If f(x) -is a po]ynom1a1 of degree : the'power series

"represent1ng it, is a f1n1te series, since all der1vat1ves of order

he1gher than n are zetro.

 ,Examp1e; Expand - P(x) = x3 - x+1 in powefs of "xJ];
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3

‘a : : -
So]ution P(x) x3 - x + 1, P'(x) = 3x2 - 1;. P"(x) 6x,
PU(x) =6 P P(1) = 1,0 (1) =2, p"(1) = T

6, P"(1) = 6

3 P(x) p(0) + 208D (x1y 4 -7§Ql (x-1)? + (P (x-1)°

’

x3-x41 = i+2(x—1) 1 3(x-1)2 4 (x-1)3

Binomial series _
The expansion of " (1+x) for any . aeR s ca11ed a binomial

"series which becomes a f1n1te series when o is a positive integer n:

Tex = T4x -
(1+x)% = 1 4 2x 4 2
(1+§)3,='1.+’3x + 3x2 t x3. \ _ ;
Y| ny n ‘; Fny L ; o
(14xJ8, = ( )’+ (;) x+ B R ( ]xk b )
% 'O (LR ~ " S e

where the coeff1c1e s are binomial coefficients given by

In the b1nom1a1 series the coeff1cfents of ’xn .wilirbe

o
denoted by ( ) wh1ch we - show to be
n!

(a) N (a 1) “es (ahnﬁj)';' with (a) =1
An Cx T of

Let f(x) (1+x) Then

f(x) =,(1+x)q : o > f(0) = 1
CUFN(xX) = a(14X)%7 D D £(0) = o

s ale (%2 S () = afe-1)
M () 2 afes) (e (12 - f‘“’(m = dlas1). L)
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-~ N : N

e Gogy alos)) 20 L afacT). .. (amhl) :
(]i*)» “‘]-*,TT X # “L?T_; X +.a.ﬂ_ :.n' X +.,.v

As to the‘radius‘of convergence, we have

R = Vi || Ia(a el (1)
L Ewed Il E ' TE(ET T (T (T
. n+l . ;, . -
= ]1mu -ﬁ = ] ) .

Hence the interval of convergence is (-1,:1)-as in geometric series.
For @ = -1 "we have the geometric series

. o , . .
TTY a 1-x+*; --..;,-a(-j)n-x? toaaas

‘ and for « 1/2 .-]/2 '1/3 —1/3 ~the familiar a]gabraic functibns
' =%, 7#—: /i 3———— and .their correspond1ng .series. ‘
.0bserve that the binomial series for x>0 is an a]ternat1r

series when a<0 or 0<a<T,

'Nhen‘ a > and non .integer, say a = p+ri‘.(p_‘is a posftive

1nteger and O<r<l) we have

o () = (1+x)P (14x) T
where »(1+x)p_'ha$1f3hite,numbei of terms - and (14x)7 is an alter-
hating ‘sérfes. ‘ B ’

'Examele-;éXpandfthe fol]qwing.in powers 6f .x:

Solution. | k 7
1 1/2
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- IR TR B -
iy ( ’z’(‘ 1) Gl i Sl Lkt AL}

2!_ T "x S
o - o . o L ‘ . V{
=1- 2]]. X + ; -3 x2 4.4 (-1)" ee.(20-1) o0
' 2.2 : . 2".n!
b) =3 = % > (1+x)5/3 = (14x)(1+x)3/3_ o T

'; In the second factor the exponent belng 1ess than 1,-it can be ex-

. panded as,above,_»or by direct expans1on" ’J'_ R L

S TS G- g -2

‘which is ah alternating series-after the secohd_term;
" Cu. OF POWER S ,
L/; ~ “The fb]Tohing theorem,pérMits.us to'write-the"power series
of F(x) + g(x), f(x) - g(x), F(x) g(x) and f(x)/g(x) as soon
3és the powerréeries‘of' f(g) “and gix) are known. For brievity the.

"theorem Wwill be stated for McLAURIN deries:

‘,Theorem. Let
~ f{x).= ] oA x",  g(x) =] b x"
Co S0 n - 0 n

" be abso]ute]y'conve}gent on kIf,'Igv respectively. Then the corres-

ponding power ‘series of . f+g, fg, f/g are given by

P« a0x) = T (ay = by)
f(x) g(x) =z g.pnx = g (a0§n+a1§n_]‘- ....+ anbo)x" (CAUCHY Product}.
Hd =1 0" (570)

where q_ (n=0, 1, 2, ...) is.given by the kgcurrenée relations

8y = b0‘q,n * b1xﬂq-1 +"'ﬂ by 955
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each Sefies—being absoTute]y convergent at least in the fntehsectioﬁ

B o 3
If - f(x), g(x) _areexpanded into powerfseries at distinct
poinfs x]' and X5 then f(x) 'must be expanded at Xy or g(x)

at x];\but if 'not poss1ble expand both at a po1nt Xg.

‘When' it is necessary index shift will be helpful in ‘the above

N n Con-r
operatu)ns (Index Sh'lft' _26«.6" X = X A p X ) v
v n-0 =r -
Examb]e 1. By the. use of
;\.lv / fCh x-i_%;gex + e'x),»§ﬁ X = % (ex - eij
‘obta1n McLAURIN ser1es for Ch x"and Sh x.
So]ut1on S1nce o -
XL i 4 X + x2‘+\,"b + ,x2n',;r x2n-1 $ o (rmpw)
ST R AT R I T P )T @aeTyr e s VT
X ,XZ 2n- _x2n-1 T i

-X- - : X
:7] -,‘1‘—:_'..' '2-!- "\‘ PP +W --(_ZFT)—'.— + ... . h(—oo’ oa)

. S /
by addition and subtraction, we get

U x2 XY ' x2h;‘ ’

e R T
3 5 2n-1 .

: X L3 ' X ] . - ©

ShX = X 4 3T + T + + -(_Q_HTT)_T ¢ (=, )

Observe that the even (odd) function Chx(Shx) involves only

the even (odd) powars of «x.

EULER Formu]a

Assum1qg that - .
o ‘ z 22 2"
I - BN e =1 "*rr ~2-r§ e “?‘—r} cen

1s absolutely convergent for all compiex numbers z, we have for

z = ix, the expansion:. Lo ' .




from

we get

- d) X

ix

Solution.

T+x _ 1 1+x _ 1
anfrmez =z [

v . x2 x3 : 'X2n X2n-1 7
ln(]'l'x) = X '—2- "—3— T e +—2—ﬁ—'—z-n—-_—'l—“" .« c ("],])
_ 2 .3 < .2n c _2n-1 C
» : Xx° X X X )
en(l-x) =-x - T T s T BER T ERIT T s (-1, 1)
' 3 .5 2n-1
T=-x _ o, X% ., X : X - _ .
an m-x.*T.#i.T.*... -‘_TH_:T—.*." - ‘ (],])
Examg1é 3. thain'the McLAURIN series for
a)v'x33cos X b) [2n(1+x)] Sin x

Solution.

3

: S : 2 3 - n
: ; - . X X~ : _130h-1 X
v [zn(ljx)] §1n X = (x T ...‘+ (-1) . 4 ...
T , 37 .5 2n+1
(x = 3r X -

P nox y NI
cos x»;.x‘ g,(-]) T2ZA)T = g ('T) . (Zn)T

b) We have

48 L

S, N2 T
1 +'}—)l(' *_v_(—.l'z)_(l)_'* v ('lnX)nw_*
S e 3 : n
T+ 4 f% - %T =i %f R L %T LR
. xz X4 : n X2n N
(]“_'2—1:-‘?-71—"'... + (-]) W+ ..'.)
: 3 5 n-1 o

i(x -‘§T +'§T'- cee (-1)" Tgﬁ:TTE + ..s)

cos x.+ i sin x
- . . .' N N . .
e'® - cosx 4 isinx (EULER)

Example 2. Obtain the McLAURIN series for gn X . 7'

writing-

o
@

zni14x) - an(1-x)],

o

2n+3

X : n
T *~5T i e+ (=1) ICATABM
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: n: 0 1 2 3
an 0 /1 - % | 4%“ - -
: byt 0 1 0 -g Vlo~
p, ©.-0 0 1. g
‘HLZn(1+x)]sihX = x?'F>%“%3 % % xV oyl

where the'geheral term is omitted since it .is unnecessary, and.we;

have al] propert1es of the ser1es because those of “an{1+x) and

's1n x_are known..

Examp]e 4 Dbta1n power ser1es expans1ons of the fo]]ow1ng‘

'rat1ona] funct1ons at the indicated po1nts

‘ 34x ‘ PO 34x . 4.
a) m ’, x' =0 JEE . b) —x— ’ X =1 _
Solution.

a) Direct-division gives (since by, =1 #{0)' SR

3+x o 2
T=x ° I+ 4% + 4x° 4+

v0bserve ehat~it.inv01ves a geometr%c seriesrhith common ratio *?
it is convergent for |x] <1: | R o o
10btain the same series by performing
(34%) (T4x4 ove # X" & .00,
‘and also by di;ferentiatihg ﬁ]3+*yfl-x) sucCes;%vely at - x‘g,o;
lb)‘The‘sehies heihg in powers of x-1, use substitution

x - 1=t or x =14t Then

/o 3ax ..3+(]+t)‘ st . 2 AN 4.n
i 1 iast e at® o e ()" 3t

=4 - 3(x 1y 4 3(x-1)2 d.; {‘(415“‘3(x-1)" t

" convergent for |x-1[<1.

‘Then



50

When the series of f(x) 'is given, to obtain the serﬁes af
f(u(x)), on may set u(x) for x. The following are examplies to -

fi]]ustfape the process.
: L 3 '2n-1
a) sin$a (P - AT Lyt LR

. 1
- 2 2 2,2 2\n
b) e* =1'+(']x.)+("2(,) +...+('—f‘.—L'1 )
: 2. 4 : 2n ' N
X . X n X
=l-qrdgr -t BTG -
sinx’ sfn x | sin’x - sin"x
c) e =1+ ==+ =5 B b s
35 '
Tl (x-3rter - ..)
R x3. 2 X 3
-+A? (x‘- 3Tt ee) f 5 (x - 3T 3;...)
- 3. 5. . 4 T3 4
SO R P S PRCEE CRNCE e
S 2 A

D4 REMAINDER_THEO
‘Recall the MVT and its first extension for a function: f(x)

defined on [a, b], namely -

£(b) = f(a) +R;s R :--ffr([ll"(bfa), ¢ e(d5 D)
£(b) = f(a) + T8 (b-a) 4 Ry, Ry = BEL (b-2)2, c,e(aTTH)

under'differentfabi]ity and continuity conditions.
The generalizations of. these is expressed below as the

Remainder Theorem or Generalized MVT:

Theorem. If f(x) defined on [a» b] satisfies

T f(x)e Dn*](a,-b) - (Hence continuous in (a, b))
2. f(x) 1is continuous at a and b,



.5]

then there exists a number c_

n4l n (a, b) such that-

£(b) = f(a) + '(.aA (b-a) + ... 1-% (b-a)" +*Rnﬂ (1)

where the rema1nder» Rn

, i f(n+1)(c )
Ry —zmT"ﬂ— (b- a)"”

is given by

" Proof. Transposing every term on’ the r1ght hand s1de in. (1),

',eicept R to thevleft hand side and sett1ng

ntl1?
: ' L - f(n) v ) N
@(x) = F(b)- Flx) - P (box) - oo - B ()
» consider the funct1on
: LR ‘f’(x) - ———T‘b K Rla).
This function satisfies the three ROLLE conditions:
1) F(x)eD(a, b) '
Z)fE(x)_ is continuous'at’ a and b G
3) F(a) = %(a) - ¢(a) = 0 and F(b) =%P(b) - 0 = 0.
Hence by ROLLE's Theorem there is a number cn+1e(a, b) 'such that

F'(Cn+1) =
o pr,
FUx) = ¢ (x) + (nt1) (“’ 2 ?< )
= - v - f"(X) b_ - (X)
h{ f(x)r‘..(—ﬂr(x) )
- 1), -
] L (fﬁfiﬁ%iil”( _ )n fir}( ) (b x)n 1)}
, t(nﬂ)-%”—%r‘?(a) -
. -a . ’
Coe(nel), oy - - n
f b-
S e e P )
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~

(n+1) : ;
o f (c 1) (b-c 1) _
e : ntl n+l .
= 0 =-F (cn+])='—_nf'—_( n+1) *(HH)W tf(a)
) f(n*l)(c ) : : ‘
. 3  Pa) = ———(m)—?i (b‘a)n'H
«which is, in-view of (1'), the remainder Rn+1‘ a8
. The Remainder'Theorem when‘wfitten'in the form.
. o A fl(xo) ) : (n)(x ) .
f(x).z f(xo) + (x-go) L ""_FT___ {x- Xo) + R"+]f
where S ‘ .
‘ 7 o (n4]) 1 _

v

is called TAYLOR s Formu]a of f(x) at Xo’ and the one at X, = 0

is the McLAURIN s Formula-

If -Rn+] is neg]ected then.ef(x) is said,to'be'dpproximated
'-~by a po1ynom1a1 of degree n: JRE )
. PRACY I ‘")<x>~ .
f(X) = Sn(f)= f(xo) + —1—!— (X"Xo")' + ...+ ————r"—t—‘ (X XO)

‘If n =0, the initial approximation eo(f). is the constant

~

y=1(x,)

_TheAfirst and'second.approxjmatﬁons s](f); $,(f) are the .polynomial
functioné ’ - . ' B '
¥ o= f(xg) 4 f'(xo)(x-xo)‘
¥ o= £, )+ £(x, )(x-x' )+ £(x, ) (x-x,) %

of” wh1ch the first 1s the tangent 11ne, and: the second is a parabo]a

tangent to ‘the araph of F(x) at X
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" If one approximates "_f(x) = s(x) by~3§n(f); then the.

n+1|.,$incé R,47 s uncertain due to the presence

of Chpi» ONE must find an upper bound K:

error E is |R

£ = an4]I<K

. Example. Compute 'the numbers. :

,a)e B —'tb)fin‘% .v<'c),cos 391
cofrectAto'three décimal,places,that is with an error E less
‘than 1073)., ' | ' |

_Solution. .

a) We have
- n K N c S :
: : e n+l
e* = } kr) 4 Ropre Rpyy = qremyr X0 ce(TX).

x=1 " gives \ R R
oo : n oy ' o€ ,
B r.e = ( g-_FT )‘i TE:TTT :(05(:<])=
N c>\ - :( . : V‘ ) -
’ . S E ¢t < s o T
: G D S (nT)T C (aTyL ‘
N 'fﬁj%TT <o 5 (n41)15>30000 = nel1>7
: RERANEE [ , - ‘
. S 1,1 1
e:]+]+-2—£-+-3—!-+1—!-+5-!-*-3—!-+71.-
= 7 (5040 + 5040 + 2580 & 840 + 210 + 42 4 7 + 1)
= 13700/5040 ¥ 2,718

-

: B ~ k = N4l
0-an(14x) = (7 (=0T Ry w R IRy < B

(since the series is alternating).
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14 x = %; = x =1/3. Then

4 0 k-1 1,
g = CF DT rge) Ry
E | e Rypp| <« ——— < Lz o (n¢1)3™15 1000
© (n+1)3 107 . . v

=  n>4. Then

R | 1 1 1
AN = = - 4 -
3TT3 57 T35 458
= 0,3333 - 0,0555 - 0,0123 -0,0031
2 0,287.

é)’we have

no.o o2k T ee |
Tz k X" . : ~|Sin ¢ 2n+1
(617 Zxyr) + Ranaps [Rgpal = J(Z'n—'wL |"|

cos x =
or
o) f k2K 0+ R, IR, .
: = - + 0.+ : =
cosx = (3 (-1)" zgyr) | 2n+2, |Ran42l

whfch_afe'béing va1id for x in radian; one has
='€% rad (= 3°)f Then
20 _ T _ % ¢_1yk. 1w 2k
COS3~—COS‘W~_2(]) W(m)
The error in computat1on must be less ‘than the larger “of

IR2n41| IR2n+2I Then o . N
v sin c| , 7 2041 _ 1 1.2n41 _ . -3
|R2n4]| = JZn*IS!‘(Fﬁ) "(2n1l)!'(T3) <10

2n42 - 1, 1.2n+2 . .-3
cos C ( ) nf? < T (TF) n+2 <10

The first 1nequa11ty (1mp1y1ng the second) is ver1f1ed for

n

"|R2n42|

n>-0,\ in part1cu1ar for n = 1:

cos c Ix|2n12



BRIE ST IS 2 .. 9.8696 -
Z ‘60’ = 720U = 7200 .

cos 3°

me

1 -0,0014 - 0,5986 2 0,998,

Obtain cos 3° -approxfmate]y with an error leés’than 10-3’

by the use of érror prOperty in alternating sefies,‘

. N .
-

E. SOME OTHER,APPLJCATIONS

1. Eva]uat1on of 11m1ts in 1ndeterm1nate formss

C lim f(x). or lim f(X) - g(x)] can be.evaluated
X + X () X * Xe L S b L o
' by expandlng both ~f(x) -and g\x) into power series at X »

Examp]e Eva]uqte

. 1/(x~1) o g eX -1 -
a 1im  (x ] ) , b 1im _— 7
) X > 1 ). | ) x > 0~ - sinx - X

Selution. ~ - -
~1 o
a) y = xx’!.=¢/ eny =35;T an x. Then

S 2
(x-1) - Lﬁé%l—.+

=
=
x
"

=1 - éﬁl + (powers of x-1)

4
o
S
«<
'

Tim gny =1 =5 2n (lim y)=1 = 1lim Y.< e.
x > 1 : ' x> , xj+1 :

' 5 . - 2 , )

b) lim |, ——————" = ]4m64 G*IE/X’+ g; 4.l ) -,J’-,x’

X > o
I

. % + (powers of x) .
= lim ‘= ~w (no- limit)
Sx > 07

- %T + (powers of x)

2)_Eva1uation of ihfegraig.‘g )

In case the ev?]dat?on of ff(x)dx for d'given function
f(x) is impossible, or offeré some difficulties, it is performed

&
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by power series.

- Example. Evaluate ‘A = g e * dx _approximately o

~

' So]uf{on;
0,3 2 & o 2n . s R
A = (1 - ?T + %T ce +Q;1)" -%nf +‘.r,)dx, I-(-w, )
= X"‘%%i-m"sg-’..;a(n "n”'+.--.0’3~
S o v"(2n+lj g
o -»(0,3)3:; (0’3)< o, - ])n (0, 3)2n+] ,
- L) 25 . e n!lan!)_

0,3 - o 089 - 0,000343 S : -

e

{ 3 7
i : 0,29443 is correct w1th an error less than 10” -5

3. Determ1nat1on of the equat1on y(x) of the curve

’

[ S
{ - (correct to f1ve dec1ma1 p]aces) Why? -
|

through avngen po1nt w1th y' = f(x, xl

e xamgle. F1nd the ser1es for y(x) with ‘the following

cond1t1ons
ylo= £ y(]) = -2 (initial condition)
~ Solution. In ‘the powers ‘series

y(x) = y(1) +—r$—‘l(x1) + 1200 “) (x])

of - y(x) at '&;1 the coeff1c1ents are obta1ned by successive

implicit d1fferent1at10nrof (x+y)y - x2 = 0 wusing y(1) ="-2:

(x4y)y* - xF = 0 3 (1- 2)y" (1)-1.

Tyt )yt o4 (x+y)y S 2 =0
Y M) -2=0 3 y'(1)=-2.
y"y‘+(1+y )y“+(14y )y"*(X+y)y"“-2 0‘ o
Cyyta(ay )yt (xty )yt -22 0
B (2(N)y" (220, ) =0

b

0.5 y'(1) = -
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.»yllz*y*]»vy/"'*z.yllz*z(]*yl )y!||+(]+yl )ylll.’.(x*y)ylll:().

‘ . ) 4+2 4 ynu (]) 0 % ynn (])
-and ‘so on;-Thén ; _
y(x) = -2-(x-1)-(x-1) tx (x-1) "¢+ ...

4. Evaluation of series of constant terms

» In 1. 2 " evaluation of geometric series and: some ser1es

) w1th general term express1b1e as s1mp1e part1a1 fract1on was d1s- ’
.-cussed Now it is time to evniuate identifying. the ser1es. In the

) f1rst step 1dent1fy f{(x), and in the second find va]ue ‘a of X

such that f(a) is the g1ven serles

xamg]e Evaluate
a) A

1 1 L
1 E JRN .
| _'f.m+32—:—2_‘2"., " )
;- b) B = V3 - ({g) + (/g) ot . + ( -1 LZ;L—;—— + ...

é)fC =14+ 2. % 4.3 . JZ i‘ .. 4+ ;#?T +
' 3
Solutwon. » )
. 2 N : )
a) f(x) =1+ f% +»... 4 %T + ... and "x = %
= A= f( )= ve. . - PR o
Z x3 x5 _ x2n+1

, n
b) f(x) = arctan x ; X =5t - et i !)jnjﬂ;;T-f L
and x=/3 =3 B = arctan /3 = % -

c)>‘C’-_$ n(%)" 5 F(x) = ) o0 X"t
d 2 d
=H_
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. EXERCISES'(I 3)

F1nd the 1nterva1 of convergence of- the f011ow1ng power ser1es;f

nx" n2 ¥
: 1 .n
.a) L b)Z—-a—(x-H) c) —-‘F—x
‘g n-+1 ) -1 g n.
32. Sameiquest1on for:. = v .
a).fg n-1 XZﬁ’ b))} jx_ZEZn o FC).'V _gﬂ
S A;nz-'r'l ' 'I_An* B - _ ; n
33;_In,Exerc§ses 31 and 32, discuss convergence at the end points
of the intervals of convergence if finite.
34. For what va]ues'ef ,X, there iS\absd1ute cbnvergence"i
‘a) ; t where t = 3=, b) %V "  where '_7T" f
35. Determine the interval of coﬁvergence:i ,
T T g ) 2 - . n! on
- a) (22: P(n)x" b) Z ’ c) g'p'(n) X
) Where P(n) 1is & pd]ynom1al (P(n)fo for a]] ,h).
36. F1nd the interval of abso]ute convergence
- ) : : 2
n-1 n-1. - - , n
a) } —ﬁ# X _ b) E n (x 1) cT c) g X0
37. Same question for:’ , o
7 ' o . 2n S n
: gx-sz" n n_x n. N
a) ,; = w4 b)) g (-1) e i c) zr‘ﬁr_x
38;/Expand . - ‘ 4
a) cos x, sin % at x=w/2 . b) Ch x, Sh x at,x;lné»
39. Expand the following at x=0: .
\a)vtan g up to x7u b) sec x, up to x6 . c) e51n§ up to x6
40.:EXpand“ _
‘ . ’ : 3-2x .
a) f(x) = X at x=2 b) at.0.
S s T x°-3x¢2

~(Hint for (b): decomposeib into partial fractions)
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v'41},Expand i/(]%ex) 1n powers of x up to x{ using
' 1/(1+t) = 1-tet? o ()™t

“42. Expand .

2-3x+1 “in poners\pf X—Z, b) x4-3x2+4 in powens of X+2

a) x;+2x
In ‘the following exerc1ses 43- 50 use d1fferent1at1on or integ-

-ration of a known. power series: : SR
43. Find the sun:- |

2) g'n -1 | b)‘§>n2 ;01 . = zvna ok
744. Find thelsum:: , , o )
?bé(e+b)xf(2a4b)x2+ ;.;.f(ne+b)x"-.,..
s, Show that- L
. 2.1¢3.2a46.32% ... (n42)(n41)a ‘

" is convergent for lu] <1, and then find.the sum:. -

46. Eva]uate

1
2“'(‘2)
47, Find the sums: . _ .
X (]) "21'1')] ) 1 2n
a b L 3
't i DR ol -
48. Flnd the»sum: ~ .
1 X xg £ (-1 no xm
e 2 1) g
49. Evaluate S _
Z nxn»
o ) 2T
50. Evaluate = o
o ‘ 2n :
. 2n+1 : » T
R &

‘51. Show the following:
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‘ a) Cos ix=Ch x, Ch.ix=cos x - b) Sin ix=1 Sh x, Sh‘ixgi sih x
[ " where i2=‘-]. ‘

52. Let f(x) = 2 a#(*-c)n. Prove f'(c) = ]fm jfiéllfiﬁl o
- a ¢ " \ S : .

| W - . XC
i ' o o . :
; 53. Prove that if _ N
HE . CF(x) = s  F{x) =
i e . . . .
! then 2f%(x) - F(x) = 1.
| ; o, L o _
I - €4, Evaluate the following by series: :
i L . N ) - =
! . ' . . -
i a) vin AnUl=X) _ b) - lim & - COS X
i . X~ 0 . X + 0 o
ﬂ : : X’ .i ‘ —
;, ’ C‘) Tim e - ‘S1n x = 1 o d) lim _)(_4_.2-__-2-__2_
i . x'_),o X X"‘z X ' i

‘sz Eyaluafééthé fo]lowinglcorfect'to three~deciha1 places:

‘a) VG083 . - by 337080 - ) 36,375 .
56. Graph - Sb(f)’ s](f),~sz(f) for " f(x) é e* " in’a neighbor-
) hood = N[O] . v v o ' -

" 57. Show by squaringjtﬁat’
(]-xsng ....4xn_-:'...)2 :.]72X43X2* ve ()M L
‘58. Show that the terms a,. of the FIBONACCI sequence aﬁ‘-defined

s Vo

" by a]—1; ;2%1, 223,112, are the coefficients of the

chAURIN’ser%es‘of«
; " . . . f(X) = —"———?', . ~ R
: . E ' R B TS S -
(Verify 9n1yﬂ6ftefms). '

P /

i

n - . - L S ’ T

} ' 59. Show that the arc length of the ellipse x=a cos@, y=b sing.
e -,~wfth.eccentrféity-'e = c/a(c = ¢€7j373 -is

~.
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- 32.
34,
36.

38.

- 40.

42.

44,

6

T s :_4af 'V s1n9d9
o -,%‘e? - 61’94 ' IJ.)znavl”

Evaluate correct to _two decima]-‘pllavcesz )

a) é 'sin(xz)'dx; o b g %dx'
4 e
c) Bﬁ:x L d) 2 é,e-x /4dx,

o

. Answers to éven numbered exercises
a) (-1, 1), b) (1,3), (-1.1) o

a) x>1, 'b-)_'-4j/3<x <4

'é) (%1; 1), b):(o,'Z), c) (=1, 1)

“cos. x =:§ (-1)"*i‘123%137v(x7f %)zhfi\
RLEED “5“?1 T wopn
Ch X = g'(fl; (‘ivn)} (x - an 2)
S x SR € ‘) ) (x - 2n L 2)"
a)_§ﬂ+-§ (41)"*‘ —ﬁLT (x;é>"; é) ) 22%;%1 ;".

a) 11 4 17(x- 2) 4 8(x 2) (x-z)3

b; 3-2“¥+2)+2“%*2) -8(x*2) +_(xfé)4

\,a-+b;a
a-n? T 3 S
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48.

50.

62

1/(27/e)
2]7 ar.cta'_nf‘x'zi_ -
2: T : N
“14x dx
a) x ==, . b) [ —
R £ S < x{(1-x7)

I f‘(q’ 0» g 8 . N
a) 0,30 b) 1,85 c) 16,]] - d) 1,84
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| A SUMMARY
e f;" -~ {cHAPTER D)

If f Z-+R a_ = fin), then (a )%

n an’ ne

p pl p+]' ave p

" is ca]]ed an sequence wh1ch is convergent 1f Tim an exists,

n

_ djvergent otherwlse. (a )] is monotone 1f ‘a 1332> Y |
' - and bounded if K<a psk  for a11 nyl

Or a;€05¢: < - §Tp 8- -
for some k>0 Any monotone bounded sequence is convergent

_ ; a = a; 4 ... ora oL is cal]ed a ser1es It is ca]]ed
econvergent if S, =231 ... éﬁ/ has ‘a 1imit, divergent
'otherw1se

Ceometr1c series: g érn_; T%? if Jrj <1, divergent

: :otherwxse N

| Harmon1c ser1es .1/n ‘is.divergent.

p-ser1es. Z l/n is convergentvfor p>1,(divergentbfor p<{
LInla convergent ser1es 'an = 0. If anfa 0  the serieS‘is;

ﬁe;d]vergent (a test forfdivergence). . | .

. _Tests for series of positive terms:

1) Integral tests: If a = f(n), and f(x)'is positive
and decreasing on [b; «), then ; an‘ and j f{x)dx
are both convergent or both d1vergent

7 ©2) Compar1son tests: Let thanson. Then convergence of

) C, > convergence of Ja, and d1vergence of.
z d, =>/d1vergence of Ja,

.16 Ny L :
3) Intrinsic tests of CAUCHY: If Ya, s or. ape1/ag+ 2,

‘»there is convergence for A<T, diyergence_for A1,
‘Test fails when r=1.

"Test for alternat1ng ser1es

-
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If_in the alternating series ao-a]f'a2 'v;$.l§\(fl)p

(a. >0), a. is decreasing and a_ + 0, then the
Vo n '3« - %n en
| <a

series is convergent, and IR

n+l’
fests for arbitrary ser1es

. Convergence of Z|a |.=» convergence of Za . Such a

'ser1es Za “is called : absolutely convergent._vZah

“is ca]]ed s1mp1y convergent if Za#v i§‘convengent"
;but zta s djvErgentﬁ ' »
E a (x X ) is ta]led'a power series, expanded in powers
of xb (at X ) The interval, at the interior of which

“the serles is convergent and at exter1or d1vergent is call-

ed ‘the 1nterva1 of convergence It is determined by appli-,
'cat1on of CAUCHY root or ratio test to Zlad(x-ko)"l.

Taylor series;'A'function f(x) ‘having derivetfves of all

orders af‘ X=X has a unique power ser1es expansion at x,,

'q1ven by X f‘")(x Y(x-x ) /n., cal]ed TAYLOR series wh1chls
McLAURIN ser1es if xo'= 0, and ‘ ‘
RN ORI (M) (x ) (x=x,)" ‘/(n N

- fgx)dx = gff‘“’(xo)(x-xo)" ney

g".(antbn)x" = gan x" & g bn’_‘" R |

(é ;nx")(g bnxﬁz'= g (%»bﬁf...+anbo)xn ,;(cAucuv:Proeuct)»
Z A +e.:. f-b q ; ‘ ; -

Remalnder Theorem: If f(x)eDn -1 [h, b] and cont1nuous at

. a and b, then there is .oe(a,\b) such ‘that
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Cn ), | nany |
F(b) = ] Lk"'(—a)'(b )t s fnere R = ey @™ or

Cf(x) =

'6]‘

(K eay o S ey,
f Exa (x-a)k * Rn+1’ _n+1 = f( lig ) (x-a)" ]

where ce(e;cx)f" o >, -

' .
O

- MISCELLANEOUS EXERCISES

The‘sequence; (t:n)-I of triéngu]arenumbers and the sequence of

square numbers are defined below:

.

e PR >
. ' -7 n(n+1) ’
At )y, 3, 6,10, ..., =z
ey, T, Dot

(sp)y: 15 459,16, ... ,.n% " ...

a) show that ‘(8t'+1)1. is a subsequence of s)

~:b) discuss the numbers 2701 and 1979 to be tr1angu1ar ‘numbers

62

63.

c) show that (s -t )2 isj (t )]

3 . B B ’
.

Given the:gecmetric sequence (gn)o' where -gn ='a,rn, gn>0_

-prove that the fo]]ow1ng are geometric sequences

@) (AL, ) (T,

Let '(an)o,v (gn)o' be an ar1thmet1c and geometr1c sequences

. respectively (g >0). Compute the constants _A; and G such:
, s n’ : :
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that

Aa + szn g, =1 'fof_all. n';O.

o~

64. 1f (gﬁ)b is a pos1t1ve geometr1c sequence, show that

%i (g n+p/g )1/P is 1ndependent of the integer p
65. Find the genera] term of»the sequence def1ned by ed,

,a,-= 3a__,- - 4 .

n -’ n-1

" °66. Same question for:

310 3ps 3pp T 2y ey = 0

i 67. Use the equality.

. I3 . . ,

B . o 1 1 1 . o , T 4 g
o +-2—2-+§2-+ ....."'_2-+...:A—6_ (EULER)
n~. e

to evaluate

i ‘l .i o ~si: 1 + Jz‘*elzb; e i'——~l——z 4, ’
! | 3% st T (2n-1)%
- 68. Test for convergence ‘
. ' 2n- 1 : ' n
a)_ S - b) -
. Z’ 5n°-31n+8 . R ]& ;3

© 69. Write the numbers as geometric,series,kand then write them

as the ratio of two integers:

f . a)a=1,7 - ) b=173  c)c=1,27  .d)d= 56,3
§ - 70. Test for convergence: R
. '»a)Z—"———]———. oow e
» 1 Vn(1+n2)f - , 2
j - ~ ] C » - an.“ o
z : 2n"n : ; 1jan
| - 71. Test fqr”Eonvergence:A v ‘
: , . . N .‘ - . “” . . ‘ : .
“a) )OI oo . b) ; (-1)" ng‘, R
: I n . ' nT4n ‘
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_ » L 3., .3 3
. : o 17 +:2° 4+ ... +n
72. Test for convergence.':gr EELCERE

73. Discuss convergence:

ool .. (2n-1)D s (2n-1) 4n+3,2
V1 1 EW}WT—HTlﬁwl
o 74. Test for conVergence:
d). _ ’i _ - o 5) A
Dt B B s
75. Test for convergence by compar1son
' | ' 5 R
a b). ‘sin n ) n+ 4y A
) ; 3-1 « ; FO g n-3n-5° ;WT Lnn
76. Show convergence of -
_a)fe.m 0 b)) J an (1»-;3L) .
- B ‘ o _ n :

where o >0 and a - .

, 7f,'Find the sums:

a{%{ TZRsTy(ZpezaeTy  (Pel) ‘b) § (h+z)(n+3§?;+%)13757

I

'78. Test for.convergence:

2) ] (”*‘) £ RS ] (,?'T)‘"‘?’)"Z'
79, If .an,' Zvn are series of poeitive‘termgvshow‘that
a) de by pH
are convergent where Gn, Hn 4arelgeometric and harmonic

means of g VU resped1ve1y

~ 80, Test-for.convergence:

WL Plesing, Gfa

81, Test for convergence:



_82.

83.

84.

- 85.

‘86

87

88.

8.

90.

91.

ﬂsnon that

‘(a+b)(a+éb3£;e(a+nb)

68

\

a) ?\(8+C)(a+2c).;.(a+nc)~

Let s = g a, (3, > 0). Show that

}Test for convergence

Z (- 1)

n-—

Prove - ; 'é%:<-3§T if - p>T1.

n
1

‘a) g is convergent (w1th the value S),

~

11
(33T * w5z * ea)

1

CIF AL A aee s A,
regions, evaluate (p T], P]TZ’

.a) 5“ n

If A],'Az; o

Find interval of convergence:

a) ¥ x" sh na
4] .

1 :
v (n+T)7 f (n+2). t o< ATh

s

prove. that ; (-])"']An _is cenVergenf,

oy

where o« i5 a positive constant.

b) S<s”.

are the areas under the arcs of y

Ln ng

2

ay, ... are the areas of ‘corresponding

m;ﬁih+ﬁn 45,5;0)”

If (a,) - a and a >0 find the interval of convergence of

b

Evaluate the sum:

‘g\ :

Given :
C 2
MO

—_x
ay ... a,

T?FTT' 

3- ) xn-]'

2—3 + ”".*‘ﬁTﬁ:TT 4

: a) ffnd the interva] of'convergence,~'

b);find' £'(x), f"(k),

and then deduce f(x)
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93.

94.

s

. 96. -

- 97.

F1nd the sum  § —

n-
Find . f(x) = g#'x -

The sequences

69

o ST
Ident1fy f(x) f(x)"= ) ne ¥ 51
SRR I :
Evaluate
ra) gjln(i - JK) o ) z:n n+-T A
LY - - _ ; +1) (.

1
L e PR o
-1 2 ' , 1
slell o u et ———(““’f ’—p‘“—l

1 fn-2\=“ fn*f

R—)
1"

, n=1
T T I A b2, N et S

.arefrespectively called the FIBONACCI (1]80 1250) and LUCAS

98,

99.

‘(1842 1891) sequences respect1ve1y.

Obtain the terms up to f12’ 2120 and then prove the

fo]]ow1ng

a) fn+]/f > T and ln*l/gn + T’where T is the‘positlve>root

of fxz - x -1=0 (considering .existence of limfts)‘
SRR AT NP |

b)' = f ., -1, ' ) Ry o= R =] e
ki k< m2 o k-0 K nt2 :

For the sequences defined in Exercise 97 show:

2 2

€) fon = f ty (LUCAS)  d) Fpq = F2 & 2y (LucAS)
L, |
e) fuqfpag - Fo= (-1)" (sxmsou, 1687-1768)
n n -’ - .
(- .
£) fy ;;:fj}l— o2 = () (BINET) .

 Determine the interval of convergence and- determlne behav1or

at the end po1nts'

a) x + 2_.x2 + 30 x3 ERNPIPRRE. nfixn + ...




'{

B0 gty o B ey

) 70
2 wn-1 :
1 b b 3 b n
b) = + X + PO 4 X 4 {(a, b>0)
;? - ;3 ~a” : _ ‘
o L T oh <
100.  Prove gfj <¥ mJo oY < 2e
: ' ANSWERS TO EVEN NUMBERED EXERCISES

1

66. a, = (n-T)a, - (n}?)a]

. 68. a) Div.,. b) div.

70. a) Conv., b) div., «¢) Conv., d) conv. for |af<1

472. Conv.

74. a) Conv., b)>div;‘

" 78 a) Conv., " b) conv.

80. a) Conv. for a><1, b) div.

3. 2) (-2, &), b) (-1, 1)
. |

R e
~94.'e/4 N o | ) 4'> ‘ |
96 ex7x ’
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© CHAPTER 2
o MATRICES
2. 1, MATRICES
» .

A rectangu]ar array of the form

a]'] s a\‘]J ) a]‘n

': = I . : : 1=]: s M,
Va“ aU 7... ¢ ?in :

: : : j=1, > N
am]‘ es »anj e amm .

of mn entries (e}eménts) is caTled a (reétanguiar) hatrix‘of the

size (shape) mxn k'(m by'n) Some authors use the symbo]s (") or

"1nstead of [ ]to represent matr1ces If ]JeR for all i, j
the matrix 1swcalled a real matrix. An mxn matrix consists of m
rows-and n’ co]umﬁsf The element gaij,,lies in the ith_row'éna‘

"~ ~the jth column. A matrix consisting of a single row (column) is

"vcalled‘avrow matrix (column matrix). . \

The épbve matrixvqf size mxn s abbreviatéd by’oﬁe'of.the

fo]Towiﬁg symbols:

[13]mxn 13 mxn “aij"mxn'
In some cases the subsecipt mxn - may be omitted.

If m = n, the matrix is ca]]ed a square matr1x ‘and is said

to be an nth ordered matrix.or a matrix of order n. The e]ements

255 in a square matrix 1y1ng on the main diagonal are>ca1]ed the

diagonal elements.

In-én: mxn " (m £ n) matr1x the. e]ements a;. may be called

ii
.51m1]ar1y the d1agona] e]ements
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If in a square matrix all- entrles below (above) the d1agona1

‘are zero, the matr1x is ca]]ed an upger (1ower) tr1angu1ar matr1x

The fo]]ow1ng are tr1angu1ar matr1ces

2. 0] . é 0 0

Jo o 11| o 70
002 4/ - l3a-s
o loooo osf - o
An uppek tr1angu1ar matrix . A lower triangular matrixv'
) (a; i'; 0 for i>j). o -(aij = 0 for i<j)

-Tae above. definition may‘be extended to any matrix, with

o8] 2.0 0 0 o] .
0 2 1 . : |4 3700 0 2x5°

0.0 3|

0 0 0lgy3 )

‘Transposé of a matrix{

The transgos of a matr1x A= o 1J]mxﬁ'"is the matrix
T
= [,ji]nxm Accord1ng to this definition the transpose is obta1n-»

- A
ed by changing rows into columns and column into rows.why (A )- = A?.

Example. Wr1te the- transpose of the fo]]ow1ng matr1ces:

v 3 5

A=1|d e f|, B=f0o-2|,.c=[3,0,-7]
B IR IR | '

and give reasens for una]teration,of«the_diagona1 elements.

/
~_Answer.

o
a.
w
w
o
—
B
w
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e N

In a matrix and its“{rénsbosé,* aij = aji when i=zj -and these

matrices have the same diagonal elements.

- Some_special square matrices:

In_a square‘matr1x'[aij]n

(1) It a

2l (for all i, J) :A, is called a symmetric

A i3 T Lgi
Cmatrix.
b) If ,3ij'= ‘I?ji (for all i, j) A is called a skew

symmetric matrix, and A s zerc axial since a; = 0.
) If ai3 = 0. when i#j., A is a diagonal matrix.

d) If a dfégbna} matrikf A"have’equaJ'djagonalAe]eﬁéntg

A is a scalar matrix.

4

~e) If in a scalar matrix».le,"A s an.idéntity'matrix

(u§1t matrix) In{=§1j]h' | ‘
f) If in a scalar matrix -A=0, - A is a zero matrix 0n

The matrices -

. I Ay 0 o] fxr o ol 1-0 o] 00
0 - 0 A . 0 0.0

| 0 ' 0 In=: 0 0n=
Lo el o0 o ..o oo

are diagonal, scalar, identiﬁy and zero matrices of order n
:respeqtivé]y L f ~ -fi‘ } , : _

| An iQentityrmgtr1xﬂ va1§ the mater[s fj] whgre Gij 1§
the (kronecker &) defined.by . .

(1 when i=j

S, . ‘
A3 Lo when idj




- - rices respectively._ .

Accqrdlng]yv[ki éij]’ [A§ij]f are diagonal ane.scalar,mat-

4 For a square matrix A ’1[aij]’ the symbols |A|, det A,
det[aig] are used to-denote the determinant of A: '
= det A =’d6t[ajj]

We note that if A is a non square matrix, |A|is not defined.

B. Operations with real matrices: - ' v ;

1. ity: The matrices [a..], [b:3] are equal if
1. Equality:.The-mdtrices [a ] [ 1J] are equa if they"

‘are of the ‘same s1ze and correSpond1ng e]ements are:. equal

[aij}nixn‘= {btj]mxnc_—* aij = bij for a]] g

2, hddition The sum of. two matr1ces [a1J] [b1J] of the

same s1ze 1s a matrix of the same s1ze whose elements are the sums

,,of the1r correspond1ng e]ements.

'[aij]mxn\f'[bij]mxn ;.[ ij ¥ b Jmen

3. Mu1t1p11cat1on by a. sca]ar The prodUct of a matrfx~with

a sca]ar is a matr1x of the same size obtained by multiplying every .

e]ement of the matr1x by that scalar

- - N c[a1J rc a, ]_;f[aij}c

+(-A

“If c = -1, then cAz -A, and it follows that A,
, : , | mxn’

4, éﬁgtgggtigﬂ: The difference A-B of twq matrices A -
and- B of the same;size'isxthe matrix A+ (=B):
"'[aii']-m_xn T EPishmxn = 245 - bu] mxn.

5. Mu]tip]icatfon' The- pfoduét AB> is defined only when the

number of columns in A ‘15 equa] to the number of rows in. B.

mxn)é

0 .
mxn
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. » A . - h ‘ .
CIf A has fheﬁéize mxn ,ahd "B :has the Siie nxp ;thefphoduct
 AB'\is the matrix C “of sizé m*h defined by_‘ |

Co Calegglag, where Cijj=f'§ 3k Okj

o : s RE §

—In WOrhsl the e]ehent ’C{S- of the product matrix "AB %jC B
is- obta1ned by taking the 1th row from ;A‘ and Jth column from |
B (hav1ng tha- same number e]ements) and add1ng the products of
:the1r correspond1ng e]ements o
| The matr1ces where product is defined are said to be con-

fortab]e o ". o rﬂ.j'.:/‘A,i

A‘.’Example.

P A
1. Compute. : N
12} Aol <17 1 0] ,
A=2]3 ]3]z %o ‘
SR s e e !
4 6 2 o0

RS A 3 _[0 3]
Az |6 -2 +be -3 |+

, 8 12 YL6-12

If A, B, ... are”ﬁatrices.qf the séme size andf‘a,jB,A;L. eR

o S
— o
1
T
K -
' .
N

—
o

R b
IR A T4
<
S

‘then oA + BB +:;.;Qié#¢a11ed“a linear combination of A, B,

‘2. Compute, when matrices are -conformable:

: ] LA B I ab] |
a) -3 s b) 1 4
‘ cofle s 02 e al
: 0 .2 : ‘ T .6




Solution’

a) Sizes show that the matr1ces 'A3x2’ 32x4 arevconform§p1e .
‘and the product C is of size 3x4.- The_e]emént"cij ’pf ‘C  is
| obtained by taking the ith row of - A . and jth column Qf B and

adding the products. of their respectiveféléments;

[ 2.1+3.2  2.243(=1) ~ 2.3¢3.0 . 2.4+3.2

AB

in

-3.141.2 . -3.2¢1.(-1) -3.341.0 -3.4+1.2 |
| 0.142.2  0.242(-1)  0.342.0  0.4+2.2

8 . 1 6 14

S P TR R SO

b 4 -2’ 0. .4

b) Since the sizes of the two matr1ces are '2x2~'and» 3x2.

and inner numbers are not ‘equal (2#3), mu1t1p]1cat1on is undef1n—

! - ed. “ - ) o - T ‘ -

3. Ferform the mu1t1p]1cat1ons of row and co]umns matr1es

| ¢

” N R .

i R ) B I

W% a) ,[2 -3 q |-2 , b) '.-2‘ [2 -3 4]

| | R ] R

i Solution. - S

i : o ‘ a) Sincé sizes are 41x3 3x1 thé product is of size 1x1:

[?( )+ (- 3)( 2) +'4.3 ={18]

b) The product is of s1ze 3x3:

-2|[2 -3 4] =|-2.2 -2(-3) -2.4| <
' 13.2. 3(-3) 3.4

12
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Comparingﬁfhe'above results = AB and BA, note that in

_general AB ¥ BA..

4. .The product of two non zero matrices may be }e(o. Deter-
_mine the number “a’ such that

Bl

(2 4][-2 'a] [o (oJ
5 10) L1 -3l o o

To 2a-121 To o} 2a-12 o
. . ’ - B i a=6
[0 5a-30] [0 0 :> 5a-30 07 °

"Solution.

1
o

"

5. 1f A is a square/matrix,'the following matrices are

"~ defined: _ _ '
o A =1, Al s, At = aa, L R =A™ ey

-

Then evaluate the following linear combunation

A%+ 28 -3,

of A%, A, 'L, where

- Solution.

X

]

- o
o -
- —
— o -
- =
i

- n
N -—
-— —
~



! . 718
0 2 2]
. 2n = |2 0 2
2 2 0
R L i
- [-3 0 0]
-3I3= 0 -3 0 '
L 0 o -3
o _ . . [-173 3
R R ,A‘Z’zA-.313= 3 -1°3
3. 3 -1
-  Remark. Note that multiplication of a matrix by a scalar

‘and fhat‘pf a determinant by a sca]ar#are*definéd differently: a
-fmatrik,is multiplied by a scalar by multiplying every element by
that scalar, while a determinant is multiplied by a_scélarkby CE

" multiplying only one rpw.(column)fby that scalar.

Thus N = :

| T . S
| A 8 6] [8c . ¢ 6c]
i. c 3 f5 'Z =3¢ 5c: 7cly ‘
I 4 9.2 ~Bc 9c  2c

Loro s e
8 16 |8c- ¢ 6c|. |8 c 6
te 13 5L 7T=|3 5 7|={3 5¢c 7
T ol oeel la o9 2ile e 2

“As a result we have'for'a matrix A of order .n,

: e 27 - - _ M de - %
..de;lc[qij] = det,Eaij] = ¢ det &ijlf




3. (A+B)T <A

TS Y B N G PR R I [b; 1~ Fa; ]

. 2. Proved similarly.
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C. PRGPERTIES - -

1..A+B = B+A . (commutativity)

2. (AvB)+C = A+(B<C) (Associativity) l;"
TepT (The tranSpose of a' sum is the sum of -
-.transposes})’ . . :

4. IA = Al = A, butv AB # BA ln_general. If AB = BA, it

is said that A. and B comﬁuteg
5. (AB)C = A(BC) (Associativity) .

T T

'G.V(AB)Tﬂ= B'A" (The transpose‘o%.anprodd;t-is;the produpfv

’

—  of transposes {nibpbosite'ordef)w

7. IABI IMIBI IBAI ( The . determ1nant of a product is the

product of determ1nants)

8. (A»B)C = ACfBC (The r1ght d1str1but1v1ty)

C(A+B) = CA+CBV_(The Iefttd1stq1but1v1ty) E
o : - . SR AN ,
Froofs. . B o -

3. (AvB)T ;'[aij;’b.ij].r = ra;.i-b..] ~=;’.a.r.]-1-[:b..-» = A_T,«»BT

,ﬁ; ! [51J][a1$] [Z 61k aki] f511 1J] [313 =

’111ar1y Al 5 A.
5. Let the symbol (A)ij denote thé ij-éhtky of A. Then
" we prove ((AB)C);; = (A(BC));j- Let

-
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A= 1i]mxn B [bij]ﬁxp and [ 1J]b¥q Then
S p '
o ARy = k§1 (AB)”‘ “kj = k§1 (o i Padey
=T a;, by ckj:= I T agy (by )

=1 (ail | ‘E b 4 t‘kj)'--.- E aj,(B0) 5 = (A.(BC):)].

6. Let’ f 1Jlmxn = [bij]nxp' We prove
) T  T, R T
(BU A ) 5= ((AB) )45
,.'Setting. aji = aij ahq\ bji = bij’ we -have
o . .
T ’ ) . ‘b . . . ' .
{ (AB) )ij = (AB)ji_= E ajk'bki = g a Kj b ik
- ] v aT,T
= E b 1'( a'kj _. (B A )1J

7. The proof,may'bé found in Linear Algebra.

| 8. (A+B)9 | bij}[c{3] = [ E (aikfbik)ckj] |
o = [acey o B o) = [Ty k] S BLI fkﬁ]

AC -+ BC

The Teft distributivity is proved simi]af]y,
’ \'.( 7
Example 1.

1. Find all 2x2 matrices which commute with
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‘Ta b. , o , ] ,
- Solution. Let be such that - -
~ [ a6l fa )1 - - -
o Lv - le d e d vl : S
- We have L ,
i “as2¢  be2d Ta-b  2a-p} - .- ' i" R
: -é-t -b-d |, le-d [ 2¢-d] . R
a-2c = a-b,. b+2d = 2a-b
" -a-¢c = c-d, - -b-d -2c-d
. b= -2c, btd = a, - s
\ T : ’ : = b = -2c, a =z d-2¢
o ) -d-a = 2c, ) b = -2c = - : '
o Taeb] fa-2e 2 Dol -2 -2 o
S = = . le-l 0 e -
- ¢ d L ¢ 4] lo 1 10 .
Examglg_gfllf M, N .cémmute'and m <o or 'NZ.;'O,'vthen
prove '(MN)? = 0. . »
)

Solut§qq; (Mﬁ) = (MN) (MN) = (MN) (NM) =_M(N2;M = MOM = 0.

Is it possible to define mu]tiplication'of two determinants?
,Yes{ The propertry IAIIBl fABl can be used tc define the
vproduct of two determinants as a single. determ1nant whose elements

are obtained by the~same rule for multiplication of matr1ces,

©  Example 3. Verify (AB)TA= BTATV for- R ; ) o o
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,So]ution.
o -2
AB=[-2 z 150 5 (AB)' = | 2],
: . ‘ 15
o Nl 27
. : =11 .
B'AT - |2 ol | | =] 2.
. : 31 |
3 4 = 15
D. INVERSE OF A MATRIX
\ -1f fpr a given matrix ‘Amxn’ there ex1st a matrix anm
-such thdt ‘ .
AB = I,

m

B is called a right inverse of A, and if there exists a matrix
Cpxn Such that

‘ T S CA= I
C is called a left inverse-of A.

m¥‘n)

Observe that a right and_a left inversevof' Ahxn {

are not of the same size.

- Example. Find a right inverse B and a left inverse C,
if any, of the rectangular matrix
110 -2 -
~ A = ' ' ] .
i 3 -1 41,03 |
Solution. If a right’inverse exists it will be of size 3x2.

Then, writing

o3
o
]

o
~h

‘we have



RPN
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b - 2f

a-ze o co L
' . : v (4 equations, - L
3a - ¢c~-4e=z0, 3a.-d ¢t 4f 21 6 unknowns)
cd = ée-»]; b =2f ) ‘ ) ;
‘ f? ¢ = 3a+de = 10e+3, d = 3a§4f>1,: 10F-1
- 2e-1 2f- _
" and Bz |10e+3  q0f-1 |, e, FoR o

e -’ . f
vshowing'the existence of infinitely many rightfinver§es, of which

‘»-one.is\obta{ned by taking e=1, f-z -1, namely

3 -3
13 -1 |
- 1
1A |

For . a left ‘inverse, writing

a' b'y . .. 4 1 0 -0 ) )
1 0 -2 : . _ C
¢! d" : - lo- ] 0 . : h
3.-1 4 . -
e f! ’ 0 0 1 ‘
we have - . :
a'+3b' = 1 -b''= 0 -2a'+4b' = 0 o _
C E . (9 equations, .
c'+3d' =0 ~ -d' =1 - ~2c't4d’' = : S
C ’ . 6 unknowns)
oe'13f' =0 -f' 2 0+ | -2e'#4f'. = 1 '

= b' =0, a' =1, a' =0 (no solution)

So gﬁven récténgu]ar‘matrix A has- no left inverse. o
The example shows that.the determination_ofqd'right inverse

Sof An 1ead§,‘from= Anxn Bnxm = Imf

to m2 lTinear équétions
[ .
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-with mnf'unknowns. As to the left invérsé of 7Amxn’ one'has"n,

 équations with mn unknowns.

Sguare case:

“The right and left inverses B and C of a square matrix

A of order n,if exist, are of order n and'satisfy

AB = I and CA = I
It is proVed.in Linear A1gebra that. (conéidering system of
linear equat1ons arbmg from the above equat1ons) if A has a

right- (left) 1nverse it has a]so a left (r1ght) inverse which are

~equal to each other, and th1s is the case when |A] # 0
'AB = BA = T
- The Uniquéness of such a matrix B can be proved as follows:

-Suppose C 1is another inverse of AL Tnen

T  AC.=CA =l
1 »ahg-_ |
| 52 BI = B(AC) = (BA)C = IC = C.
i . - -
. A_fhis uhiqqetmatri* ‘8 _is called the inverse of A ‘dendt-y
ed by A"l and if A"l exists then A is said to be an 121§£7

tib1e matrix.

“Since

it fo]Tows thaﬁ ,

- a2
zfo‘show that a given ﬁatrix B ~is the inverse of a matrix

A, 1t w111 suffice to show AB = I of BA = I but not nécéssarijy

fboth
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Example. Show that

10 27 o

_.
N
~

B=|3 1 -6| .is the inverse of A= [3 1 0

-2 15l 11
- Proof. We only need to show that BA = I:
10 2 oz 4 v oo ol T
BA: [ 3.1 -6/ {3 .1 o =|o . ol S
-2 -1 50 Jvova) oo 1l R
Evaluate ABY _
Some sqﬁare matrices are invertible, but some others are
not. From 1II = I one/ﬁas“ ifl =1 anq_idehtity matrices are
invertib[e;}but\sihce' 0B BO = 0 # Iv‘ierofMétri;es are ndt
invertible. E : :  _ o N "
“ Corollary. If A ‘i's invertible, then,

Al #0 and |A”1] = [A]"" -

Proof. ART! = 1 = [AA7 |1l » [alla"1]2

= IAl #0 and |A7] : 1/1Al. r
‘Note. The convekse'is<éﬂso true, i.e. if - |A]l # 0, then A

is invertible ,(Sée §1}3, Corollary of CRAMER'sRuTe@ BOOK ONE, Part two)”

A

Corollary. If A, B 1ére invertible square matrices of the

same order , then' AB - is invertible and

-1

/
/

o (a8)™! = 871 A

“roof. (87'ATy(aB)y =B ' (A TA)B 8 TIB BB 1. m
. . o ’ ' \
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Determination of the inverse of a square matrix:

Given a square matrix A, its inverse A

minéd,name]y.‘

1. by
by
by

oW N

. .by

By

the definiffdn,

adjoint matrix

the definition:

N

CAYLEY-HAMILTON Theorem.

-1 can be deter-

s

elementary row oper;tions (sweepout process)

-This is the method used in the determination of a right or

left inverse of a matrix,uénd;applicable also to square ones.

2. By the adjoint matrix:

By the classical adjoint{!) 6f a square matrix A = [a.j] ;J

is'meant the tfqnspose
aijfs. In this text we
adjoint:

“Example 1. Find

-T2 o1

e
a) A =|1-2+1
b e
‘Sofhtion. |
a) Since
A= =3 Ayg
Ayp = =1s Ay
Ay =1, A

32

n In Linear Algebra theAterm'
different. The one we used
from the other.

3,

A
A

23
33

~adj A':'[Aij],T

the adjoint of

1

of the mgtrnx_LAij] of the cofactorsof

simply use “adjoint" to mean the classical -

= [A3]
o J2 3 -
'b) B = L } ‘
. 6 9]
3 -3 -3 3
-1 :§‘[}ij] = |-1 3 -1]

-5 1. 3 -5

"adjoint" is used in two”meanfngs'thatvare‘entire]y
here is nsmed "classical adjoint" to distinguish it



-by Theorem 6 on determ1nant E(Book I)

Examp]e 2.
Example 1, if any.
Solution.
"~ a) The\c]aééica]\adjdi

L_

‘and the inverse is obtained byﬁdjvﬁdingfthis»matrix by

~

F1nd the inverses of the matr1ces A

ntof'A
3° -3 3]
103 -1
1 3

-5

was obtained as

-1 1
Adj A = 3
| -1 -5 .
. 19 -3
b) Adj B =
e 2
' B | 1 [ J ] . .
Theorem. A = Adj if Al# 0, i.e., if
A = [hlJ is‘invertib1e.
Proof we need to show that"
~ Adj A R
- A =1 or A Adj A= |A|I
_ -TAI— - A Rdj [A]
Indeed,
=My
A AdJ A=fay, din| | |71AL
. . A, .
= [Z ai'k Akj] /|A‘} ="[51'-J"IAH/=|A|-:E‘SA1'J]" L

-

and:

B .

in

the matrix-

|Al= -6 -




we have . A" =] - /1A B

2.1 1. j2 0 1 , ,
A= {12 A e 1 -1 21| s 2(-2-1) - 10= <6
' S L IS 1 I RO 1
Hence - .- . L P

Tz 16 <176
LS I VRS Ve R 71
Cfmze e s o

_b) Since det B'= 0, B 1is not invertible.

- Example 3. Find the inverse of

- ’ ',a\ b|
e if [Al= ad-bc # 0
Solution. Since
. ) ‘ d I 7 ’
il .
o -b a

c a ¢

" 3. Elementary row operations

Let. A be a rectangular matrix of Shape ‘mxn. Let the row

called the elementary row operations:

R{() Rj'f’lnterchanging,of ith and jth rows,
Ry +{Rj-: Adding the jth row to the ith row,

¢ Ry Mditip]yiﬁg a row hy @»non zero §Caiar{

7o . . : . -

. matrices’ be. R], che s Rmr The fQT]owing'operations on rows are -

,
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An e]ementary operat1on fo]lowed by another is an Operat1on

f3ca11ed a row operat1on The row operat1on

TRy ARJ.“: . (AeR) S -

'has ‘an obv1ous mean1ng

A f1n1te number of elementary operat1ons app11ed to.a matr1x”

A produce a matr1x At \wh1ch 1s'sa1d to be a row equlvalent'to A,

' ﬁritten T S ‘ - ",.'1' R
_ R . A' _
In transform1ng a matrix A to a row equ1va1ent ma¢r1x A

‘ useful notat1ons for Riéa-Rj' and AR, + RJ are ..

A ma1n prob]em here is to transform a g1ven matrix. A to _A

lwhat we call a. eche]on matr1x By an eche]on matr1v (eche]on form),

l

'1s meant a matr1x in wh1ch the number of zero elements, 1n each

row, preceed1ng the- f1rst non zero element (the d1st1nqu1shed ele-

_ment) 1ncreases from row to row unt11 the last row. The last
row and some rows preceed1ng 1t may cons1sts of zero e1ements on]y.

ThlS mean that'

. st ‘ - aij ‘-'-0 (j:]', Lee e s k) 7 ' .
2y =0 '(jel; Si .’_’,,‘fm ‘.-.‘at'\.l‘e‘a‘st_) L

AY




roWs are

0
0
o
>
0

bl
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[0 --2-°3 0
0 -1 i

0 o0

0 o

0 0

0
0.
0

-~ _The following is an eche]on:matrix;

-2‘-

1 4
8 0
0 0
0 0

11 ;
0 6|

5 .5
Pl

0 E

The d1st1nqu1shed elements (the. f1rst non zero. e]ements) in-

52,—1,8,-5,

- rows preceed1ng these are

and the numbers. of zero e]ements in the

1, 2, 4, 7, and they increase unt11’

the last row, wh1ch, “4n this. example, consxsts of zero elements

' only,

’fExamE]e.

Three  more examples are:

2 1. 0 2 5]
00 -3 0 2| o
o0 .0 1 .2| |o
o o0 0 e

P—

fo o0 10 -2
0 0.0 0 2 4
o 0 0 0 0 0

T o 0 0o 0, 0

Zero matrices areﬂCOnsidered to be -in echelon form.

"Solution.

A

~is not. of .echelon for@.

poon,

0
4
6

o BN O

T

A N
w N O

Reduce the given-matrix

TN W s o

A

3

to an echelon form

—

'l.




ing. A7l

where .B

.,A

A= .2 4
s
o 1
[ s
o1
~
o o
2 .4
oo
PVEN D
0 0
oo 0 -

W Mo

°© ® w N

N e s o

T I I

o o N a
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"-Method for f1nd1ng % lc

1s not 1nvert1b1e

[aj1]

IIBI

nx2n

nx2n

o o b

It

- Let "'A be a square matrlx of order

n.

consists of considering'the matrix

O o W N

The

' and by app11cat1on of row operat1ons, reduc1ng it

o o N
w

. 6.'1./- 2 . 9 . 0"
4 03 .9
0.8 0 3
1 3 2 1]
6 2 4 .0
13 2 1R
0. 8 0 3
1.1 2 1,
6 0

~the matrix

.is'the‘HéSired ﬁnvgrse;.if not reducible to this form

-The proof of above statement w1ll be given 1n§1 3.

P

methdd:for find- .

N

. .
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Find the inverses of the matrices

'solution. .

‘Exémgleﬂ

© N o
~ ~ ~
-— — 0y
) ]
o ~N w
~ ~ ™~
~— — -
!

1/2
1/2
1/2

-1/2Jq A

- 5/6

1/2-1/2
172 1/6

0 |
1
0|
I
1
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L . 7ol vy idse
I - N - e . i . ‘ ,v; - .
b) By, = | ) P L R
o i ] R, : L
B . ¥ - 1 _0/ ]
] . .

|
!
1
N
. i
where the matr1x on the Teft cannot be reduced to the 1dent1ty

”matr1x ~Then B /1s not 1nvart1b1e

. By CAYLEY HAMILTON Theorem B

The fo]]ow1ng theorem is proved ﬁn L1near Algebra

Theorem (CAYLEY HAMILTON) A square matr1x sat1sf1es 1ts

A ~

- own character1st1c equat1on

The character1st1c polynom1a1 of a square matr1x A.s (?13

-

v 1s def1ned to be the polynom1a1

e”-x Va]2-»j ,...”a]»n'-

. PPULEEEP P n .
: 2 2. , .

P(A)

.

’ an] ' ," 'v. . ) . ann"A .

.and P(X):; 0 is the characteristic equation of:'A,

’ - C]earTy' . ' ' A -
P(O) | |= CO' ,

The theorem states that =~ - .-

P(A) = ] ¢ At =0
which is

'-‘... j.chfi,COIﬁ =0

A '}«,1‘/2‘.' 0 )(A-.s)




- Expansion gives

Mu]t1p1y1ng both side of - th1s equat1on by A” ] (if exists),

we have
SIS n-2 . BRI R
vanf +“cn_]A AR AT R COA. =0,
~since  AKAT! ook Tayatl o ak-l(aatly o oakel,

This latter equa]ity,isfsdlvable fof:'Af1 when cb = |A|# 9

:‘which is the same'eondition«in'Mefhod‘Z

T If [A] = 'a = 0‘ then >Af is not 1nvert1b1e and such matr1x

'1s cal]ed -a s1ngy1ar square matr1x An 1nvert1b1e matrix is non-

s1ngular.~

e

Examg]e Findithe inverse of

L R I ¢ R
a) A= 1 -2 -1 R b') 'B = o
o TS I IR [

.Sblution. )
a), The characferisfic equation is o
2-x 1 1

P(A)= |1 -2-a -1 |=z0"

P(3) ‘= -x3 22 4 5x -6 =‘o.

- and- by CAYLEY HAMILTON Theorem we have

oad s aa? A4 6Le 0 =
o a? o oa B R
= A% £ 24 + 51 -‘6A =0 -
S oy o ' ‘
= -6A7V 2 A2 - 24 - 51
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iz 116 e R L
e | e .
{-i7z s - s/e
| 2 3

= 0. Then B is non invertible.

CBERCISES (2. 1)

Let A =’[ai3]'be aisquarevmétij of size nxn .such that .

0 when i4j is'ddd N
K B
#0-  when i+j 1is even,

What is the numbérﬁof non zero elements in A?

o v oz2-3] . [eoa I
JOTF A= | o B=|3 1|, find
o o -2-4 6 - 4-2] . .

a’): AB - .- b) BA.

Given‘ A = [?i' Gia ﬁxm/.and; B ="

o

=

-t |
—

p
(o]

N
-
=

I
—

Colet - T2 -3 To -2 S
. A = | . and B = . |'. Then find. -
e {3 o 4 . Lz 5 3 o ' .

a) 3A-28 . . b) ABT - ¢) A"B

s 1 4. |-2 -2 -4] |0 0-5 a1 cs)

6i\amxn' » show that




o T 2o

a) AB . . b)Y BA -,

_Verify the a§sb¢{;£%ve law for the product

: thenzproye _
h?)4P+Q =TI . -b) P°2P; Q%0

JoIf A isfaAmatrfx,and

A T SR T
oo
o N
—

lo w o =

-1 -2-3

CIf

\- 3 : ;,. a

2

c) 2A

+3é

4

-5A+4B"



10.

11.

2.

13.

14.

97 .

If
2| o 1 -3
Al =] and A =
b 2 2f Lo

find the matrix ‘A.
Find all real matrices which commute with the matrix

1 2
A=l
-1 A

Find all 2x2 matrices A satisfying

R Y
Show that =~ .
a) A satisfies A% - A + 20 =0
b) B-satisfies 83 - 2B -1=0
where . fo 1 1 oo o
A= o 1], B= 0
11 0 1 1 o0

c). .and apply CAYLEY-HAMTLTON Theorem to get

If ATA =1 -then A is called an orthogor~
a) Find A in ; ' R
. Sin 8 A
cos 8 sin 8]

for A to be orthogonal.

b)'Prove‘that theé inverse of an orthogonal matrix is an ortho-

gonal matrix.
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15. If
01 0 )
A=|1..0 0

o
o
o

find a set of numbers x, y, z and an orthogonal matfixl B

such that
‘ x 0 0
"BA=|0 y 0]B
| 0 0. z

~16. Show. that

a) A i$ symmetrié'ff ‘AT = A

1

b) A is skew symmetric if Al = -A.

17.If A . and B are both 2x2 skew symmetric matrices, prove

that AB = BA.{IS the property true for 3x3 ‘maﬁrices,
18. Prove that if A & square matrix, then
a)’ At AT s symmetric, b) A - AT s skew symmetric

19. Use Exercise 18 to show that every square matrix can be written

as the sum of a symmetric and skew symmetric matrix, and apply

this to
N 2 3 4
A=1{5 2 1

3 3 2
20. If S and T. are symmetric'matfices which commute, sﬁow‘ihat

“

ST is symmetric.

21. Prove that the-pnoduct‘of two -



22,

23.

24,

25.

26,

27..

b) diagonal matrices is a .diagonal matrix.

99

"a) Scalar matrices is a scalar matrix,

If A and B are both diagoné]; prove AB

BA | -

Find the 16ft inverses of the following hatrices; if any::

a)

-2

[

2 10
1 4.5

N

7‘~ .

Find the right inverse of the matrices in Eiercise'és, if any.

of all given methods:

. [:3
a)
S £

1

b)

Find the inverses of

1
2

Bl

0

a) [

(3, N 71 B )

0
c) .0
0

-

- 0 dnT
’ Vd
AN 0
o
4 7 v
v . '
P
0.0 |
10 0 ]
01 0
0 0 1
00 0

~N AW

(d]‘f.

11}
1 -1

bnTj by CAYLEY-HAMILTON Theorem.‘

+ dp#0).  b)

c)

1

—

o o

0
1

0

—

"Find the inverses of the following Squareimﬁtrices_by the use

‘Find the inverses of the Matrices by inspegtion.-

3 2]
0 -1
5 31
0 0]
1 ‘d
10
0 1]
00
00
J' 0
c 1




- 28.

29.

30.

10.

12..

the-other..

‘Prove

T

a) (AT,

(A7)~

(transpose each side of. AA~ =

and B =

If
1. =1 1
A=| 2 3 1
-3 0. -2
~evaluate - -1 !

100

-3

L
-1
5

2.

“'A and show that each is the inverse of

1_71).

b) the inverse of an orthbgona] matrix is its tranépose;f

is non invertible.

a)

-2 7.
1 -1
1 0
10
0 -1)

-{a4]

5 ol
0 O
6 -1
.a) v

- 5°-10

X
vz
0

V2

X

o

V2

%

X .

Under what condition for ~x, the matrix

i

~ .ANSWERS TO EVEN MNUMBERED .EXERCISES

. b)

7

b}
J
-3 0
0 -3
a
Y(a+3)

2

-a-4

O N I~

6
-3
0

|

or

©17 57
-3 .6

2110
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14, - x = -cos 0
24. a) No right inverse,
e s
b) | 1-2t  -2s . ¢c) No right inverse
9t-4  9s-1 '
| 75 -5
S I B S
260 » |-10 4 2
T L 7 -3 -]
. (-6 -2 -4] 5 -10 -3 ’ |
‘ -1 1 -1 ; )
28. A =5 11 1, BT =gz |2 4 10 (cmtimue.)
-9 3 5 13 18 1
"30. ‘xe {0, -2, 2}. : -
2, 2, SoLutioN OF System OF LineAr FquaTions By MATRICES
- Let - S oo ' IR

ail-x] + ... 0% a] X = b]

n “n
L o
_an x] + ... 4 amn’xn = bm

be a system of linear equations involving m equations ‘withm
unknowns.
',Setting
- X_l

A= [éij]mxﬁ" X =

(1) becomes
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| : :

A =B | ' Cay

To 'solve this equation we have two methods:

1) By inverse matr1x,

2) By GAUSS" Method (by e]ementary row operat1ons)

1. So]ut1on by-Inverse matr1x:

[

Square. case. (m-n)

| If AT -1 exists mult1p]y1ng both s1des of (") 'from~1eft

by »A_]‘ we have

.

a .unique so]ut1on matr1x {column: matr1x)

a"! Can be determined by any method g1ven 1n§1 2 D, and”

'theamethod~of solution has the same name as -that pf the used met-

hod to find A'. ,
If A is non invertible, i.e. 1f (Al -0, the system has
sz no so]ut1on or- has a solution matrix 1nvo1v1ng one parameter at

least depend1ng on the degree of freedom.

Examp]e._Soive the square system

X + 2y -z = 2
X+ y+2z==06
2Xx - y 4z =3

Solution. Writing the system in matricallform:

1 217 x| [2

|

| : .

| 11 1) ly| =6
L : : ‘ v ‘

L . o Lz -1 1] [z 3

i .+ and finding the inverse of A by any methodlwe have
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X 2 -1 3 [2] [
v l= g0 32 |lel=]2
z -3 5 -1{|3 3

# X:.‘,' _y;\Z','”z:B.

Rectangular case: (m, n. are arbitrary) S ' j

The systemlis‘\ _ ’ _
AX = B~ : ) S
wherejAA,;X,_B are matricé; of size 'mxn;.nxl, mx1 respeétivelyf
| Since the square case has been discussed, there remain the

‘cases:

1) m>n: One takes n ‘equatioﬁs;'obtaihing a square systeﬁ

. and solves. b

' 2) m<n: One-chooseslsUitab1e n-m “unknowns as parameters

b

tys woe s tn-m,fand so]ve;. .
It is advisab]evin,a]T‘céses'to solve any system of linear ] ‘

‘equayioﬁs by GAUSS Method (bybelémentary operations): ' :

2. Solution by GAUSS Method:
~This methdd is app]{cabie.successfu11y'to any,rectangu]ar . f
system ‘

AX = B 1 3 M

which we represent, conveniént]y, by the matrix -

; _ o [A:‘ B]nle(n-i]»)

called the augmentel matrix of A.

-The method consists of reducing by row pperatidns the,matkix
[Ai{B] to an echelon form [A'1B'] which represents a system (1') of
linearbequations equ%va]ent‘tb‘the system (1). Since [A'SBﬂ.fis an

~echelon-form, the number of non zero terms decrease as we go down .

l
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until the last equation, and solving (1') is-much MOre simpler.

.Examglé‘l. Solve the system

n .
~nN

‘ -

% ' s ‘ S X +‘2yf- z

I ; :

| X+ y+z-=6 (nm
j 2x - ytz=3 v

o Solution.

” . o214 2 15‘1) (1 2 -1 { 2 T\(~2)
X - |
Piel=p 11 i ~ 101 2 : 4
' 1 /
2 -1 1 3] (2 -1 1 | 3V
§ 12 -1 | 2] 1 o2 ] 2
: o _ i 4 S ,
; ~ 0 -1 2 j 4 2(-‘5)"’ 0 -1 2 J 4
. i 1
ﬁ | s o3 -] [0 0 -7 4-21]
:i v o This‘echeloﬁ,matrix représents the system
i : ' : ‘ B
i X 42y -2z =22
-y + 2z = 4 (1")

-7z = -21

which=is equivalent to (1)»sincé the row operations (interchanging
£w0'equations,.adding two equations, mi]tfplying an equat{on by a~
non zero scalar) -do not alter the solution of'the'syStem. )

- Starting from bottom and going upward we have

\ it
=7z = =21 = z = 3 : :
y+23:4 Dy=2 = s=:=[1,2,3]
X -2.2-3= =1

2 =§ X
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,Example’é.A$Q1Ve

x
N

3

w o
+
<
F-3

"

ro

' Xy = 2x + 2x T X =] -
. 2x] + Xy < Xz + 2x4 = 8
‘solution.” . .
R , N _ |
oo e l; 272 -1 1 1]y -2
: . ) .
1-2 2-1 L%~ [0 1.1 9 12
. H : o 1
2 1-1 2 {8 2.1 -1.2 | 8]
» = <4 - -
SR (NI 2 I O I B R B R R RN
: . \ T
e 0111122)4~01-11:23
e 1 ’ N
0 5-5'4 16/% o o 0-1 | 4]
Xy = 2x2»+J2x =Xy = 1
=9 Xg = X3 ¥ Xg0= ?'>
- - xg= 4 :
.#( X4 = 4

ga kle--X3 ¥‘4-= 2,“, = Xy = 321-x3 -2 4 t, (x3=t)

Xp'-2(-24t) -2t -4,

"
—t
J
b
—
n
—
.

s = [1, f2ﬁ+}t, t, 4]

Remark. If the last row in aneche]on matr1x cons1sts ‘of
- zero elements only," th1s row is to be d1scarded. If the last: row

is o
//

0. . .0a (a?0)

. the system is ‘inconsistent.
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Aftér,discarding'zero rows, if the remaining is consistent, -
the given system is consistent..In the consistency case starting
from the bottom and go?hg Upwérd considering the equation corres-

ponding to each row one can find the unknowns successively.

(X s X 1 }..}, some of which are taken as parémeter when possibléL
n’> “n-1° " , : . S
"When the echelon form.of the system is, for instance

i

2 0-3 4 11
0 00 0 |6

) ' . h
0.0 0 0.7 0

the system is inconsistent (no,solutibn)

I+ the échelon fo: =, for instance, .  ' :
: K _3.4-!’1‘ o
, . .
bvoe i o
“we have coﬁsistency. Then
2X4 :.6.$X4=3 ~- . . - .

‘2x] +_x2 - 3x3 + 4.3 ? T
;F> 2%yt X5 - 3x5 = -1

’ x1-=.s,'1x3’= t_:@ xé ='}1T -_29 + 3t,
s [s, - 11 <25 13t, t, 3]

" When the  echelon foqm is

‘7'-3547 /
o 213
lo 0 -1
0 0o
- Qvoio_'.
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. N
* the system is inconsistent

If it is ¢ }
-3 1 4]
-4
0 23
. [
0 040
t T
- 0o 0140/ -
- 1
0 o0 'o]
we Héye consistency. Then . Then . ’ :

?Xz =3 = x;, =3/2

) 3 - )
S -3 Ty = 4 P Xo= 17/2

/ s, [17/2 3/2]

If the eche]on form 1s_'

— ) 1
1 -3 1.4
| I
0 0o
i s /
0 0 {0
- [ .
0 0 'o
i '
10 o:oJ-

there is}cbnsistencyQ'ihen,

;X] - 3x, = 4 . %x; =t & x]'=,4b+ 3t
o “ s = [4+3t;t]

s

Proof of the validity of the sweepout process (by row

operations) for findﬁng'the inverse of a matrix:

" Let A be a matrix of order n. To find its inverse
consider a squaﬁE"systém of

AX = Y

A-]

)




':(2) can be wr1tten as -

. 108
of linear equat1ons If A is invertible the uniqueasolution;ié

g1ven by

X=A ]Y N - - ~(2)

Introduc1ng the 1dent1ty matrix’ /{,.of order n, (1) and

AX=1y Ay
X =AMy S (2

~.

’ywhereetheAsd]dtion (2*) can be‘obtained ffom (1“) by row‘openatddns,

‘This means that the matrix AS I_'represent1ng (r') 15 reduced by

row operationé tohfhe‘matrix inhA-I represeqt1ng (2 )
| S S 1T
~So starting‘with the matrix *A?'I elementary row operations
reduce it.to ISA‘I,wheFe;the seeohd_side of the.latter is the in-
verse of A;‘ - L | | | :,.

‘:*If A is’not-ihvertibfe Af{ T cannot be reduced to the

form’ I- A 'where the ]eft hand .side is the 1dent1ty matr1x
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; ~ EXERCISES (2.2) -
31. Given that. e - A )
SR A 1-0
o i 1 1 o
172 0 | W =0 1],
R 12
S0 -1/2 ’ 00
—-sblvg it for the mdtrix W.
- '32. Solve : o
2.2 2 N oy2 1.3 '
a) X +5y .-Z =3 R . ‘ b) X + -;,- + -z- :v\]
2.2 2 ' 6 _ 2.6 _ _
’ ,ZX+3‘V—.»Z"='7 X y+7‘ 1
22,2 o v LU 3,
X"y+22 .'.6 -)-('+27-Z—_2
33. Solve LA
X+ 22Xt 3xg + 4x, = 5.
2xq ¥ Xp. 4x3 4 Xq = 2 - \/3 . ‘i?
3xy.-1 4x2 + g§‘¥{5x4 = 6 §¢
. P B
»2x] + 342 + 5x3 f 2x4_ 0 B
B : s o ]
34. Discuss the solution of g
. Ix =2y + 2z = -9 TR uj
. . : S ‘ . |
x+ ytz= 1
2%+ Yy - 5i = -_74
35. Solve R :
; .x,cds?A 4y cos?B + z COSZC - cos®x
vﬂrx sinzAv+'y sinzB,+'z sin?C = sin®)
x'fén'A =‘y tan-B ¢z tan- C ;'tan-A
a) in the general case,
b) when A+ B:C = 7/2




36.

37,

- 38.

39.
40.

41,

. 42,

43.

- 110

Dlscuss the so]ut1on of the: system

Cytz = 1, ZxJQ z'- 0, 4x43y+az 7

‘Discuss the solutiqn by the use of'augmented matfix:

2 -3 2 qx| 2]
30 2| |yl=|5
13 )

a) -1 ,3'. _i »f ST ) [?’1;]
11 ' |

Find Teft inverses, if.ahy,of'the matricesﬂgiven 5n'Exercise 38.

. SRR . - Ta b -c]. - :
Find the inverse'of - Jo -'d-e] -  <(adf #0)
o e o ff- ~
Sq]ve _
B E S S T % e A |
- \ K
a b e |ly] = {p
a1 plack||z  |e%1 |
and evaluate A

(a®-a)x+(b2-byy+(ci-c)z-(p2-p) -

‘Find the inverse of:

2 -1 oo 2]
a) o 2 ' by |2 -1 .3
5 2 -3 0o 1 8

.Find. x, yeR, if any:

=x- 3y | ]-16 14




S LRI

44f_;fJ-Azxz [] =._ },~‘welsayfphgggthe,m§;g1x.“5 maps.-the [

- N AN R T :
point (x, y) to. he.pointj (x','yf); Find A which maps (2, 3)
Cto (1, 0), and (<1, 1) to (2, -B). - B

45.-Find x, yeR, if'any: -

] -6 912
X 'y‘ y-X

1]
wand
N
o

1
&)}

0 2 /
: 2y 3x x=yl| o
2 1 _ 6 6 -9
ANSKERS TO EVEN NUMBERED EXERCISES -
" 32, a) [12’, 0, ﬂ] -('fqur"sol_ut'ions);" b) (2, 1, -3} .
8. [2, 2, 1]
36. [1-k, 1-2k, 2K]

3. a) jt Lt-g 3 " b) 1
.-a oo - C= . . ’
- ) AR ASEA | 3s

l’\*d’ W
o+
+
alw
N

253

w
-‘»
=

SO B T TR ;
40. 13 T 3@ adf
' 1
q
0

\ s
\
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A SUMMARY . =

¢ .. 2. 1. Operations w1th matr1ces

~A4B = [aIJ] [b1a] [au+b1J = B3A

CcA = CE1J Eau - 7
~ n
| 'Amxn~Bﬁxp = = [?13 Cij = kgi.aikbkj
Def1n1t1ons., A r
[h1i]T [5J1 | (transpose ofvthe mat%ix A)
Adj A = [A1J [hJ1 (adJo1nt of A) )
( AR~ -1 = A ]A 1 (A -1 is the inverse of A)
. A formula for AT is AT! = AdjA/[A]
- where IAI det A _" g
S E;heion‘ﬁafrix Is a matr1x [a ]mxn ;?”9“.?5?¢ /
- ,‘?jj'= 0 (G215 ovr s k)

o ) ‘} for any 1
3441 5 % (3=1a cee {'k¥1 at leaét);

An exéﬁble'of,echelbn matrix:

[0 3 1.0 5 0-7 8 3]
0 0 0°2-4 0 6-3 4]°
N ' 0.0 0 0-20 112 0
o 0 0 0 0 0 0. 0 ¢
) 07000 00 0 0 0

" 2. 2. Solution of a system of'linear_eqdéns:,.AX=B

~a) Square case: o ' ;
. By 1nverse matr1x. X=A']B‘ when A 1is invertible
v 'b) General case: - S o
" By GAUSS‘Method: Obtaining an echelon form of the
S augmeted matrix IA B| and solving
step by step from bottom to top




46,

47.

48.

49.

50.

1.

13 C .

MISCELLANEOUS EXERCISE | -

tet A= |1 1 2f , " s="[4]  Find |
2 -1 3 9
3 -1 -1 2
. , o g g :
a) AB - b) A+ A% - 6A - 171,

Prove | _

S I T R L B
a) = - b) |o- 10 1| = j0 1 n
S LS B o o 1 0

Find a matrix B subh that. B-1AB s diagonal, where

u

. :!

: 01 0 o 3
A=f0 0 1 = ) ?@

1 0 o0 J

List all 2x2 echelon matrices.
For an nxn matrix A, prove [A]|adj A| = |A|"
Obtain an echelon form of:

[ 10 3 2]

\
2 4 1 3 2 -
4 2 17 3 -2 '
2 1 1 0 s

-4 1 1 3 -2

52. If ad - bc = 1, then

[ad cd -ab -b&)"" [ad bd -ac -be
» - ac -ab -b a .. ab

bd d® -b% -bd| T | cd 42 -c? -cq

-bc -ed ‘ab  ad| . |-bc -bd ac ad|



.

53.

54,

" B,
56.

57.

58.

59.

S 114

If ‘Aﬁ, cee s An are invertible matrices of the same ordef,

a) prove . (A, ;"‘An)-]'= A;]'... A;]‘
‘b) prove (A1) :l(A-])n _ "
Find thé inverses of:
2 1. 0 | 11
ay o1 o b0 1 :
“looo 1] . lo 0.

Show that the product of two upper (lower)lsquafe‘triangular

matrices is an upper (lower) triangular matrix.

Prove that ‘the inverse of a non singular diagonal matrix is a

non singular diagonal . rix.

EQa]uate
.a % vJad-bc b-
. » T
c . . a t /ad-bc
| KL T
where D = a + d + 2/ad - bc>0

If (A-1,)n Jis denoted by A'n,‘theh eva]uateb u2, v2 Whefe'
21 [ oooo]
ue<fr.-2 -1, v=|1 2 o of
R L R B s 2 3 -1
i | | IS S B O

o {
Prove ‘[A(Q)]n = A(n@), where
o cos?8 + -sin 26 sin%o
A(8) = |cos® sin@ cos 20 . -sind cos®

'sjnze sin 26 cos’@




60.

61.

. 62.

- 64.

65.

Find all 2x2 matrices which commute.

1 1y . v :
a).with [ ], . b) with-every 2x2 square matrix.
0 o L S :

1

‘For which values of. t, will the syStém

bdx v+ y - 8z =

2x + ty + z

"

0]

0
(t-1)x -y ¢ 2z 0
be cohsiétentz -

Solve tﬁe system5; ‘ : - . = )
a)'zx’— 3y = 0, X + 32 =-0; .y 42220

b) x + y - 2= 0, x -yt 20, . x +3y +22=0

. Show' that thé solution of

“_"a]x + A,y ¢ a3z =0

bTX + bzy + bjz = 0

a, a a a a;-.a o .
2 3y, 30, (T , 2t ]
b, by by by by b,
Solve:
N2 -3 s x| ]
1 3 -3 5[ |y 1
13 <1 s| lz| |s| -
3 8 -715] (Wl [7
Show . that the fo]]owing system is inconsistent:

X3 f'Zx?‘- §x3 +‘4X5'= 2

Xy + 2%, -'Xg + Xg ot 7xg =3

2x1'+ 4x2 - 4x3\-‘5x4 +.8x5 =8
C3xq. 4 622‘}'5x3'4.6i4 t 15xg = 117



16

ANSWERS TO EVEN NUMBERED.EXERCISES
46. a) [17 5 1] b) 0,
48.8= 1 w w9

we w !l where w_3:]', w#]

54. a) | _ ’ b):

58 T T ' 15 -1 -1
1 9
-3 gl 9 9 -9

1 5] -15 -1 25

5 =3 0

- -3  2 ’ 0
1 -87 8 9

e mo o

3). - |-229 87 25 1

R TR
60. a) [0 ]
a

62.a) [-3t, -2t, t] , b) [0 0 O

64. [-5k47, 0, 2, K]




CHPTER 3
ANALYTIC GEOMETRIC IN R®-

3, 1. VECTORS :
A DEE_N1_19N§
In Physical science are quantities such as velocity and
,acce]erat1on that are determlned not .only by rnagnltude (length)
\ but a]so by d1rect1on and sense. Such quantities have the common
name vector. Vectors are very powerfu] tools in treating ana]yt1c
geometry

“The, set of a11 parallel 11nes in space def1ne a d1rect1un,

end po1nts fA ~and B’ has a direction (that of its support ]1ne),

A, and each Tine  AB of the set has

thiseindicated.direction and

defines two semses, one from

A to B, the other from B to A.
A. 11ne segment [AB] w1th

and a length |AB|
A 11ne segment [AB] oriented from one end to the other,
say from A to B, is called a line vector, wr1tten AB A is the

-1n1t1al point or the point -of application and B the extremity -

of AB. IR o e,
. B ///,///;s
:4,/?’/(f/’ AT
. . . - : ; . e
line AB co - liné segment [AB] = -~ Vector AB
(has a direction) (has  a direction and - (has a direction-

‘a length) length and sense)

-
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i ‘A vector having coincident end paints or having a zero
B . B -> .

Tength is the zero vector -denoted by PP or 0 -or simply 0 with

indefinite direction and sense.

. . .
Vectors.may as well be denoted by single letters with an

arrow on top:, 3,»35.3-

, o Egue]kity:
ﬁ ‘ : E Two vectors A? ) hav1ng to sarie d1rect1on, the same
. sense and the same length are considered equal, written A8 = Cb.
2 l . S, If AB = ¢o, then ABCD - is abﬁafalleldgram (whieh_may be
degenerate one) ‘and one of these
vectors can be obtained from the

..ofher by a translatfon (under

which direction, sense and.

: 1ength are preserved). o S
In fhe figure, ABCD andvj CD?E _are pera11eldgrams. It
;folldws that A%'e;éh.;;é?. Note that ABFE is a deeenerate
) parallelogram , ' - .
- From this def1n1t1on, vectors can always be drawn to have_ .
'the same 1n1t1a1 po1nt ‘
Two vectors are unequa] if they differ from each other

either 1n.d1rect1on or in sense or in length.

‘A‘vector with fixed ipitial point is a Bound vector'(or 3

1 position vector), one festricted.to 1ie on a fixed Tine is a -

3

- sliding vector and ones with no 5uch'restrictions are free vectors.

i

i .

| C A free vector rema1ns 1nvar1ant under any trans]at1on,
|

i

wh11e a sliding vector rema1ns 1nvar1ant under a trans1ation in

the direction of.the vector.
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L1ne vectors can be expressed analyt1ca]ly by the use of

coord1nate systems. Th1s representatlon will be called a coordinate

vector. Coordlnate-vectors are more convenient in all analytical
. treatments than"the 11ne vectors. We ihtroduce below rectangular

coord1nate system to def1ne coord1nate vectors

Rectangu]ar coord1nate systems

Cons1der in 3-space three mutually perpendlcular awes 0x,

Oy, 0z with a common.origin 0,'ca]1ed a rectangular (or cartgs1an)

‘cobrdinate syStem,;writteny.Oxyz.-A 3-space provided with such a

- system will be called an analytic 3-space.

_ In the following two figureS»two;distinct coordinate systems
are shown: » - L !
. : Z

A positive'system : S ’ A-negative .system

(A right hand System)'J . (A 1eft hand sygtem)

On a posftive‘sy;tem an observer, stand%ng on Oxy plane
at 0 ’a]oné poSitite z-axis observes that the aqg]e.from’poeitive
‘X-axis to:positive y—ax{s is positive (coUntere]Ockwise). In av
negative system‘the same observer observes that the same ang]e»ﬁs
Vnegat1ve (clockw1se) o ‘

The p051t1veness .and negat1veness 1s 1nvar1ant under any
trans]at1on and rotat1on of the coordInate axes.

In ‘this book we will always use positive systems.



i
i
|
I
|
L
H

R\‘
,oétants,»numbered I, II, s VIII.

‘The one containing the positive

:the I octant.

. represents clearly the ‘I. octant.

ordinate, and- z  the cote of P,
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In an OXyz' system the axes taken two at a timé'determine

"three p]anes called coord1nate p]anes xy-plane, y;ip]ane, xz-plane.

These planes separates from

3 eight regions, cal]ed

parts of the axes is taken as

Referr1ng to the Flgure, let. in the analyt1c 3 space, P

~ be any po1nt (usual]y taken in the I. _octant)

and let the projections of P on
coordinates axes and planes be
X, ¥, Z and X', Y', Z'. These

points and 0, P are vertices

of a rectangular parallelepiped.

The abscissasﬁ:x; Y, 2
of X, Y, Z  on respective axes

are called the rectangular (or cartesian) coordinates of P and

one writes P(x, y,z). It-is seen that these coorﬁinates are

directed distances of P from the respective coordinate planes.

A point P(x,y, z) in usually oy Yy
skefghed as shown in the Figure.. .
The set S . o} L

{(x, y, 2): xzo;y>0,’z>9}é/’ 9
R L

Though are not in use, we call x the abcissa, yAthe'
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o : _ - - _ .
A bound (position) vector r = OP having its initial

point_at the origin and extremity at iP(x,‘y, z) ' defines uniquely

the point P and conversely, and we make _
+

noidifference between the symbols 6@, 3,

-
Py r,-(x, ¥y, 2) and write

-> -> -> . :
T =0P =P =Pz (x,y, 2)

wh1ch is a coord1nate vector.

— e s e ——

Any. free vector can be Vo,
' expressed as’a coord1nate vector. |
‘ Since {x, y,\z) is an ordered triple, it can be cons1dered
as an element of the cartesian prqduct RxRxR = RB.
‘we represent the position vector '(x, y,.é)‘ es the co]umn
matrix ' ' | ' :

X

i

. ‘T ‘ |

y = [X, ‘y’, VZJ . . . : E
. . . oo

: |
|

Length of a‘vecfor:

Referrlng to above Figure we have -as the length ‘6b| of

the vector OP

|6p12 = Jop[ 2= loz*]2 + |z'P|2
, | : ,
- = (IXI + Iyl ) +‘l2l2 = X2+y24;2
=[Pl = 18] =vXE 4 yP 4 2 (50)

>>Exam91e. Find the 1engths of .

A= (1, -2,'2), B = (2,3, 6), C=(g->3>9
Se]ut1on - . . o

|A| 1./2+(2) 221 e e

|B] =+F ¢ 9 436=7




1
t’:
i
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il = Up? e @? (9)2 sy 16 6a =

A vector hav1ng length equal to l is called @ un1t vector .

“f: In the above examp]e, t is seen to be a unit vector

B ALQEBRA_F__._EQ.B_
1,\Addition:v , 3
> o > & . . .

‘The sum a+b of two vectors - a _and b, in this order, is .

the vector whase in1t1a. po1nt 1s that of the f1rst vector and the
extrem1ty is that of the second when the latter is trans]ated to

i
fj' , have its: 1n1t1a1 po1nt at the extrem1ty of the f1rst vector:

Z+ 5
‘ The fo]1ow1ng f1gure o the eommutatfve']aw
| a+b . +a
- and t) parallelogram law: . _‘ ' .

The assaciative law

> > > > > >
(a + b)4c =-as(b'+ c)

is'the’result'congruency‘0f3the-ﬁo1Towing piramids:

p
-
-
-
-

(a%B)+ 2

; o ' > > o : :
‘Because of this law the sum' a4btc -~has a meaning as defined

R S T DU T . T
by (atb)+c or by at(btc).
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Mu]tip1ication by scalars y

> - -r-r-); ",-rl--r : .
Denot1ng the sums " ata, a+a4a, ... by 2a, 3a, ... and

. > PR G - .
def1n1ng 1@, 0a as a and 0, the vector na (nelN) will
denote a vector having the same direction and sense as ‘a and

AR , N ,

- Tength n times that of  a:

Rl . -
. to - - N
, 2= . = ‘ N
For any  AeR, we define. Aa as a vector of length |A]]|a]

, @ ‘ o
.paralle] to a and agreeing.or disagreeing in sense with ,Z

‘according as  A>0 or;§X<0: R
. a’ -3
L . A&
Avyo o A<o
In particular for A ='—1; we have the vector (- l)a = -2

whfch is opposite to - a, called the add1t1ve 1nverse of a,

- > -+ . .
since a+(-a) = 0. - B
<> ->
Aa and a have para]]e] supports, and are

ca]led c0111near vectors

> s >
The d1fference a - b is.by definition the sum a+(-b):

(1) Two cop]anar lines (lying on the same plane) hav1ng no common -
point are called Earal]e But in th1s book para]]e]]1$m of

]Tnes is defined to 1nc1ude a]so the co1nc1dence of ‘lines.




et > > ' >
GR = 0P + 0Q where 0Q =

_ where xi, yj, zk are vector

124

Projections of vectors:

Let. OP be a vector\and 0t be an axis with a unit vector

) E along it. If P' 1ds the proaect1on of P on Ot (which is the.

jntérsections.of ot w1th the p]ane ‘through P perpendicu]ar to

0t), then OP' is the vector projection (Vector compoment), and the

coordinate cf P' is the-'scalar prOJect1ons (scalar compoment) of

>
0P on (See Fig.)
Now consider a second

. 5 .
vector 0Q and the vector

Then. the projection of d&‘
R B > >
on 0T is OR' = OP' 4 P'i

which is the sum of projectior
(compoménts)

o B
Obviously the scalar component of the sum OR is.the sum
>

of scalc components of OP, OQ

Now, taking coordinate axes 0k, Oy, 0z instead of 0Ot with

* respective unit vectors

i= (1,0, 0),;._(0 1, 0y, k=(0, 0, 1)

a]ong pos1t1ve parts, and denoting the proaect1ons of P(x, y, z)

'on'the axes and Xxy-plane by X, Y, Z and FP' ‘we haye

-> -+ ->
= 0X + 0Y + 0Z
: > > >, > g
§ince O0X 4+ O0Y = 0P and 0Z = P'P
: Thén ' %

-

P = xi + yj + zk
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components; while x, ¥s z (coordinates of P) are scalar com-
v > .
ponents. of  OP.

Let

Lo L T
= xpidyd s gk =[xy 2] .

‘ ' T
T [xp ¥y 2]

—
i

) g . >
0P, = X,1 + y,] + zzk

Then we have

(X]+X2)i' + (Xz*'.YZ)j + (X3",Y3)k'

[y %ptvp %3*v3]"

>+
OP]+0P2

by properties of projectioﬁs;

Also
) >+
T | OP]-OP2

(xg=x) 1 + (y1-¥5)d + (zg-2p)k

n

[ax, ¥ioyp 272,00

: Accordfng]y any free‘vector"A% extendfng from fhe‘pOint'
Ala; a, as) to B(b],'bz, bs) can.be written as the/position
vector . - . | )

-+ ->

0B - OA = (b;-a, bp-ags by-23)

-

> i
since OA ¢+ AB =.0B or AB’

n.

+ >
0B - OA.

When a vector is muitip]iédhby a séa]aﬁ'its all componehts
being multiplied by the same»séalar, we have

» | “ ' X; = A(X, ¥, 2) = (AX, AYs AZ)

by the properties of projectiqhs. /

Observe analogy between matrices and vectors in the
;operatibn'oanddition and mu]tiplicatiohAby:§c;1ars;
: '[h] aé h3]x: [by by bg] [a;eb; ayeb, aj:b.],

. A[E] aé as]

[na; aa, rag].

X,




~ which is called a linear combination of - n Vectors.
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/

Genera11z1ng, we have
> ' o> n B
cqPy 4 c2P2 t .o P =”k-] ¢ P

Direction-angles, -cosine and-numbers:
- -+

Let- r =.0P be a position vector with length r. The‘angles

> - . . E
o, By ¥ that.are made by r with positive sides of axes are

direction angles, their cosines cosa, cosg, cosy " are direction

cosines and numbers proportional. to

direction cosines are direction numbers

’ .between them (Os‘ <w).

of OP

“Since scalar proaect1ons of

P(x, Y, zZ) ‘on the,axes are.

Xy ¥s Z- one has

cosa =

~|x

o = ¥ - Z
f cqse._ o cos' Y =7

~ "and consequently X, y, z and fbr-‘k'? 0, kxy Ky, kz are direc-

tion numbers.

3. Mu]tip]icatibn‘of Vectors:

There are two kinds of multiplication for vectors, scalar

and vector,multiplications, the reésults of which being scalar and

vector:.

a) Sca]ar product of two vectors:

Let~ A = (al’ P a3), B = (b 2, b ) be two vectors

Then _ v o o S ,
| 'A.B = |A|[B] cose '

1s caT]ed the sca]ar;product of A and B, where B8 1is the angle

’
. .
! ~ - !
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. The. product is also ca]]ed dot product or inner product,

“and also denoted by A|B, (A, B), <A, B> or «A, Bx . o

Thc scalar product. A.B certainly vanishes when; A=0
.‘orﬁB = 0. For non zero véctors,’the prdduct is pocithe,‘zero or
hegatiué aCCording as O 1is an acute, right or obtuse.png]e,

i

Geométric»interpretation§°

1. If OB'f is the proaecf1on of 08 on OA, then

-+ - . . . 8
0A. 0B = OA. OB' - | / »
’ . , - . B r:‘: -
2. .2, 2 g % >4

2. The cosine law- a” = b tc“-2bc :cosa
for a triangle ABC can be.expressed -
in the form '

- > > ' : :
|Bc|? < |aB|% + [Ac|? - 2aB.AC - %

3. Two 'non zero vectors are perpendicular (orthdgonal) if

and.only if the1r dot product is zero:
AMBe® 8 = w/Z@ A.B =«0'
4. The dot product of two vectorS_With known lengths (of
variable directidns) is maximum or minimum when théy -
are parallel in the same or opposite senses.

Physical interpretation:

If a particle is moving on.a line ihfthe‘direction of a

- -> : .
- vector R, under a force F, then

. . > . X -»> t

the effective force "F, is the projection AR
' . . -> -5 ! N . ., H
“vector of F ‘on R .in the direction S—

> > .
of motion: F.R = F_.R.~
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Pfoperties::' .
1. A.B = B.A (com. law)
2. (MA).B = A.(AB). = A(A.B)  (xeR)
3. A.(B+C) = A.B + A.C o (dist. Taw)
' The first two probertiesxaré direct consequences of phe.
definition. _ . | -
o To prove the distributive law
|  A.(B4C) = A.B + AC |
>
consider BR ="0C (See Fig.), and

projections B', R' ~bf B, R on

"0A. Then | : L

u

A.(B+C) = A.R

[{

A.R' (Geom. interp. 1)*
A.(B'+C?) '

AB' +A.C }(6o1linearity of vectors)

A.B +A.C  (Geom. interp. 1) m
Now.we derive the analytic expression o

A.B = aibj + qzbé + a3b3

_for A :.(a],faZ{ az)s B = (by, by, b3).

Expanding _
, A.B = (ali+a2j+a3k).(b]ifb2j+b3k)
by distributive law, we get nine terms, six of which are zero by
properties

i.j =0, j.k=0, k.i=0

for orthogonal vectors i, j, k, and the remaining terms are

'ﬂjb]; a2b2’ azb, by the prbpertiea‘ i.i=1, 3.3 =.1,’,k.k =1

fof_unit vectors i, j,k



then
, ] o - A
AB = [aj'aé as] |b, :ﬂ[a]bi‘+ a,b, +'a3b3]'= A.B .
| b3  , o
Example 1. Given thé'vectors‘ :
‘A= (2, -3, 4), Bz (5,6, -1)
find o

a) scalar projection of B on A

129

" Then

A.B‘= aib] + azb2 + a3b3

If.the vectors are written as row and column vectors

A= fay 3y 551 B = by

PR o ' ng

'b) vector projection of B dn A

c) angle between A and B

§

Solutidn.

a) A.B = |A[|B] cos ©
o scalar proj. ,
= 2.5 4 (-3)6 +-4(-1) = /h19+16 |0B} s 8

.

= -12 = /29 [0B|cos 8
-5

|0B|cos 8 = -12//29

- - .
b) 0B' = - ?g% T%T! (A/|A] is the unit vector in the
: direction and -sense of A)
Lo .2, (2, -3, 4) | (- 24,36 48
N 4] S\V.Z9 2729 " 79
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. AB. =12 oo _-12
oS8 - TATTBT = 720 /o7 —2 O = 8rccos  Smm o
Examp]e'z.‘Given vectors _
A= (2a, -4, atl), B = (3, a-1, 2)
determiﬁe agR such that _ ‘
a) A1B . b) A//B

Solution.

a) AiB = A.B z " , ,
= 6a-4- +2(as1) =0 = a = -3/2
. ‘ A . »
p) A//B S . » | 5 (no so]ut1on)v
Example 3. uiv - “tors
Az (1,6, 9, 7y, € =1(9,1,7)
wri , if possible, C a - " combination of A and B.
So!ﬁtionp.

= tA# SB o= (9, 1, 7) = (1, 63 4)+ s(1, 9, 7)

<ty

T tés = 9, 6tr9s = 1, 4t+7AS = 7.
of whs the first-two gfve t = 80/3, 's = -53/3. But these do

‘not satisty the third one. Hence C cannot be expressed as a

linear contination of A and B.

b) Vector product of two vectors:

The vector product of two vectors A and B, in this order,

is the vector o Y
) ) ) -
A x B ='n |A]l|B|sin 8
. : ' -
where 6 s the angle between them (0¢Bg¢w), and n s the unit
vector such that A, B, n form a positive system (“ﬁJ-AJB)‘

,
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AxB

In case of collinearity of A andu

3y

‘B (8z0" or 6=z7)  one has AxB = 0, and

L
n

is uncertain.
) . o -
Vector product is also called cross product or outer product

N : . ) ' B ~ -
and denoted also by the symbols AaB or AB.

T

Since |A]|B|sin 830, then AxB (for non collinear vectors)

and-‘; have the same sense.
 AxB vanishes when As0 or BQO‘ or when A .and B are
co]]inear.. . : | | .
It follows from the def%njtion that
1) AxBl'is perpendfcu]ar'to both A ‘§nd B (directiod)
, é) AxB is oriented so fhét A, B, AxB is a positive .
» system, not necessari]yrredfanguTar (sense)

.3) |AxB|=|A||B|sin 8 (length).

For non zero vectors, the vector product AxB vanishes
if and-only if A//B.

Cofo]]ary;flf a is a p]ang perbendicufar to, 6% and if -
) . -> N ’ . .

the projection of O0B: on o is d%', then
' > > - > ’
1. 0A x.0B = OA x 0B' : 4
> I e o > ' > E
2. 0B” = OA x OB is obtained from O0B' i rcts 10 0B': i
about 0 through 90° and magnifying it ! a = iA[.
. Proof. ' . : - AT
“1) The- two products,have obvious]y‘ : o [ \j?‘B

the same direction and sense (See Fig.). .

To show the qua]fty of lengths, we have

|AxB| = |A|[B|sin'0 = [A]|8"]

|A]|B'|'sin Z = |AxB'[|
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) B s AXBLA, B 5 0B"L 0B',
| A||B|s1n 8
and =n

Propert1es

1. BxA = -AxB (anticommutative law)

2. (AA)XB = Ax(XB) = A(AXB) (AeR)

3. Ax(B+C) = AxB + AxC (diStributivé”]aw)

The firgt two pi.operties are direct conséquence§ of the

N

definition.

y To prove the th*-d. v~ use the above.Corollary.

o s . > - 5
; In the figure, ' and OR' are projections of. OB,
i > T > ' ' : . ' ->
. .0C and OR(= OB+0C) ¢ -+ a perpendicular to OA (the
g 0 - ) + ) - : o
4 prc =2ction of OA is the , . 1)
g . : —"
3 7 Rotating the parallelc : S ' Qi
l 0B'K 2 - by m/2 about -0 "and ‘

magni ing by a = |A| we get
the parallelogram O0B"R"C".

Now by the quoliary we have

5> > -+ -> -> ->
OAx(0B + 0C) = OA x OR = OR"

= OB" + d%u'

I

> > -> -
OA-x OB+ OA x 0C. ®

. .The analytic expression for
AXB = (éli 1 azj + a3k)x(b]i + sz +-b3k)
is obtained by expanding it'by the use of distributive law.
Expansion gives nine terms, three of which are zero by the relations

/

ixi =0, Jxj =0, kxk.z
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“and the .sum of the remaining six~terms'w111 be. - _ S @
AXB = (aybg - agh,)i '+ (aghy = a;bg)i + (agb, - aby)k |
or S \
| AXB.i'(azb3“ a3b2, §3b]-%b3, a]bz-azb])
since. I ‘
jxk = -kxj = i, kxi s -ixk= j, ixj = -jxi = k. m
Observe that AxB .is equal to the symbolic determinant
i§ ok
ay ra, a (= Axe) . o
b] b b

2 3

Geometric interpretations:

1. For non zero vectors R = (a],az,as), B = (b],bz,bé)i,_
a s

- e -+ a-l az 3
A//B &> AxB =2 0 @ — = == = —

2; |AxB[’=(Argé of the quaJ]e]ogram OARB with’adjacent';idés
 [0A], [08])= |0ARB|, | - | i
-where,thé index "2" repqesentb the dimension. of the measure.. 1
The first one is a direct coﬁsequence of the definitj?n.- . @
~ For thg.seCOhd one, we haye | ' o 8 R ’ i

[AxB] = [nl|A]|B|Sin © = |A|[B]Sin @ = |0ARS],. 4é§§§§§§§§§?7 :
. - o }

‘Observe that thé distance between the end point of one of F

the vectors to the second vector can be obtained by the use of

)

cross product.

- Physical interpretfation.

. . -> ‘ .
Given a sliding force vector F and.a fixed point 0
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- (See Fig.), then.the vector product
S . : -> .
65;x;?~ is the moment vector of F with

respect'to the point O, which_is_ina

d?peﬁdent of 'the .point of apﬁ]ication
P ‘oﬁ .2h> / |

The independénce of"d? fo' from P (on g) is éhown as
follows: | ’

1. OPxF is perpendicular to the plane determined by
0. and g (fixed direction),

2. Sense of n is una]tgred,
: N _ .
3. |OPxF| = |F|]OP|Sin 8 = |F|h.
o : ‘ 4 o
Example 1. Given the vectors A = (t;‘4, tz); B = (-2, 4t, 1),
a) find teR such that AxB//yz-plane, - o
b) find the area |0AB|, for t ‘determined in (a)

Solution.
, i J ok p .
2 a3y 2 . 2
a) AxB = |-t 4 th) = (4-4t7)1 - (2tTet)] + (4tT+8)k,
: -2 4t 1| . S

AXB//yz-plane =5 AxBli ' - , By
35 (AxB)li = 0 D 4-4t3 < 0 = tal '

b) For t=1, A= (1, 4, 1), B.= (-2, 4, 1). Then

|0AB|, = % [AXB| = 3 |- 35 + 12k| = 3 /753 = 3 A7,
Example 2. Given the point A(1, 9, 7), B(9, 4, 2),
c(o, 1, 3), ‘: " - :
k* a) find the area |ABC|2

: . L, o
b) find a vector V//ABC and perpendicular to z-axis, if any.
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Solution.
’ : 1 > - . - I
a) |ABC|, = 5 |AB x AC] _ ‘ , |
AB = B-A = (8, -5, -5) SR - :
> N : ‘ oo
AC = C-A = (-1, -8, -4)
> . . |
ABXAC = (-20, 37, -69) S ‘
| ABC|, = /% 2 4 372 + 692 - o
b) V.= (8, -5, -5) + u(1, 8, 4)

[

(8x#us -5248u, -5atdy )
Vok = 0 2 -5344y = 0 = y = 57/4 o
SEVE A N P | e

Trip]e products. o ’ , |

If a cross product of two vectors is multiplied sca]ar]y !

?

or vectoral]y by a third vector, one. obta1ns what one ca1ls a ' E
1

tr1p1e product.

If A, B, Cv‘are threé vectors, then (AxB):C, (AxB)xC,

Cx(BxA), B.(CxA) are examples,of triple products.
. AxB.C, being a‘scélar and involving two operatiOns, is

i L}
~called 2 triple scalar product or a mixed product, wh11e the vec- ﬁ

{or (AxB)xC is called a tr1p]e vector: product. . o A

Now we obta1n ana]yt1c express1ons for a m1xed product and 3

tr1pTe vector product

~

i; Mixed product:
Let ) > )

A= (a], az, 63),vB

I

(bys by, bg), C = (cqys €y C3)

be any three vectors. Thern

o

1 %2 %3
’ - /
AXB.C = |by; bj by
(:.I C2, C3 !
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Indeed,
i § k ‘
a; ap agl . (c], c2,-c3)’

by b, by

1

- AxB.C

"

(Cqy Crp Cy3)-(egs cps €3)

¢

 wheré C]],yclz,fc13 are ‘cofactors of i, j» k. Then

4+ C

»A%B.C = C +;C]2 ?2 13 €3

\ .
Corollary.: In a. m1xed product the 1nterchange of the "x"

and " " does. not a]ter the mixed product

AxB C' = A.BxC

Proof.
;. ) :
A.BxC = BxC.A  (commutativity of dot product)

. , o
o by b, by a; a, ag

. v.—.A C-I CZ CB D l°| !o.,_ L_g = AXE.’(?
a] az a3 ‘ C’ C‘." r_3

We denote AxB.C or A.BxC by the symbol (A B C) so

’ thaf wé have

(A B C) = AxB.C = A.BxC = b]' b, b3
. I ¢y ¢, c3p-

Since (A B C) is a'determinaﬁt it obeys the properties:
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1. (oA, BB, ¥C) = aB¥(A B t)
2. (A +A2 BC) = (A B C)+(A B C)

3. (AAB) =0 _
. (ACB) = (a8 C)
5..(ABC) = (BC A) (C A B)

The last. property states that (A B C) is- unaltered under :

a c1rcu1ar permutat1onsof the Tetters: Jf ‘\ : L
B._C
. s . ~

" Geometric 1nterpretat1ons

If 3A(ai, az, a3); B(b], b2, b ), C(c], °2’ c3)s then

I(A B C)l (vo]ume of the para]]elep1ped

built on |0A], 0B, joc|) 4’
- 1 - - AxB
= 6/0ABC[; o A
Proof;“ _ .
(ABC) = AxB.C
w0l jslgase

| 0AC! Bl, b [OAC'RB CA'B|3
6]0ABC , '

I follows that (A B ¢} a 0 ¢¢ 0A.

are coplanar.

1

ii. Triple Vector product

: The tr1p]e vector product (AiB)xC being a vector
perpend1cular to AxB, is para]]e] to the p]ane 0AB, and hence can
be expressed as a ]1near comb1nat1on of A and B:

o (AxB)xC = (A.C)B - (B.C)A
Indeed, Tet '




e -[(A.B)C - (A. c)B] =

The two mu1t1p11c

namely B
: remote

t'—\\
(AxR)
clo~~

“remote

AxRxC). =

[
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AxB = ( b -a3 a b] ] a]bz-azb])
L= ( C-l s C2 s C3 )
,wé have :
w] = (asb]-?‘§3)?3 -,(a]b2 a b])
:.(azt‘ 3)by - (b2c2+b3c3)a1
- azczia3c3)b - (b1ci4b2c2+b3c3)a‘
= -C)a]
s -ilarly,
’ W :‘(A. IS P
v . (A.C)
T v
W=t )(by by by 1 3z 23)
< (A.7)B - (B-C)A. ® ’
CoSimil.
poir.g) = (A.C)B - (A.B)C
Indeed,.
. Ax{BxC: = -(BxC)xA

(A.C)B-(A.B)C

at1onrhave the same ru]e of expans1on,

= (C.A)B - (C.8)A

(A.C)B - (A:B)C.
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y
Genéra]ization~of triple scalar and tr;. ‘ v9ctorkproducts
are the following with their éXpansionsﬁ_ | o L S
1. (AxB).(CxD) = (A.C)(B.D) — (B.C)(A.D)
2. (AxB)x(CXD) = (ABD)C-(ABC)D = (ACD)B - (BCD)A
‘,1. {AxB).(CxD) -‘(AxB)xC.b (interthange:of~;i§ns)
' = [(A;C)B - (B.C)A].D ,
= (A.C)(B.D) - (B+C)(A.D)
2. (AxB)x(CxD) = Ux(CxD) -
Y s e - ey
| = (AxB.D)C - (AxB.C)De -
. T - (ABD)C - (ABC)D
(AxB)ng%Q) = (AXB)xV o

(A.V)B - (B.vjA
(A.CxD)B .- (B.CxD)A
= (ACD)B - (BCD)A. =

"

C. VECTOR SPACES S o
The'concept of vectpr space is baséd on the ‘wcepts of
group and_ field. l - |
; | A ngEP is'a non empty set G " of é]ementﬁ Y sfng]e
operation, denoted by "o", is defined (that is . da, béG, then
aobeG)' safisfying.the'three axioms below: -
' G]. For.any three elements ‘a, b, c  of G, not necesﬁarily'
| distinct: ' | ) 7
(éob)oc = ac(boc) "(associative,léw)
G,. There is an elemeqt “é" in G, called the identity

" element, such that



)
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da 0 €e = 4a

fo

r any ‘aeG.

Given any element "a" in G, gofrespondihg to it there

. is unique element, denoted by &~

of a, such that

-]

If furthermore‘

G4. aob

-

boa

f

holds, then “the  oup i-

‘gioup.; '
If the

ad itive group

op: .

]; called the inverse

or 'véry a, beG (commutative law)

ed a commutative group or .an abelian

is the‘addition "4", the gfdub is an

ration "." the group is a multipli-

.cat: qroup.
, The ideflitj L n.additive group.is denoted
By. cand in o ﬁu]tip]i; ‘y\"i" or “i“..
n addifive’nréup the element a~V of "a" is written

-ay i the addi. -z inver;;‘ui “a". 74 in a multiplicative
Anela _ 5 called the multiplicative inverse of "a"

'frizfng: | »

For . additi _ommutétive group the axioms are .
fati a+(b¥¢) (associative law) ' 
2. O+a = a+0 = a (existence of zérd element) .

3. (-a)+a

-

ait-a) = 0

4. atb = b4a

-(existence of inverse) .

(commutativej1aw)'

while for a mu]tip]jcative'commutgtive-grphp;

{ab)c

1.
2.
3.

la
-1

. ab

-

a

a

aa

[ .

(bc)

a
-1‘
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ItTfs'eagy.to verify-that the set R of all real numbers
is an additivé'commufative'grdup; whilé. RtARé{O} is a multipli~
'cat1ve commutat1ve group

The set M of a]] real matr1ces of the same size is a -
commutat1ve add1t1ve g}oup, and the set Mnxn‘Of.a1] non singu]ar
. square rea] matrices is a non commutat1ve mu1t1p11cat1ve group
_ Examples are -numerous. '

V’Now we défjhe‘a field: Aset F‘;'{a,,B, ..Q}k is caijeq a
o ! -1'T F . is an additive abellan group,

i F% ‘1s a mu]t1p11cat1ve abelian group,

iii. Distributive law holds: a{BtY) = aBta¥

'The,elements‘of a field are called scalars.

The familiar examples of fig]ds are the set R of all
‘realynumberé, and the set € of ai] cohp]ex humbers. ‘ '

Vectbr'SQace:F-

Leﬁ Vo= {u, v, i) be’a)non.empty éet,‘ahd Tet
F = {a, B, i.;} be a ffe]d. Suppose in v fhére is defined an
operation of additfbn. Then V %s called a Veétor Séace over
the field F, if | | *

I,V .is an additive abelian grbupi

1. (u + v) + Wi= u 4 (v 4 W)

2 04\U.-_uv-'t-0:=u
3. (- u) 1u = u‘iv(- u) =
b.udV=v+tu
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if <f,'g> = 0, and
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1I. For ahg u, veV and any a, BeF:
1. Tu = u
2. (aB)u = a(B u)
3. (Q*B)U = qU + BU
4. a(u+v) = ou t av
 ‘This field isbdenoted by V(+, R). The elementS of F )aré
scalars while the elements V are called vectors.
‘ Among mény vectors Epaces we mention the following as
examples: 4 ‘ '
- Example-]. The sget
R3 Z {(X, Yo Z): X5 Yo ZER}
of all ordered triples or vectors_fn 3-space is the vgctbr space
R3(*, R) which become an inner product spa&e R3(+, o ﬁ)_ when
inner product (dot product) is defined.
Example 2. The set
clas b]'; {f: f .is continuous .on [a, b]}
is a vector space Cla, b] (4, R) - which becomes an inner product

space C[a, b](+, ., R) if an'innef\product <f, g> 1is defined

-as

b .
<f, g> = [ f(t) g(t)dt
: 3

The functions f, g are said to be orthogonal on [a, b]

. o
TNEN = < £ o= ([ FE(£)dE) /2
. I

is called the norm of f ‘on l[a,_b].'

 Example 3. The set

M

'mxn =i{Laij]mxn: a;4eR}
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is a Vector space (+, R) where the inner product (dot

mxn
product) is def1ned as

<A, B> = A.B = a,,b 4 ... + ay;. b

11711+ ‘In 1n
4 32] 2] oot a, by /
* n] nl el d annbnnv

and the norm of A, by ||A]l = /A.A
" The vector space R3(4, R) has theinaturél.genera]ization
R"(4, . . R)
where )
{(x], e s Xn): xR}
ﬂ1s the set of all ordered n- tup1es or vectors in n-space . in which
the - operat10n of -addition, mu1t1p11cat1on by scalars and 1nner

- \product are defined as:
(Xis o el s.x‘n)‘}'(y]’ e ,'yn)‘-'-(?(]*y],‘ cee s xnf.y.n?
. : . : ' 1
) 'Q(X], el s xn)=(Ax], e s Axn)-
Xy een s xn).(y], vel s yn)7; Xq¥p e b XY

The vectors

\

\

e :01,‘@,-L.. s 0),’e2=(0, 1,0, ... 0), ... , e :(0, v s 0,1)
in this space are un1t vectors and pairwise orthogona] as seen by

app11cat1on 1nner product

(1 when i=j

0 .when i#i
They are said to e on (>1) mutually orthogonal axes Oxl’ e 5 Ox .

sketch of wh1ch cannot be rea11zed when n>3.
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Any vector P'='(x1; cee s X)) can be written as a linear .

combination of ~ej, ... , e. Indeed

' | - : ' (x], cee s xn) = Xjep Fo..o b xe

Linear dependence ‘and ;independence in R":

[

The "k non-zgrd,vectors Uys «ee 5 U are called linearly
| dependent if there exist' k scalars’ Cis «ve s Ck’,"Ot all zero,
| . such that ' »

C]u]\+‘i-' quknk =:0,

‘otherwise u, cee s uk"are called linearly independent. In other

words.u]; see s U are 1inearly ;independent"or 1inear1y dependent
_according as a're1ation ‘ -
v » o CqUy + ... 04 C Uk = 0
.ﬁmplies»or‘does not imply 6]:0,.... . ck=0;
" Theorem. In the vector space ®"
1. n.'vecfors ‘

'vu]'z (u]], e u]n)

ué_z'(u2], ces ’»u2n);_
U= (un], che s unn)

are Tinearly dependent or fndependent according. as
detfqu] :
is zero or non zero,
2. There is a set of n linearly independent vectors,

/

3.‘Any m+l  vectors are.lineafly dependent.
Pkoof. §

1. Setting
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ciu] Yt .ot CU = 0? (cieR)_.

) nn
one has v '
| C](unf e ,‘u]n)j cee t cﬁ(un1,r...., uﬂ“) =0
or ' '
(t]ujj+ e +cnun], ...-,fc]uT *Foo.orcu )z 0

n n-nn
'implyiﬁg the hbmogeneous équaré system
- ' UiCy 4 ... tugc =0
' ln l'f et Yanln = ‘ _
of 11near equat1ons in the unknowns. €12 -ev 5 Cp of which the‘
determ1nant is D = detlu r | o
| If D#O, the system admits only'the tr1v1a1 so]ut1on
clzo;_..i : €, =0 /mean1ng that, the vectors are ]1near1y 1ndependent
I D= 0, the system adm1ts solution other than the tr1v1a1
' one, meaning that not all cﬂs are zero, and the vectprs are
Tinearly dependent. , - ’
‘ 2. R" .contains ‘the unit vectorsl :
e =01, 0, ..., 0)s vv s ey = (0,0e.. , 0, 1),
which.are Tinearly indepéndeqt §ince detlu [ is II | = 1 0.
| 3. Let Uy ey uh;kun+i be non zero vectors in R".
The tﬁeorem is proved if n of them, say . uys .;. ’ un' are

linearly dependent, -in Which casd Ups wee 5 UL, Uy are

n+l
‘linearly dependent.

Let then. Uys woos un"be Tinearly independent. It will
then suffite-to prove that wu = u, is-a linear combination of
/ . ’ . .

I PP
cyup + ‘vc‘u = U
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This:équa]ity is equivalent to

CqUpt oe F CoULy = Uy /
3 B .

~ . '

u,  + ... 4 =
€1 Chllnn = Y

with detluijl #0. Hence there is a unique solution in c's, mean-

_ing that hfl vectors u]; eee 5 U, u are linearly dependent.

Examgle.]l Given the vectérs A=-(1,2, 3), B=(4,5, 6)
C=(-2,3,0) and D = (0, 11, 6) in R> show that A, B, C

.are linearly independent, and ﬁhén-expréss .D as a linear combi-

nation of them.
Solution. Since
1

4 24 #0

w o N
o o w
I

-2
A, B, C are.1inear1y'indepgndent.
Writing A | . _

(0, 31, 6) = a(l, 2, 3) + b(4, 5, 6) + c(-2, 3, 0)

we have \
{i T ' " atdb-2c=0
L 2a 4 5b + 3c = 11
3a +6b - =6

solution of which being a=0, b=1, c=2, we have

D =O0A +B +2¢
‘ Example 2. Given the vectors A = (1, 9, 0, 0),
=(9,-1,0,0), C=(0,0,7,9), D=(0,0,:-9,7) and

= (1, 2,3, 4) in &%,

it _— a) show that A, B; C, D are matually orthogonal,




1a7

" b) TeSt,‘A,VB, F, D fqr iihear ihdepehdénce, and if it is
- the case, express ‘E in terms of A, B, C, D.
-Sblution.; '
a) A.B =0, A.C =0, A.D =0, B.C =0, B:D = 0, C.D £ 0
B). |t 9 0 0
L o . o |
' - = -10660#¥ 0 = linear independence.

o 0 7 9 R
0 0 -9 7

=E’-_a'A1bB-ichdD 4 .
= at9b =1, 9a-b = 2, 7c-9d =3, 9ca7d = 4
57/130," d = 1/130. -

N

‘= a=19/82, b =7/82, ¢

vBases:

" A set B = {51, ... ,'bk; ...} of vectors:in a vector space
V(+, F) is called a basis for V(+, F) if =

1) bT’ bz,-... are linearly independent

2) by, by, ... generate (span} -V, that is any'veétor in
V is a linear combination of “b's. ' '

if bi's Arg mutuai]y orthogonal, then B is called an.

orthogonal systém and if furthermore bifs are unit vectors B
1 i - R

is said to.ﬂe,an orthonormal system..

Clearly {i, j, k} is a basis for IR3(1, R), _and

{e1;’...,, en} is a basis for VR"(+,'R),'and each set ié orthonaormal.

For the Vectdh_épace' Myyos 2 basjs is -
1 0] fo 1] [o o] fo o}
o0 of'[o of 1 of o 1

Indeed, _ ’
,]) these four matrices are 1inear]y.independent; since
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S % =0 = "a=0, ;b:O, “¢=0, d=0

.

a,b v 4 . ‘
2) Any matrix ] .i""MZXZ is a linear combination

fa b] 1 o] fo 1] . fo.0] |0 0
. = a e b +C +d |-
c df o o 0o o] |1 o 0 1

. ' ‘ ' C ay a,

Reca]l that in M, , the inner product of A ={ -

2x2 - .

: b] bo| - . : - ag

B -~ b b . 'iS‘ ' i . ~,\.‘

-7 T b3 by c ', | o .

<A, B> = ajby + ayb, + agby a b,
Example 1. Show the following:
a) Any non zero vector in R is a basis for . R](e, R).
'b) Any two non zero non paral]e] vectors in szis a basis
for RZ(+, R) | | .

c) Any three non zerao non cop]anar vectors in 4R3 fs a

bas1s for. R (f, R}.

. Solution. ‘ A
a)'Lef 'A = (a)#m ‘be any. vecfor in Rl with a#O ‘Since
det|a| #0, A is- 11near1y 1ndependent, and any vector
= (b) is equa] to -E A. )
b) Let A = (a], a ) # 0, B = (b 1+ b ) #‘0 be two non
(—lr—z)

paral]el vectors They are 11near1y
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. i
X : lay - a : :
oy C . 191 @2
1ndeoendeot, s1nce by b2 = a]b azb] F0, and any vector

:A(c], c2) ‘can be written as a 11near conb1nat10n of A B'

- C-l' = aa:] + .Bb]
C=oh + gB < o
: o €2 = ad,y A 3b2 s
“the Tatter admits a unique solition since b |FO
' ) . g 2 .

c) Let A = (a],'az, az)7#o0, B =2 (b 2,‘b )?0,

= (c], Cos cs)#o be non coplanar vectors in R?. Since - A, B, C

are non coplanar we have

, 1% 22 23|
(A'BTC) = by “b2 baf #0
¢y c2 t3

shonuqthelr 11near 1ndependence Any vector D din- R3'_Can be
written as a 11near comb1nat1on of A, B, C: |

| D = oA + 8B 4 ¥C '

_y1e]d1ng a system ‘of linear equatlons in a; e Yy solutlon of'

which exists s1nce determlnant of the system is- not zero.

-

Linear dependence in LLJ,(+, R

Let f](x), o ,‘fn(x) € Dn'][L], that is, let frlx)s ...

fﬁ(x)‘ Be .n -funotﬂonsvdifferehtiable'up to the order n-1 on

an inte}val “T.

These funct1ons are said to be linearly. dependent 1f there

exists sca]ars Crs aee ch not a]] zero such that .

W

c]f](x) + ... 04 cnfn(x) 0,

otherwise they are'lioearly-1ndependent

D1fferent1at1ng it success1vely up to the order n-1 we

get the homogeneous system
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C]f],f' 1 cnfn =0
c]fi + 1. cnfa =
C]fm—n+..d c f0-N
, 1 " -
of linear equations, implying i
f] fn

T ; . (z0  (non triv.sol.)
W:N[f], LY ’fn‘i‘:. f] CIRENY fn . .- | |
1{#0 (only triv.sol.).
g0 g0 :
1 N

'

where W is-called the WRONSKIan of the given set of functions.
Hence a set of n functions fis ... s f s linearly
indépendent'or 1ihéar]y dependent accordingias H[f1, cee s fh]'

js identically zero or non zero.

Example 1. Show that

a) two constant functions,

b) three linear polynomials,
c) four quadratic polynomials

are linearly dependent in any interva}.

Solution.

a) Let P(x) = a,,

Q(x) = b, be two constant -functions. .
Then forming the WRONSKIan, we have '
L . a0 : bO : ’
S : WP, R|. = | = 0 = 1linear dependence.
T.. ‘ . 0 . 0 .

13{, _ . b) Let P(x) = 2,137X, “Q(x ) = bdab]x, R(x)'= F04c1 be

three linear po]ynqmia1s. Then
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ao+a]*'.50§b]x. co4cix
] T T
o , 0. , , o
Tinear dependence. |
¢) Proof is similarly done.

Example 2. Test the following for linear dependence
“a) eX, e7X, “ch x b) 5, «x, xZ .
c) sin x, cbs.x.> 'v d) sinzx, cos®x

Solution.

, eX e™* . ch x| .
a) We*, e™*, chx] = |e¥-e* shx|=ov
: : exx e * ch x
{Compare the first and fhird rows). o )
They ére linearly dependent..
- 5 x »x2 - )
b) W[5, x, x’] = |01 2x| =102 0 (linear. ind.)
‘ 100 2 : '
sin?x doé?x

N s 2
c)vw[51n2x, cos¥] =
2sinxcosx’ -2cosx sinx
sin x cos X

= 2 sinx cosx _ = -sin2x#0 (linear ind.)
' ' cos x -sin x| :

EXERCISES (3. 1)

. Plot the following points on a positive rectangular coordinate

system: -
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a) A(2, 0, 1) b)qu(O,‘3,--2)‘ c) ¢(2, 2, 0)
)01, 1, 1) e) E(1, 2, 1) ) F(0, 0, 3)

2. Examine positfveness (negativeness) of a'cartesian system
' thCh is symmetr1c of a p051t1ve cartes1an coord1nate systen'
w1th respect to: ‘
a) a point ; b) a line o c) .a plane
3.'Find the symmetrics of the_point A(1, 3, 2) »w1th respect to the
a) origin ° : b) x-axis - c) y-axis d) z-axis
e) yz-plane f) zx-plane g):xy-plane, 3
. ABdDEF' is a regular hexagon with unit side. D‘/
. BN 2 MR 2 A
.write AB + AC + AD + AE 4+ AF as a multiple
o . =3 F
of.o vector ano find its length, £ ‘e »
Ty o ‘ : 1
5. ABEF and BCDE are unit squares. 1;
R i 4
Construct the following line vectors ‘
and compute the1r 1engths L A . B8 C
> N ) i > IR R Y .
;a) FE+FC.. ~ b) FC FE c) 2FE+DC = d) FC-DB+DC ) .

&

. By projecting~the sides of an equilateral triangle ABC onto

"a line inclined at an angle © to one

of them, show that ‘ o e
: ‘ _— Comy
cosQ = cos(@ + 3) + cos(G = 3)s | 8
s1n9 t s1n(9 +-—ﬂ) -_s1n(9 ‘ 4" =0 < y © >

i

. Construct two vectors whose sum - and d1fference are the given

-5
vectors U and v

. Theree forces of" lengths 3,5, 4 iunits are in the directions

°; 1200, 215° from East F1nd components of. these forces in

the d1rect1on of North and East. Then find the direction of the



9.

3

10.

11.

BER

13.

.14,

15

16.

17.

18. Given A = (1, % 7), B =(9,4,2), find t for [A+tB| to be.

19

s, teR such that A.A is a minimum,
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resu]tant force.

Compute{ ' . R ' =
a) (31 + 2§ - 4k).(3i - 2§ 4 7k) b) (7,
“Find XeR  for the vectors i 4 2 4 3k

. 'to Be orthogonal,
Find . (A-B).(A-B)

Given a vector from A(2, 3, -4) to B(-

8, 4).(5,.{9,'4)‘-

“and 47 4 éi + Ak

"4 5, 6). find the .

magn1tude and d1rect1on cosines of the vector

Expand and s1mp]1fy

u = (2a - 3b) (a + Zb)
where |3] =3, [b| = 4:a, B = 7/3
'Evaluate cosines of the ang]es os Bs Y

‘having vertices at A(], 0, 0), B(0,

. Show: (3 4 D)2 =32 4+82.,72%

of the triangle

2,0), ¢(0, 0, 3)

Given " A = (1, 2, 2), B = (3, -1,'1), find

a) A.B b)llAl ‘ ¢) vector component of B in the

direction

‘

of A.

a) Given A = [3, -12, 15J 4 tL 5, 20, -25]

find teR such that " A.A 1s ajm1nimum.

b) Find s; t not both zero such that
s[3, - 12, 18] + t[-5, 20, -25] -

a minimﬁm.
- a) Given A = (1, 2, 0) .- s(4 5, 2) - t(]

, 2), find
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‘b)) find a, b, ceR not all zero such that
a(l, 2, 3) + b(4, 5, 2) + c(1, -1, 2) = 0
20. Given A = (-1, 2, -2), B = (1, -4, 8), find unit vectors
in tﬁe»direction of '
a) A . b)B . -c)A-B
21.,Place three. vectors. of lengths 7, 24, 25 uﬁits to have a

zero resultant.

-+ >
» by ¢ have 1engths\

22. Three'mutually orthogonal vectors:
¢, £, JE respectively.
L S .
~a) find Ja + b 4 cf ,
’ : R > O o
'b) find angles between a # b 4 c and a, b, ¢
23, 'A certain -force 3i - 4j - 2k kg pushes an object in the
~ direction of the vector A = 2i - 3j + 5k by a distance equal
to |A| ‘ ’
d) find the work done
© b) find magnitude of the force and displacement

" ¢) what is the angle between two vectors?

24. A vector makes an angle of 60° with the x-axis, 60° with

y-axis. Then find the ahg]esthat it makes wfth z-axis.

25. Let A = (2, 4, 4), B = (3,3, 0), C= (1,5, -1) and
G = B-Ar, H = C-As-Bt.iwhere r,'s, telR are such that N
A.G = 0, A.H =0, B.H = 0, Find r, s, t.

26. a) show that in a paralielogram the sum 'of the squares of fhe_
sides is equal to the sum of the squares of diagonals.
b)'shdw that in a triangle, the sum df the squares .of the

sides is equal t3/4 of the sum of the squares of the medians
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27. Expand and simplify: (2A - 3B)x(A ¢ 2B)

28. Find (AéB)i(A+B) and -interpret its absolute value geometri-
~ cally. " ' ' AR

29, Show: A4B4C = 0 => BXC = CxA = AXB
30. Find AxB where A = i£2j—3k, B = 4i-5j-6k _and find ‘sinG
for these vectors. ' L ‘

31. Find un1t vectors perpend1cu1ar to both . i+j -and Jj#k.

-32. For what value of A w111 the vector from A(2, 1, 4) to »
B(3, -1, 2) ‘be parallel to the vectorAfrom C(4, -2, 1)  to

33. Let A(0, -2, 1), B(1, 0, 3) and ‘C(3, 1, 1), be the vertices
of a triangle. Find
+ > :
a) AB X AC - - b) |ABC],
34. Given A = (2, -1, 3) and B = (-3, 0, 2), find a unit
vector which is orthogonal to each of the vectors A and B. '

Is there more than one solution?

35. Let A = (2, -14, 8), B = (-3, 21, -12), C = (0, 1, -2),
D= (1, -1, 1). | ’ |
ax compute AxB o i

> b) find a, b not both zero such that aA 4 bB = 0

c) find a, b, ¢ not all zero,vsuch>that aA A.bB + cC = 0
d) find-a, b, ¢, d not all zero such that ‘aA4bB4cCdD =

36. Let A = (3, 2, -1), B =(l, -3, 5), C= (4, -1, 1)
a) find’ AxB " b) AxB.C
Ac) find the volume of the para11elep1ped, three of whose edges

are [OA]. [08] , [oc_‘] \,




37.

- 38.

40.

41,

" 42.

43.

a4,

35,

of a plane hexagon.

.associative law for cross multiplication3
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Given A = (2, -3; 1), B = (1;!2, -1) find a vector X, ifl
any, as the solution of the equation: o
a) A.x =5 . b AX =8 ©c) (AgX).B = -2

Prove that the triangle with vertices P(-1, 4, 3), q(2, 0;_3)

_and- R(-1, 4, 5) :is a right triangle, and the area |PQR[é= 5

Let ABC denote the oriented area of a triangle ABC in.xyip1aﬁe'
that is, ABC is positive or negatiVe actording as A, B, C are
in coungerc]ockwise or clockwise order. Then if A(a]; az),

‘B(bj, bz);) C(c],vtz),gprove/’v

RBT - 5 by by 1
. ¢y © 1
Prove: , . !
: 1 -+ -+ + -»> -> + ! o
a) [ABC|2 =, |0B x OC + OC x OB + OA x. OB| . T
‘ o -I L > > > > -+ -> |
b)_]ABCI2 =-3-(|AB x*AC| + |BC x BB| + |CB x CB])

Prove the identity
- N 2

|A.8)2 & [AxB|? = [A12]812  (LAGRANGE)
Show that the indicated six points
: . { . t
as .midpoints of the edges in a . g j_
right parallelepiped are the vertices |
. Id

Evaluate (AxB)XxC and Ax(BXC) where -A = i+j-k, B = 2i-jtk,

C = i+2j-k 'an& compare the results. Does there exist the

Prove: Ax(BxC) # Bx(CxA) + Cx(AxB) = 0

Determine scalar AeR such that
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'(Ax(Axs)- A C) = A(ABC)
. Prove ' | | ) - o R k” ‘ 4 ' e
a) AxB . (AXC)xD = (A.D)(ABC) o | , o
b) AxB . Ax(CxD) = (A.DJ(ABC) - (A.C)(ABD) |

. Expand [(f] X ry) x ra]xr4.

. Prove = . ‘ ' - . o | PR ”..‘ 2
|AU ALY A |
~a) (ABC) UxV . B.U B.v B
C.U C.V ¢
, AU ALY A ‘
b) (ABC)(UVH) = [B.U B.V  B.u
- C.U C.v

If A, B, C are non co]Iinear,véctors,'prove

| R o _{BCP)  (cAP) . (aBP) |
P=oh +gB+¥C o= %KEE%’ B *~%K§E% » %= {ABC) : |

“'For (ABC) # 0, (abc)#Fo, prove +ha+

F g BXC o CXA e s AxB
= TABCY °* = (ABCS = (ABC) ’ |
. b i

44 “p_ _bxc p.. c€xa . axb .
7R = @bey ,3~<?5?7 -C-,(a, <)
. Prove that the fo]low1ng sets are vector spaces for the given

operat1on, over the g1ven f1e1d

2)R3 4, R B) RS LR )64, R d)C; ., R
. Same question for: ,
a) My o3 45 R - b) CLa, b], +, R .
] a a b
C)M :i :
' 2x2 - ’c c: d

r o} R ‘:” o : |




53,

54,

55

56.

'57.
58.
59,

60,

which is orthogonal to[O 1. i]T.

1.
G1vgn Vl';'ffI"
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. o2 2 4] . o
G1ygn' A ?>l2 4] : B = [5 6] in M2x2(+, - R)‘

a) find <A, B> ~b) find |JA|l » |IB] .

: e A . B> ' . '
c¢) evaluate cosf = S8 . P2 for the -matrices A, B.
vatuate T e :

Same question for’

b T 12
C = 1, D=
(8 4 - -4 10

o] oAl o 1o -
. Test 5 3 ERN for a basis for
: 6 O 0 O 1 0 1 1 - .

M2x2(+,[R), anq if it is a basis express [; 3} as a linear
combination of basis vectors. ’

Show that

ca) (1, i) B) {1-i, 14i} NGaTd

are béses for the vethr space C€(+, IR), and express

-z = 5-3i in terms of the elements in each basis.

_Show that the.three vectdrs -A; A+B, A+B4C are 1ineaf]y in;

dependent if A, B, C are so.

Find a linear combination of [0 1 _I]T’vénd A O]T

4

show

that V,, V, 1is an orthonormal system.

Show'that_there exist scalafs a, b and ¢ not all zero

such that -
Nk -2 4] Jo

a l2] ¢+ b |=1] 4 ¢|-1]'= |0]|.

3] 3 3l o



61.

62,

63.

64,

65.

66.

67.

o 0 3

C=(0, 0, 1//2, 1//2), . D

" (3a, 2a, 2a;°1, 4) in R

159

Given

I PR IR I AU IS VPO [ Y ST
A = 14 73 J‘j 73 k, B = 7y i ,'/Z\?f C-7Ef1-+7g i- 75 k
show that A, B, C is an orfhonorhal'systeﬁ; ‘

Let A = (a, 1, 2), B -(1.b,2) and ¢ = (1,2, c).

'thf must be re]atioh between. a, b, ¢ for A, B, € to be

linearly dependent,

Prove with out any computation that {1 2 JZ]T, [o 1 .Z]T,

|7 constitute a basis for R®. Then - N

" a) express (3 6 QIT‘ as a linear combination of the vectors

of this basis, v
b) which of the vectors of:this_bésis may be replaced by

[3 6 S]T _and the resulting set still being a basis}

given A(0, 1, 1), B(1, -1, 1) and C€(11, 2, 0), find a

. linear combination of A -and B that is orthogonal to C.

Let "A-= (3/5, 4/5, 0..Q), B'= (-4/5, 3/5, o;'O).
(0, 0, -1/VZ, 1//2).

Show that A, B, C,.D is an orthonormal sysﬁem.

n

Test for tinear dependeﬁce, and_determ%né'the'dimensipn of
Aithe'space genératedt(spaned) byithese vectors:"

a) (1,3.5), (1, 2, -1), (4, 6,3)

ib) (1. -1, 2), (3, 4, -2), (4, 3, 0), (1, 6, -6)

C) (]a 0’ 4, 3)9 (2: ]" 83 '6), (33 ]’ 49 8)
d) (2, 0, 3, -1), (4, 1, 1, 2), (0, 1, =5, 4)
The distance between the points (a, 2a, -a, 3, 1) and
5. is /26. What are the possible

values for a?
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' 68. The 'vector [a 2a 22 4|7 and 4 2a 2d a]T dn R*
are'orthogona] What- are the poss1b1e va]uesof a? B N

i o 69.'Test the functJons for 11near lndependence

: “a) sin x, sin 2x - - ~b) 1, cos x, cos'Zx
b €) Ty Xy ean s X" _ d) 1, X, er’ ey ehX

70. Given'sin X, sin 2x in CLp zq](+-,m)
a) test them for orthogonal]ty on [0, 2]

" b) f1nd the1r norms S

ANSWERS TO EVEN NUMBERED EXERCISES . = o
2. a) negat1ve 'b) ‘positive  c) negative
4. 3AD, 6 ' |

8. .3 cos 400, 5 cos'30°, -4 cos 550; 3-c65'50°,>5<cos,120°; 4 cos 2159;
N 4 . . . . . ) ., ‘
3 cos 40%° + 5 cos 30° -~ 4 cos 55° ‘

Cotan @ s e—— —
' 3 cos 50% 45 cos-120° 4 4 cos 215

. 10. -14/3 o _
12. 2/35; -3//35,' 14/35, 5//35 |
14 cos'a =?}?, cos B =‘7—g?‘, cos ‘o’=7%ﬁ-— o
~16. a) 3, b) 3, ) (1/3, 2/3, 2/3) . » o
18, -59/101 | ' |
20, ) £(V -2, 2)/3, b) (1, -4, 8)/9, c) (1, -3, 5)//36
22, a)”/222:£ z;; ' ‘ | A
| '.b) a,‘B,-\ﬂ:f& =.?‘1.arécosv ;;j%fjfrv’ bx,z arccos ?@%ff-
24. w/4, 3n/8 o BT
. 28, 2 AxB, |CDEF|, = 2]0ARB], | \
30, (-27, -6, -13),f sin 9 /ZE"/(7/11)
322085 o
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_34f F = (2, 13, 3)//18Z, yes, - |
36. a) {7, -16, -11), b) 33, c)3
54. a) 13, b) /85, 11, c) 13/(11/88) '
58. af0, 1,117 - 2a[1, 1, 617 for acR
62, 4a‘4_2b +:c - abc ; 6 V
64. 9a(0, 1, 1) - 2a(1, -1, 1) |

66. a) ind., 3, b) dep:, 2, c)ind.,3, d) dep.,2
e 0,1 | ~ -
© . 70. .orthbgonal, T, -/
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RN

PLANES AND LINES
A. PLANES '

Planes will be denoted by small Greek letters =, a, B,

Equations of some special planes:

~a) Plane paraliel to a coordinate plane (perpendicular to -

*a coordinate axis):

n/ky-plara “n/f ¥z-plane vﬁfyz-p1ane
(Horizontal plane) y =b ' X=a

Z=¢C

'b) Plane perpendicuiar to a coordinate plane (parallel to

a coordinate axis):

¥r L xy- plane nJ.xz-p]ane 7LLyz-p1ane_
X 4L XLz PO A
a 4 b ~ ! 3t 1 b ' = !

c) P]ane passing through -a coordinate axis (passing also

- through origin in case (b)):
£
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Equéfion of the plane through a point and perpendicular

to a vector:, )
o Let Po(xo, Yo zo) ~be the given p91nt~
and N = (A, B,.C) be the vector. Let P(x, y, z)
be\anyvpoint of the plane m through Po and

. : >
perpendicular. to N. Then

- R - ".;" —» .
N7 D N_]__Pop £S5 N.POP =0 - N.(P-P ) =0
- Then the required equation is _ , )
n:,A(x—xo).+ B(y—yo) + C(z—zo) =0 o (1)
or
m: Ax + By + Cz + D = 0 (general equation) (1Y)
where D = - Axo'—,B¥o~-szo.

biThe vector E is called a normal vecfor:or'a direcfion
vector,fénd its components A, B, C .are diretfidn'numberS'of the
pﬁane . ' , k ’ |
‘ Obgerye that direction numbers A} B, C appear as
coefficiénts4jn (1) or,iﬁ (1'),*and hence the p]aﬁes
/ 7 Ax+By+CziD = 0 "and  A'x+B'y+C'z+4D' = 0
are parallel if and only if

=
e = (W)

Similarly
AR' ¢+ BB' + CC' =0 <<= ) qf
Remark.’The’plane represented by the general equation
Ax + By + Cz + D=0 is parallel (perpendicular)-to xy-plane
~when A<0, B=0 (C40). Similar results hold when péra]ie] (per-

pendicular) to other coordinate planes.
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Normal equation.’
If the direction vector N of T is- a unit vecto m=,. N

(cos .a, cos B, cosy ), we have = L ¥ ‘///

+ > > >

>, g
n.(P-P)) =0 = n.P-n.P = Q >

+
n

L .
0P = n.oifo 2

+

S ->
n

0P = n.0

-

) - ) L. S ->
where OH is the projection of OP on n

§1 o _ Then, if p = jdﬂ[ r 6ﬁ,='p(cos as COS B, COS Y ) we get
5 n.OP = p

% or

2 ToX Cos g + y cos g + 2 cosY - p=20 . (Zf

wh1ch is called the rorma] equation since c052a+c0523+c052 =1.

p- is the‘d1stance 3f the or1gln from the plane. (2) is also

called the EULER's éqnationf&r_ﬂESSIan form of ﬁ.

The equation (2) can'be'written in the form

miax +.by +cz $d=0,al+b%4c%=1 . (2')

: wh1ch is also a normal equat1on.

: The genera] equat1on (1 ) can’ be norma11zed by d1v1d1ng

2 2

its;évery term by VA + B® + % (#0):

; ‘ ' 1 Ax +B « C: D, . o :
( + B 4 C ~

s¢ that (2); (2'), (2") are all normal. equations

The 1nterest1ng fact about norma] equat1on is the s1mp11c1ty

of the expression of the d1stance of a po1nt p (x s Yoo 2 )
from the p]ane )
| }x; cos o +;y6 cosB +vz0 cosy¥ ;:p[
d(Pd;'w)z' : ,
[Axb + Byo +‘Czof+ D|

AT BT et ‘. )
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Indeed, let A"o

passing through "Po(xo? Yos zo):

1T°.: X cosa + Yy COSB + Z cos

Since

Pqeno, then
X,C08 a + Yo cos‘e + zocosx
= td:xcosa+ycoss+zc
=) ‘. d = [gocos o yocos B+ 2z,
Examplie 1. vaén the point A(3,
a) Write the equat1on of. the p]a
perpendlcular to N,
. b) Obtain the norma] equatlon of
c) F1nd the d1stance of B(2 2
. Solut1on.
~a) (x=3) - 8(y#2) + 4(z241) =
> x-8y 44z -15=0
b) Since J/z + (- 8) 4% . 9, -

X - 8y 4 4z = 15 = 0
5 .

- (pid):d-.

be the plane /7 , ‘

= (pxd)=0
osY -- p

cosr - p|,

. -
and N =

-2, -1) = (1, -8, 4),.

ne w through A and

Ts

—'5)-' . 'f_r‘(;m T

we have

1. 4879

c) d‘(B., ) = I2 - 8.2 +34(-5) -

Example 2.
T 2x -2y +z-3=20

Given the planes
and 7"

" a) show ‘that v/ n'

b) find'the distance d(w, x')
SoTution.
R R AL

P 4x -4y + 22 + 7 =
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i

b) The distancé between these parallel planes is the
distance of a point on one from. the other:

A(0, 0, 3)em, then d(m, m') = d(A, 7')

_lso-4.042.3471 13
= V36 =7

Observe that d :"%-v %1'-(difference of distarices of the
~origin from the planes)’ ‘ ' ‘
. Examb]e 3. Given the planes
T 2x - 2y # 2 +3 =0 rand q': 4x - 4y + az 1+ 7 =0
a) find aeR  such that xpqx', :
b) write a unit'vector:para1Te] to 7.
Solution.

a) 2.4 4 (-2)(-8) + 1.a =0 = a = -16

S0

b) win' S N Aw = M= Ty A
S (4, -4, -16) _ (1, -1, -4)
R 4 S AR

L S
Any unit vector U = (cos g, cos B,.cos¥ )  is perpenducular

S - ey - . i ) )
to-N-.if N.U = 0 implying 2cos « - 2cos B + cosy =0 with

infinite]y»mény'soﬁutions.

. Equations Of'afplane through three points: i N

I - . : _ .
Let P](x], ¥y» z]), P2(x2, Yos Zp)s P3(x3,-y3, z4)

vdetermine a plane # . The unknown equation

it
(=]

Ax + By 4 Cz + D .

and the three cohdifibhs ‘ T \

I
o

‘v ,Ax],j By] ﬂ.Cz].+ D ’
Ax2_+ By2 + sz +D =20
0

n

» ‘ Ax3‘+,B¥3 tCzy t D o
.determine a HLS which admits a non trivial solution in -A, B,

€, D if
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-0 | ()

which is the determinantal equation of thé'p1ane m.

" When expanded gives an equation.in the form (1').

Intercept. form:

_This is the equation of‘the.plane,détermined by threé
points A(a, 0, 0), B(0, b, 0), ’C(O, 0, ¢c) where a, b, c are
intercepts of'the plane with coordinate'axes.\ v

‘The equation is simply H
Lagalane (5)
sinée if‘iS‘safisfied by. the coordinafés of A, B, C.
“(5) can.be obtained‘frdm_(4) difectly.

Compare (5) with -intercept fdrm of a line is 2-space.

Equation of a the plane through a given point and‘péra]le]

to two mon collinear vectorsse’

N Let the given pq1pt and vectors be‘ Po(xo,‘yo, zo),
: . —> B . .
U = (,U-I, U2, U3), V = (V.], Vz', V3).
If. P(x, ¥y, z) 1is any point on the plane w, then P_P
i ! - . .
“will be a linear combination of U -and V:
' > S SIS
PP =sU+ tv
0
or

P =P, +sU 4ty B (6)

“which is a-(paramefric) vectoral equation of .




sca]led theeparametric equatiohs_of T

c Where“ }\] s >\2€R

“family consists df'parallel planes
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. The matrix form of (6) is

X X i vy |
yl = |¥o| =5 fup| tt . vé N (6')
z z, ug Vg

which is equivalent to

"
i

Xg t Suy t tvy

y Yo t Sup t evz ’ ' o (6")

z = z0 t su3 + tv3s

Linear family of planes (pencilwa'planes):

The set of p]apes.throhgh a given line g is called a linear

family of planes or a pencil of plahes of which & is the axis.
AyX 4 Byy 4 c]g t D= 0,  Apx 4 Byy + Cpz Dy =0

are equations df”Eum-detfnct p]ahes'of’the pencil, then the
fam11y is represented by the equatlon '

' w(A], 2p): A](A x+B]y+C 24D ) * 12(A2x482y4c 24D,)=0  (7)

v

* Observe that if.]“]//“Z’ the

(w1th no axis).
Examg]e 4 Given- the po1nts A1, 1, 1), B(é, 0, -])?
C(fl, 2, 0) and D(O, 1, 2), find-the eqﬁat%on ofvthe plane
a) ABC' in the genera] form &nd then get its 1ntercept and
parametr1c ‘form, ~ ' N ' '
_b) through D and para]fel to 'ABC,
c) through BC and perpendiCQIar fé' AEC.

§
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Solﬁtion., ' i ‘

é). X 'y 'z 1
' T 1 1 , ,
‘ o = 0. = 3x+ 5y -z=7 (general form) * |
2 0 -1 1 - . '
1.2, 0 1

i

= -X_ _..L .L.. " ) ) ' !
D 5/3 V775 15 = j (TntercepF form) R

Taking two of .the coordinates, say X, y as parameters,
.one gets

X o= s,f~y‘:_t;' 2 = 3s t 5t - 7 (parametric form)

b) 3(x-0) + 5(y-1) - (2-2) = 0 = 3x 4.5y - 2 2 3
) g e AveyeCred=T
o 7ﬂi4" 4%°UQ,LUXAaq_’ '
, . o . o - e~
7l A > '3;41—1 (? ¢
de T =) 14~ Ce J T
« c i- Tr =) - A48t U ;}»7_

gl e
iy d=/, A\
: . o W%3%T/:{7

t/ -

'Lines‘(§traight lines) will pe denotea by smai letters

2, a, b, d, ... .

B : R \ . .
'~ Equations of some special lines:

’ a) Liﬁe perpendicuipr to .a coordinate blane (parallel to

- a coordinate axis):




AL
’/rc .
’ : ’
: D £
: |
: ! >,
| ,/© 7
e
: 2 Lt xy-plane \«»b . &1 xz-plane ﬁj_yz-p]éne
i .
: (vertical line) .. x=8, z=c - y=b, z=c

x=d, ¥=6 : - L _ .
'b) Tine parallel to a coordinate plané (perpendicujar to

‘a coordinate axis):, T
Lo . %

e e
. . 1 : f
; . % // xz-plane = - & // yz-plane
i . X Y. . _ ' h S o .
‘ Loim rp ey 20 0 Xz o vy .z C e
 xagon, we  CFTEILm e fefon e
*a b T b

3

§f ' Observe ‘that each line is represented by a set of two
, equations.

?i . Equatidn(s) of the line passing through a‘point and

parallel to a vector: . o

Let .Po(xo, Yo» 2,) be a given point |

I

. i L .
and D = (a, b, c) a vector. If P(x, y, z)
is any point of the line F'through Po and
péral]ef to 3, one has '

o L >
PoP /OB = PoP = t D

\



177

called the (parametric) vectoral equation of &, the mairix form-

of which is -

X X o o
2: yi =y |+t bf ' o (1)
z z,) - c :

The équa]ity (4) is equivalent to

X = X_ 4 ta

0 : : ,
£ y =y, * tb : ' . (1)
z = Z‘J + .tc

which are called the'barametric cartesian equations of &.

!

Elbﬂmatjng_ihe,parameter "t from (1") one gets. the
equations

- ‘CO N . (2)

0 X=X,y ~ y-¥0 z-z
. a_ = b

“called the symmetriclebuations_of [

The vector D = (a, b, ¢} 1is the'direction vector and
a, b, ¢ the direction numbers of & . '
Observe that the Symmetric equation54(2) of 'a line & are

equivalent to two simultaneous linear equations, namely

which are the'equations'of two planes containing the Tine 2. Tﬁen
any two linear equations

Ax+ByiCz4D = 0, A'x+B'y+C'z4D' « 0  (3)
of two intersecting p]aneé represent their line of intérsection.
Consequently any line in 3-$face'can be represented by two simul-

_taneous linear equations (2) in x, y, z (non parametric case).



we have
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Example 1. Given the pdints A(1, 2, -3) and B(4, -1, 2),
obtain the o R
§3 symmetric equations,
B) vectdfal,éduation
c) parémetric cartesian eduatibné
d) simultaneous equations
of the line AB. o
,Sdlutiqn.’Since'thelline‘ AB péssés\through the point
A(1, 2, -3) and admitting AB = B - A = (3, -3, 5) as a direc-
tion vector, we have ‘ R '

e
) Bl-ri.2d iy

Taking B. instead of A- as a point on £ ,'we'a1so‘have

x-4 _ yl _ z-2
T3 T3 75

as symmetric equations.
o s ' -+
b) R = A 4+ t AB or P-= B.+ s AB.
.¢) Solving from (a) ' x, y, z in-terms of t,

v

! X_='1f3t, y = 2’3t, Z = -3*5t
d) From (a) we have a

3(x-1) 2 3(y-2),  5(y=2) = -3(213)

or

3x43y-9 = 0, ~ by + 3z -1=20

Remark. Observe that in the symmetric equations {2);bf aﬁ
line, the coefficients of x; ¥, z on the numerators are all 1,
If this is not thé case, divide every terhAin a each fkaction_by

the corresponding coefficient. For instance,



C2x-1-
s

. Example 2. Write the equat1on of the 11near fam1]y of p1anes |

pass1ng through
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yt2 _ -3z-1 ‘Xhl/Z _y#2 _z-1/3 ’ 3
=377 ™ Ty Ty oy , ;

the 11ne

'Then find the member of the family

a) passing tﬁrough the point A(0, 2, j)

+ b) perpendicular tc thevplane T 2x-y = 3

©e) parallel to the line LT o= % - %

" Solution.

5

A(2x - 3y - 8) + u(x - 32 + 8) = 0.

a) A(O -

Tak1ng the va]ues A =5, yu=14 we get

5(2x - 3y - 8) 4+ 14(x - 3z 4 8) =
24x - 18y - 422+ 72 < 0

b) Dot product of norma] vectors '(2 -1, O) and

C{2x+m, =31, -3u) of the p]anesmust van1sh

_Tak1ng the va]ues A =2, o= -7, we‘get

3. "2 s 2x-3y-8=0
x-1 H 5{—3‘ =) "X - 3z *+ 8 = 0

6 -8) 4 u(0-348) = = -14x 4 5y = 0

8x - 5y - 14z 4 24 = 0

2(2A+p) 43 40=0 5 724 24 = 0

2(2x - 3y - 8) - 7{x - 3z 4 8) = 0

‘ -3x -6y - 21z - 72 =0
X 4 Zy -7z 4 2435 e
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c) Dot product of direction vectors (1, 0, 3) and

(2Xx+p, =32, 43u). of the 1in¢ and the member muét vapish:
20 4pM 9% =0 = A -4y =0

Taking  A 1 we have

i
N
-
=

"

! 4(2x - 3y - 8)+(x - 3z + 8) =
9x - 12y =3z - 24 =

INIEB§ECTION, ANGLE, DISTANC

Intersect1ons -

1. Intersection of a 1ine and a plane: Let the line £ and

'

’ plane w be given by the equations: . : \
R A T + '
27 3 _. B :-.’ T = t (D.: (a, b,»C))
7t Ax 4+ By ¢ Cz+#D=0  (N=(A, B, C))

_As the relative positions of. g, ﬁ we have three exhaustive

cases: Ler

Kem - RET

If direction vectoks i; and ?? afeaperpendicular,'one
has ~.Q//n in which case either gfen or &nm = @. In the first case
P,em and the second - P ér : | R B
| If /D N ? 0, the line 1ntersects the p]ane at a po1nt A
wh1ch is determined by sett1ng the coordinates of any point
P(x0 tat, y, +bt, oz 4 ct) of g in the equatjon of m, and
. obtaining arlinear equation in t. If t; is the solution then

_P(ty) s the requiréd interseétion point.
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Example 1. Find the point of intersection, if any, of .

x-1 " y z42

mf x +2y -3z=10 o
o , — g - _ S
Solution. Since D - (2, -1, 1), N = (1, 2, -3) are not
. 3 - - R . : . .
perpendicular (D.N = 2-2-3 # 0) intersecting point exists.
Peg = P(1 + 2t, -t, -2 + t)
= (142t) 4 2(-t) - 3(-24t) =10
= -3t+'7:'|0 .t]:-] ‘
P(-1, 1, -3).

Example 2. Find a relétionlbetween a and b such that

-1 2 \
z:,fﬁ— = % ;.E$; s n:'bg + 2y —-32 =10
') have no common point,
b) fem.
Solution. S , : , .
’ D.N = 0’ = 2b +.2a -3 =0
'a) Q{n.""",ﬂ =>% )

Po(1, 0, -2)ér = b+ 6410
= b#4, 242 -3=0
b)s2a - 2b =3, b=z4 = a=z=-5/2,b=-4.m
if the‘line is given in non parametric form as intersection
of two planes and the ﬁ]ane by its general equation, the inter-
section i$ obtained by solving a system.of three Tinear equations.
“If the -equation are given by vectoral ones:

P =-A ¢+ tD

i

P

n

B+ ol ¢ 8V,



|

f
I
|
{
|
|

i
i

!

required point is P

1
"determine "a" for 2, &'
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the solution is obtained by equating P's _obtaining three linear
equations in t, a, B. solution of which gives t = t] and the
1™ A+ t]D

Solve Examplelafter transformwng the' equat1ons 1nto Ve: toral

forms.

2. ‘Intersection of two lines. Let the Tines be given by

x-x] y- Y1, ‘zfz] : X=Xy ' ¥-¥, ‘z-zé\

L4 = =t st = =
ST oA ‘b] TS 2° - 3 §2 c,

- If ‘the direction vectors Dy». D, are parallel
a b c : : - .
1 1 o - e
v(ET B' —E) then either 2,32,  or 2;n%, = §. The former

ho]ds when ?](x], 2 z])sg2 and the latter when P ézzﬁ

If Dy, D, are non bara]je1ieither L1s L5 ‘are intersect-
ing-at a point or else i 2]g22'=”ﬂ: In the latter case £, %5

qrévcalled skew lines. To determine the point of intersection or

_skeWness; one éets the coordinates of P(x]fa t, y]fb t, Z]fC t)
‘1n the equat1ons of 25 -obtaining two 11near equations in f

'case of conSIStency (1ncons1stency) there is 1ntersect1on (skew-

ness).

EXamgle 2. Given.

y;] o Z: X._ y-3 _ z

g X2 z;' -
T = ST T - =2
a) to intersect at a p¢int A, and find. A
o } i
‘b) to be skew. ’
Solution. The direction vectors being,non parallel, they
either intersect or are skew:

"a) Setting x = att, *y = -1, z = 1¢2t. from & into &',

.We have
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73_ = _TT‘ g}_:?__ > 2a42t = 143, -2a-2t = -1-2t
= 2t =4-2a, a=1/2 = t=23/25 A2, -1, 4).
b) a ¥ 1/2.

The same problem can be so]ved by the f0110w1ng techn1que

!
i

Us1ng parametr1c points o
|  P(ast, -1, 2t41), P'(-s, 2s+3, -2s)
of 2, &', we have, ‘ ' _ -

P E‘P' 2 a+t = -s, -1 = és+3,"2t+1 = ~-25°

= s = -2, t-3/2, a Sz

_ A(2, -1, 4). ) '
D1scuss the cases where 11nes aregiven by vectora] equat1ons,

and also by pairs of genera] equatlons (four lTinear equat1ons

" with three unknowns).

3. Intersection of two planes. Let the planes be given by .

their general equations

.ﬁt: A1x+B]y*C]z+D] = 0, Myt AzxfBzy+C2;sz:= 0 (1).

We have the following three exhaustive cases:

BB G 0 R TR TG
().

. ‘The two planes coincide ‘when (i) hbldg and haVe‘no common




pqint when (ii) holds.
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5

i

' - In the rema1n1ng case of NfﬁNZ, the two p]anes intersect
along a line g,-The.direct1on vector of & be1ng D = N]xN2 =
= (a, b, c) (Since g1N;, 2 iN,), it'will suffice to find a

pdint Po on % as a pafticﬁiar solution of (1): Select two un-

“knowns having non proportional coefficients and assign any nume-

rical value, say O, to the third unknown ,solve then (1) to get

P on 2. Then | e

0
X=X Y-y, z7z,

e e Bl

which couid also be obtaihed (ih’barametric form) by solving the

rectangular systen (1).
Examp]e 4. Fiad the line of intersection of the planes

3x -y +z =1, ol X 2y -~ 22 =5

in symmetr1c and the vector form. '
‘ Solution. Since the coefficients are not proportional, the

planes intersect a]ong a line .
Coefficients of x, y being not propbrtiona1,>setting
z = 0, we have - '

3x-y=1, x42 =5 x=1,y=2 5P, 2, 0)

i J k o
D = NyxfN, = 13 -1 11 = (0, 7, 7)//0, 1, 1)
12 -2 ‘
x-1 -2 'z @

= Liogeo= ‘T‘ T

If the p]anes are g1ven by their vectoral equat1ons

ST MRS Y
mei P o= Ay b S50, ¢ tévz)

then the vectoral equatibn
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2: P = A + tD
' qf the intersection is obtained by equatihg P's and obtainihg
three linear equatidns'in s1s s 52; tz.isolving_three.of.them
in terms of the fourth, and setting in one of the équations,‘one

obtains the equation of 2.

' Example 5. Find the vectoral equation of the line of inter-

section of the p]énés:

m: P

n

| (1, 1, 1) 4+ s(0, 0, 1) + t(1, 0,-1)
wi P (1,1, 51) 4 s'(0, 1, 0) 4 £°(0, 1, 1)

Solution. Equating P's'r' |

(1, 1, 1)4(0, 0, s)4(t, 0,-t) = (1, 1, -1)4(0, ', 0)¢(0, t', t')
= - (t, 0, s-t) = (0, 0, #2)+(O,\s;+t', t') !

= (t, Sstlig, sot-t') = (0, 0, -2) | '

= t =0, ~§'-t! =0, set-t' = f2.

= t=0, s'4t' = 0, s-t' = -2 ' :

t' = s42, s' = -s5-2 )
P o= (1, 1, =1)-(s#2)(0, 1, 0)+(s42)(0, +, ) >
P=(1,1,-1)+s(0,0,1) ~ o
Angles:

1. Angle between two lines:

The angle (i], 22) bétﬁegn two Tines L1s %9 is the non
obtuse angle between the lines d1, d2 .thﬁough a point - A ’drawn
parallel to the given }fnes. :

'Refefring to the‘ffgure, we
have ,

(2]: 22)5(d19 d2)
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b

> > , ’
(D], D2) if non obtuse

>~

->

- > . )
ﬁ-D], Dz):(D]sz) if obtuse

The measure of the angle (2, 2é)
will be denoted by ‘](z],_gé)[ which is
equal to

arccos lEl—;———~ ) '
> - - . .
oy |Dg| v o )

. .
D, | %

- - > : . . - . ) s

* where , DT’ 02 are direction vectors of 215 Lo- The. absolute
: > > : ) ' )

value of D]_.’D2 ‘is taken since cosine of non obtuse angle is

positive or zero.

Example. and the cosine of the angle between the lines:

. x -8 .
. -4 ‘
2]: T = Lg— :'E‘ > 22: x+y+z\-_- ,0’ 2x-y*32,= ]
. Solution. ,
, ‘ . i ik
vD-,' = (4, 9, 5), 02 = |1 1 = (4, -1, -3)
' ' ' . 2 -1 3

{

= cose = 2l e

-

2. Angie between a 1{ne and a’plane
The -angle (&, ®) 'between a line & aﬁd a.p1ane,ﬁ’is the
ang]é between the line 2 -and its»mkojectiqn [ oh' mr (Lem)=(2,0").
Observe that thékahgle defined »
above is non obtuse: | o s ‘ 4
If ‘d_|_1r(d//N), and 8 =|&, B/,
8' = |(&, d)|, wefﬁave

8' = % -.8 = cos8'=sind




where
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‘ o : L
.8 = arcsin l:r—TgL—
) |NHD|

-+ R . :
D is a direction:vector of g,

3. Angle between two p]anes (dihedfa] angle):

The angle'(w], yz) of two 1ntersect1ng planes Ty ﬁz',ié

‘the angle between the lines 29> 22' of 1ntersect1on of L Lo

with a plane perpendicular to their

line of intersection g.
er X

- b
where

~ Example 1. Given two lines

,-r © INaf N1 .

>
. Ny e -2
I(w], ™) = |(21,'22)\’=-arCCos Ny - Mo SN s

> LAY arer s
J" . are normal vectors of T "2 /// lii”ﬁa~

10 No

'x-y+éz = 2

. e _2z-1
TR cooand gpr 3=ty os o=t
 X43y-2 = ~b

a) show that 402, 0,

b) find the equation . of the p]ane T determ1ned by z], 22,

c) find planes #', #": through 29 making an angle of,

n/6 W?th T

wh1ch sat1sfy x + 3y - z = -5.

b) Planes ‘through 21‘ is
A(x -y + 2z - 2),* p{x + 3y :.z +‘5) =

Cw( ) (x4 (-A43u)y + (2h-p)z 4(-2a+5u) =

4

Solution. . \
a) Settfng'bx=t, y = 243f,' z = % -i§ from 2, into' -~ |
X - y[+ 2z = 2 "we'get t = -1 38 x=-1, y-= —],‘ z =1
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- . .
N{m) = (x4p» <-243u, 2x-p).
,.' . : ‘ . . . > . ; .
A direction vector of 2, being N(zz) = (1, 3, -1/2),
and since R _jntersects' L9 thenfor LIONTY;
. [y -
to-contain &,, one must haye N(zz). N(w) = O

. implying

T(a%u) + 3(-a43u) = 3 (2a-p) =0

=) A = —%'«u_:- );z-._’l,u-.-..z.say.
ﬂbs-

X -y + 122 -4=0

n

} ’ c) g 'Kﬁ, m(xs u)l

o3 M) L NDe))] -

: o 2 harmeaatt N
. _ : | ' | ’ |

Ef . : = | 9(A4u) +2r = 3u + 24) - 12u)l

| | /TIE J6r% - Ban 4 1140

i . (360 -6nf
i V226 v/62° - 8ay + 114°
i | 134 -¢kl (k= 5
¥ E g L Kl . k = u/A =
’ : Y23 g - gk 4 11K° )
T i B } .
$ 9 L } ' Mo
365/k” - 1896k - 278 = 0 which has two real roots say k; = TRl
L A S : 1
[j 4k2 = ﬁg . These pairs of values Ays Mpoand A, py, give thg

. 2 ,
required planes.

; Example 2. Givén artetrahedrdn ABCD Wifhrvertices at
ACT, 1, 1), B(1, -1, 0), €(0, 1, 2), D(2, 0, -1), find cosine.
or sine: of the angle between : \
| , | . a) ‘the edgeé [DA] and V[DB]

_ 'b) the faces bBC and ABC | v ;
1 | ) the edge [DA] and~§he'che ABC - c.
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' solution. | |
a) DA = A-D = (1, 1, 2), 08 =B-D = (-1,-1, 1)
DA . pB| N-1+2f 2
cos 8 = - —7.673— m
. i § k
-> -> . .
b) N, = BC x BD = [-1:2 2 |= (-4,1,.-3)
’ 1 1 - ' ’
. . \
: iJ - ) :
- > . -
Ny =BC.XBA = |-1 2 2| =(2,1, -2)
’ - 0 2 1

- [0A . W)l paroal-
C) sin o - ol ln-alc b

- Distances:

1. Distance between two points

. . - : R ’
Vectorally‘: d(P], P2) = |P]P2[~ o . 1)

Ana]ytica]ly: d(P], Pz) = /fkl—xz)?—(y]-yz)z-(;]=22)2 (")

-~ where P]bx]{'y], 21), Pz(xz, Yoo 22).
. 2. Distance of a point from a line:
b»Let ~P0 be a given po1nt and % be a given line.
The distance d(PO, L) is qef1ned
to be min d(Pé, P) -for all Pef, -which is : . 'E
"obtained when 'POPJ_Q, anq.' » » - ' ‘i[ \‘\\\ . :
i qy P T

4(P» 1) % d(Py, W) = 1P H]

H 'is the~pr03ect1on.of P0 on.. %.
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F
;;

"a)‘VectoraIIyi b) analytically:

s C P
. /‘,'0 : o Iy
-7 d 5 o ;

‘ P A S — N > ¢
| > —— . T -~
“ > > > .. . "_ ' E ‘ .

[DxAPo]~|D|jA? |Sin @, | d = |P H| is evaluated by (1")

+ - ‘ ‘where H is obtained by finding
d = IDXAPOI (2') R . o

I3 " 'the intersection of g with the

plane through Po and L to g.(2")

3. Distance of a‘point from a plane.

‘The'distance-of a point Pd frbm a'blane m is defined as
in 2., and min is altained when P_Pir. |
. N AN

- " a) Vectorally: /<;£ ' o b) analytically: ,2 -
- \ o NN ‘ S o “
: 48 " Y
> A -‘ 4 ,
R Y > > \. ' C . -
IN’APdl=lN||AP [cos o - d = |PH| is evaluated by (1")
~—0 ] . i . .
’ |+' BN | d " where H is obtained by finding
N . AP ., o ' ;
d = ———T;T—Q— 3Y) . . the intersection of w with the
DY L .

‘Tine through P, and Lto q. (3")

4. Distance of a Tine and a plane.

The distancé  d(2, m) between a line 3 and a plane n is
defined as min d(L, P) forvajl ILen, Per which is certainly
zero when ¢ intersécts wl(g,ﬁ #0).

If° g/ (D.N.F 0), min d(L, P) &
attained when LPJ~%, and . o

| d(2, w) = d(ly, )

vhere ‘Li el
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a) Véc;dra11y (//7):

TN LTF\|'l
d{g, ) = ——;#L—l—
: [N]

" where LleE], Pqen

(4')

5. Disténée between two planes

b) Analytically (e//n):

42, 1) = d(Lys m)

[Axq By]'# C21 4D,

.2 , A 7 d'l (4")

JAS 4 BS 4 ¢
‘where Li(xl, yl,vZ])els

.

. The distdhceb d(n,‘w') = min d(P, P') between two planes

T,. ' is zero when 7; 7'

If w// 7' (NxN' = 0) ‘the min d(P; P")

‘is attained whén PPY m. Then
d(n, n )

wherev P]en, P]an .

a) Vectora]ly (wﬂ'n )
|N p

il
.

—

d(w,,ﬂ') (5%)

=4

intersect

d(P., 'ﬂ') —d(P s-'lT )
b) Analytically (n/ n')

[A Xy + B! Yyt C'z] + D'

6. Distance between two lines:

(NxN' £ 0)

d(Tl', m ) d(P'I’ ™ )

(5")

C/AYC 4 B'C 4 C'C

-

Let the lines z], 22 be determined by ‘A1,’D], AZ’ D,

I/ 9 (D, ﬂﬂk), then
d(Alallz) = d(Azs 2 )
" Let then z]ﬂ*zz (1ntersect1ng or skew)

Cons1der the plane 7 through L and para]]el to -

2 determ1ned by ~22 “and’ d]ﬂ 2




B(1, -1, 0), €(0,.1, 2), D(2, 0, -1),"
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Since h]//1u then

(295 2,) = d(&ys ).

a) Vectorally: _ o b) ‘Analyticalily:
. > . ) . Wy
: IN'A]AZI . d(l]s 22) = d(A]’ﬂ') (6 )

d(ﬂ,], 9'2) = — (6 ) . L . : ’

. IN] where ¢ is the plane

-+ > —+ . : .
where N = D1 X D2 : through - 2% -parallel
to 21~

Example 5. Given the tetrahedron ABCD with A(1, 1, 1),°

‘ D
a) finc D) ' b) find d(D, ABC) . y
c) find . 2 d) find d(AD, BC)
by vector method, ) ;
e) Solve Partu by analitic method. - B c

1

Solution.

_a).d(A, D) = |AD| = S0-2)% + (1-0)2 2 (1-(-1))? = /&

. > . S
b) d(p, ABc) = IN:ABl nere  AcnBC,
N . N : ' ’

< AB x AC = (0, -2, -1)x(-1, 0, 1)=(-2, 1, -2)

) =4

1

B = (i, -1, -2)

' 2 -1 4.4
4= Lt <10
PR . +V -> . .
c) d(p, BC) = 1B X BD

. IBC'\

> : s

BC = (-1, 2, 2),.BD = (1, 1, -1)

> -+

BC x BD = (-4, 1, -3)
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d) d(AD, BC) = _ IN.AB|

> > : .
N = ADXBC = (1, -1, -2)x(-1, 2, 2)=(2, 0, 1)
. |

Lox=1 _y-1 _ z-1 -1 _ yr +1 2
B L . L et al
N i i k :
N=|=1 1 2|=(-2,0,-1)
-1 2 2 '

xi -2(x=1) 4.0(y-1) - 1(z) =

2x - 24320 _ s o l . ~
-_d(A, Tr)'-:"l—z'l_:..;l +3—I~:]/1/g.
B vé 1 : .
D. § o (ES_AND_LINES

-

A plane 1s sketched JS general by determ1n1ng 1ts 1ntercepts
: w1th coordinate axes or by determ1n1ng 1ts traces (11nes of inter-

section) with coordinate planes.

Example. Sketch the planes
a) é ty 1 ; = 1
b) x -y +2z2~-2=0

"Solution. 7
a) The equation:beihg given by iﬂtercepf form, the inter-
cepts are a=3, b=1, c=2. ' N
b) We obtain'ihtercepts as follows:
x-intekcepf: y;o, z:O.;g a=2
y—intercépt: X:O, z=0 = b=~2

z-intercept: x=0, y=0 = c;]
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A-1iné is sketched in general by finding its fraqes (points -
of intersectioné with two coordinate‘planeQ, or by sketching.any
two of its points (or by the method given in_turveVSketChing)-

Example. Sketch the lines
a)'x—l y z¢2 ’

T ITeIT
b) x 4y =2, X -y 42z =-4

Solution.

a) Xy-frade: 220 =5 éT“ = %-; -2

AL -0 AN\

- 0 . z-2 e
xz-vtracg: y:Q = T = T.= T ‘ -l{\ Ia,

B(1, 0, -2) . '

5) Xxy=-trace: z=0 ~=5 Xtys=2, X=-Yy= -4

A(-1, 3, 0)

xiftrace:’ y:O'eé X =

! ' B(2, 0, -3)
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72,
73.

74.

75,

76,
C 77,

A 18.

79,
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'EXERCISES (3, 2) = -
Find the eﬁuatjon of the plane ABC, where
a) A2, 1. 6), B(5, -2, 6), (4, -5, -2)
b) A0, b, c), B(a, 0, ), C(a, b, 0) -

Find the plane through' A(1, -1, 3) and parallel ‘to the

plane 3x +y + z =7

Which oneof the points A(8, -2, 1), B(-5, 2, -1) is
“nearest to. the plane X + 4y - 8249 =0 [

Given thefliﬁe, P =A+ 2D and p]ane‘-ﬁ.P:P =0

©a) find!condjtion,for intersection at a sihg]e poin;.'

'b) find the point of intersection.
‘Determine pairWise're]étive4positions of "the given lines
as'pafallelv(conéidehtlor non intersecting), intersecting
-or skew ‘
vox=1 _ 'y .2 X o y*3 _ z-1 X oo ¥ o 252
Find the equation- of the Tine passing -through A(1, 1, T)
X . ¥-2_1z

-and intersecting I =T *° ?‘ 6rfhoggna11y.

Which three of the following ﬁoints are coelinear? _
A1, 2, -3), B(2, 1?'-1); C(3, -2,.2), D(3, -2, -3).
Find'fhé equations oF'the-liné“zxsuch that

a) A(1, 3, -2)et , - 2//(2, 0, 1)

«b). B(2, 0, 1)e ; . g)/(],%é;a#Z)

) A(-2 1, M)es, - B(1,°2, -1)ex

‘Given - A(1, 2, 3), B(-2,77, 0), ~find the distance between

" the lines AB and 8: xby-6 = 0, z-2'= 0




1
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i

- 80, ' 'IfA:(aT, a2,~a3) andsz(bl;'bz, b3) are. two ‘non coflinear
0 \ - vectors, show that’ the lines '
X"y Y73 zm3g - X=by o y-b, z-bg

by byo b3 T Ty ay ay

intersect at a single point C and find C.
81.  Given lines P = A+AU, P = BupV

. a). find condition for their intersection

b) determine their intersection under(a)

82, Given A(1,2, 3), B(-1, 2,°1), C(4, 3, 2), D(2, 2, 9),

find _ .
a) d(A, BC), ", b) d(D, ABC)
| 83.  Find the distance between the lines AB, CD if  A(1, -2, 1),

B(4, 5, 6), C(-3, -2, 1), D(1, 1, 4)
o 84 Find the equation of the plane = if
: a) A(2, -3, S)en , w//t': 3x+5y-Tz .= 11
b) B(1, 5, 9)em, ma: A(2, 3, -4) B(5,1, -1)
85. . Show that the fourplanes x+y+z-3 = 0, 2x+2y-2+1 = 0,

x+y;52-8 = 0, 3x+3y+7z-4 = 0 ‘are conéurrent;

86. Find the equation of the line _
‘a)‘fhrougﬁ ‘A(3, -}, 6) ‘and parallel to the planes.
| X-2y+z = 2, 2x+y-z = 5 B

! | - 'b) through B{(-9, 4, 3) and perpendicular to the plane

m 2x+6y+9z = 0

#

d 87. Find the parametric equations of

| , \ e _

‘| x=1 _ y _ z45 » X _ y-2_.z /
| i A T P R




88.
89,

90.

91

92,

93,

9.

95.
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¢) xty-6z =7 d).3x§y+z =5

Find the distance between the skew lines

2: x+y-6 = 0, z=0,

Find the distance of 'Po(z, 3, 1) from the line

x-1 _y-2 _z
T =7z

Examine &f the point P(1, 2,.7) is fnsideAthe tetrahedron

where faces are the planes: X+y-z-= 1, X+y+z‘=-'

X=y+z = 5, Xx-y-z =17

Find the equation of fﬁe'perpendicuTaE_bisector of the

~following segments of line:

a) [AB] where A(1, -2, 3), B(3, 0, -1) -
b) [€D] where C(-1, 2, -3), D(-3, 0, 1)
Given. A(1, 1, 1),B(1, -3, -1) find the Tocus:

| pA| PA

Ca) {P: =23} b) {P: tppr = Iy

178
Find the distance 'between two lines below:

0

a)vx-y-: z and’ x = 2y-1, xey+2z+ -4

1-2

b) x =y+sl, z = xf1 ‘and Yy o= x+1, x_

Sahe guestjon'for:

. X _'z . z .
Ly: 7= E‘cosu-- sin a, % = = sin at cos a
cn X Z o y oz . ‘
251 2= ¢ éoss +vs1n,3, p =7 sing- cosg

z':‘P](l, 2, 3) PZ('Z’ 7, 0)

a) Show that ‘the equation of the common perpendicular to

z-axis»and the Tine g¢: x =:az+p, y = bz+q, z = z s

ax+by = 0, 1z - - 2p+bg

: : a +b . pl
b) the distancé between z-axis and £ 1s d =[£7?—37|
’ P b.

N



72,
74,

76.

78. .

80.
82,
©. 84,

86.

88.

9a..

92.

94,

3x4y+z = 5

‘a)‘3i+5y-7z:=

9 x=3_ y4l _.z-6 b) x+9 _ y-4 _ z
T =T T E

-OutSide

a) 3x2+3y2+

_b) 2y+z+2 ='

192

ANSWERS TO EVEN'NUMBERED EXERCISES

. | N.AP
a) N.Dr# 0, b) P = A+- ——— D
LI
=1 _ y-1_ z-1
"'T‘ 1 T
a _ y-3 _ z+2 b).x-zl_ y _z-1
V=T =i
x+2 Zy-1 _z-1 ’
VT =T =
a) VBB, b) 53/

44,  b) 3x-2y+3z = 20

=23
7

3z -6x+26y+[02+4] =0
0
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3. 3, SURFACES

A. RELATIONS AND THEIR GRAPHS

A statement p(x, Y, 2) .1nvo]v1hg variables x, y, z with

(x, y)sR ~and zeR 1s called an open statement which is true for
: , .

points is a subset’ S of R

3

and false in R3-S where 'S may
be,¢ or R |

< 4[ExaﬁETes. .
CTeop(xs ¥y z): |x]+]y[+lz] > 0
is true for all pdfnts P(x,'y, z)  1in Rv(
2. q(xs ¥y, z): x2+y?+22k10 ‘
_is true for no point-.in R3
3. r(x, ys z): x+y-z = 1

. and .

"
-

is true for all p01nts on the plane T x+y72v
false for all other points.:
;4.75(x, Ys 2)t xey-1 &'
" is true for all points on the plane n:SX+y4]‘= z or

forvpbints{above 7w, and false for points below .

!
P

".5._ t(x, Y, Z)"’X = 2, y = 3, ‘ z >0
‘is true fér all poants on the vertical line x ;‘?, y='3,

,above xy p]ane
If p(x, y, z) is an open statement, then the set

£ {(x, Ys.z): (x,_y)eRz,b zeR, p(X, y» 2)} (1)
cons1st1ng of all points '(x,*y, z) .for which the statement

2 to R - (or.in

p(x, ¥, z) is true is called a relation from R
R;), written - ’ S
L i ) . .

¢ :;R + R, . p(x, y, Z) '




’where p(x, y, z) 1is the rule for the‘relation.

The set - _
Dg={('x, y): p(x, ¥, 2)}9 R
énd‘ ) . ‘
N "u ' ' g { p(x, y ,'ZI}CR
are respect1ve1y ca]]ed the Qﬂﬂilﬂ and range of the relation ¢.

When a re]atIOn is plotted 1n 3- -space, the resulting set '

of points is.called the graph of e. Depend1ng upon the case e1ther

_the set is empty (no-graph) or the .graph is a surface {for an

equality relétion) or a curve (fqr two equality re]étionﬂ or a

solid (for an inequzlity relation).

Examples.
: Domain Graph
_ ) - Td plane
T. {{x, y, 2): ‘% + %+ z=1} - R2 R/ =g
: E 7 lang -
. x z- A d
{(x, y, 2): z =2} R = ol
\%, ——‘7
) ; ///

3. {(x;'y, z): x2+y +z?s1

4. {(x, N Z): X>,0: y=0, ZZO} .

1

N
N\
—
\
{
; /
/

W/
N

5. {{x, ¥y, 2): x=y=12}

\5«1; Olwm— .

SurfaceS'

S1nce a surface is the graph of an equality relation, its

.equat1on can be wr1tten as F(x, Y, 2) = 0. For instance

x2+y2+z2 =1 and (x+y) —(Zy—z)2 = 3 are equations of two surfaces.

Any relation F(x, ¥y, z) = 0 "represents a surface, and.

conversely any surface can be represented by such a relation

including degenerate cases.
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A surface may as we11-be'represented by a system of three
equé]1ties involving two parametefé‘ u  and Vi |
X = f(u, v}, y = g(u, v); z = h(u, v)

which are -called the parametric equations of the surface.

The parametric equations can be transformed to previous
one by solving u, v from any two of them and setting in the
third, theoretically.
Example 1. Given 2x -y + 3z = 6,
a) show that it is the equation of a surface,

i

“b) find two parametric eqqatjons. ' o
Solution. v
aj Since it is an equality relation involving x, y, z,
represents a surface (plane) . o
- b) x=u,"y=v; z = % (6-2u4v) pr' X = s+ty, ¥y = s-t,
1, R e g
. Z\= 3-'(6-5'31:). . \ o
Examé]é 2. Given the system

2x;y+3z = 6, X+y-2 = 2

I

5) show that the system represents a curve r,

b) write the parametric eQuqtions‘of r, if poésib]e.
Solution.

o a) Since the system-consists of two equality relations,.

represents a curve (line of intersection of two planes)

v b) Setting x=u and solving y and z,vwé'hdve X=U,

Y o= - % us6, z = --% usé,

It is clear that any curve (system of two equality relation)
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t

can be repfesented by a system of three equalities with one bqra-
meter. . ‘ ' .

L4t

. Linear family of surfaces:

Let
F(x, y, z) =70, © G(x, y,z) =0

_be the equations‘pf.tWO surfaées. Then tﬁe linear combinations of

F(xsy ¥y 2) “and G(x, Y z)~~équated to zero, -that is

1 ' ’ AF(x, 'y, z) + )JG(X, Y, z) =0

are surfaces for A, ' peR _passing.ﬂhrough the curve of intersec- -
tion, if théy are intersecting. '

Surface Sﬁatéhihg:

If the équgtion‘of the surface is-given in the tmplicet

form F(x, y; z2) =0 the latter may be thought as'ihree‘relations

1) from pairs (x, y) to z
2) from pairs - (x, z) to y

3) from pairs (v, E) to x /

haQihg doméips on ‘Xy-, x;- and yz-planes respectively. of thch
the first is considered generally. '
. Visua]izing the shapé of a surface fs doﬁe’in thfée steps:
1. Determination of.thevdomain, say on xy-plane.
2. Determination of symmetries with respect to cbbrdinate.
~ planes: .' |
There'fs symmetry in xy-plane if F(x, v, -z)= F(xs ¥, z)

F(xy ys Z)

There is symmetry in xz-plane if F(X, -Ys Z)\

Hi

There is symmetry ‘in yz-plane if F(-x, y, z) = F(x, ¥, 2)

Presense of symmetry with respect to anothgf coordinate
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plane reduce thé‘work in sketching.

3. Determination of cross sections of‘the‘snrface with
.planes parallel to coordinate ‘planes. ‘ 

" The cross sections para]le] to xy- plane are ca]led the
1éVa1 curves of the surface‘- and ones 1y1ng on coord1nate planes
the xy-, xz- and yz-traces. ; ‘

'By meanS of cross sectiong'ane gets'the.information about'

v

~ the boundedness of:thevsurfacg.v
JExamE]e{ Skatch nhe surface
Sa‘4x2+y2-z -0
Soiu?ion. e \,‘

1; The domain in xy-plane is"R2 since- the relation ho]dé

for all- (x, y)eRZ..Havfng .z‘>0,~the surfacé lies above xy-plané
and passes th'rough the origin. A o » '
\4' 2. Since the‘rélatfon'is ua1altaned when x f‘-x' and

Y * <Y, theré ane symmétries in the yz-.and Xz-pTanes. So 5t wf]]
,suffice to sketch -the §nrface on the I. quadrant over xyfplane :

and get the whole surface by . tak1ng symmetr1es

3. Cross sect10ns // xy-plane (level curves):

'z = k => 4x +y = (e111pses for 'K> 0, origin for k=
cross sect1ons // xz-plane: = :5 z = 4x2+k?

(parabo]as), cross sections [/ yz- p]ane X = Kk = z’==y2;~4kv2
(parabo]as) ‘ . ;

- There are other coord1nate systems in 3- space which are
‘more conven1ent than rectangular one 1n some cases. The following

are two examples of such systems.
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B. CYLINDRICAL AND. SPHERICAL COORDTNAfE SYSTEMS

1. Cylindrical coordinate systems (Polar coordinate systems
in 3-space). .

A rettangular'coordinate System -Oxyi in which xy-plane

is taken as polar plane (with\x-axis as polar axis) is called a

4T

cylindrical coordinate system.

Cylindrical cpordinates of a

point  P’ are 8, r, z "and ‘one

wr%tes P(9, Q, z).

. _fWhen the coordinates of:a,
point P are given, p{otting of
P is done in the order-:g, r and

z, while having a pbint P its

coordinates are obtained-in the

order z, r, 9.

Transforming relations.
These are the relation between cartesian coordinates

X, ¥, 2 -and cylildrical ones 8, r, z of an afbitrary point P:

X = r cos@ 0 = arctan %
L ‘ - J2 2

Yy = r sing or . .r ='t/4 +y

z =2z , Z-=-Z

@-constant surfaces are planes through z-axis, r-constant
surfaces are circular right cylinders with . 0z ~as axis, and

‘z-constant surfaces are horizontal planes.
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\
N
\

2. Spherical coordinate system.

In a rectangular coordinate system

Oxyz, taking xz-plane as initial polar

plane .7 (with 0z as-polar axis) and a

plane through z-axis as a yariab]e'polaf

“plane = (with 0z as po]ak.axis),.then

the spheriﬁa] coordinates of a point-are defined byvthe-directedv
angle 8 from m - to 1, and the polar coordiﬁates ﬁz g.oﬁ -
énd;ohe writes P(86, ?; € ) where we impose the restrictions-
kGE[O,;ZTr] s ‘fs[O, 7] and .§>,0..’ 7

i Plotting of a poinf P(G,‘qz e) is,dbne “in thé order ©
(determining thé‘planer ), ¢ and ¢(on 7 )i’

-

Transforming relations:’

These are the relations between the cartesian coordinates
Xy ¥s z and-spherical ones df an arbitrary point P. If P' is
* ‘the projection of P~ on xy-plane, from ~P'k9; r) and rzgSin<

one gets

©
1

X=¢ sinff.cos® ‘= arctan %

S ' z
y=¢€sint.sind or ¢ = arccos

f. » o ) ) / \—/ X +y 42
z=% coslr ) ' T = A\/x2+_y2+22 .

i)

S - /ﬁ/’% }
P4 ' B
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. ‘9-constant surfaces are planes. through z-axis, ¥-constant
| surfaces are circular rihgtcones with 0z as axis, and ¢-constant

~surfaces are spheres with center at 0.

@-constant surface “-constant ‘surface §-constant surface

(q'plaﬁe) S ; (a cone): - (a sphere)

We have one more set of'trénstrming relations among three
coordinate. system which,is between cylindrical and spherical.one,

-namely

' e=e - @-=09

3 .
et
arctan -
z

Vr2+ 2% .

C. CYLINDERS. CONES, SURFACES OF REVOLUTION

r;;§§in$‘ or Y
z%g’cos‘e o £

n

¢

1. Cylinders: I A ' - T

A surface 'S generated by a variab]g»]ine g2 of given
'directioh "A, and subject to another condition sugh as inter-
secting a curve T (dr remaining fangent-to a givgn sdrfage 2z )

-is called a cylinder.

"The line & is the generatrix, .

A the direction, and T the directrix

of the cylinder S, éﬁd we say that S

| in defined by A and T
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Equation of a cylinder

The equétfoh of the cylinder defined by A < (a, b, c) and

a) rix=f(d), y=-g(t), z-h(t),
b) r: F(x, y, 2) =0, G(x, y, z) = O.

Solution. _
a) Since'genemﬂruif.has direction numbers a, b, ¢ and

_passes through (f(t), g(t), h(t)) one has

g xof(E) | ymg(t) | z=h(F)
o a o T ‘b bt c

as the‘symmetric'eqyationsvofvthe»cylinder.

" When t ié’e]emingted one obtains
S: H(X; y; z) = 0

S b) If P(x, y, z) ,fs‘any pofnt on g_ﬁé'point of .S) any

other point: @ on g is  : ,
'Q(x+at,’ y+bt, z+ct).

Takiné Q oh« rs one hgs

F(xvat, yebt, zect) = o;f G(xsat, ysbt, zsct) = q/'
and. the é]éminafion of t gives |

S: H(x, y, 2z) = 0.

Note that cases (a)/and () are reducible into each other.

Example. Obtain the cartesian.equations of the cylinaers

defined by .

a) A= (-1, 2, 3),- r+ x= t, y=t, z:-0
b) a4 = (-15 2, 3), r: xze 2z, y-z=1
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Solution.

|
i
]

i

i
]
|

. Y I : _ )
a) ,%;F-= ¥7}_ = % | , e

i

L » :

! S 2x-2t = -yst?,  3y-3t£% - 2z

i L P IR SRS
. =’ 6x-6t = -3y+3t7, 3t = 3y-22

1

= Aéx;ﬁt = -3y+3y-22’ ’=$‘ t = x-2/3

o 3y-3(x-2/3)% - 2z

= 9x2+;2-6xz-9y+62 = 0;:

- b) Taking ; Q(xjt,‘Y¥2t, z;3t)J 6n T oné‘hag
| ’ 2(243t), (y+2t)-(z;3£) .
2(z+3t), t = y-z-1

(x-t)2
2 (x-t)?

oz (x-yeze1)? o 2(243y-32-3)

wyezl-2xy.2x2-2yz42x-8y46247 = 0.

2. Conés.v’,. ,
! A surfafé S generated by'a‘variable Tine 2 passing
through a fixed point P. and suﬁjéct to another condition such

as intersecting a curve T (or remaining tangent to a given

a ’ surface %) is called a cone.

The line g% is the generatrix,

I the directrix and P, the vertex

of the cone S, and we Say that S

is defined by P, and T. o S

Equation of a cone - L

- - The équation of the conesdefined by Pd(xé, Yor zo) and

a) Tr x=f(t), y=g(t), z=h(t) -
b) T: F(X, ¥, z) =0, G(X, ¥y, 2) =0

\

~
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L]

i

Solution.

.a) Since g2 -passes throdgh P0 and {+s directiqn numbers

are xo-f(t); yo—g(t), zofh(f),- one has

: S X=X Y¥, z-z _
D xpmT{E) Typma(t) z oY) o

as the symmetric equations of the cone.

When t 1is eliminated one obtains
S: H(x, y, z) = 0"
b) If P{(x, y, z) is any pcint on the genérafrii L (a‘poiht
of S), then any‘othef point Q on § has coordinates ‘

,x+tx0 y{tyo ' Z+tz0 _
TR T+t > “T:t

Setting these on 'F=0, G=0 and elimirating t one gets -*

Sz H(X, Y Z)':-'O
Example. Obtain theAcartesian equations of the cones
defined by
n4PJo,o,1L T: x=2t, y=t%, z=0

b) ?Oso, 09,']):

-3
>
]
N
N

.

<

t

N
n
—

Sokution;A

y z-1

) 7g ==
RS At A
5 t%x - 2ty, -X = 2t(z—i)

=  tx = 2y, X = 2t(z-1),
IS TR S %% (z-1) = _ -xz = 4y(z-1)

> x2+4yz—4y = 0
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. . TR x40 y+0 Z+t : : .
| . b) Having Q(TI_ s Tt +t) on the generatrix, and
0 S

, 1
setting its coordinates on F=0, G=

X 12 2+t y 2+t '
| (%) =2TF°  TE T -l
o %P 2(1et)(2et),  y-(zet) = Tat

] C s mxP o 2(Tat)(2et), 2t = y-z-l

=) ‘x2 = (2+y-z-1)(zv+’¥:%:l)'

2

= 2X ; (y-2+!)(y+2-1) |

s =) 2x%. < yz-(z-l)2 o o -

f;' .=9‘v2x2-y2+22-21+] = 0.

3. Surfaces of revolution:

A surface S generated when a curve T is revolved about

_a line A is called a surface of revolution.

T is the generatrix and A the axis‘of,the"

surface, and we say that S 1is defined by A and T.

Spheres, rihgt circular cylinders and
cones are examples of surface of revo]ufion.
‘ V\Eveky point of F‘déscribes a circle with the center on the
axis A, cd11edva "para]]e]",.and any plane.through A intersécts
the sufface~érong a curve'célled~a “meridiéh" of S.
Thermeridians'ére coﬁgruent curves of S, and S may be
" generated by revolving any meridian about the axis A. | 4
' An equivé]ent defih{tion of‘a-surfade of revolution is the
fo]]Owing:'A surface of revolution is the locus of a vafiab]e

circle with given axis A and subject to another condition such as
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intersecting a given curve T (or remaining tangent to a given
© . surface ).

Equation of a surface of revolution:

‘The equation of the'surface~defiﬁédvby A ~ z-axis,
r: x = f(t), "y = gjﬁ), z = h(t) '

- Solution: The equatidn of the "parallel"
-circle~ through P(f(t), g(t), h(t) being

~x2+y2 = r?, z = h(t) - \

where r2 =

fz(t)+gz(t), we have the parametric equation

i xPay? = F2(h)eg2(t), 2= h(t)

E]eminating t between the

-

two relation@ one gets
St F(x,.y, z) =0
Examgie. Find the cartesian equation‘of the~surface'génerated

by revolving -

‘

about z-axis.

Solution. ' _
4x2+y2’= rz, z=lt2, with r2=’t2;(t-2)2
=) $<2+y2= §2+(t-2)2, 2= t2
o Py o2tlatia, 744l
=5 ;X2+y2 =2z-4t+4, z= t2

=9-(X2+y2—22-4)2 =16z.




- 20=5

Particular case: = = . 4 . , " 3

Particular cases of cylinders, cones, surfaces of revolutions

-are obtained by taking the generatrix I on a coordihate plane.
. l « .

1. Cylinders.

T: f(x, y)=0, z=0  g(x, z)=0, y=0  h(y, z)=0, x=0

ar // z-axis . k /l y-axis R/ x-axis

Let the directrix T be on the xy-plane with equation
f - f(x, y)=0, z=0 and direction A // z-axis. Then the equatioﬁ of
this cylinder is ‘
| R -  ,f(x,,y) =0  (for any z).

Simiiér]y g(x, z) =0, and h(y, z) are the eqUations
of cylinders hav1ng d1rectr1ces on Xz- and yz-planes and generatrices
para]]el to y— and x-axis. : ‘ ; '

y. These part1cu1ar cy11nders are right cy11nders s1nCe

N "generatr1ces are perpend1cular to the plane of the directrix.
Observe that in cy11ndr1ca1 coordinates, F(8, r) =

i represents a rightvcy11nder with generatrix ﬂ z-axis.

| G(r cos@, z) = 0 represents a rihgt cy]1nder hav1ng
‘directriX'oh the'plane 8 = 0, and H(r sing, z) = represents o

a r1ght cyllnder hav1ng d1rectr1x on the plane 8 = w/2.
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G(r cosé; z) =0

Tt «

-2.‘Cdnes_

The'eduation of the cone with directrix

I':: (f(t)a g(t)a 0) -

. d
: o : . . . f w#d), i(;): o)
.on xy-plane and vertex at P (x ., y,, z,) is x.o s _
. s o IV 7%
- = xo-f(t)‘ yojg(f): z

0,
‘whfch;yie]ds‘l S
B S: F(x,'y, z) = b
wheﬁ t is éleﬁinatédh
) A Similar equatiOnS'are'obtained when T Tlies on xz-plane or
yz-plane. | o - .

“ExamE1e. Hrite fhe equatfon of the cone
with vertex at (h, 0, 0) and directrix

be (y-1)2ez? - 1, x = 0.

Solution. Writing the'equations of T in-parametric form:
T2 x'= 0, y = Tl+cost, z = sint . ;vv
we'havé

g. X=h'_ Yy z-0
"% h-0 T 0-(T+cost)  "O-sint

or .




4
¥
3
o
8

“f(ryz) = 0.
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X-h Y RSN 4
“h T -{T+cost) T -sint

hy

=) ‘v1+cdst = - oh s ;'sint = - 72%?
‘ hy _ 1.2 hz (2 . . .
e I - D " -‘ijﬁ) =1
= - (x-hshy)? + w%2% o (x-n)?
2z2 =0

= (x¢hy-H)2 - (x-h)% i n

3. Surfaces of revolution.

If the generatrix I lies on yz-plane (or-on xz¥p1ane)_with
equation f(y, z) = 0, x=0 (or f(x, z), ‘y;O) and 0z 1is the
axis of revolution A, then as- T revolves about z-axis, any point
P, on T describes a circle

x%ylart, 2.z
with center on z-axis and

radius r, where r satifies

Then eliminating r
2

between xzfy2‘= ré  and

f(r, z) = 0

, one gets the required equation

S: f(:/xzfyz, z) = 0
_ I ;
of-the‘;urface of revolutien S,

The other similar cases where A is on .Ox or Oy, are

treated similarly.

Example. Given the curvé T: Z= y2 “on yz-plane, obtain
the equation of the‘surfaceé of revolution when T is re?olved about

' ' ‘



a) z-axis b) y-axis
Solution.

a) )

D. QUADRICS (In standard forms)
e The fo]]ow1ng standard equat1ons of second degree represent
sur{aces ca1]ed quadr1cs w1th certain orientations, where

“a, b,_c,>0. , o 3 ;
©a) Ellipsolds (and spheres)

-1 (Sppere if a=5=c)

md N
+ .
= N}‘<N~
+
n'\J NN
u

b) Hyperboloids

x2 }2»~22 | " o
’IE? +.E?...:Z;= 1, (Hyperboloid of one sheet)
22,2 o
'f'Z?'*'%?.+'Z?‘= 1 (Hxngrboloid of two.-sheets)

c) Paraboloids:

R 2 2 : C .
- o fz +,%2 = Az © (Elliptic paranoloid).
2 2 I e
‘,i?vf'fz = Az | (Hyperbo}ieAQaraboloid)
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Sketching: '
i X2 2 22 . o . . ' ;
a) Since in —? + X? + =y = 1 the terms are non - negative,
a b c \
it follows that {x/a| <1, |y/bf ¢ 1 |z/c|<1  or -agxga,
—bgysb, . -¢gzZgc and the surface is bounded

Setting z = k (|k]gc), one has
. ) ‘

a b R a b~ c -
. 2 2
Xow ¥y o1 witha= 3 /c%k8, g 2 CRE

show1ng that cross sect1ons para]]e] to xy-planes are ellipses.
Similarly cross sectone paraliel ‘to xz- and yz- p]anes are ellipses.
Then the surface s ca]]ed.an ellipsoid.

~a, b, ¢ are the semi axes and 0

"the center of the ellipsoid.

If a=b=c, thenfﬁhe;créss sections

are all circles,-and the surface is a .
sphere. A _ | SR S {

If two ofalnm are equa] the ellipsoid is of revo]ut1on"

and cel]ed a Ehgro1d which ls oblate (prolate) if the third sem1

axis is smaller (larger) then the other.

. fhe~eq9etion

x=m? | (=2 | (z-0)°
Z 4 )

a b S

i

’ represents also an e]11pso1d centered at (h, k, &) with the same,

or1entat1on as prev10us one,
2 -2
X
b)—z'i’lz"
a b

: , 2 2 .2
=1 (W), =5 -5 450 (Hy)
; 1 : ;z wZ vz o

n‘\! N
N

Ellipsoid in the I, octant
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K The cross sections of H] and H2 aré~hephefbolas for

x=k or for ysk and e]TipseS'for z=k. Since cross sections are

hyperbolas in two ways, they are called hyperboloid. The cross

sections in H] are é]]ipsés for z=k for any .k and the surface.

"c0nsists of a single piece (sheet), while,iﬂ. H2 the sections

are ellipses only for‘lk[)»c. Hence the surface consists of two
disjoint pieces (Sheets). Accordingly . H] fs ca]]éd a hyperboloid

“of one, sheet, H2~ a hyperboloid of two sheets.

| N1 > %
N =7
7

N

A Hyperboloid of - A hyperboloid of

one sheet v two sheets

a, b, c are send-axes.énd -0 " the cenfer of the surface.

They are of revolution when a=b. N

‘Similar surfaces are obtained for other combinations of

“signs:

~

The equations

O A O S G 20 S AN &) L O S LN 2T D IR T
2 Z 2 B . zZ - 4 ’ 2
a b c a b c

" represent clearly hyperboloids with the=same oriencation of axes

but center at (h, k, 2). o o
c) Consider the equations

2

>

2 . ' ,
-!- i_z. = Az (EP), :7- -t.%z- = Az (HP)

N
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Thé cross sections of EP and HP. for i=k' or y=k are
hafabo]as and ellipsesl(hyperbhlas) fo; z=k ih  EP (HP).»Since'
#ections ahe pérabplas.in two'ways are ca]]ed Earabofoids The
third cross sections in* EP’ (HP) be1ng e111pses(hyperbo1as) they '

‘are respectively called e111pt1c paraba]o1d (EP), hyperbo]1c

paraboloid (HP).

© Ao ‘ o A>o
An eTliptic paﬁabb]oid , A liyperbolic paraboloid

‘The or1g1n in, H] and H2 is CaTled the vertex. The
| hyperbol1c parab0101d'1s of sadd]e shape in the ne1ghborhood of

the or1g1n and the origin is ca]]ed‘the ssdd]e‘po1nt of the sur-

face, and the surface H2  is sometimes called a saddle shape sup-:
face, - - | | - ‘

Similar results are obtaiﬁed,When x‘ or y are linear
instead of z.

The equatiohﬁ'

. ) . ) -
-h)" -k
(Xaz) * \(ybz) ;= }\(Z-Z)

.rgpresent c]ear]y paraboloids having vertex at (h, k, £).

Ekamgle 1‘ Sketch

a) the’sphere (x+1) 2

+"(z-'252 =
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Sl . /
b) the eltipsoid 4xZey?ez? = 16°

Solution. ‘
a) The center is at (-1, 0, 2) and_fadius';s equal to 2.
. . ? . . >

b) Writing.it in the form

2 2 2

LR A SIS

+ + = .
NEPYAY AN

--one has .

‘a=2, b=4, c=4
énd that part in the If.octant>
isﬂshqﬁniin the figuré;

s

Example 2. Sketch the quadrigs:

W2 22 2 : :
oy Xy Zzo : X~ L2 _ oy -
A g -F- g =1 : b)‘7r z 2y ‘

. Solution.

y a) fhe surface is a hyperboloid of two-shéet§.with semi
R T » , ' , [/
axes a=2, b=3, ¢=2 admitting :
O0x as axis. Cross sectfohs ”dyz-plane_

i

_cease to exist when -2<x<2.
b) The surface is a hyperbq]ic pafabo]did (or a iadd]e

shaped'surface).

2 . ‘
x=0 =3 y-=- %? (a parabola)
: 5 o ¢
z=0 = y = x /8 (a parabola)

. B x
E. SECOND DEGREE SURFACES.

¢

The quadrics being second.degrée surfaces, fhéik equationé"

are included in the general equation

g
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. 2 2
A]x2.+A2y +_A3z‘+ B yz.+BzzxA+Bsxy

1
Ve | L glx +Coy+Cyz4+D =0 | (1)
of secqnd.degree'where.the‘ferms with coefficients Ai,.Bi, éi

‘and D are called quadratic terms, cross terms, linear terams

and constant term respectively.

' If((]) doés not involve a cross term, by 6omp1eting the
.squéres, {t can be transformed into the standard form:
A](x?ko)z +A2(y-y0)2 +A3(z-zo)2 +D =0
ff there is oé]y one cross term, say 'Béxy, a’rotation of
xy-plane aboﬁt z-axis, (Bylé proper angle)"ejiminates:the cross
term: \

A']x‘2+A'2y‘2fA3z?+C{x'+C'2y'+C3ZfD' -0

If more than one cross term are prééeng the elimination of
them can oly be performed by a rotation of the. system Oxyz about
- a“line through the origin. '

The full discussion of reduction of. (1) into a standard
fgrmb(including degenefate caseé) is given in LINEAR ALGEBRA by
writing (1).in matrix form as follows:

(1) is rendered homogeneous by introducing a'variable of
hombgeneity tr | ‘ k
' ' 2 . .2, 2 ‘

.'A]x +A2y +A3Z +BlnyBZZX+P3xy

. g 2 ' ’
| +C]Xt+C2yt+C3thDt =0 | : (]')
Next one denotes x.y z aqq t by Xys X595 X5 and X4

and sets

v
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A= 2 = %22° 37 %33
B-l = 2323, BZ = 233]? B3 = 2313
C] =>2a]4, C2 = 2324, C3 = 2a34, D=a44
i ) : : ) ’
"y o ‘ .
with aij "aji' Then (1') becomgs
2 2. 2
A%y * 322%p * ¥33%3
- + 2a23 XoXg + 2a3] X3Xq + 2a12 %Jx2<
R tos - -‘ 7/ . 2
+ 22y, XyXy +'2a24 XoXg '+ 2agy XaXy + A0 %4 = 0
or ‘ .
- a,: xz'- a X x’. a X1 X4 . a XX
11 %1 f %2 %2t Y13 1Tt fe 1Y
Lo By, XpXy  Agp Xp o+ 353 XoXg 4 dpg XoXg o v
. | . 2 l. . % ) (]u)
+ 237 XXy + A3p X3Xp + dzzoXz ¥ gy XXy o
BN ' 2.
) +.a4]Ax4x])+ a42_x4xzv+ a43 x4x3 + a44 x4 =. 0
which is seen to be the same as
— — _ - v
a1 %2 %3 g X1
1 . |*21 %22 %23 %24 *2 o
X, %, X3 %4] ‘ =0, (%,4=1) (2)
331 232 %33 %34 X3 :
241 %42 %43 Pag| %4

‘where the matrix taij} is symmetric.
When (2) is writﬁen in the original notatjon; we have(?ok

Xy = 1) o T .



is not zero or'‘zero.

216 .

-y 1 1. 1
] Ay 7z B3 7 B 7 Gy ¥
1 1 1
. 78 A 78 7G|y -
[x y z 1] _ R . | |'=0 (2%)
, SR 1 R o .
, 78, 7B A3 7 O3 |2
1 T B |
7 z% 7%, 0]

It.is provedgthat-the,surface represented by (1).br.by (2)

is a quadric if det(a, ) # 0, and degenerate if det[aij] =0,

or (1) 1s a quadr1c or degenerate accord1ng as

2Ry By By G S
N L
‘ By By 2A3 (3
¢ ¢, oty 2D

Quadr1csare non degenerate surfaces, while cy]1nders, coneés

and sets of two p]anes are degenerate ones

}Examgle 1, Transform the following ‘into standard forns and

" test them for degeneracy

a) 9k - 4y? 4 2% 4 18x - 42+ 13 =0

' b) x2 - yZ & 2% - 2xz 4 2x - 4y - 2z -3 =0
~Solution. . ‘ ' ‘ L
a) Since there are no croes terms, standard equat1ons are

obtained by comp]et1ng squares
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,(9x2+18x)-4y2+(;2-4z)+]3 =0
5 9(x%s2x)-8y?4(2-2)%-4413 < 0

= 9(xe1)2-9-0y%4(2-2)%9 2 0

=) 9(x+1)2a4y2+(z-2)2-=v0 (gbnes'vertex at~(-], 0, 2))

0 0.2 -4 o _
8 0 -# 26
the cone_i§ degenerate,
F\Tb) Sincé'there'is only one cross term, namely -2xz, the
standard equation is obtained by\rotating'OXZ.about 0 by a pro-

per angle 8:

(x2-2xz42%)-y2s2x-Ay-22-3 = 0 ()

=2 s
tan 28 = =T = = 0

/4 =) cos 8 = sin 8 = 272

/é- L/zg (x.+zl')"7 y=y". |

A (x'-zf), | z

"
n

X
Setting these values fn (1), we have

-]Z(x'-z'_)2 - 2. % (x‘z-z'z)'+'% (X'+z?)2-y'2

3

0

]

¢ VZ(x'-2')-8y" -/Z(x'+2")-3

42'%-2y'2-8y'-4/22' -6 = 0

2(z' - %g)z = (y'+2)2 = 0 (two interséctfng planes)
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as in -(a) there is degeneracy.

96.

97.

: z = -2. Then

‘A(P; F) = /x2+y2+(z-2)2,’ d(p, ) =|z+2ll

Example .2. = e

.-a) Find the Tocus. of points equidistant from the'péint

F(0, 0, 2) and the plane  w: 2z
b) Sketch the obtained Tocus

. Solution.

-2.

a) Let - P(x, y, z) ‘be equidistantgfromA\F(O,'0; 2) and -

~.

2

2 xPiyli(z-2)% = (242)% 2 x%ey? - 8z. (EP)

b)’Domain; R?
' L L 2 .2
Traces: xy-trace: 2z=0 = X +y
xz-trace: y=0_ =) %2482
yz-trace: x=0 =) y2;82
cross-sections:k‘

= k

/ xyfplane s oz=k . x2+y2
" J/ xz-plane : y=k N x?+k? = 8z
// yz-plane :  x=k _y2+k2 = 8z

~ EXERCISES (3. 3)

0~ (Qrigin)
(parabola)
“(parabola)

(circles for k 0)
(parabolas)

(parabolas)

 P}otA£hé following points in a cylindrical coordinate system:

A(n/4, 3, 4), B(w/2, 4, 1}, C(0, -2, 1), D(0, 0, 2).

,Piot‘the fo]fowing points in a spherical coordinate system:

A(n/4, m/2, 2), B(n/2, 774, 3), C(0, /2, -2); -D(n[4, ©/4, 1)
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99,

100.

101.

102,

103.

104,
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Sketch each of’ the. surfaces g1ven by equat1ons in spherical

coord1nates.‘

‘a) =5, byﬁk'zﬁ/s, o)e = /2, @)g; 2 cosf.
“ Sketch hhe :shrfaces: ) | >‘ | | |
a)ex2+y2,; 36 3 b) y2+422‘= o, - c)vx2—22.= 16
Is thefe.any deéener%te hne? | |
Same eeestion\fdh: :
\la)lx2+J6y244;; 0. b) x2+ez-4y= d,‘ c) §?-y?.s\z2,

F1nd the proaect1ons of the following curves on the coord1-

inate p]anes

a) z .= x2+y2ﬁi Z = 4y o b) x2+z2 = 9, ‘y2+22 = 4
2 2 2 ’ o

.c) x +y“+z" = 4, x4y+z = 2.

Find the equat1on of the cy]1nder w1th d1rectr1x I' and d1rec—'

tion A given be]ow
a) r: i2;2x = 8, y=0, . 'A'ﬂ'y~axisrv
) T : x=2+t, y=t2, z=t3+1, A/ x-axis

’

"Find the equation-of the cone with given vertex  V and

, . . - : N . N .
directrix I ¢ ] - : ' . -

2

a) v(0, 0, 0), T: x%y® =16, z=2

2

b) V(3, 1, 2), T:x=2+t, y=t’; z=tde1

Find the equations of the surfaces of revolutien?ﬂith given

_generatrix T and axis  A:

a) T: yz = 4x-16, A x-axis
2
y

n .

b) Tr: '2pzii' A: z-axis
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- 2 -2 ~
c)y T: 5?>- XZ syl,, AT y-axis
y ’ a~. b~ - y
ﬁ05} Find tﬁe Iocué-of'points equidfstanf{from
. a) (0, 0,0) and w: z = -4
b) (3,1, -5) and : ﬁ:‘x+2y;22 =1
106. Cohstruct»aﬁdidiSCUss the surféces;-
a) 22=16 ~ b) 4y®-25 =0 o) syt - o
d) 4x?e2% <16 e) yPeozb=0 £) 16x%-4y%-2%- 0
) ]07;‘$ame question for: k
2,162% = 144 “b) 9x2-y%i92% = 36

ey axZoac” 22 o qae o d) x%ay?2% L 25

q) 4x2+9y

l108, Construct tr. olid, in the'I.vocﬁant, bounded by
a) x2+y2 = az, z = 2mx (a>0,. m>0) "~
b) xPey? = az, xPey? = 2ax, =0 (a>0)

'

109. Determine the're]ative~positiohs‘of the 1ine and quadric Q:

» X+6 -6 - z-3 2 2 .2
7a2 L: ;- ,Qéz— =-€1— ) Q: x7+y +4x =_16

' b) S9r X = 344t, \yv=‘g-t, z‘= -2t, AQ: iz-zz = 2y.

d) & x = 6t, y=9+3t, z=1-2t, Q: yi+4z® = 8x.

110. Write the following in 'standard form:

2

a)_x2+y +22-4x+2y+62;9'= 0 " b) 4x2¥4y2+]6x+82 =0

RARN Same'qﬁestion‘for:

a) x%sylizlioxy =0 b) y2-22-4xz2 = 0
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113.

114,

115.

96.

100.

102. o)'2xj+z.2

104;

X2y
SRR S
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: 2 ,.2.,2 : L
Write xT+3y +2z 7 +2xy+3x+2y+1 = 0 -in matrix form.

Show that the fq]lowing are degenerate second degree surfaces:
2 . )

=0 " V b) 2° < axsby .
Ca S » :

o |N
: )

c) Axﬁ;sx]xzfcfngx]+Ex2+F;= 0

Find the surface through the curve of intersection of .

z = x2+2y2, 3x+4y = 0 and.passing through the ‘point (0, 1, 4).

Write the equation of second degree surface passing through

~the nine points: (0, 0, 0); (1, 0, 0), (0,1, 0),

(0,~0, 1), (G, J, 1}, (1, 0, 1); (1, 1, 0), T("l,.’.-,vl),
(1, 2, 3) | . | |

)

ra  _ANSWERS TO EVEN NUMBERED EXERCISES
o e L : AR
- A 2
,,A' . !‘9
OE?*T* i oy .
A%
A b

2

<
+
N
[}

4x-16, b) x%y? = 2pz,.
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108.

. 110.a) (X-Z).Z-t‘(.y;'l)27+‘(Z+3_)2 = 23

by (x+2)%- y? -=,: “22-4

114. 2x2eayliaxity-2z = 0.
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- 3, 4, Space CURvEs

A. VECTOR FUNCTIONS :(of one variable).

If 1 s an interval on a t-axis, then the function -

.;:\I -> R3\

is called a vector function of one-?ariablé,from\feaTs‘to vectors
iﬁ_3-space. ' , ’ , | B A

: Ihe-vé]ue.of ¥ at tel s ;(q). If the position vector

,;(t) ‘has scalar components x(t), y(t), z(t), then )

F(t) = x(t)ieylt)ieZ()k

or ‘;_ - 7 o ‘ v

FlE) = (x(8)s y(1), 2(8))

:\ \; For thé_fuhctionl ?(t), 1iﬁit@vderivafive, dffferéntia],

continuity and integrals are defined as follows:
. ) i/ . -

Mmoo F(t) < (lim x(8). Tim oy i), Mm z(t))
T st Ctat T tat,

ta-to t- o -
Tod ?(ts‘“' 1im ?(t At) - ?(ty
ax r(t) = T

At 50 at,

(a

o (gp X0, e, gz

aF(t) = (dx(t)y dy(t), dz(t)
L (% at, § dt, 3 4t)
A
o (ks y, 2)dt
The notations for the firs;'der{vative are

'é%.:?(t)’ S de o, ?(t), ?(ﬁ)

Y . } : .
r(t) 1is said to be continueus at ty if .




224

't]jmt] ?(t) =??(to)'= (x(ty)s y(t,)s Z(to))
) 0 ) ) - N

or if x(t), y(t), i(t) are continuous at t,-
If ”:(t)‘ is continuous, then the integrals of ~x(t); v(t),

'z(t) ekist, and

j,—n:(t)dt »(vfx‘cvit, fyat', [zdt)

Bs
J r(t)dt

n

B - B 8
(fxdt, [ ydt, { zdt).
a a o o _ .
~ From now on, the arrows of vector function will beé omitted.

Theorem. If the vector functioﬁs F(t), G(t), H(t) and

the scalar function wu(t) are differentiab]e(on] [g,,S],“then

-
-

\1.(F$Gyg,ﬁté L2, (uF) = M#u?i
3. (F]iaj'; F.G+F.G | _ 4.:(FXE);=‘ FxG+FxG
5, (FGH)'='(EG M)« (FG H)+(F 6 ) N
6. ((FxG)xH)' év‘?xG)xH-+(fxﬁ)xH+a(F¥G)xﬁ.

where VdotF.means‘derivative'wfth respect to the parameter t.

Proof. Let F = (Fy, Fjy F3)s' 6 = (6), G,y G3),

CH = (Hy, Hy, Hg).

1. (F£G) = (Fy Gy, Fo2G,, FozG,)
(F£G) = (Fy2Gy, FptGy, Fyx63)

|
T~
—
-
—t
+
g
-—
~
-
—~~
TN
~n
H+
w
~nN
~
-
—
-
w
+
[ep]
w
~
~

A (ﬁ]t G

-

10 Fot6y, | FB +G,)

n

(Fys Faa Fg) 2 (8, Gpn G5) = FaC




225

2. (WF) = ((uFp) L (uFy) L (uFy))

= (l.jF.|+ u_l:"] ,‘} UF2+UF2, 'UF3.+UF3)‘

(uF],’qu, uF3) + (uF,, uF,, uFy)
R =.l:l-F+ul;
3. (F.G) = (FGy + Fply + Fu6y)

= .(F]G]'f-r‘sz +‘F3G._3) + (F]G'_l + FA G, + F3G3)

252

f:' G + FG
4. (FxG) = ((FzGé-F362) , (F G -F]G3) . (F]GZ-FZGT))

F36, .. IF; S17F165 s Fi6,mFaG)

+ ersstﬁz' E F3G1 1827 5 (Fy6p-Fy6))

. . . ) _,\- .
. 5. Since the mixed product (F:6-H) is equal.to FxGiH-.
“(or fo"F GxH) the der1vat1ve is obtained by the app11cat1on

of the propert1es (3) and (4). o ’ S )

6. The proof

-The property (5) g1ves a ru]e for dlfferentlatlng

ner-
‘m1nant of order 3 where elements are’ functlons of the sam
var1ab1e : ' :
’ v;F] Fo Fs . o »
(FGH),= _‘G] - G, G| _ :
Hy My Hy

“is obtained by app]ylng tw1ce the property (4).




;eva]qéte the following
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FioFo Fg [Py Fp Fa'|Fy Fo Byl |Fy Fp Fy
d : ‘ |
T (G G B3)=18 Gy Gyle Gy Gy G5alGy Gy Gy
Hy Hp Hal [Hy My Hg) [Hy Hp Mgl JHy Hp Hy

~This rule of differentiatiqn,holds.for determinants of any

order.
"Example. Given the vector function

- ’ > ' o . -t B
U 4 r(t) = Ch t i - Sh 2t jse k

a) D':(ln 3) = D r(t) : b) [ ?(t)dt-

o Solution.

BCh t, =D Sh 2t, D e %)

Ca) D OR(t) = (
- (sh't, -2¢ch2t, -et) .
D ¥(%n 3). = (sh an 3, -2 Ch 2pn 3, -e7RM 3y
Q2N3_-2n3 02203, -24n3 .
=( *e - =)
_~_——7T—“——_ ___'_—TT__"_— 3
1
3 - _ )
=(‘—2“-‘3-—”‘Z(9+'9')a ‘%‘)
R L U
= 'g‘s—Ts 3

en 2, _ o gn- 2 - 2 an
b) [ r(t)dt = ( [ Chtdt, - [ Sh2tdt, [ e
0 0 o 0 . 0

= .
[\

gn 2 " _yien 2
, - % Ch 2t| ., -e I |
0

n
—~
%
=
(aa

0 .

1 . . .
2 -4 - ;
(- JZ[Ch 2 gn 2-1], - (- 1)

5

S I
1(73—--1),,%)

]
Mo o
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'B. SPACE CURves ,
" Definitions:
A Vector function
:fﬁ)' Mth+y(ﬂ3+zu)h tE&;B],
cons1dered“as a var1ab]e pos1t1on vector r(t) ;tP(t)r defines a .

curve T (or an arc,qf curve)’ as the locus of P(x(t), y(t), Z(t))

when t ‘varies in the interval’ [a, ﬁ] of wh1ch the parametric <7

L : JL'E . i
equations are _ . : |
' ! P T~ B !
[x=x(t) ﬁh | |
o o . ﬂ“ ) \ 1
r:{y=y(t) , telas 8] . e . N

S lz=z(t) 4 ¢
, : B 4 |
The initial point of T is A(t=a) and ¥ ’ — : '!

the end point is B(t = g). T 'js said to

be oriented from A to B‘ and the sense is-indicated by an érrow
put on the curve. e 77 - Lo S ;

I is a plane curve or a skew curve according as it Ties or

does not lie_on a plane. A plane curve or a skew curve is called
a space curve. : ' T .
Eiemination of ¢t between two-coordihates gives a relatiaon betweer

these coord1nates show1ng that T Ties on a cy11nder Such a c¢ -linder

is called a proaect1ng cyllnden T qef1nes three projecting
cy11nders. _' _

‘The space curve T is ElQEEﬂ if r(a) = rks) (or %f\ Aé’Bj,
.and called simple if I' does not 1ntersect itself. Pic said to be :

Yo

~smooth if admits'tangeht line of every point of it. -

Lines are simple examp]es of space curves. Below~we give an

1nterest1ng curve wh1ch is skew
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EXamp]e; (Circular he]ix); Considen‘the curve
r(8) = a-cos® i + a . sin@ j + b 8 k

or

xv= a cos@ i
"rily =a sind (a>0, b>0) BeR.
Z=b9 o '
E11m1nat1on of 0 between . X, ¥y gives the re]ation
X2+y2 = a2 which is a r1hgt c1rcu1ar cy11nder (a prOJect1ng
: T

cylinder). HenceAr lTies on th1s cy11nder; As
8 varies, P7a cc 8, a Sin@;, bB8) “lying on

this cylinder. 'escribe a curve called a

B LR

c1rcu1ar helix.

That arc corre;pond1ng to the 1nterva1 . - K
(0, n]_ is shown on the. flgure, start1ng at A(a, 0, 0) and
: end1ng at B(a, O, an)
The who]e curve is obta1ned by translatlng th1s arc in the
-direction of z-axis by mu1t1p11es of ZmB. i
The circular helix has the property that when the cylinder

is rut -along the line “AB (or.the Tine X=a, Yy= 0) and deve]oped

‘on a plane the curve becomes a line y ,//4 (231
. Lo T . . . LZ,A
with slope 2mb/2ma ='b/a. .9 '
L ae zéa

Geometric interpretation of r(t) Le

, Lo et = ({8, V(8 2())s  te(es 8)

be a space curve. 'Let\the equatior’ of the tangent 11ne at

be desired. Cons1der a nearby point

P(t) 'bn The tangent 11ne at 'Po

js~the 11m1t1ng'pos1t1on of the Tline

PbP as P +}P0.iThe‘dinection numbens



'their-]imits, as
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X=Xy y-y z-z_ - or
) ,y'yo 72,
Tt ¥ t, 0 T,

t -+ t s are

x(t )y y(t ) s z(t ) éng’aré

components of a tangent vector at . P Hence™

r(tg),= -(’X(td)-, .V(to),_ i(t’o)) -

i's a tangent vectoﬁ~to’r‘ét

is a tangent vector at

r(t) =

is: a]so a tangent vector

P

>Arc1ength.j

':Consider two nearby points

P(t). an
on T. THe iength

Jo1ng these points is an approx1mat1on

.to the are from
(8s)? =
As 2
>

d P(t+At)

As

P(t)

2

'P(td),vand,‘

(X(t),. y(t), 2(t))

P(t).

The differéntial

(x, y, z)dt

- P

of the chord

to

Ax+Ay

= (

)

0

2

e

, N

The vector of equatlon of the tangent 11ne at, Po is then

r(ta), FA » AR

P(t+At). Now, from the figure

2

[x(t+At) x(t))+—(y(t~*At) - y(t)) +(z(t +At) - Z(t))

(g0 Gh%
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Mhen  x(t), y(t), 2(t)eD(as §), one ha;'

ds.2 L dxy2 L dy.2
(€92 . (@2, (2 +( )
. 4 ;9«‘dsz = dx2'+ dy2 + dz?‘
N .~ —7 V ‘B,V,
S s;f/2+y2+z i

Q

Physical ihterpretétidn of }(t): A ‘

- ~ If one considers the parameferA t as time, then the curve

r(t) = (x(t), Y (t), 2(1))

- becomes the path (traaectory) of a mov1ng part1c1e

The tangent vector r(t) is the velocity vector v(t) of

the moviﬁg pértic]e,-sfnce' i(t),~y(t), z(t) are ve]ocity,'

'components 1n the d1rect1ons of coord1nate axes

v(t) = (x(t), y(t), z(t»
.or
5 - v(t) = (Vx’,.vy’~ vy)'
~ The ﬁaSnftdde of the-vé]ocity'vector is the speéd.of the
particle: : .

v =l
- Example 1. Find the arc length of the circular helix
r(®) = a cpég i+ a sine_j + b 0 k a>0, ‘b>0

between the points A(a==0),_ P(f).

Sclution, : .
‘ X = a cos8 Yy é-a sinB, - z=5h8
— = X = -a sin@ y = a case,‘ z =b
.2 52 . 22,p2 TR
s = f9/£2+b2 = Vég:;2 é
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Example 2. Llet .
po= (83, 2t, tY), Q= (th4t-4, tZa, 2t3-1)
" be the paths of two particies
‘ -k‘a) Do the particles collide? A
~b) If ‘they collide, find velocity vectors at the time of

‘collision. : o 7

Solution. . 'u' o

a) For collision, the terdinates'Of two particles aré to . .

hbe the same-at the same~time.xEquating the first coordinates we

“have: - , “ .
o tfiat-a = Petfiane 0 o t1, te2, ti-2

of thch only t:]_satisfiés‘the cher equations Zt:= tz+1 and

t2 =12t3;1. Henceitherparffcles collide when t-= 1.

b) v (1) = (3f2,’2,-2t),,-v2(t),= (2ts4, 2t, 6t2)
: T s (1) = (3. 2, 2), v,(1)= (6, 2, 6).

e

FRENET Frame.

Given a space curve-T to any point Pof T therevis'aséociated

a system of three mutuaT]y orthogona];unjt, vectors T, N, B as
described be]ow; Such a system ié ka]]ed:fhe-FRENET Frame.

When the are Tength s is uéed’aﬁ parameter (instrmnsic'
parameter), t becomes a funétibn of ‘s; and by chéin;rule; we .
have

/oy drdr(t) dt oy dt
Y‘(t) = g5 = 'r( ds = r(t) as :
which . is then a vector tangenf tor at any boiht P(t)




‘we write
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where
These notations will be usedvthroughont this Section. .
Now we show thatvthe tangent vector r!(t) is a unit vector:

(r.(t))z 2 dt 2

rt(t).r'(t) =.r

n

(x2ey2ez?)dt?/as? - as?ras? - 1.

This un1t tangent vector r' havfng the same sense as T

-is denoted by' T:

T ori(t) = () $E

Since 'T.T 5'1, by differentiation, we get T'.T = 0

showing that T is«perpendicular,toA T. ’ 7
Def1n1ng a un1t vector N ,;,

in the same d1rect1on and sense as T

R T R T O N S

ST = kN

where N ‘is called the principal unit normal vector and the
scalar K the curvature, and 1ts rec1proca1 gé 1/k  the radiusA<

of curvature(])_of T.at P(t)

P

Hav1ng def1ned two unit orthogona] vectors ”T’Aand‘ N, we

def1ne now a th1rd one B- by .

wh1ch is orthogonal to both T ‘and N, cai]ed'the binOrmei unit

vector of P at - P(t)

These three mutually orthogonaJ-unit vectors T, Ny B form,

-in this order, atpos{tive system ca]]ed the FRENET system of‘F-at P(E).

(1) - The reason for calling ' the "radius curvature" is that when evaluated for
‘a c1rc1e it g1ves the radius of that c1rc1e
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The ]ingsthfough, P~ along T, N, B

are the tangent line, principal riormal. and

binormal of T. These lines determine three .

planes: The one determined by N, B is the

Vnormai'g]ane (NP) of r at P. Tﬁe_otﬁer two ,
are tangent to r at" P. The one fqrmed'by. T, N is called the
oscufatfng plane (OP) and the other the‘rectifying plane CRP)V.

: Qf rat P. ' : »

; The osculating p]ane can be shown to be that tangent plane
that f1ts the -curve hest. The name "rect1fy1ng“ may be exp1a1ned
as follows: When P describes - [,-the RP becomes tangent to a

~certain surface S e¢ontaining the curve T. This surface can be

developed onto'a plane. When developed its curve I is transformed.

into a "straight line". Hence the name "rectifying". ‘ A

The equations of these planes at Po' are:
Normal plane: <(p-po);T= 0
Recti?ying biané: (P'Po)’N=‘0

uOS;hTating\plané: (P-Py).B=0
fExamp]e..Given thé circular %eiix T
| | r(t) = a cost i+ a sint j+ Bt k
'a) find- T, N, B, K o
b) find tﬁe'équation of the>o;cu15ting plane at P(t)
Solution.

dr _ dr- dt _ . R
a) T = a5 =‘H€ ds = ("a sint, a cost, b) mz——

dT o dT _dT dt )
I kN = H— i ( a cost, -a sint, 0)—-7—:2—
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(-cost, -sint,. 0) ;?S_E’= kN ‘4

a +b
= K = = ;- N = (-cost, -sint, 0)
. a +b R ’
§ ik

_{b sint,-b cost, a)

- i :
B = TxN = |-a sint a-cost b_—_q?_e7_
: | - cost - sint -0 /3 *b C ,/sd+5?

~'Principa) normal vector is parallel to Xy-p]ane and
curvature is constant.
b) (x-a cost)b sint - (y-a sint)b cost+ (z-bt)a = 0

(b sint)x - (b coét)y az = abt

[ 3

Cint - Y cost » Z -
sint " a cost‘+ F° t.

SERRET-FRENET formulas.

These are expressions for T', N', B' .as linear combina-

~tions of T, N, B.

'T' _was already obtained as KN. '
B'- is derivable from B.B = 1, B.T'= 0 by differentiation:
B.B=1, B.T=0 '= B'.B=0, B'.T+B.T'= 0
= B'.B=0, - B'.T+B.KN=0 ‘
= B'.B=0, B'".T=0 = BB, B''T = B'/N-

Hence there is a scalar i'(tau) such that

B' = -1N

_where t is called the torsion of T at P(t).

Now,
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= (BXT)' = B'XT + BxT'
= -TNXT + BxKN = -KT + B

Thus wenhavevobtained

T" = kN - T 0 kK 0]]T
N' = -KT +TB or N'[={-K 0 <||N
B' = -tN : B! 0 -t ,0[}B

/‘whieh are called the\SERRET-FRENET formu]as,vdfscovered by SERRET

in 1851, and by FRENET 1n 1852, where the square matr1x is skew ’
symmetr1c ) \ :
 The reciproca]s ‘§, o of k‘(Kappa),. b (tauj‘ re-

ca]]ed the radius of curvature and rad1us of t0r51on of the space

curve I' at P(t). : ' : . . 7
" For a straight line, T is a constant vector, and T'=.0
imp]ying‘that K=0. K is a measure of deviation: (departure)
of the curve from the tangent 11ne |
For a p]ane curve, ‘B~ is a- constant vector and B' =90
1mp1y1ng that 1-50. T is a measure of deviation (departure) of
the curve from the oscuﬁat1ng plane.’

‘Converses are also true, that is,

k =0 = T is a straight line,

t=0 = T 1is a plane curve.

From SERRET-FRENET formulas, we have

2

KS = T'.T' = r.p", 7% = B'.B

Evaluation of T", N", B":

Setting, -




0 k 0 T
F=|-k 0 T |, u=|n|,
0 -t. 0] B

the SERRET-FRENET formulas are written as

U= FU
which, when differentiated, giveS.
o | U" = F'U 4 FU
F'U+ F(FU) = (F'sF2)U-

.

where :
o 0 K' 0 -« Kz
Fl=l-k' 0. '], F2.| o -k2-1% o
no-1'l 0 kt 0 -t ’
Then o |
] [k ok kd] [T
el = |-kt -k%-rZ o [N
8] |kt -rr 12 (B
or

T - '-KZT + 'N '+ k1B

N = -k TE(KETO)N . T'B
B* = kiT -t/ N - 1%8B

~

Now we evaluate the mixed produete (T T" T"), (N, N', N")
i "~ and (B, B's B'): ' C

I o - (T T T") = (T kN -k®T+ K'N+ ktB)

(T KN ktB) = k%T(T N B) = K’

| S (N N N* ) = (N -KT+TB -~k'T4(k2+r?)N+r'B)
o | (N -KT-T*B)+(N TB. -K'T)
o —kt' (N T B) - k't (NBT)

‘ . ’ ' ’ » = kt' - K't




237
/

. (B -1N ktT-T'N-TZB)
2

n

(B“Bl an)

(B =tN keT) = kr
‘Thus we have v ) | \
(TT' T') = (r' " v = kg

(NN' N") = ko' - k'¢ -
, (B B' B") = kT |
showing thatjﬁhe sign of K is thaf of (B; B 'B"), and the sfgn

" of t is that of (T T' T").

Physical interpretation of r(t)

/

If a paqtic[é- moves on the trajectory
rooor(t)=x(t)i+y(t)d+ z(t)k,

where the parametér t is time, then r(t) = Q(t) is the

acceleration Vector  a{t) of the particle at time t.

We show that a(f)‘ lies on the osculating plane of T at

P(t): - .
: d “d ,ds
a(t) = gp v(t) = g (@)
d%s o ds 4 o
T T T
\ ds ds " dT
=s T +» g% (g 93)
s T + vikN
J
2 .
= s T o+ Ly
| - 3 |
showing also that the tangential and normal components are
. 2
aT=S§ aN'_'-g—

If the motion is uniform (ds/dt=constant) along T, then

s-= 0, and the acceleration véctbr lies along the principal
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normaI of M _4 " h -
Example. A partic}e is»movihg on the path
Trr(t) = antie b2 a2t k.
a) Tiﬁd Qe]ocity and accelératién vectors, ’ y
'b) find the components ay, ;aN_ of a(t) at t = 1.

Solution.

2) v(t) = F(t) =i« tie Tk ,
a(t) = r(t) = - Sy i+ ]
| t
g ‘ b) a, - s  where
? - 2
| ds = Alaylez? dt - £l g
| S L2 Co2 |
| : ) ds . t7+1 b t -1 .
; ( S—=H'E = t .__-j , S = —tz— =>aT€.I)= S(]) ='0-
2 S
| LR 2
% v 2 2 t 2 - 2
E ay = E— = vk where v = ( ;])1 5 v (1) = 4‘

TR I S

- o dt 1.0 ; - t
rto=or(t) g = (g 1+ td+v/2k) ——

) ds t : t 41
% ' A , UL RPN T P P t
| e r" = | (- 1+J),—-2-——-+(—- 1+t3+/§k) —— |
( o [ ?2- t7+1 't‘. (t +])2]t +1
o () = (e (-1e9)
= k(1) = [r"(1)| =V/2/4. Then

! = VR k(1) = /7.
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Curvaturé of p]ané curves.
Let
Tt or(x) =xf+yj, .y="~f(x)

be a plane curve.

. ?”_'v(x) (i+y'd) g% Q’ikth ds_=V{+¥'2 dx)4

n

. ,‘, 1 '
(i+y"3) VaTLs
. N +y,
‘ )‘ylyll ; -I

Wiy RynE 1 - i+ ':' .
O () g - ) Gl )

' '.2 n
= (- L5 i (0 - L —)j y
~|+y|2 +.V'2> ] 1+9'2
= (-y''d + —_Z_—y" 5
] (T+y*' ") ‘
' 2 2
2 '2 y‘l yn
K™ = (T+y'7) =
| (1ry' )% ey %)’
" T .,2.3/2 '
K = =# Yy . §, (]+y )
(1+y'2)3;,2 E Iy"

For a plane curve the curvatufe has the equivalent definition.

nameiy
_ da. .
K = a? i
Indeed,

- A . da n dx

t = LI = [ - y dx

an a y = a arctaﬂ '3 1+y'7- e

K. ~ d(! _ yu ' 1 : ) y"

S8 Ty 2T Ay (e B3




~nearby points Q, R when Q =+ P, R~»>P.
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~We have obtained K  when the'plaﬁe curve I is givéh in .

vector or cartesian form. Now, for a parametric curve

rcox o= x(t), y o= y(t),
spttingi - ] ] o \
e, e & %u;zu 1,
ip K ¥ y7(1+yfé)?(2, we’have | | ,
g gy
(3% 4 55)°77

When T is giveh in polar form:

F: vr=f(0) or x=r gosé, ~y = r sing,

computing X, y, X, y and setting in above fokmuTaskone gets

K = r2+ ér'z - rr"

(Lo B)37T

which'cah also bevbbtainéd from K .= dx/ds' where a=9+6 and

¥ = arctan %; .

t

Circle of curvature:

The circle of curvature of a curve T
: ) /
at-a point P of it is the limiting circle

of the circle passing through P and two

It can be shown that the circle center

~at € =P +¢N and radius ¢ is the circle

of curvature ¥ at P (in 3- or 2-space).
Yy lies in the och]ating plane at P since it is tangent to T.

(qr’£¢ tdngeng vector T) and center is on principa1 normal.
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I

The coordinates of the center C are, for a~blane curve,

[eax -y el x(t) PN 9L
T v ERGAR E T

- X" .,.

. 2 : : .2 L2
1+y' ‘ . e X"+ y

= = t - . —_—
n=y + v ) n.= y(t) -y Ty

and the equafiqn of y is

o

SR (IR A LR &

Examp]e Giyen the cardioid ro= T+cosB, find extrema of

the curvature ...Q. - »wkt~'
: ' h : N B . ". N 7z .
N Solution. r' = -siné, '; = ~-cosB - . ’ ;
‘ K = 2+2r 2 - ;r L= k K= 3 :
(r r! )37 o Y g'_\@' :

K = 3ﬁ§"15'miniﬁum when- 8'=.0,

- Curvilinear mdtion Un p]ane)

—Let T be the trajectory of a part1c1e g>
"~ In ‘the cartes1an system, the components

of the velocity vector are:
P

: v
. dx o dy Yooyt o=
,‘Vx“HT"Vy'HT (= y' = tana)

o >

and the:componehts‘of the acceleration vector become

2 2
a = 94X a =4y
e S e —

" In the polar system.the components are taken in the direction

of the radius vector and-perbendicu]ar to. that direction:
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1
=

1

I
-

dr
r dt
A v ;IVQ v, = (t&n v .= T dr =wr
e "V, r- VIVe = qr7de L dT =T
d o ,V; . . . :
V. = 1% (f cos9)=r cosG-(rvs1nQ)9=r:cose—wr sin®
_ Vy ='é% (r sinB)=r sinB+(r cosG)Q:F_sinefwr cos®
a, = d (r cos - wr éine)-.”"
x T4t ) T v

¥ cosB-(r sing'w-dr sinef&ﬂfvsine)-ﬁurbcoseym

e g .
r cosB-fwr- sinB-wr sinB-w r cosB

v inB+2wr cosBwr coster sin@

or
5* = (F-af.)cosG-(Zuf+ér)sin9
ay‘:-(ﬁiugr)sin9+(ﬂsr+¢r)cose
. an = r - Q:lzr‘ : -
= : .. (by a rotation)
ag = lur sy - S

where an ag are the rédia'k and transverse components of the

acceleration.

The motion under a central force (as in planetary motion)

the transverse component of the accelation is zero. We have

Soo 1 2y 1 d 2.
ag = &mfwr=-F(%wrfdr) = ¥ HT(Qr)
g 2 . - d.R
1 d orfde 1 d % Tery : v
=+ 9 I -7 4% (TTH?—)..Q (forcentral force)
’ d RQr ‘ ' : c ' .l - .
> —gg— = const. (KEPLER's second law: The area

swept by the radius vectbrgis proportional to time).:

.
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Curve Sketching-

Sketch1ng of a space curve T is usual
two of its proaect1ng cy11nders

Let d1rectr1ces of its twd progect1ng
say, on yz- and xz- p]anes S1nce a.plane
para]le] to ‘xy- p]ane 1ntersect the cy11nders
atong’ two generatrices the inter-

'section P ofxe,, f, belong to the cu?ve r.
Then' T is plotted by tak1ng some number of
p]anes //xy-plane. ‘
A proaect1ng cy11nder is obta1ned by
métér between two coordinates if I' is given
~and By e]iminatinj arvariable &f T is given
G(x} y;-f)/='0}15ince the equation of a ¢y1i

o are ax%s) involves only two variables.

Example 1. Find all three projecting

following curves:

Xx=t, _>y= t°, = 1+/% .

b) T : xPedzf-16,  xPeyfizfeo

Solution. .

a) xy-proj. cyl.» y = x
xz—proj} cy]hrr (z-])2 = X

T yz-proj. cyl.:  ~ (z-1)° = Vy

o . 2 .2

b) xz-proj. cyl. =+ X +4z" = ]6‘(
Xy-proja cyl,f 4y2-3x2 = 16
y:—proj; cyl. 5 y24322’ 16

ly done by the use of

cy11nders be
2

r'l E] F2,

l

Ex

eliminating thefpgra-
in parametric- form,
as F(x, y, z)=.0,

nder (generatrices

cylinders of the



116.

7.

118,

119,

120.

At what points does the curve

b) r(t)

288 -

Example 2. Sketch the curve.

T: x2+y2+f22‘-='_l~6; x_2+y2-'\4x‘="0 (A VIVIANI (v:‘Ul"Vre)
’in_thé I,/pctant.‘ - - - : . o -
';Snlution. » ‘ N
; v : . R . -
Xy-proj. cyl. : (x—2)2+y2 =4 . _I f’.
xz=proj. cyl. : . 2%48% = 16 ' i #g;’ -
I T — 73

EXERCISES G, 1)

r(t) = 2t21 + (1-t)§ +(3+t )k

‘1ntersect the plane 3x 14y+z = 107'

F1nd the un1t tangent vector T,‘for:
3 :
(t

a)»r(t) C1st,  2t+1)

e 2t1+—e J+(1+t )k

n

Find cOsine of_the ang1e of intérsectfpn of the curves
r(t) = (1+t%, 2 cosnt;'tay,‘ r(t) = (t+t2, £-3t2, te]ft)

at (2, -2, 1).

'Find‘the are length in thelgiven intervali

a) r(t)

(t Sint, t‘to§t, t), - [0, w/27]
L3 ,2..3 .3 o
b) r{t) = ti+y t%5+5 t7k, - Yo, 21

¢) x=t, y=4an (sect+tant); z=2n sect, -[0, w/4]

" ‘Show that the curve

v r(t) = ets1nt i+ etcost j+ e k

lies on, a cone‘~ax2+by +c22'=,b, and T(t) makes a constant. .
: ¢ o= > “ .

éng}e with z-axis,



121.

122. .

123.

124,

1250

1267

127.-

128.

c) x2+y2+'z2 = 16, X fy2-4x =0

" a) r(t) = sin 3t i+ cos 3t j +2t
"b) r(t) =

' 0bta1n the equat1on of the surface generated by the tangent

11nes to the curves:

a) r(t) = a cosd i+ a sing j + bo k.

by x =%, y=t4, z=1t

2

F1nd the cond|t1on on ha, b, ¢ 'so that the curve

41 + bt3J + Ctsk

1ies on the surface z2 = x3;+2y4

'r(t) =.at

Find the principa] normal vector  N of the curve

teost J +etsint K

- : ; R L
at. (1, 1, 0) - o !

I r(t) :‘egi +e
If r(t) is-a vector function with r=|r(t) . prove
- .
a)r
>
r

b)

RN : .
.dr =0 r 1is. constant
S

x dr = 0

;

=
= is_constant..
For the cuse.

.6 sin 2t, y=6 cos 2t, z =5t

ha) find. T L b) find s fbr te (0, )
c) find N, K; B. o d) find the oscu]at1ng

plane at t = z/6. ‘

[

Find the equation of.the oscu]atihg pTane_of

TEor(t) - (e3t e 3t 32t)  at t-T.

"F1nd the equation of'the'normal plane:

3/2p 4t 10,.1, 0)

et i+ t] +'t,k ap, t=1.

For theQgiven'trajecteries”find'the ve]oeity vector v(t)

and .the accelerations {ector a(t) with its.combbnents a.s ay



129,
130.

131.
132,
" 133,
134.
135,
136.

137,

is a circle.. .

246~

at A(2, 6, 12)

~

3
2

it
o+

-l

+ .
nof L
o+

[ &)

4

2) r(t) -

—‘«
o e

,b‘)_r(t)~= T3, 263 gk at B(Z, 25 2)

F1nd the velocity vector of motion

r(t) = sin 2t i+ zn(] t)J + tk

At what- po1nt cf the parabo]a y= X 274 is the radius of

,curvature a m1n1mum7

Find‘the curvature and équatidn of the circle of curvature

of the curve

X = gn cosy. ath (d, Q)<
Ftnd K T N . for the circular heTixt
r(t) cost i sjht‘j + 2t k.
For the curve -
r: (t) = a(3t t Yi+ 3at23+ a(3t+t3)k

prove

K =T=—2-—2—
: 3a(1+t")
F1nd the path of a part1c1e wh1ch starts from the or1g1n at

t = 0 - and moves w1th_the velocity v(t) = i cost+ Jj sint+k

Find'the curvature and torsion of.

a) x = a(t-sin t), vy =“a(1-cost), z = bt
.b) x = a cost, y = a sint, . z.= a cos2t
Show that the xy—projéction.of»thé:curve

r: x%y%z%-2ax-a? 2,42 52 2.0

=0, - X +y rz —2a +a

Write the equat1ons of the proaect1ng cyllnders of the

~following curves
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a) r(t) = (¢5, ¢4 £8), T b) r(t) = (sh t, ch t, ef)

‘138. Find the projecting c}]indérs:

" a) x = cost - sint - b) x = e
y = cost + sint - y = e t
=2 sin 2t ‘ z ¢

Z

]
]
o
c+

139. Sketch 'the curves: .
2

a) z = xy,"x+2 = y" b) x2-4X+y2= 0, x2+y-2 = z?
140. Sketch the lines
a),ﬁi} =-% = %5} _ '; ’ 'b) x+2y¥52‘= 10,Q“-x+2y+z,= 2

by ;he use of projectfng éy]inders.

’ANSWERSITO-EVEN NUMBEREﬁ EXERCI'SES.

e, (2, 0, &), (18, 4,7 12) o v S ;
1y 12/5 .88

122, atobtec?- 0 - T

126.4Xr86y;‘éé32;6é3 =0
128, a)'v = i+6j+18k,

7 a = 3j+18k{ ar= 18, ay = 3
b) v = i+2j=2k - ,
a = 2i+4k, a, = -2, a&= 4 ]

130. at (0, 0)

132. 1/5, 7%? (-sint i+cost j*2k), . -cost i - sint j

134, r(t) = sint i + (T-cost)j+ tk

138, a) xZeyl 2, z=2y?-2,  z=2-2x2
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xty-2z =0, - XH1 = 2xz
A SUMMARY )

’

ajbyragbyrazhy _‘B A

‘Dot product: A.B = |A][B]| cos@

"A.(B+C) = A.B+A.C, AB <> A.B =0 . -

n

- . - . ) T ) .
~ Cross ‘product: AxB~=”;|A||B[sin9, where |n]=1; A, B, n is

‘a poéitive system;

_ AxB=]a; " a, .ag - ia_BxA, Ax(B+€) = AXB + AXC

by by by
. L T e > .
JAxB| = |OARB|, where OR = 0A40B- "~
ST o . C% %2 83
Mixed product: (ABC) = AxB.C = A.BxC =. b] b2 b3
» . . €] Cp C3
Tr1p1e vector propuct o - T

Ax(BxC) (A C)B - (A B)C (AxB)xC = (A.C)B -\(B.C)A'

Inner product in. R" . in E[a,_ % .

<A, B> = a b] eeoora b - <f g - j f(ﬁ) g(£)dt
2,1/2 | 172

AN = (a +..oe aD)1/2 NI = ;f (t)dt)V/
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3. 2. PLANES: - . , - |
‘ “Plane- through p (x s yo, z ) and L N = (A, B, C):

. k ’ A(x-xo) + B(yryo) + C(z-zo) =

General equation: Ax+By+Czs+D = 0

.‘Nbrmél equat?ons:
R “ ' S 2,2 2
. XCOS o + yCOS B‘+ZCOS'y- p = 0, ax+bysez,d=0 (a"+b"+c"=1)

(Ax+By+CZ+D)//A +B +C =0

’Plane through P], PZ’ P3:‘ Intercept form

o) x
+
o<
+
OIN
n
—

Yx\~,y z 1f
: x1"y] z; = B R '

= 0 _ Vectoral form: P = P_+sU+tV
Xy Yo 2y 1 L o :

3 Y3 %3

 LINES.”

PN - ’ O ’ ; / ’ i
Line through Po and / D = (as b, c): _ j

P =P +tD (vectoral .equation)

e

x0+ta;b y ;.yo;tb;_"2'='t0+tc '(param}cartes.equ)

,X=
X=X, ‘y-yo ) z-z ' ,
—— = e = ¢ (symmetric equations)

Ax+By+Cz+D = 0, - A'X+B‘y;C'Z+D'= 0 (gimu]taheo Auggg)

/3. 3. SURFACES. - = g - - -
A surface is the graph of an equa11ty relat1on - F(x, ¥ z)=0.

X = f(u,\y), y = g(u, v), z = h(q, v) .(paramétric equ)

AF(x; y; Z) + uG(x, Y i)-='0 (linear family of planes)

Cy11ndr1ca] coord1nates: . o SpHerica] coordfnates:f




|
|
|
|
;
{
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e s, x=f(t) _ y-a(t) _ z-h(t)
Cy]lnder;. S: 3 = i c

with direction A = {(a, b, c)  and directrix. x = f(t),

yo=a(t), z = h(t). . . . -

X=X Y-y, L z-z

Cones: ™ S: = = T
=ones X T(E] = §omaTt] ~ 77R(E)

with vertex (x_» ¥» 2.). and directrix x = f(t),

Vg = g(t), z = h(t).

B

Surface of revolution with axis on z-axis:

S: x2+y2 = r?,‘ z = h(t), 1r2 = Fz(t) +gz(t)

s: xZey? = F2(6) 4 6P (t); 2 = h(t)

. where .x ;'f(t), y = g(tj, z = h(t) is the generatrix.

QUADRICS; )

szglf . (yggjzA; (2;%)2,='1' (E]]ipso;d5

i(x§2)2 . (ygg)z-;'(z-%)z :fi ;(HyPgrdeéia.of one §hé;t)

»Lﬁi%lf ! ;k 2.; (Z;i)zf;'] (Hyﬁerbo]o%ﬁxof\%wé Shegtsjﬂ
‘_E(X;gjz . fy;§i2‘= x(j—g}‘ -lb(El1jp£T; parabolaiq) .

(X;g?? - (Y;S)? =x(z-1) (Hyperbo]jh pérabdloid)

SOME DEGENERATE QUADRICS: ' ,
f(xs.y) =0 or g(x,'z) =0 “or h(y, z) =0 (cylinders)

,(x;g)z +{(Y'§)2 - (Z'%)Z -0 (céné)

a . b c



SPACE CURVES:
Vector function: r(t)

'tangeht.vector: r(t)

unit tangent vector T.

" unit principal normal vector N

unit binormal vector B

" FRENET formu]as:

251

X(E)T + y ()3 + 2(8)k = (x(8), y(1), 2(¢))
x(t)i+y(t)j+z(t)k,  (r=dr/dt)
ri(t) = dr/ds o

.
= TxN |

T! 0 K. 0] [T]
R R S S I L
B! 0 -t o] |B



e
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MISCELLANECUS EXERCISES

Show that the m1dpo1nts of the sides of a quadrang]e are- the

Vet af a para]le]ogram, (VARIGNON 1654-1722).
q2. Pre;
: i R . -—>
5»'(&+B)0P = sinaOA + sin g OB
Show tr - . ’ ~ v -
If ahsg  yCaoD = 05 avBey+8.=0 (o) 8, v, 64 0),
‘then ‘A, 6,.C, D are cop]anar ’ ' 4
144. 0 ‘is_the circumcenter and . H the orthocenter .of = 4 ABC.
: T . S i ’ )
Prqve:’ 0%+ CR_+ 0C = OH.
145, Use dpte; . to prov- ©an angle inscribed in eksemi-
. “circle is a , : B . .
146 Show that A(0, v, u, 3, 4), (4, -1, 2, -3)
4 ‘are thevvertiees'of a_ric _ _in R4,
147. Show that‘ .
a)-In an isbce]es trapezoid the dr a]s are congruent
‘b) In a right trlangle the m1dpo1nt of the hypothes1s is
equ1nd1stant from the vertices.
148.>By prOJect1ng the sides a regu]ar pentagon or‘o a Tine wh1ch
| ‘makes an- angle 8. -with one of 1ts sides, b; that -
COS'Q + Cos(9?+—gq +pqs(94-1r)+ Cos(e+~7§)+ COS(Qi—%g)= 0
149. If a = [a] " and b= [B] show that \

b+ba
o a a
r= a

+
+

i

bisects the angle between 2 and b
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Show that .

@) in a parallelogram diagonals~bisects each other,

‘ "'b) in qhadrilateral the b1med1ans (segments 301n1ng the

o m1dpo1nts of oppos1te sLdes) bisect each other

Is1.

152.

Show that 1n a parallelogram ABCD the line poihing' D
to the m1dpo1nt I [BC] trisects the diagonal [ACT .

Let A(ay, aZ? az), B(b bss b3l ahd 9(c1t5c2, c3l be

: kvertites of the triangle ABC, - prove

"-a) the law of cosine -~ b) the law of sine

153.
154,
155,

156.

157.

Show that,if'in'a tetrahedron two pairs of oppOSite edges
are othogonal, then the third pair is orthogonal. .
“Find.the conditions for nonzero Vectofs” a, b, ¢ forwhich
5(ax3)x3 = ax(FXE) holds E o _ ‘__' k

‘Show that for three vectors,.

n
o

a) (bxc, cxa, axb) = (abc) N b) ¥ vaX(bxc)"'

Prove that R ' »
a) ((AxB)xC)-X A+ Ax((BxC)xA] =0 o

: b) ‘{[(AixAz)xA3)xA4 $x Ag is equal to :
A] A A2 A4
1A -Aq Ayhy 0
A] AS AZ'AS | A4'AS
RPN . a ' 4,3 p
Given V] .= '5' ?’- J VZ = = '5' 1 ""S‘ J

158,

"show that. Vys V2 in ah orthonormal system in R".

o

Which vectors of_the bases {(1. 2 -1 3)T;> (2~ T 1 l)T,




166.

159,

©oof 0 taken on la.

"‘160.

161.

162.
163.

164,

165,

“a) x+y-4z

_ 254
P B ‘ - o N

(3 -2 1. 4]T, . 1 1‘ 1) “for the vectors of R4

-can be rep]aced by the vector, (2 .-3 0 3)T ?

B & .
Let F be a sl1d1ng force a]ong a 11ne d and A be a line.
>
G

Let be the moment of F w1th respect to. a po1nt 0 on

a. Show that the pro;ect1on vector of. G on_ A is 1ndependent

Prove -that the centroid of equal massesof the vertices of a

quadrangle is the center of the VARIGNON parallelogram. (See

ExerciSes 141).

Prove that the perpend1cu1ar b1sectors of the edges {0 a

tetrahedron are concurrent

Find the equation‘of the p1anes‘fdr'which:»

a) a=mw/4, B=‘n/3, 1ﬁy= w/3, p=6"

. cosa _.COSB _ coOsY 2

b) -2 ST e p.=

Show- that the plane x+2y-2z - 9 = 0 ' passes through the -
point of intersection of the planes «x+y+z = 1Q'<X-y-z = 1

and 2x+3y = 8.

"Find the point of intersection of the planes (if any):

X+2y+z =0, - x-2y-8 = 0 and x+y+z-3 = 0

Show that the four planes‘-x+y+22 =2, x+y-2z = -2,
X=y+8 5;0,p'3x-y52z+18 = 0 passes through tsbmé point.

Find the ang]es between the fo]]ow1ng pairs of planes:

7 .

0 o b)) 2x-y+z

- 3y-3z:2 1 DR

0 N o X+y+22



167.

168,

169,

170.

171.

172.

173.

174,

“a)l2x+y-z-

- 255

For what values of «a, B, yi‘and P, the plane
XCOS o . ycos B + z cos y - p=20 ' S

a) is // to xz-plane 'b) passes through y-axis ™

Find the intercepts on the axes and the traces of:
a) 2x+3y+4z = 24 ' " b) 3x+52+45 = 0

Find the traces of the following lines:

2 - b)) x+2y
4 _ : 2x-4y

8

X-y+2z 7

Find the angle between the fp]]owing Tines:

a) (xey-z = 0 x-y = 1
and
y+z = 0 x-3y+z = 0 ’
b) |x-2y+z = 2 X-2y+z = 2
~ and|-
2y-z =1 x-2y+22='4 )

Show that thé»fo110wing pairs,ofAanes,intersect and pérpen-

dicular: ;
Ta)pxe2y =1 qx-y = 1 S b)[Bxay-z = 1 [2x-y+2z = &
) and ’ and :
2y-z = 1 x=-2z2=3 2x-2 = 2 1 x-y+2z = 3

Find the équatidﬁ of the projectiné planes of ‘the following

Tines:

a)j2x+y<z = 0, . b)[{x+z = 1

' x-y+2iﬁ= 3 Xx=-z = 3

Find the distance measured along the 1ine x = 2 - {% t,

y = 4+ }% t, z = -3 +_{% t- from (2, 4, —3) to the in-

) tersection of -the line with plane 4x-y-2z2 = 6.

Reduce the equation of the folTowingilines to the symmetric form::

,
i
)
I3
+
H




S 175.

- 176,

177.

178.

179.

256

' a)‘4x45y+3z‘; 3, | b) X~=fhz+a,v

nz+b ST

:,4x-sy+z+9 =0 ' y

F1nd the equatlon of the p]ane determ1ned by the 11ne
X=2 y+3 -z=1 '

25t - T and the point (0 3, -4).

F1nd the equat1on of the plane determ1ned by the para]]el

11nes

x+1 _y-2'_z. and ~ x-3 y+4’.'z;1
B D P _?_

F1nd the. d1stance between the para]]e] p]anes Zk-y+z =f4.

and 4x 2y+22 = 10

Find the- d1stance between the g1ven p]ane and the point:
a) 2x-y+3z = 4, (T, 2, -3) ~ B) xs2y- z =5, (2,3,-1)
Find the distance between two Tines:

x-1 .y 24T x y-1 z

Ty A 3=y B s

180.

181,

Cx+ 1 y¥2 2z

182.

Find ‘the distanée between'the-ldne ~§ X%l 533 and the

'boint 4P(0, 1,3). -

Find the distance between the para]]el 11nes 7

. L x=3 _oy+d o z#l
il ik BPILLL N iy i

Identify the surfaces

‘aucChv.

a) X =aucosv b) x =
y=>businv . o y=busShv’
z=u? L z=cu?

c) x=aShiacosv ~  d)x=aShusShv
y =a Shu sin v . -~ y=aShu'Chv’
Z =

cChwu - -z = 6Ch &



183.

184,

'a)y+z

185.

186.

257

_ o, u-v , uv+l . uv=1
el x=agy » Vb . Z=cqm
Identify the surfaces: . . _ .
o2t 2 ‘ 2 2 L, 2
a,) X_'+»%1—+55—=] b) +\%—+TZA—=9 .C)X -¥9—_=Z+]
- . 2 . : - . )
d) z2 = xz + %T~+4 e).x = 22 - y2 f) x =2 -x2
g) x = a{u-v), .y = b(u-v), z = uv o
IR ' a2
h).¢ =z, i) # = ?/4. k) ETE .Yy ; _z (gvl) (= v)
'1) r{u,v) =-(u;v+1)i + (2u+v)j + (u-av)k
D1scuss and construct the loc1
2 =4x b b) y -22 = 4x

Construct the fo]]ow1ng surfaces and shade that part of the -

#~'its standard eqhation an

187.

'c) axis:

Find the
a)
b)

cartesian

A: X =y, z =03

n

Ay z, x = 03

“x2?2y2+z+al 0,

(0,0, 0).

d identity.

T: X = sint
I‘:y=0,
x+2y+3z+a

e I.

- first cut off by the second: '(Jn th
a)‘; +Qy +922‘= 36, x2+y2+z? =_f6»
b)vx2+y2+z - 64, | xz;yz-Bx =0
c) 4x.+y2-4z =0, f x2f4y2-zz =‘0,
Given x?+éy2-4xc=

X+y

{

octant)

O;’after a suitable transformation obtain

equation of the cylinder

y = cost, z = :int cost
= 2ax+2ay
0 and passing through

1

188. F1nd the equat1on of the cone with d1rectr1x

I's x = a+a cost,

and vertex at- (0, 0, h)

y = a sint,

r4

0



189.

190.

191,

192
T 193,
194.
195.
196.
197.

- 198,

258

Find the equation of the cone:

' o o ] R
a) vertex at 0, d1rectr1x ‘x =z ¥ = 775" 2= 52,
b)‘vertex~at (1, ],.]),,djrectrix X = 3t2-23t,' y = 2t3-t,

e

€) ¢cis x =y =2z, semiangle at vertex is u/6.

Fihd the\eQuation of the surface of reVo]ution.generated when,

Ty =2z, x2+y2;2ax—2ay = 0 is revalved about zraxis.

Fihd the cartesian equatfon of -the surface of revolution
a) axis: az, generated by T: x=t, "y = t?, .zi= t3

b) axié: oz, generated by r1:y=z, (x-y)2-2a(x+y) =0

c) axis: ox; g”nerated'by ‘Tt r=a cos® +b.

Find the 1o £ the points equidistaht from the y-axis and
xz=plane.: '

Find the locus of the -point: i{nat are equidistant from

a) two skew,]ineév_ b) a 1inc and two points

Find th: locus_ of the point equidistant from the z-axis and

" the plane z - -1.

Find the 10¢Us5ef center ofrépheres of radius,v"r" that are

‘tangent to two intersecting1linefhaving angle 2a between them.

Find ‘and sketch the locus of the points equidistant from the
x-axis and the point “A(0, 3, 0)..

Find the locus of the mid-pointé of the chords of a space

curve r{‘x4=‘f(£), y =.§(£), z = h(t)

Find the locus of the point equidistant from the x-axis and .

the plane 'y = z.



199.
200.
201.

- 202.

203.

204.

. 205.

206.

. 207.

_ . 259

Find the locus of .the point ratio of its distantp from the

‘point A(Z; 0, 0) and the.plane n:Ax =T is. 2.

Find the locus of the points, ratio of its distances from

the point A(0, 0, 2). and B(0, 0, -2) is 3.

Fihd‘the eduation of the planes whose’in;erséction with the

ellipsoid 9x2+25y2;T6922 =1 are circles.

Find the condition that (xy» yy» 2zy) should be the middle
point of the chord of the hyperholoid kz-y2+422 = 16 formed
by ) '
. X=Xy ymyy o zez

2 .~ -1 = =2

. .. . . X=2 _ y-1 ) z41
F1nd the condition that the.line. Cos o = oS BT Tos Y

‘should be tangent to the paraboloid x*-y%.32 = 0.

Let P ='(Cosx t)A + (Sin t)B .where A, A,”B are constant.

Show that . -
o : 2 :
dp . d=p 2
g) P x g5 = Const ’ b) 7 + AP =0
CIf P(t), Q(t) /aré vector functions, Show-ﬁhat
0,2 ‘
- - d dP -d”P dp d-
dp d © oy d dq _ dp : 'n
).l?ﬁfa?lpl' g Prxg-gxW=Px ---—

Let P, Q be two fixed points of a solid in motion, and
let ,+(P),~ V(Q) be tae ve]ocity vectors at P and Q. Show

that the - proaect10ns of these ve10c1t1ons on the Tine PQ

'are equal to each other.

F1nd the arc ‘length of the VIVIANI curve f:‘x2+y2¢22 = 4a2,

x2+y2—2ax = 0 in the first octant
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208. Find T, N, B, & at the given point of the given curve:
a) r(t) =_etcost'i.+ etsinf Jjo+ etk, A(1, 0, 1)
b) r(t) (1+t)1.; (3—t)j'+ (2t+4)k,’ B(4, 0, 10)

- e) r(t) = 2  ch. 7 i+ 2 Sh E i+ 2tk,” (2, 0, 0)

n

209. F1nd the equat1on of the FRENET planes of the curve
. ~':'= s1n 3t i + cost j + 2 t3/2 at (0,--1, 0)
- 210. Cons1der the space curve
= (t-a (t-b , (t- a)(t b 7 = f3
LI - ‘
show that if the osculating p1ane<at a pdinti P passes

"through Q on .f, the osculatingrplang at- . Q passes through P.

211. Prove that.

a) (T4, T, Tw) = K8 (KT' k) =« L (T)
7 I‘ [0 n _ 3 ] _ 5 d K, -
b)- (8', B", B™) = 7 (&' "L'-KT-' =T 55 Gp)
212. Prove that - . ,
B PxP/KSS, N = (3FSET)7RsZ, &% = (#2-5%)/8%.  ana
T (FF V)/KES '
:‘213;‘R}ove:: _ RN
' a) r'.r" =0, rlrto= okZ, plp™ - 13KK'
b) Y‘"',,._ i‘"f = K'KY & ZK3K' + KZTIT' + KK'TZ
¢) T'.B' = -KT. '
‘214.'S§uarihg r™ = -sz + K'N + KTB ,obtaih
a) 8 - ; R Sl ok
b) e = 3KKIT (K- -3 KT2)N . (2K THKT')8

215. Given ( n - a T + b N+ C B show that ; R



- 216.
217.

)

218.

219.

220.

154,
. 1568,

162.

164.

261"

kb
a =2 Kbn’\ bn+]

dr

Show that' § = r T where p

‘Evaluate radius of curvature:

= + -
K ?n bn Tcn, c

_ 1
n+]f T bntc'n'

is the distance

sin@ - cos®

2+2 cos™ 8

. 3 . -
: 2 X _ 2
a) y = E:i;, b) 3ay

d) y = 2n Cosx, e) r =

f) x = Coszt.+ 2nvsint; y
g} x =‘(ifCoszt)sfnt; y.
h) x =-3t, .y = 3t?, 7 = 2t
Show. that .

3

T: x =-f'(8)Cos8-f"(8)Sind

y

'_Z

1

£'(08)Cos@+f"(0)CosO
a(f'(9)+f"(9))r o

Cost sint,,

.of}the,ﬁole from the tangent Jine at P(8, r).

m m

c)yr = a Cos mB.

at the pole.

ﬁinzt cost

s 1) X :

a cost, y= b siﬁt,

1? is an helix traced.

“on a cylinder with

e

Find the conditiqn,foh»a point on the

y = f(x) to haye,a‘max{mum:f.

Evaluate the radius of.curvature of

‘a) Ly = $irx at X = —2":,.
o) = tet?, y = (1et)el/t

b

directidn_ﬂ to z-axis.

curve of

) y=x2enx at x=1

at the origin.

" ANSWERS TO EVEN NUMBERED EXERCISES .

b/ “axc of_ a”ﬁ

(3 -2 1 ot

a) /§x+}+z-12 =0,

(2, -3, 4)

'b) 2x+y+2z+6

<

0

z=ct.



196.

6y = x2+% parabolic cylinder;

262

.:a) arc cos(5/6)_ b) w3

166
168; a) x-int: 12 . xy:trace: b2x+3y = 24
y-int: 8 ‘xz-trace: -2x;4z = 24
z-int: 6 yz-trace: 3y+bz = 24
b) x-int:-15 xv-trace: - x+15 =0
y-int:non xz-trace: 3x+52445 = 0
z-int: -9 ° yz-trace:- 249 = 0
170, a). w/3 b) arccos (1/5)
1 172.7a) 5x+y =3 “3x+z = 3, 3y-5z46 = 0
b) x = 2, z.= -1
x _y-3 ] x=a _y-b _ 2 Y
]74. a)-sr- 4 s 2—6, ) b) mo n =T
176. 8x+y-26246 = 0
178. a) 13/V14, b)) 4//6
180.V61/v22
182. a) (EP), b) (HP), ¢ Hys  d) Come e) H,
LN 3 ) o
184. a b .
) )y Z.
) | M -
186. By rotation sbout x-axis by an angle g¢/4: (x—2)2+y'2-
hyperboloid of one skeet.-
2.2 N
188.. h{x“+y“) + 2ax(x-h) =0
190. (x-2)% + (y-a)2 = 2a2,
192. x2+22-y2 =0 cone.
4,2 2 2 Do ) :
194. 'x"+y™ = (z+1)7 ~cone vertex at (0, 0, -1)-

Z

2.

4,



i

198.
200.
202.

208.

220.

22+4y:

2y 4 (2 - 5/2)% =

2Xy+Yy

a) T =

i~ -

b) T.

a1

263

= 4 .patabolic cylinder

—82] =0
(i+j+k), N

(i-j+2k), N

/
1
=

Z,

.o

by 2vZ -,  ¢) o

&0

(i+2k), N =

2 (oi-
| B _'Jg (21
by 1/2/7

~i-je2k, K

k), K= 1/10

= V2/32

c) 0.:



ILK-SAN MATBAASI
LTD.STI 30 16 62
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