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- ' ‘ CHAPTER 3
DETERthANTS AND SISTEMS OF LINEAR EﬂUATIONS

3. 1. DETERMINANTS
A. DEFINITIONS

- A square array of the form

IR F IR I (ie1

3 sea ’n;

.Ds' - ‘=v By ees Qi eee é- y - ’ -
R R LI IR
. <. a v -

o énl ""énj SR

of -62 elements (entr1es) is ca11ed a determznant of order .
A determinant con51st1ng‘of n rows and n _columns 1s_sa1d>to
be of size‘ nxn. An element a{jf lies in’the‘ith rowaandAfjth
column, i.e., occupies the place j. '

The e]ements,'aii(i=1 s eoe ;_ﬁ) areAsaid to lie on the
main (leading, principal) diagonal or the ‘axis and are called
the dzagonaz elemente, in general, while the elements LI
L 12 ceee s ayps where. i +3 =n+1, are the elements of the
aecondary dzagonal ’ A. 7 -

In a determinant n. if aiJeR then D is called a real
determinant ‘which is equal to a real numben. The evaluation of

_the determinant D . will be deffned”ahd.discussed'Sooﬁ.

txamgle 1. Given the determinant o : ‘
l-l 2 5 .
4 3 1| - . '
lo 7 2 R
3) What are the size and order?

b) what are the eIements of an row?

c) What 1s the p]ace of the element 7r -



—

d) Whet 1z the element of the place ! 2°

e) What is ‘e sum of the diagonal elements?

Answer. R _ . .
"a)3x3,3 .  b)4,3, 1 c)3z, d)yz2, e)b.
A determinant is 'symﬁzetrié if V\ai.j;:aj'i" and skew. symme t-
'ric if 355 = "33 for all’ p]aces Ceﬁtainiy the (main)-diagonal.
elements in a skew symmetrlc determ1nant are zero "(aii =eagi'=7
a;4=0) and such a determ1nant is zero axtal
Example 2. Complete,the real determwnant
’ ) of 3 . ,‘k -
St -2 I
i - 0 4
,-5 '0‘- i ;__\Zt
a) if it ig\syﬁmetric." b).if skew'symmetric,
~Answer;
0 1 -5 0 3 -1 »5!
a) 3 j2 0 . b) ~3- 0 -2 0 Qt: 0)
- 1 -2 0 4 v 1. 260 4 ;.
-5 0 4 2t -5 0 - 0|
3 /..
"Minor and cofactor:
In a determinant D of order ‘h, by the mlnor .M., of

" the place i j“(br of the element a;.) is'meant the determinant
i

of order, n—l obtained Dy remov1ng from D +the ith row and. jth

'coluwn. ‘The cofuctar -Cijl>of the same place is; (-1i+j M.j.

Examglb 3. Find the minors and cofactors of the eiements
5 and 4 in fhe determinant of Example 1.

3
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Answer.
' 5 3 - ,
[ 1+3 ) .
! M = B » c = (']) M =M HE
13. lo 7-‘ . 3 ) ) 13 13
¢ 5. . 201
' My = | ’ ) ,' (- 1) 'g'H )
21‘ '7 2 o2l 1 -

Transpose dffa-Dgterminant:

- By the transpoae-of a determinant

a3y .- 3}

: - [a -1
iq n

'S IEREN ann

is meant thg determinant - )
: .13 - :
510

61n K] anﬁ

obtained from D by,replaCfng each row by respective‘po1umn;vlt

is denoted by DT (read: D tranSpose )

Thus the tranSpose of . i T

o2 3 . 15 o
p|s 5 s/ 45 ola.j2 5 7
0 7 4| ' 3. 5 4

- 3thrthe-trahspo$e,of ajsymmetrié determinant is identical

with-itse]f. and_thaf of a skew symmetric oné'is skew symmetric?

B. EVALUATION OF A DETERMINANT,
The real determinant |a]1| of order 1 is by definition
the real number a;, fitself. Thus, |-5] = -5, !/?ls /Z

If the order 1s greater than 1, we define it by cofactors
‘as, follows: “
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STNLIPIEI T

227 222 v an | T al]ch MR T FIRAEEA LI P PR
: : M n C ‘ o)
T T R ucu I

nl n2 Ut Tan | J=1

where Cy5° (- 1)]+j M (J=1 . ...4; n) are cofactoré so’ that

REE
the evaluation . of D is reduced to the evaluation of determ1nants

of order n-1, wh1ch in turn are reduced to the eva]uaf1on of

determlnants of order n- 2, and so on. Thus f
Ja11 a1z » S : .

SRR B £ A M VAT AR R PR PA I
221 %22 . L o

The value given by (1) is the LapZace ezpanezon of D w1th respect
to the first row. : _

The same determinant D has Lap1ace expanszons with
respect to any other row or any column. It is préved din L1near
Algebre that all these expans1ons have the same value, hence
each one can be used for the ‘evaluation of D.

Thus we have _
D=y Cypragp Cyp veeer 35, Cyp = 521 335 Cij (2)
as Laplace expansion with:reépect to the ith row, and

_ S n - . o

as Laplace expansion with respect to the.jth zolumn.

'Examg]e;ﬁ. Evaiuate

8 1 6
p=J3 5 7
1409 2

by expandiﬁglitAwith respect to the 3rd column, and 2nd row.
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g Solution; o o
' o 3 5 18 1 3 s 18 1
143 2*3 ' + _
= - 7 -1 . +2. ‘-) .
D 6. (- 1) {-1 4 9 ( i 5|
- 5(27 -.20) - 7(72 - 4) . 2(40 -'3)
= 42 - 475 B 74 = 66 -»476 = 115 - 476 = -350. .
' lv'~6 8. ,5 s 8 1]

4 9]

- -3(2 - 54) + 5(16 - 24) - 7(72 - 4)

. 156 - 40 - 476 = -360. -

Any determinant can be. evaluated this way by expanding it
'Lnith respect to any-row (column), but as the order gets heigher,n:
calculations become laborious. The following theorems on deter-.

'minants are helpful in simplifying the computations.

C. THEOREMS ON DETERMINANTS. _

Theorem l. 1f D . is.s determinant,and‘”DT fs its trans-
"pose, then dT_ D. R o -

' This is a consequence of evaluation of. determinant by (2)

‘and (3)

Theorem 2. If two rous (columns) of a: determinant are in-
'terchanged the determinant is changed in sign only.'
" When . the given determinant is
. . o e alk o.o.alr L3 'Y s s a.“_ aoa ajk LIRS
,Q,i o © |then o= | C = -D.
A-‘o.._:vank“‘.q.' anr o'.... . ".o.anr.-.:.o ank ooo ,

This can,be_proved by induction.
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Coro]1arz. If two rows (co1umns) of a determinant are
identical. the determlnant is zer: ‘ '
- o‘=_-u=;.u=o,,

from 1nterchan91ng two 1dent1ca1 rows (columns)

’Theorem 3. If every- eIement 1n any row (column) of a deter-
m\nant is mu1t1p11ed by the same factor, the who1e determ1nant

1s multip11ed by that factor.'

it

If the given determinant is"

LI ) a]j D'A.-‘

,;..ra ng.

The expan510ns of

._then

Dl

co1umn prove the assertion.'

il
i

ﬂ

o CorolTarz 1.

D

e.. €A

.o LG]j .0..

nj .-.'

and D‘fwithkrgspect to the

.'C_Di

S Jth

- Teo mu1t1p1y a determ1nant by a factor, one

may multlply every element in any row (co]umn) by that factor

I
i

f

Corollarz ‘If every element in any row (column) of a

"’determ1nant is zero, the determInant is zero

af

1

i

7

Corollarz 3, If the corresponding elements in two rovs

(co]umns) of a determ1nant are prOport1ona1, the determ1nant is

zero.
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Theorem 4.'If~every\elementfin'any.rdw-(column) can pe
;eabressed as'tne sumvof'tnb quantities, then. the given determinant

can be expressed as. the ‘sum of two determlnants of the same order:

all"'alk"blk" -3y ] ”...a]k...a]n ;]]... !k...a]n
D = ‘. “ ) . - . - . ._ '+A. ! .. ' -
a l"’ank +b k"'ann. nl"'ank"’a . ran].;.b k...a n :

,It tan ‘be shown by expand1ng the three determ1nants w1th respecf

to the kth column.

; Corollarz. A determinant’ 1s unaltered if to each element.
of any row (column) is added the correspond1ng element of any -

cther row (column) multiplled by a factor._

R TS “is ooy eee : Poos NPT P

12k ey, ety 1k °1r i DR
L LN ) - o ‘ . .

l...ank‘éc'an-r...ahr..._ ...ank...an‘r..-. . ._..cam_...anr...

. ..a]k. ."’.a.lr’. .

| N SEEY L MR
which is the original determinant.

Theorem 5 If the elements of a determinant D are poly-
nomials in a variable X and the determxnant vanishes for ~x=c;4
' “then x-c. is a factor of D '

*’nce the element of D are polynomIals in. x, the ex-
pa1st“o of ‘D will be a polynom1al D(x) andr D(c) = 0. implies
X -cC lD(x) ' ‘ | ‘ 4

Theorem 6. If the elements of a row (column) of a deter- o

minant'are multiplied by the cofactors of reSpectlve elements of
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" any other row (column), the ‘sum D' of ‘the products thus obtain-

ed is zero.

{

Proof.:The expansion of D with.respect to the jth column

s

.. -

»D = ayy C]jl*""“,*, an.'j'c»_nj:'
and ' .
7 ) . : t .'.-»a,]k.."a]k‘... )
[ 3 i ’ - Voo o B : = .
L PR F IR PRI B AL AR BT =0

» | "'ank“‘lankff‘
by the Coreilary of Theorem 2.

'.Rule of Sarrus

for determ1nants of o.der 3 and onZa'ferltheSe,rtﬁere is
a rule for evaluet}on=common.y»used in prattice; This rule -of_
SARRUS consists of rewriting the first two rows below the third
one,. and then mu1t1p1j1rg fhe three elements bh the meiﬁ
'dlagona1, mu1t1p1y1ng those just bolow. these elements and ﬂJltlp]y—
ing fhree.others below the latter, and then oota1n1nq the sum of
rthese three products, nexﬁ do1nq Lhe same for the elements of
- the secondary d1agonal and re]ated ones, ob£a1e1ng a sec0nd sun

" of three products Then the a1fference between the f1rst ‘and

second sum 91 ‘es the value of the deternlnant.

a ,c
al ,C‘ o . ) "
' ‘K s
a' IR o (ab‘c“+ a 'b"c + a“bc }- (a"b c.+ ab“c +a'he")
)x N P ' -
a b ic T ) )
a;, b'\c' ‘\‘_/

. The ru]e is appl1ed a1$o by rewr1t1nq the first twr ro]umns

after the th1rd one.
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:xamgle

1. Eva]uate the determ1nant
' 12 8
D=}5 -7 -3
00 6 2

~

a).byAthe use of SARRUS® rqle, b) by laplace expansion.

"Solution.

a) D

(- 1)( 7)(2) + (2)(3)(0) + (4)(5)(5) =
(0)(-7)(4) - (6)(3)(- 1) - (2)(5)(2) = 132.

b) Since.the f1rst rqumn contains 2 zero element,
7.3 2 4
1s 2|

T+1 2#1

b= -1.(- 1) .5 ( 1)

- -(-14 - 18) - 5(4~J'24)‘=f32 + 100 = 132

S 2. th_the fol]ow1ng determinants are Zero?

oy -7 0 13} |-z 8 -0 18
A 8 12009t 47 17 T
M6 .0 0 5 I B
7 5.0 2. fa7 -7 . 9 0
t 1 = 'a; V'Ia+rb¢c - ) ]‘ . a ..b-bc' ‘.
€= {1 b asbec | D= |1 b cra

——d

Ccasbac | TV e Caeb |
Answer: . .
L.A 0 since every element 1n ‘the third co]umn is zero.

nB O.j since two rows ‘are proport\onal (wh\ch ones?)
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C=0, since two columns are proport10na1
0= O, since it will have two prcport!onal columns after

add1ng_the second and the thnrd column,

3.Mhy 1 2 3] |2 2 3

| 4 -5 .6/ =18 -5 6| 2
- 0o 8 2. fo 4 1| .
Answer. ; .
12 3 1 .2 3
2 {4 -5 6| =218 -5"
0 4 1) 0 -4 .1

4. Write the:sum
| 11 & 2] 1 2{ 10 10 2
D= (-2 .4 3|+F2 7 3f+|3 1
3 7 86||3 8 6{|8 15 6

On

as a single determinant.

Solution. The first two, héving‘two identical correspond-
ing. columns. are wr.tten as a single determ1nant. whzch by the
same reason1ng can be added to the th1rd determinant:

_ 1 446 2] 10 10 2| |1«0 10 2] |1 10
D= f-2 . 4¢7 314|311 3+{-2+43 1T 3= 1 117 3
37«8 6| {8 15 6| | 3.8 15 6| |11 15

5..Evaluate the determinant

2 3 -4

: 5
p- |4 4 2 ]'
3 0 & 4

3 -2 4

'§61ution.,we'expand D with respect to that row (column)'
having more zercs and more simp]e elements.. Then by the use of

”Corollary of Theorem 4 we get nore zeros on that row (co1umn)
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 Selecting the second column for expahéion. multiplying\
the last row by 2 and adding to the second one, we get -another

- z@ro element'oﬁ_that,co1umn: .

2 -3 -4 5 2 3 -4 5
ST L R L [ AL B 10 3
i3 -0 6 4 ) 3 0 6 4
3 -2 4 1|2 3 -2 4
1o 10 o 2 -4 5
w3 3 6 4l (5 10 10 3
~ 3 4 1| 3 4 1
I Ha1 '
, 10 0 3f 2 -6 5 _ ,
<-313 3 4}-2/10 0 3| = 84-100=-16,
31 1) 3.1 1 :

6. Show that x-5 and *+6 pre‘faétobs of .

L x 2 -3 CRRR
P{x) = 3 4 -x '

) 2 -3.
Solution..P(5) =0, since two rows are identical;
P(G)- o, Sinée two columns are proportiohal.

‘7. Show that a skew §ymmétric detérminéntrof order 3 is

zero and that of order 4 is-a perfect square of a~polyn6mial; .

Solution.
| 0 ‘L | al -@1 aj -a; 0
-a -0 a = -a, _ +a R =0
1 3 2 0 2 .
. -2, -a; 0 |"%2 Taz T?3

The property is true for all odd ordered skew symmetric

- determinants. Thefpr6of will be given on Matrices in:Book II.’
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For. n = 4 we have
0 3y 2, a3i
-a;, 0. . a a :
1.0 3y 51 _ 2
‘-aé a0 psl (3135 2535 + 3334)

:'33'}'a5 S tag O I

Th\r propert/ 1» trJe for d]] even ordered skew symmetr1c

dLLermInants. but the proof will not. be * q1ven.

Prove by induction:

EEITRL I Y %n
b=l X 0 0
V . = S _‘ - ) = L n-] ‘, i .
Pax) AR X ool EagxTeagxt sl le A gXeay (1)
: IR . .0 ' '
L RV S IR

4n.+'l'.
" Proof. The equality is certainly true for n'=0. Suppose .
. the praperty is,;?pe for- n=k, then we showjthqt’the adeterminant

1 3 4 2 %k
. )
P =“ 0
, : L | x 0
e |
| : _ . ]_‘. X k+2
of ofdof:’k¢‘J'ufS PQUu] to. kt] a;xk ARRREIE- PR

In the e/pans1o. of tn1° de erm1nant ‘with respect to- the

_']aSt coluﬂn, the cofacto* of :x' _pk(x):
- 1 x 0.0

g fer L g da(k+2) 1o

A‘pk;l(x)-= X Pk(x) +ek+}(-3) ( f ) -

0...0 -1 ka1 -
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- where o
| P (x) = axk +. v 2y
, ‘ et 3
from the induct!on hypothes1s, and the determinant here is equal

to (- 'l)k . Hence . o N ’
e ' - | Tu(ke2)o (ke
P = (3T s )y

L Jk+1 N ' ', :
LT I P +ék+1f

CEXERCISES 3. D
,i. Let a5, be a determinanf of order n. Find a relation -
batweén,tﬁé indices - i and j.'fOrﬂja-._ to be

R
.} below {above) the hain diagonal,

<13

b)Y beicw (above) the secondary dfagonal ' L f' -
5}‘«50‘9 the main and above secondary d1agonal,

Y belgw the main and above the secondary d1agond1

2. CLempute the»following determinants;

- .

~la B el - oy o2 3
s) b d e ' 1 b) 2 5 & 7 b
c e f| 3 6 8 9
4 7 9 10

'3.'Expand-énd write the result'as’a~polynomial in détreasing
R : : . 12 o i

powers of x: .

ao a] ,32 33
<t x 0 0
00 <1 x 0O {
0 0 -l X

4. Evaluate the following determinants:

s
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1oa a? 17
a) a1 &l by |5 - 1
ja a® 1 I g 3 i¢
. Evaluate (bec)? a2 a2
: R P ' 2 - g
b2 (c+2)" _.b?
2 ¢ (asb)?]
6. Show that ' 2a  al
' 1 asb Cab | = - (a-b)?
7. Evaluate 1
2 -2 1 -4 . 5 .4 2
13 -2 -3. 2 3 1
-1 2 -3 ra -5 -7 -3
4.5 2 -2 1 -2 1
8.7 E\!B]Uate 0 1 _2 3 .
' -1- 0 5 -6. 7-
2 -5 0 8§ -9
-3 6 -8 0 10
-4 -} 8 -10 0
9. Show that ~({a+bec) is & root of the ehuation
lx+c b é‘
(b X+C a = 0
‘.9/" 3 xsb '
10. Find all linear facters of -
l x 2 b x
g x x b
|t box X a
Ax b a2 x



n.

2.

13.

14;

15,

16,
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Séme question for:-

0 a b

a0 ¢

b ¢ 0

, c. b a
Prove the equality »
10 52 "bz c-2 1o R
b2 2 o d3[- |1 <%
2 2 af of |1 b2

Prove - ,
| o1 1o 0 a
1 0 cg pe a . O
U SEPLS B P
2

o ® T a

A5 R
chZ b:ez
0 azdz‘
82?2 o
b ¢
| . -16a%,
0 - a - ‘
a 0

1 02 % o] fe v

where A= /S(s-a)(sfﬁ)(séc) is the area of the triahg@é

" p e a% - a
1 b - b2 b
1 ¢ dz..v c
14 & &

~with sides a, b, ¢ (2s = asbec)

N

show that at least two of the numbers - a, b. c; d‘fﬁq5t be

“equal to each other.

Show that the determinant 'laij ;xl of order n 1s of the

Show that one root of the equation

form E+Fx 'wheré E. F are’ independent of 'x. .
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1M-x" -6 2
-6 10-x -4
b2 -84 6-x

=0

LN
i

s 6, and find the other two roots.
1s 6, and.find the other two roots.
17. If. neN, show that (b-c)(c-a)(a-b) 1is a factor of
[T R S B
’ , b _
an+2 ’bn+2 cn+2

18. 'If a+B+y = 25, prove

1 cosy cosB |
cosy 1 cosa | = -4 'sin s sin{s-a) sin(s-8) sin(s-y)

cosB, cosa . 1 .
19. Show that

1 cosx - sinx'cosx + sinx| |1 cosx sinx

1 cosy - siny cosy + siny| = 2 {1 cosy siny

1 cosz - sinz cosz + sinz : 1 cosz sinz

20. Evaluate the following determinants:

0 o a b

0 0 4 5 6 0 0 ¢ d

- ) 78 e ¢ 0 G
-2 -5 -7 0 ‘~b -d 0 ol

9
-3 -6 -8 -9 0

a) | 0.0 1 2 3‘ by
| ,
(See Example 7 and 8.)

ANSWERS- TO EVEN NUMPERED EXERCISES

2. a) adfe2bce-ae’-dc?-fb - nii2
4. a) (a*-13%, b) -575

8. 0

N

10. (a-b)% (2x-a-b)(a+b-2x) o

I
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16. 3; 18
- 20. 0; (bc - cdjz. .

\

x3.'2. Svsrsms OF LINEAR EQUATIONS
" A. DEFINITIONS.

A re]atlon of the form ;
: a]‘l .o+ 3. X, = b e’, I )
between' n ‘unknowns ii., cee 0 X fis‘cafled a linear equation

. . ! ' .
‘where a; , ..., 3

n are coefficients and- b is tne constant

térm. ) A , ’
o {s-called homogeneous linear equation if b=0, and
mon homogeneous otherwise. . ‘
Some number of llnear equat1ons is. called a system of

}Zznear equations:

T Ayy X *eeet g, xhrf bj; |
. . . (2).
am1\X1'+...é a . x = b

man 'n - "m _

1‘(251is a'system‘dsziheer eduatipns involving n mmknownsg
and m_ eqqatidns;' o o o

B If alj b's are zero,‘the system is saad to be a homo-
geneous 11near system of equations (HLS), and non homogeneous
,11near system of equat1ons (NHLS) otherwxse. ‘ »
The system (2) is rectangular and 1nc1udes the case “m=n
’ correspond1ng to a square system. Every square system is: rectan~
‘ gular, but not every rectangular system is a square one._‘

A solution of a single linear equation (1) is a point

[ ‘D 52, s ee : Sn] ) ‘\

A
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in R", whose coord1nates SatISfy the equat1on. Therefore

'als] + 2,5, dount “nsn = b.

I1f a point is a solution of every equation of ‘the system
(2) 1t is a solution. po1nt of the system.

As we shall see’, some systems haVe-no solution, somé'have
- a unique solution and some others nave 1nf1nite1y many. so]utions.

The system having no solution is sa1d to - be zncanazatent otherr

uise oonazstent.

- Every HLS has the zero solution point. called the trzvzal

aolutton.

B. Sox_unou BY Deremmmrs( )

Sguare KHLS
Let . ,
. a]]x] toeeot eijxj L P a]nxn =

b
. . , : (m=n) - (1)
. : :

an‘x] +...4‘§ nd d Foeaat ahnxn = he

,be a square NHLS. The determinaﬂt of the coefﬁicients is.

A jan e a]j e a],
D= Dcoeff,“, < e ‘ s ‘1‘ .
ve. @ ’

21 ny °°° %nn

Theorem. (CRAMES's Rule) The square sys*em (1) has the

unique solut1on po1nt : R ' g'

= 2} s eee s xj =‘g§‘. ey xn-=vg?"
Aiflﬁasf 0; and has no so]uticn or infin4?e1y many solﬁtioh points
it o0, -‘“*a N |

's the uEtpTMTHBHt obta1ned from D

renlar)ng ity jtn columm. b/ the column of eonstants

Y So]ut.on by maecafc ,1]] be g.ven in Book ‘H.
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. Proof. To f1na the unknown j,"one multiblies the‘ehua-'
f%ons (fir;t. second; ...) by the cofactors A]J, A2J N ... of

the jth cojymﬁ respect1ve1y. ‘and then adds them side by side:

(231515 f‘f;+,an1Anj)x] toa.4 (a]JAlJ *"'f_iﬂlfﬂi)xJ ..
- : S 6 . ' R
* (alnAlj et Ann nj)x
= byfyy e s+ bpAns = Dy (by the ;heorem 6)
o ‘ij =-Dj. = xj =,1%. (D # 0) (un1que sol )
: Examgles; Solve the NH systems of llnear equations
a) 2x-y=3 - = b) x+2y-z = 2 1 S c) xe2y-z=2
x+y=3 x+y+zv= 6 ,*;¥+i = 6
’ 2x-y+2=3 ,2x43y <5
~ Solution. . ) | »
R 2 - 1301 . j2 e
a B ‘= = . D = - = 6, D= =3
R | x '3». 1] y 41 o3l
6 ., .3 o
X.-'-'-g’ Z, y='3= ] (2, ])
1 2 -1 , 2 2 -1 .
by b =1 1 14=7, D =1|6 "1 1{=17,
‘ 2 -1 1 RERE & TS B |
1 2 ) 12 2
Dy = |1 1} =14, D, = _ = 21
2 3 1 o 2 =1 3
(v 2 3)
SNTIEEINS T g2z .
, ) D=1 1. 1| =0, Dy=|6 1 1 a-940
e o 2 3 o o A

© (continue to evaluate i'f'vD1 = 0)
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The system 15 1ncons1stent (no solut1on)
- An example for the case with 1nf1n1te1y many . solut1ons 15’
x+y-2z =1 :

2% *Zy- 22

n
~N
——
o
"
o
-
L)
—
R
o
™
o
N
1
o
-
1
o
~

3x-y+z =3 .
It ié‘t1eer that any scalar t-'sat15f1es the equatlon
_vD . X :? D.(O.J x.= 0). Th1s conclus1on leads us to a so]ut1on'
'po1nt 1nvo]v1ng a paraneter t. Th1s means that one of the un-
‘knowns can be taken as parameter (one degree of freedom), say -
oy = t.' N ‘ o o s o -
] ‘In this e*enple,fthe first two equaxions Beingtident%cal.
takingiihe fifét’;nd the 1ase one;.ne have
. xl+y_='1'+.t’*‘f _ S
o Pt Byt Dpmcat
3-t '

3x'-',.yi
Then ‘the sb1utionfpoint_is , »
(i, t, t}, for 11  teR.
Note: The solution shows that, «x _eannnt be taken as
perameter, since it has 3 uniqne vdjne. "
If for a square KHLS, o
D=0; Gy=C% ..., D =0,.
" we haye; infgenefaj, one“deéree of freedom as givén'in the a2bove
jekamp1e. After taking one df the unknown as parémeeer' 1, we
ebtain a system of n ~equations with n-I. unknowns. Consider-
nng‘any ‘n-1 of these n equat1ons we have a square system (theb
first‘redueedisystem). If this‘system hes a solution point in-
:v01v1ng ti, this may be a sb]ution-pofnt ofvthe'brig‘nal syéiemA
f‘f it satisfies the non conswdered equetion (one deqree o{ free-

dom).
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B ~

'If,ie‘does-not satisfy, there is no solutidn'df the original
system. '. - ,. _
1f, for the ?irstrreduced‘system; . |
 D=0; DyE0, ..., D =0, -
we . have one degree of freedom for the reduced system and two
degree of freedom for»the~or191nal system. One of the n-1 un-
/knownsicdn'be taken as parameter t,: Tnen considering n-2 of
the n equations of‘the original system (or n-2 of the -n-1
eqnations\cf tne first Feducedvsystem) one may find e1so1utionf
point 1nvo]v1ng t, t2 (x (t]. tz)) If thfs solution
satisfies the two non.cons1dered equathns it is the solution of
the orwgdnal system, otherw1se it is not, .and 59 on. ‘
vlf'any one of the }educed syStem’hasindisolution, the

‘system has nc sdlution. .

Square homogeneous linear sysfem {SHLS):

Let o ) R
anx]@-...-f.a]nxn =0
a ls] Tee.s @ X = 0

e, :
be a SHLS, where all constant ferms are zero.
_ From CRAMER's Rule, we have D . x; = O, since in the
daterminant Dj, the elements of jth column are zero.
If 1] #‘0; we have the unlque solution point (0, 0, .. 0)

wh1ch 1s the tr1v1a1 solutlons of the HLS

Theorem The necessary condition for a square HLS to ho

a non tr1v1a1 solution is D= D.

,Proqﬁ. Suppose on the conirary that D £ 0. Then by the
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"RAMER s Rule-the system has un)que tr1v1a1 so]utlon, contradxct-,

1ng that the system has a non trivial solution.
inis means that the system has one degree of freedom,

- sinee, Dj= Q for,all 'j, To find a non trivie]'so1ution,rjf any,
_continué in the way done in NH case. '
| Exemglel Solve the HS:

- ?¥];+7é32 + 8x, =0

?x] - sz +-.5x3 4;2X4 =0
‘ Qx] * Xy o+ 5x3 f 2x =0 SN
/’7 . _zx] -+‘ 3x2 - 5)(3 + Gxd = 0

Solutioh Since D=0, tﬁe system may have a non trivial
solut1on, and ve. have one degrze of freedom Tak1ng X4= t, we

obtain :
Xq +H2x.2 = -4t

3xq =X, + Bx, = 2t

4x]‘+‘x2 + 5x3 - -2t

-Zx] +“3x2 - 5x3 =»-6t_

Leaving'the last equation out of consideration we have a reduced

system: - . A
o X3 + 2x, = -4t
. . _ - ’ A
3x] - Xy 4 Sx3 = 2t - i
o 4x}<+ X, * Sx3 = -2t
of which

D=0, Dy(t)=0, D,(t) =0, Ly(t)=0
Then we have one more degree of freedom. Takxng Xo=5 in

the first reduced form, we hdve
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| %l"'ZXZ = -4t o
‘- = - ’ ?
3xy = Xy 2; 5s R -~ (?)
4x1'+ X, .= -2t - 5s
D1scard1ng one of these equations. say the last one, we have
- X] +2X2=-4t
. 3x]"x2-2t-5$'
“whose solution point is
‘ ‘ [x o= - TT Ss» - Xy 7 s - Zt]
If this is a solution of the reduced form (2), it must
satisfy thendlscarded equation
v 4.(- s) + (7 s - Zt) -,-Zt -8s (satisfied!)
-Then o
[- ]7Q Se ;s - 2t, s.]
is a so]ution of (2). For this to .be a solutioh of (1) it must
satisfy the discarded Iast equation.
-2(- ALl s) + 3(7 s - 2t) - 55 = -6t (satisfied:)
Then the point - . _
| (- %g S, ; s - 2t, s, t]
" is the solution point of the given system'fof‘a1l s; teR.

-Non square case:

He distinqhish two cases as m>n and m<n:

1) m'>n. The number of equations is greater than the num-

ber of unknowns:
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E ' TaiaXq 4

171 *eeet 2 2 by ‘
?nix] +’7",ahnxn : bh : (1)
ami}]'+...+ a'nnxn © Pm

Cons1der the System (1') of as many equatlons as: there
are unxnowns (n), say the f1rst n equat1ons. So]ve th1s square
ystem by the prev1ous method Obviously ‘if. (1 ) has -no solut1on,
“the g1venvsystem {1) has np solution.
- If (1) hes a”$e1utionnpgiht S, ‘then substitute the
" ccordinates of . S in the remaining eqﬂati_on"(s_\)'suc'cestsé'ive'l,y.T 1f
é]]nsatisfied, theni S is the solution of (1), otherwise'(l)

has no seluxjpn.f : R S

’ EXamgle, Solve ;
7 .. by2x -y

a)y 2x -y = =7
X o+ y=2 ST X 4y -2

X 2; = 2 R : .x_+'2y =]

. ' X = 3y =6

So’lutiont '

‘a) The uumber ef unkhowns is twe. Censider)the system of
two equations,:say of the first two. -It has the eolution‘(3; =1}
which when substltuted in the rema1n1ng third equat1on, we have

3+ 2(-1) =2 (not sat1sfied)
Eence the system-has‘no solution o \
‘ b) The number of unkﬂowns is again 2. Considering again
~ the system (1 ) of the flrst two equations, we get {3.;-1) es
solution, and the rema1ning equations are seen to be satisfied:

3+2(-1) =1, '3 - 3(-1j =6 .
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Hence the system b) has 3, -1) as. solution'

of unknowns:

2) m<n. The number of equatlons is less than the number

O et Ay X
211% almxm: ** 21n%p

Xy et A X it a ' :
2mXy *ro ot Aonm an*n = °m -

(1)

Cree O

) - | : _ SO
Take the unknowns Xmel. ® *o° » Xn as_payapeters ,tl.

cies th;mand transposé the_rélated terms to,the;seédnd'sfde

obtaing a square system

~ where b'; s ... » D' are functions of parameters - tyovees b

a11x1 +;..+'alm3m = bf]

qm*1 ot 2n*m b’ om

(1)

_-eee

m ]

This square system is sclved by the method given ear11er.

If it has - solut1on. the system has solution point invo]ving n-m

‘parameters or more.

RAESE } has no sc\ution( ), try anotheb squafe system. in -

& sjmtlar ‘manner, and s2 on. If no one has a solut1on the system

has no solution. P

: Examgle.-Solve
a) x. - 3y +2=2 by 2moez -8
x -2y 2226 iy e 3ved
| | - \ A% - 2ye2z 43y m 2
Solution. \ -
a).Sétting' z =3 we have -
V - % -3y =2 - ¢t
x---3y =6 -2t

(*) There are two reasons: 1} Scme of the unknowns. taken as ‘parameters may

- have a fixed value, - 2} the system may have no solution.
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which has no unique solution since D'=0. This gives z=t=4
which, befng a fixed value, cannot be taken as parameter.
© Let x=t. Then '

-3y+z-2t‘ y-§+§-
L3y v2ree-t  z=4
b) Let v=t. Then _
2x + 2 = &
- —2y = 3=t
4x-2y+22=23t ‘ ‘
where D=0, D, # O No so’lution mth this parameter.
Let z=t:
/ 2x =4 -t
'-Zy + 3v =3
4k - 2y 4 3v =2 - 2t
X yhe‘r_'e D‘FO,' D, i=0, 02 # 0 Again no solution with this para-
meter. See that there 1s no solution when y=t or x-=t.
This system 1s inconustent because the left hand side
~of the .ast equation is equal to twice the fn'st plus the second

equation, uut the rignt side is 'mt.

EXERLISFS (3. 2)
21. Solve *he fo!iouina Tinear equetionS'
a) 2x -3y = 5 | D) x+3y-5z=2
22. Solve the system by CRAMER's Rule:

_Zx -y - 2 c &
X+ 2y ~ 2= -5
x-y¢2z- ]

23. Show that the system '



24.

25,

26.

27.

28.
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A,x+2y--'z =0, x+y-22,'= -'T,- “x+4y+ 7z = 6

is consistent, and solve it.

Examine the consistency of the system§

X+ y+z=a2a
ax + by + z'=b
ax + b2y + 2 =1
Solve the system of linear equations:, 

10

3X] - 2;2 * 2x3
X7 + 2*2"'3*3,= -1
4&1 + x? +'2x3 = 3

Solve

N
+
o
-]
x
0
o

(e - 8y - be
(az -~ bz)z - ca

x
+
[2)
o
<
]
o

Solve and discuss
' . AX +y+Zeus=
‘x.oiy¢z+.u§
X+ Yy + A2 ; ﬁ”d
<X+ Yy +2 + Aus=

a n oo

-

If a, b, ¢ are not all,zefo;vshou that the system

bz-cy = a*, cx-az = b_', ay-bx = ¢’

- is consistent. or inconsistent according as aa's+bb' ecc'

29.

S Zero or non zero.

-

For what values of A the system

X+ 29+ (X+2)z=10
2x + 3y + (2 + 3)z « 16
3%+ (6)=1)y + 72 . = 26

~a) has.no solution ' b) has one solution

c)’has infinitely many solutions.
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30. Check thelconSiStEnéy‘of the system, and solve (if possible):

a) 3xy 2%y 4%3 =7 b)‘lef Txy = 4
2i]:+§2'-2x3 = 4 L XXy ¥2x3:=‘1>
.4x1 +3x, + 4x5 =20 : 2}1l+2x2 +8x4 - 2

31. Solve

a) x+2y =3 b) x+2y =3
-Zx-ﬂy ='O o h o g Zx.*y = 0
3x-y =5 T xey =2

©32. Solve . » R .
a) «24by?-22 = 0 o n‘)é@%;%,_’lj
: 2 2 .2 . ‘ "5 _2 . 6 -
. 2x +3y  -2 =2 o ¥TTytTC 3
2_ 2,2 1.1 -3
Aefemten o Fegiadeo
: 33}‘$oive :

a) 3x-y-z <=2 . b)) s+t =2
4x+y+2237 ' ) ‘t“u =’.3
x+2y+3z =4 . u-z=2
v 2y+ 32 S u-z= 2

"34. If the following sysf&ms have the some solution, what s the

relation between a, b, €7

2x - 3y + 2 = & T BX ey ¢ 22~ 8
aX + ¥y = bz o 7  x+cy-~2z2ald

X -y + 220

35. Discuss the soluticn ¢f
Ko+ 87w &42 = &
v b‘,{ < {)t‘z = b .
2 &
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* ANSWERS TO EVEN NUMBERED EXERCISES
22. (0,--3, -1) _ |
24. a #1, b A1, 2 # b  consistency
26, (2. Ab, - Ac) B .
30. ) Mo solution, - b) (2 - 7t/2, -1+3t/2, t)
32. af (tZ,":l, +3) (a]llcbmbinatiéng of éigns)R b)~(g, -1, 3}
34, 5avBb =17, c= /7 | ’

A SUMMARY '
- (CHAPTER 3} '

Expansion of a determinant of order n:

B : . n 7 c, .
:D_f'laij[n.“izl‘“ij‘cij by ‘the Jth column
= jgl 3i5 cij . by the ith row.

CRAMER's Rule: For a SNHLS,
| . by . L
Xyt -if D # 0, where
D is the determinant of coéfficienfs, D; is the determinant
1 obtained from D ,replgcing its jth cofumn by_thé~coTuhn'of
_constants. . '
For SHLS,

when D=0 system may have son trivial solution.

'MISCELLANEOUS EXERCISES
36. Show that x « 1 is a factor of
x+1 2 3
1T x+1 3 Lo
3 -6 x+]
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and factorize it completely.

If a, b, ¢ are distinc real numbers, show

sin (x-y) - fos“(x-y)

© 37,
» 5: a
b . b2
c ¢
38.7Prove that A'
| X
3x
y3
3y2
/39, Show that |
.
11
R
11-
40. Show that _
cos (x+y)
sin 2x
41.‘Prpye D =a

n n

5

> e b

o o' m

‘AB

aB
Ab
ab

sin (x+y)

a1
0 -1.
0..0"

‘0

Do fDn_zf where

0

~(Hint: Expand by the last row or column)

42, If -Dn"denotes the determinant

... 0
1

= (A-2}% (B-b)2

~cos{x+y)
“sin(x-y)
sin 2y

n

=.sin 2(x+y)



- . 0...0 1 aln
tnen show ‘

D

n+l - a'Dﬁ * Dﬁ—]4= 0,

and prove that , ' . . -
D, = (""" -a"*")/(p-q)

-~ - N n .
where p and q are the roots of x“-ax+1=0.

. Evaiuate

'J]+x 1 1
Copy=1 b TR
o s 1
1 : 1 - Tax
. Show , -
a%-b%-c%.4%  2(abscd)  -2(ac-bd)
-2(ab-cd)  a‘-bZ.c?-d? 2(adsbc) |=(aebZic?ad?)3
2(ac+bd) 2(ad-bc)  alepl-c2-d? '

. The roots of x4-3pxeq =0 are X1 Xg» X35 Xpo and

1 x? X?’] x?’z
1 xg xg’] xS*z
A =
n n n+1 n+2
1 x3 X3 X3~
n n+1 n+2
1 Xg Xa Xa

.Find the values of A4/A]' and A5/A1 ‘in terms of Py Q.

. Characterize quadrilateral with consectutive sides a, h.ic.t
o . .

.d such that a b ¢ d
R 4 b c d a

D=1dc d a =0
) id 2 b c
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Prove that ‘the =ystem

w o™ [3,4]

.

b=d (paral]elogran

X -y + 2=
2% 4 y-z-=
X + 5y - 52 = 0
. iS‘goﬂsiﬁtent and solve it.
48. So]vé
o 3x + by-- 7z = 13
4x + y - 12z = 6
2x + 9y.-.3zv='20
- 49, Solve R > e )
. ' Xy 4 2x2 +‘3x3'+ 4x4 =
ZXT + Xg 4 4x3,* Xg - =
3xq + dx, + x3 + 5x4 =
\Zx] + 3xé +-5x3~+2x4 =
50. Solve- |
4 T xRy *3.* Xy + Xg
Xp " Xp t X3t Xg + Xg
2%y + 3;2A+ X3 -x X4 +2x5
Xy * 3x3 + x5 = 6
Xp * Bx3 + 3%y = x5 = 10
ANSWERS TO EVEN NUMBERED EXERCISES
36. (x.fl)(x +2x-+8) |
46. (a+b+c+d)(a~b+c-d) [(a c) +(bd)]=0
A ' a *c %vb-+d '(c1*cumsc1bed), a=c,
a8, (1, 2,0 |
50. (-2, 0, 3, 1, -1)



 CHAPTER 4
PNALYTIC GEOHETPY N R

4,1, A REVIEW ofF LINE, CIRCLE AND Conics (m standard formS)
: R

- B 2- space {two d1ment1ona1 space) 1s the set
| | RE =R xR - {(xs y): x, yeR) |
of'orderéd pairs 6fArea] nbmbers_:x, y "where"x‘ is the aBscissa_
(the first éoor&%naie) aﬁd y is the,ondinaté(the second cbbr{
d1nate) of a po1nt in RZ; There is 6ne.to one correspondance
between the po1nts and the ordered palrS. » _ ,
Let - A(xT, y]), B(XZ’,YZX be two g1ven po1nts Then fhe

dwstunce d(A, B )=.|AB| between A and B s

N

d(A, B) = |AB| = /("1"‘2) i+ (y].-yzy)?
The'cdordinates X,y of the po1nt c diQidiﬁg the seg-
ment [A 8) in the division ratio r-EK/CE (inner division when
v <0, outér division when r>0) are
Xp " T AT S

ey YT T

iher the midpoint I of (AB)

- . y °
. " R ""—"'2_‘_" » y’= 7 --])
A, LINES. We have the}fol]owing forms of equations of a

Tine: R - _ , .
: }; Y ¥ =»m(x -fxi) Pgint-slape form

2.y =mu ¢n . Slope-intercept form: -

’
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X s Xy Y - Yy

: = ‘Symmetric form
3..3) Xy - Xy T ¥, v Yy

)

Two-point forms

T x oy 1 :
b) x1' yy-1) =0 Dgterminant-fcrm
xp ¥p 1 , ,

In (a) x=x%x, if x5-x3=0 (or y=yy if y,-y,=0)

4. % + %,3 1 '-Ihteréept form

5. Ax+By+C = 0 (A%+B2 4 0) General form

(General. linear equation)

- {Hess equation " .
6. a) xcosw + y sinw - p =0 | o Normal forms
: ' : Euler's equation

by ax+bysc=0 (alst?=1) |
In (a) p s the disténcevof thelorigin from the line
Tand’ .is the offénted angle from pbsitive x-axis to’the‘ray
through the origin intersect&qg the 1ine perpendicularly.

Derivation of normal form:

Intercepts of the liné L ip terms of p~ and w being
i oy o= p/cosw, | v = p/sinw, '
the intercept form (4) giﬁes o
| X cosw + y sinw - p =0

whep ‘w £ kn or w# (2ke1)n/2 (k=0, 1) -

- ) x-p=’0‘.is a vértica] line whenrw=,kn, 7

y-p=0 1is a horfzonta]vling when w = (Zk*l)nlé
Examgie.'urite the equation7of-the family of lines

a) hkaving the constant distance 3 units from the origin,

b) having the comnstant slope angle a.
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.Solution.
a) By‘the use of normal form: 'x cosw +y sine - 3=0
b) By the use of slope-intercept form: y=x tana +n or
Sy ﬁormql'form'jx’cos {a - ;) £y sin (a .~ ;*)-p-= 0,(
3 = - “. - . . '
since w=a< 5 . o
"The equation of a line in any form can obviously be~written
as the general form but the conyéEseAmay‘ndt be true. '
k ExamQ]e. Transform the general eqhatiqn'/3x+y-4é 0 into
~‘other. forms. '
Solution. Slope: m = -3 _
xp =3 5y =1 3 A(E,1)
| x2=-/3">=>‘ yp =71 = B(-v3, 7)
Point-slope form: y-1-= ~3(x-3) '

Two-point fqrﬁ: §2;7§§‘3 Z_%_l

Now / . ' .
x=0" = y=v=24.

Yy =0 = %= u.= 4/v3,

. - e K v
Intercept form: 77Tt % =1 7
Slope-intercept form: y = -/3 x + 4,

. n o . annp . . ’ R )
Since A‘f 82 = 4, /Az <822 and C = -4 <0, we have
Normal form: ig X+ % y-2=20 or ‘ ' o
X éos,% «ysing-220

)

Linear family of lires:

Let : i , S
‘Ax +By+C = 0 ang A'xX+B'y+C' = 0

be the"equations.of'tyo.iinés_»Then for’ ‘A, A'e€R, ~the equation
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)\(AX-"B}/*C) +.xi(AIX*B.y+-C,)-;D., (])

: répresents Tinear fami]y of']ines (passing thrcugh-the point of
RntersectIOn of the or1gIna1 lines when they are 1ntersecting,
;51nce the coeff1cients of A and A’ van1sh for the coordjnates

of the common no1nt)

If the 11nes are para11e1 the same equatlon represents a
fam11y of lines para]le] to these. th’ '

For what va]ues of A, l' the equatlon (1) represents

“the f]rst or second 1ine?

Dlv151on by one of the parameters, say As o1vesv
(Ax + By + C) + u(!’\'x+By+C )

. s \
invo]ving\a s1ngle parameter“u,,representjng the same family

: except A'x+B'y« C‘ = 0. .

' D1stance of a po1nt from a 11ne' d(Po; L)

Let - Ro(xo, yo).,be a point and- 2:.Ax-+8y-&c =0 be a
line. Then the distance of the point P, from 2 is
© . |Ax_ +By_+C]|
d(Pgs 2) = el
. . ' A" + B
In the case df<normal form:

Y

Ad(Po.—ﬂ) = lxo cosw+y, sinw -'pl

and

| ‘ ~ [< 0 when P, and origin are on the
Xg cbsw~+y° sinw - p | same side of 2,
' : >0 other wise .
The distance between two lines is given by
\ 0 when £, &' intersect,
(e, 2') = e T
' {d(P, &£') -when - Pef and &£//R*
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bExamQIe: Given the points Alt, 3), B(4; 5). and C(4,8)-
a) find t.if A, B; C are collinear (Points of the sSmé line)
b) Setting t;-Z»find the éqﬁétioﬁs of the lines AB and Bf.
..€) Find the equat1on of the line through B and P(] -1)
 d) Find d(P, BC), d(P, AR)" ‘

‘.SolutiOn,

a) Setting the coordinates of the point in Ax+By+C =10

:

we Have—the HLS

 tA+3B+C =0
"4A+SB+C =0
4A + 88+ C=20

, To have a non tr1v1a1 solutron we get

t 3 e
4 5 1|=0 giving t=4,
4 8 1

This is one. of fhebways of.;olﬁtion. The others are:
By the use of distance: For the-éoliinearéty, one of |AB]|,
|BC}, |CA] ‘must be the sum of the other two.
By the use of slope: For the coll1near1ty, the 510pes of _AB
and BC must be equal.—
By the use of equat1on' For the co]]xnearlty, the coordtnate
of one of the p01nts. say of A, must satisfy the equation of

the iine through the other two p01nts B, C. (This mean that

| d(A BC) = 0)

X "x] y -y

b
)"z"‘l Y2 - N

=
o Ae: X2 Y23 ox-3ye a0,

BC: X =xp =4 Dxs 4
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c)'Sincé- B 'ié thé,common;point of the iine AS aﬁd
'EC. the lines - - |
Mx-4)+k'u-3yfln ;0
th;ough B, ygnh P must sat:fy
’ ' u1¢4y+x'u.3;11)=o A=)
o A (5(x-4)+(x-3y+11))=0  (r'= 0),
o 2x -y -3.=0.
d) Since BC is a vertical line, d(P;(BC)'=
Dasentl |
TVTYY

d(P, AB) = 15//70.

Angle ‘between two.lines:

The angle © betwsen twc lines with slopes. my, m, is
given by . k
' Comy - m

1 2
tano TR
: - + mT m2

'
where 0 is the pos1t1ve1y oriented angle from theAfirst to the
second line. o ., . .

It follows that the lines are para]]e?Ifff (ff and only
if)’m]= m, anﬂ perpendiculér 6 mymy -1 |

glggple; Given’ the 11ne, _ ‘

- £: 2x + 3y —S = 0, : _ =

a) Find the equation of the line 2'//2 and'threﬁgh a(-2, l);

b):Fihd'tﬁe.equation‘of the line 2"4L e and throuqh A(-2 l),

c) Show that the sum of the products of the correSponding

copff1c1ents in the eqLatmons of £ and 1“ is zaro.

Generalize. i
So]utidn.

a) Any Vine /£ can be written as
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A N 2x «+ 3y + C = 0, »
= 2.(-2)+3.1+C 0 =>C=1 .
= !."2x+3y+'|=0 ‘
»b) The - sIOpe of & being m= -2/3 that of z'- wiil be
m" e;-]/m = 3/2. Hence by the point slope form we;havg
«,}-1.1;"(“2),
2" . 3x - 2y + 8 =0
c) ‘For the mentioned product we have 1ndeed,‘
2.343(-2) =0
To genera1ize. let the lines’

z'AX¢By+C-0.,f
2': A'x « B'y + C' = 0

'be perpendicular. Having : - .
Cm=-A/B, m' = -A'/B,; and mm’ = -1,

it follows that (~A/B)(-A'/B') = -1 or BAA' & BB' < 0

B. Conics |

Conics are defined in vérious ways. Here it is .preferred
to define them by a fixed line D, a fixed point F with
d(F, D)= p # 0, 2 fixed ratio e, called respectively dirsctriz,
* focus and eccentrioityi ' . . ’
‘Definition. The set

: _ - {P: d(p, F)Id’P D) - E)

of points is called o

(an ellipee wﬁen ek’l,'
a parabola ¥hen e.l,
a hyperbola-yhen e>1.
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Standard equatiohs:

a) Circle : 2 +y2 =E2 : ] Center at the oéigin,
b)Y Ellipse : bzx2 +a2 =a b‘ ' axes are on the coordive:
‘ , : ‘ o
¢} Hyperbola : tbzx2 ta y a 2 J _ :
o 2 2 Vertex at the origin,
d) Parabola pr {or x"=2ny; o o :
' S -} axis on. a coordinate axis

A If'the'vertex,of thé.pa?abOIa, and centers of tue othe~:
are a2t the péint (h,\kf wiih the same orientations of the azes,
fhelabn\e equatibns_begome: |

\ a) (x‘r h)2 +,(y - k)2 - _
b) b2(x - % 4 (aP(y - k)2 = a%b?
¢y sb2(x - 2 +.al(y - k)2 = aZp?

@) (v - 2 = 4p(x = h) (or (x < 0)E = aply - k)
where r is the radius o?'tﬁe'éirCIe. max {a, b}; min fa. b}
are the semi major and semi minor azes of the ellipse, and in

b2x2 - a2y2 . ab2. in 2%y - Bl . aZp?

the elements a, b (in b x

b7)

the e]ehents b, a) are semi t"anaverae and gémi corgugate axes
- of the hyperbo]a

‘ The two hyperbolas given in (c) are ca11ed conjugate hg- ﬁ

perbolas having the same pair of asywptotes given, by

b (x ~ 2 - a (y 2_; 0
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An ellipse becomes a circle, and a hyperbola becomes a
rectangular (equilateral) hyperbola when a =b. »

Linear family of conics:

Let Fl(x, y)=0 and G(x, y) = QA be;standard equétion§
of two conics. Thed for -\, ueR, the équation |

\F(x, y) cLG(x, y) =0 '(a;rléaSt one of A.u £ 0)
.rebresents.;he'linear famijy of conics (passing thrbUgh the points
of intersecting of the driginal canics Nheh'fhey a}é‘intersect-
ingj.. - ‘ ‘ | , |

A=0 'G(x, y) sb; and - . p=0C 5 F(x, y)=0.

I} A £°0, then the family can be represented by the use
" of single pérameter:A » | -
L R0, y) +k(6(xy y).= 0 (k=u/2)

What happens when F=0, 6=0 repreéent_any two curve?.

Example. Given two conics C, C' defined by their direct-
‘rices, foci and eccentrisities

D x =6, F(1,2), .e=2/3
Dy ==3, F(-1,2) ‘e=3/2,

find
a)'thé standard equaticns and determine
p.'a,bc, b for C -and ¢! s
b) the équatioﬁ»ofkthé conic which-ig a meﬁber of the
linear family of C, C' and passina: through the point.
o), : .

c) does this family ‘contain a parabola? Discuss..

Solution. | ' , ‘A' : -~ N
a) C: d(P. F)/d(P, D) = 273 .
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feen®y et G0t

(x-6)¢
% p:s’ a=6, C=a€=.4,_ b,=27r5—.

' T2, (ve212 : e (xe1)2

(y+3) ,
. p=5, a=6 (semi transverse axis),
c=ae=9, b= 3/3

b) A[S(x43) : 9(y-2) —180] '[5(34})2»;ﬁ(x+1)2--189]‘='0

Setting the po1nt (-3, 0) we bave
o D . laa
L XA
and - T _ . )
2. e 2 f 2 . .42 \ B
49 5(x+3) h9(y-2)v -180 -+ 14415(y+7) 1-4(x+1) -180{ =0
c) Coeff1c1ent of x2 (or of y ) is to be zero:
5A - 4 = 0 or 9%+ 5u=0..
Yes, the family contauns twb‘parabOTas, one‘having axis // to
x-axis. ' : L (
‘ _~Examg]e 2. Discu55‘the following eqﬁationS'
. a) bzx2 +a2y2 = ea2b2 (ab#0) b) b2x 2+ a?y2= 0 (ab= 0} -
2. b%x% - a%y% =0 (ab # 0) |

3. xz'; a (or y2 = b)-

Solution. ‘ ’
H]. a) Since the left,hand'siae is non neéative and the
right hand side is hegativé, no boiﬁt in R satis-
__,fies'this equétion>(lmaginary ellibse; no’graph{

b) The only solution i53(0; 0) which is fﬁe ofigin,

(degenerate eilipse}, the graph is a point).
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2. 522 2?32 =0 (bx-ay)(bx+ay)=0  bx-ay=0 of
bx tay = 0 (dacererate hypérbala;) the graph is two’

1ntersect1ng 11nes whwch are the asympto es of the

bhyperbolas * 2 21¢ 2 2. azbz)

3. No rea] point ]  {<0 imagenary parabola
Two coincident 11nes when a (or b)[=0 ' L
Two paral‘el lines. o >0 degenerate parabola

‘The dxscu551on 1s a1so valid’ when x and y are feplaced by

- h _qnd y y\k.

EXERCISES (4, I)
Find the projections on the coordinate axes and the length
.of fhe‘]ine segment joining thé‘followiﬁg.poiﬁ£§: 
a) (-4, -8) and (1, 3) - b) (-/2, V3) and (¥3, ¥2)
Find the midpoint of the line segmenf with the following and
bo{nts: . N '
a) (a-b, d-c) and (a<b, c+d) b) (-4, 6) and (2, 4)
Find the coordinates of the point which divides inteénaIIy
;hevline segment jdining {-1, 4) and (-5, -8) in the
ratio 1/3. |
Find the iocus of the point; equidistant'from’ A(3, -4) and
B(-1, ). L e T
.. Gne end of'a Jinelsegment yhosé length;js 13 is the point
(-4, 8), the ordinate of‘the other end iéA -3. What is its _
"abscissa? o '

6. Shuw that the diagonals of a rectangle are equal.
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a) (3,:0), (6, 4), (-1, 3) are the vertices of a right
'ktrianglé (1) by means. of s]ope,r(Z) by the use of"

Pythagoredn theorem, | , _b o

b) (2, 2), (-2, ;2), (2/3; -2/3) are the vertices of an

equilateral triangle.

Prove by means of slope that the points (10, 0), (5, 5), .

(5, =5) and (-5, 5) are thé Vértices of a trapezoid.

. Prové that the points

- a) !2, 3),.(],.;3),'(3, 9) éie collinear: (1) by mean$ of

0.

11.

:'sfope, (2)'byomeans of distance, (3) by the use of equa-

tions, . (4) by®determinants. ‘ ' ’

'b) (1, -2), (2, 3) and (-2, -17) are collinear.

If the points (a, 3),"(3, -6) and (4, 7) are collinear,
find a. ' - ' ‘

Show that the line -

t(2x-y-9) + k{x-3y-17) = 0

passes through a fixed boint for all‘valueé of t and k.

~ is the equation of the line through (-1, 3) and (3, 5)

13

What is this fixed point?

~Show that - ' ’ Xy 1

B I T T R
b s o)
If the vertices of a triangle are A(2, 3), B(5, 7), C(3, 9},

show that the area of the triangle is
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15.
16.

17.

18.
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. 3 9
A= o457 0

Prove that the paints. (6, 6), (7, -1), (0, =2), (-2, 2)
lie-on a circle whose center is (3, 2).-

Find the centers and radii of the following circles:

2

a) x242y-3xv‘+7y2‘=0” : b) x2+y #4y=5

Write the equation of. the cir;1e~whose center and radius are: -

'a) (2. 5)‘ r=7 - ’ . ’b/).(a’v‘_A)' r=3
Classify the following curves:
2 2 o ' 2. 2 o
a) x“e2x+y +4y+i=0 b} x“ +y ~4y+5 =0
) x2v2xey?- 2ye2=0 ) (x=2y)(2x+3y-5) = O

Write the standard equation of the parabola whose vertex A

.~ and directrix D are:

19.

20.

ay A(2, 5), D: y=3 " b)y A(3, -84), D: y-=-2

Write the standard equation of the ellipse whose center, .

eccentricity and .a are: \
a) (1, -2), e=2/3, a=6 . - b) (=3, 0). e=4/5, a=5
Same question if the given éurve, is a hyperbola:

a) (2,°3), ‘e=5/3, a=3 b) (-2, 1), e=5/4, a=8

7

ANSWERS TO EVEN NUMBERED EXERCISES

2.-a) (a, d), b). (-1, 5)
4. 2x-5y+3 = 0
0.4

1€. a) (x_-é)_2 s (y-5)% = 49, b) (x-3)% (y+8)2 = 9




. a)-8(y- 5) x-2) | 'b")’vé(y+‘.4)=(x-3‘)2
2

. a) 15(x‘-2) -9(y_f 3)° = 14>4,‘ : b) 3‘6(x‘+2)2-54(}_1.)2=2324.
4, 2, Seconp DEGREE Curves (spc):

A, DEFINITIONS AND CLASSIFICATION:

The equat1on of ' a conwc 'C' in the general case is. obta1n-
ed by tak1ng the d1rectr1x D and focus F. arb1trar11y in the
ana1yt1c plane as '

. D f(x, y)—aX+by+c.. , (_a'2+b>2\=1),

From - '

€= (P(x, y): d(P, F)/d(P, D)=
we have :

= eZ

; [(x.— x;,v)z+ (y - yo)?] /

wnich when expanded and arranged gives the-geheral second degree

dax+by+c¢

,equat1on (SDE)

2 2

A +Bxy+C_y ¢0x+Ey+F 0, (A2+B +C% 4 0) ()
as the equat1on of ¢ uhere “the coeff1c1ent A, B. ce. s F are

functfons‘of\thstaﬁts 2, b;‘c, X0 Yo and e. It fo]Iowsv;hat
the‘equation of any conic {z o? second degree, since ‘AZ 2 CZ#O
But the eqdatson (1‘ may regaesent curves other than the conics
’»(ellxpse, hyperbola, parabo]a) as seen from

| (2x -y s )(x2y-3) =0
which is of second degree anc represents two intersectinQ Tines
{E degenerate conic). o i v | | '

A cunve Eepreseﬁted by J‘seEond degree:equaEion (1) in

the vér%ab]es"x, y 1s called a second degree curve.

The following are second degree curves:
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2x% - Gxy+x+3y-1=10
o 2x2¥)‘(y-4y2-6x+yf‘=0~
" The number '

2 . sanc,

A'.=_8
called thé discriminaﬁt of (1), permits to,ciassify'the second
degreé-éurves.és elliptic, hypgrbblic}and pérabo]i@.by ésympfq-
'tfc”airections.,The equation y=mx +n of an asympgote of a
second degreé curve can'be determined as follows. (See.Parf (,

-kc:chlng the graph of an algebraic funct1on)

Ax2+8x(mx+n)+c(mx+n) +Dx+E(mx+_n)+F

"

. :

(A '+ Bm + Cm?)x +(Bn+2Cmm*DfEm)’x‘+Cn2+En}F 0
sze-Bma-A 0 giVes the‘slbpe~ m (thé asymptotic direc-
‘tion). We have the cases: '
‘Elliptic case (<0 (no real m)
Parabolic case .| whena 0 (Two equal real m) ..
Hyperbolic case N > 0 (Two distinct real m)

1

The discriminant A does not give ap} information about

vﬂegeneracy of & second dégree»curvé The following theorem state

under what cond1tlons a second degree curve is deqenerate (non

def-enerate) . Co

Theorem. A second degree curve, real or imaginary,_giéen ﬂ
oy " a ,
2

28l ()

Ax2‘+ Bxy + Cy2 +Dx + Ey+ F = 0. (A

‘isaenerate or non degenerate according as I:0 or. T #0

r=] 8 2c E | - 2(2acF+ 80E - AE? - cp? - FBY)
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IS

, Proof Let A # 0. Mu1t1p1y1ng (1) by 4A and comp]et1ng
to (perfect) square:

0

n

(2Ax + By + D)2 - (By + D)2 + 4A(y% + 4AEY) + 4AF

“(2Ax + By + D)2 - [(32 - anc)y? + 2(BD - AE)y + (D% - 4,AF)]? 0

A

To be féctorableliff~the bracket is a peffect square.Then

s = (BD - 2aE)% - (82 - 4ac) (D% -4AF)-- 0

2 2

"5 = -8A(8ACF » BDE - AEZ - D7 - FB?) = -2AT > T=0

iy

When A=0, T becomes: Z(EDE- cD“ - fB );' and (1) reduc?

es to A o o
T Bxy+Cy2*Dx+E_y+F =0
Muit)plying it by 4C and CGmplefing'te sguare we have:
(eCy s Bx+E)2 - ((Bx+ E)2-4C0‘x-4CF]~-— 0

where bracket IS to be a perfect square implying T = Q.

The proof can be done cons1der1ng the coefficient €  in-
stead of A, in a similar manner,

. The fo]]ow1ng theorem states the cases where the second

degree curve is real or 1mag1nary

Theorem. A second degree‘curve'given,by'

A% aBxy s CyPeDuvEy 4 F =0 (A2 +52'?C2 #0) (1)

" is imaginary (has no graph) iff

(1) (E1liptic case) A<O and "HT>0 (H = A+C)

(2) (Parabnlic cese; A=0 and w< 0 (=4 +4a" =

L aAF 4 E2 - 4cF)

Proof. If the curve is reai it contains atAleaSt one
point in R2. Therefore the family  y=k (keR) intersects it,

vat one or more bqint. Setting y\=k~§in (1) one’obtains the equa-

+ian
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2, (Bk+D)x+ (CKEsEK+F) =0 . . (2)
with d1scr1m1nant S - o _ L
| - (82 - aac)k? - 2(BD - 2AF Kk + (D AF).. - (3)
‘Hence the curve has no real point only when §<0 (for all keR)
implying o . » ) _ 
(1) 8= 82 -4AC<0 and &'= 4ZAT< 0 (&' is the discrimi-
‘ - nant of (3))
If one coﬁsidérs the family x = h instead of y=‘k,‘oné
obtains §" = -2CT. cOmbi‘n-ing.e' and 6" we have HT > 0. :
- (2) For L= o, ¢ beﬁomes : 4 : S -
o © . -2(8D - 2RE)k (D7 - 4AF)
and §<0 (for all k) = ' ’
| | 0% - 4AF < C.

"

BD - 2AE = 0, '
‘Similarly |
' 2

BE - 200 = 0, ES-8CF< D

Combining thete we qet-g.:5i+ a" < 0.
The converse of the theo:em is true s1nce it depends on

li

the dw,cusszon of the nature of the roots of the guadratic equa-

tion.
In 3al1 other cases the curve is a real one.
A ClLASSIFICAY JARLE
A<0: T # 0. Nop degenerate Real ellipse if HT<(
Elliptic - - imaginary ellipse if HT>0
case "' T.= 0, Degenerate. 1A poxnt (HT = ﬂ)
A=0: ° T # 0. HNon degenerate. Real parabola
Parabolic - T = G, Degenerate ' Two parallel lines if v>0
case o v _Two coincient lines if y<0
L‘ ' ' S Imaginary parabo15 if 4<0
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B TRANSLATION oF COORDINATE AXES AND ITS APPLICAT10N

A transformat'lon which moves a'll pomts of a flgure thro-
Ogh tha same d1ntance in the .same direction a,nd the s_ame'se_nse
is called a’ translatzon. , o | | ‘
| A translation wh1ch moves the or1gln -0(0' 0) to the
point 0'(h, k) t:ans]ates the cocrdmate system Oxy to the
coordxnate system 0°'x y . v '

From the Figure one can obv1ou51y obtams

vthe f(v)Homfng trapsform_‘_ng. formulas: }‘ 3 »
From old to new . From new to oid ]""""' "?
_-vx"='x-__h" Co x = 'x'+h : el '
y' = y-k oy =y'+h o . 0’[ o
‘ ' : : :
‘ AepHcation'to SﬁE: ' _ | 0 h % ,_jb""
Let f(x, y) = be an eqUation .Th_en f(x'+h, y's+ g);o

s the equatlon in the new system Ox y' under the frans]ation"
0(0 0)+0(h,k) o R
f(x,y)=Ax2¢Bxy+Cy2'+Dx+‘Ey+F='O 1)
after the same trans1at1on, (‘I) becomes |
DAt e h) e B(xt e h)(y‘+ k) C(y e k)2 e D(xt - h) + E(y* k)+F =0

which is in the form

2 .2

‘( . , A'x +B'x'y'+C'y +D'x'¢-E'~y'+F'=' 0 (1)
. where L ‘ |
A* = A, B": B, t'= ¢

D' = 2Ah+Bk+D, E's Bh-2Ch+E, F'= f(h, k).
~To.e.iminate the linear terms one gets ' '

20 -BE - ZAF.-BD

""‘ A A
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Examgle | 4

1..leen ] - —%7 flnd the ‘new equat1on after the- translat1on

0(0, 0) » 05(2, 1). - . - |
‘ Zj'Given ‘ZxA+3y:=4 and 3x-y-=-5, translate. Q(O;_Q).’td their

po{nt;of fntersection~ 0' and find the néﬁ eQUa;jonS\of the

- lines. _ ' '> S

‘3. Given 'x2743xy4ﬁy2 cy =0
' a) C1a551fy the conlc,

b) e]em1nate the linear term by a conven1ent Lrans1at1on
Solution.
'1; Setting . x = x'+ 2, y =y'+ 1, we have

2\ |k|

-"y'f'_"l‘ = X_;_r._ S5y = .x_,. (x'y'= 2)

2. Simultaneous éolut{bn'giveé 0 (‘1 2) and éetfing X=fx'4],

,Y=_y‘+"2v‘ c»ne -gets 2x' 3y =0, 3x' ;yr = 0.

3. a) A ;_5'>0 “(hyperbolic case)

]2 -3 o L . .
To={-3 2 -1 "= -2 40 (non degenerate: . nyperbola)
o. -] 0 . N - ", -

' b) Setting x=x'«h, y=y'+ k, we have
| (x'+h') - 3(x’ eh) Y v k)sly s k)P (yt e k)
uD'=2n-3k=0. E'=f%¢2k-\;0
>  h=-3/5, k= -2/5.
Since the coeff1c1ents of second degree terms are unchang-
"ed under.a transIatlon and F' = f(h, k), we have v

tz |2

axtyeye (- 323 5)(-‘514-' Y2 -G a0

=y xl-BXWffy@?éa 0.
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-C. ROTATION OF COORDINATE AXES AND APPLICAT!ON{

A trahsfo}matibn which rqtatés»(turns).;]} poidt&bof a
figure:throughvtheksaﬁe angle O"about'q given point 0» is'cal)ed
a rotation. | »

. T'he point 0 is the cé_nter of rotatian and © the angle of
 ro§ation. G is considered‘positive (negétive)-whén}meésured couﬁ-
,teftlbckwise (clockwise). )

A rotat1on with cqnter at the or1g1n and with ang]e G

rotates the coord1nate system Oxy 1nto

v 34»» o
a-new coordwnate system Ox' y A
: ¢
To obtaln the transformlng formulas j' N e-i-—-r--;Qr-a'ﬂ
. L |
. ) .- \
for coordinates X, ¥ and x', y‘ of .the V- H \
. . . L ) . . fi' _." } .\/
same point P in the systems Oxy and L 6 A8
Ox'y', consider the lines d -and e S ]
‘ ) ' . . - ’ - "
through F ai ! perpendicular to O0x and (9] X

Oy respective:y. ‘
" The- orna] equatwons of d and e in_ Oxy system are

{d:x'cos(0)+y 51n(6.-x =0

e: x' cos(z - 0) +y s1n(2 - 8)-y =0

0

' N {x‘tose“y'sine- X

X'sin O+y'cosO-y = 0

“from which we have the transforming formulas:

" From new to old - From old to new
x=x'cos@- y'sin @ L X'. X €0S O+y sin ©
"y =x'sin0+ y'cos © - y'==x.sin 0+y cos B '

App1ication to. SDE:

Let” f{x, y) = 0 be an equation.lThén  f(x'cos ©-y'sin o,



~'zs7

x"sine+y'cos ) =0 s the equation in the new systéxd under the
rotation of jaxes with center 0(0, 0) and angle 0.

PR 2 oo 2. S

o - fx, y,-Ax +Bxy +Cy“+Dx+Ey+F = 0~ | {1

after the rotat10n (1). becomes . '
- A(x cos 6 -y s1ne) +B(x cos 6 - y_sine)(x sin9+_y cos 0)
4 C(x sin e+y cosG)#D(x cos o-y' s1ne)+E(x s1n0+y cose)+F 0

which is in the form

2 LDt Ely e F =0 . (2)

» ; A-x'l vo.B'x.y‘:"":'C'y
‘where
p : 2 2
A' = A cos @ + B €os0 sin e-oc sin’ e
B! =_-2A cos e-»B(cosze - sin 9) +
+2C sin@® cos.9= B cos 20 - (A-C) cbs .

C' = A sin‘o - B cos® sin 6+C coso

i D . D cos 6+E sin @
E' = -D sin 8+ E cos ©

7‘. P ’>F- :

N

.Afrotaxibd h(e) can be determined such that cross term
‘B'x'y': vanishes (B‘: 0) when B £ 0: o '
'Bc0529-7(A0)51n29=0%tan20=n if A4 C
1f A=C, then B'= B cos 20=0 cos 20 0 30 = ; which is.
the same .result obta1ned from ‘tan 20-= B/(A C) when A=»Cf
Hence the angle of rotat\on, to elem1nate the cross term,
-can. be determined by - o | '
| N tan 20 = 2B (= k)
which gives - .
- R ) 2 ) N ‘ - —

- ' - .{.2_12 . 'k ‘Bt o= ;_]_..k_!_‘_’_k_ (t=tan 0)
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After having one of the. values of t = tané (preferably
the positive one) the.valyes of_ cos® and sihe can be obtain-
'ed.by‘the use of a‘ffjht triang]e_with,legs t and 1. ‘

. To‘obtain ieosel'and siné ohe may proceed in a differeht
-~ .way as follows: o - s » o .
o -'] - fcose = \/1—————*—‘:%5—-2—

cos 20 = = |
' ;]jntanz\Ze sine-|/] -~ cos 2

Qhere positive efgns are taken. for convenience.

' Examples. A _ | ,

t. Given the line y-k'x +2, rotate the coordlnate axes by the

» angie/n/3 -and obtain the new equation of the 11ne.

‘Zt Given the parabola .y.=x2 and the line y=x -3 'f1nd the
new equat1on of the parabo]a after . the rotation of the coor-
dinate axes such that x'-axis be parallel to the- given line..

3. Given '*2 -3xyf»y2 -y = 0, . app]yerotation tp eliminate the

cross term and obtain the new equation of the conic.

Solution.

-1. The transfofming formulas being

x-=xcos%-y"sm§=%x’- —',;_y'
y = x'sin 3+ y'cos 7 =.é§ x' ¢ % y's

we have S :
fx:,2%>é—3-x+-2-y ﬁ(%x‘-fy)+2-7yn'l

2. The angle of rotatwon is n/4 Then the transforming formu!as are
X = om (X' -y') "

...‘ lo,..lu s

.,—é?__yov\:;
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“and

y = xz -__9 7].?‘(x_+ y.) = % (x- _y.)Z
A x'Z-2x0y +_.V'-2-ZX' - 2y*.= 0.

3. tan_ze=T'-_=°'T'=m§e'= /4, and x2-3xy+y?-y =0.

= v} (x'-y")? - % '(X"-Sr')(.x.' +y')es

%(x.*y.‘)Z_ -;-"(Xi'l'.y'): .
-3(r?-yﬂ)ﬂxl+2xw yJ)
a2(x' ty') =0

=7'-x'2+ 5y'2 - /2x! - /2y’ = 0

- x'z-Zx'y‘ +y'2

ExamEIeA Trans]atebthe coordinate axes to. eleminate the 7
“linear terms in (1) and compute 4, Hy T before and after the
translatxon - | )

F(xs y) = xPadxys2ylex-y-5-=0 . (4}

Solution. Setting x= x'+ h, y=y'+ k in (1) .we have

x*2eaxtyt +2y°2 4 (2h+ 8k +1)x" + (Bh s 4k-‘1)y"+'f(h, k) =
© Zhedk =.-1, 4n+dk=1  h=l, k = -3/4
) Then (1) becomes ' , -
| x'? ¢4x‘y'+’2y'2'-.%g = 0.
Now - I |
HahasC=3, H' = A's C' =3
p=B2-aAC -8, &' = B'z-qA;c' -8
124 2 4o
‘T={8 4 -1/-66, T'=[4 4 o =66
1 o-v-0f 0 joo 2% '

Thegeqﬁaliéies H=H', A=A’ "and T=T' observed above

are general as f@ored in the second of'the'fb!lawing twa theorenm
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Example. 0bta1n the standard form of the equat1on
2x2 +3xy - Zy +8=0 i S L1y
and compUte H, 4 and . before and after the rotat1on. '

So]utlon. The angle of rotat1on is obta1ned from

B o com . B 3 o

. - L tan,‘ 20 = R-C = Z+Z7 'I L

‘which gives 4 NI )

B . 1 _ .1 . o
cos 20 = A+ tan2o - YT+ 9776 C /5

- cos’ 0 =>/,-1 fCOS'ZO - 41 ?24/5 =3/'/<|'6

?
Csin o= /1 —egs 20 =‘/1v -24/5, - 1//7%
- Then sﬁbstftutin§k : o .
X = 74t (3x'-y*")
| | y 5 o (xe 3y7)
into (1)~we have ‘
2 gyt - uiy2 ' '
m(x-y)+~|—5(3x EARAL R AP IS © (X+3y) 8:0
Or 7' 7 . \ .7 . N
2(§x '—y,)r +3(3x -y o' +3y ) —2(x + 3y ) =0
-9‘(]_’8+9-2)x"~+(2-9-18)y +80 = 0
a2 2 2 2 8
=) 25x'€ - 25y'% 4+ 80 = y a=b=gp /5
P S ~°7mm3 P a=beg
Note that . : v
_ 'H;}A+c=as_ CHee AT. C'ai0
S 2 R 2 aaaes 25 25,
A'= B - 4AC =25, 8= B'T-4RC = -8 L S5 (- 530 =25

(Since F=F'= 8 for a rotatidnj
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T ;113 -4 0| = -200, T'= |0 -2.53 of < -a00 -

‘Io_ 0 16!

The equalities - H=H', A=A" énd T=T observed above

are general ones as proved in_thé seéond of fhenfoiIOWing twp'
theofems '

D, INVARIANTS UNDER TRANSLATION AND ROTATION'

Trans]at1on and rotation are anonn Euclidean +ransforma-,
.iunJ. Under these Euc11dean transformat1ons d1stance ‘and ang]e’
s are 1nvar1ant (unaltered) These type of transformutlons are-
ca]led uIS arﬂﬂ presérvzng and angle preserying :rsns’ormattons{
Theorem. Translation and rotation are distanCE"anj zuoie

" preserving transformations.

Proof. Let Polxyy yi) and  P,(x,, y,) be two distinct

points with _ - . : e , 2
: : O(P], PZ;' = "(X'\I = X2) + (.V] -"y’?)
_IfirP], P2' are mappeq‘tu P'I(xi1. y‘]) and 2(x 2sY 2’

-under the translation X X - h, 'y'= y-k of axes we have

d(p’l].‘ﬂpﬁz) »= /(xl _'Xlz)z‘ (yu]_ynz)z

;
Ay xp)2 s (g _yz)zj d(Py, Po).

i

showing that transtatian of axes-crescrve distances.

If. P], P2 are mapped to P";-P'Z under tne rotation

k' = X costt «.y sin ©

S0+ y sin d
) o o y'o=-x sipd + y cos O
" of axes, we have . ”
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, , 5
.V(x] - xz)2

cos®o + (¥, -vy,) sin®o

i

1 p

+ (%) - x2)51n26.,(¥]fy2)co§ 0
2

Vixg - )% o (37 - 9,)

= d(P;, P,)
showing that rétation of axes preserves distanﬁé.
o Invariance of angles is a conquuen;éfof that of the dis~-
tances,’sfnce a triangle is mapped into.a congruéﬁt triangle un-
dég a,tranglatioh.or-rotétion.

OthEr-invariants to be menticned are ones ih connection
with second*dégrge equations used in the clissificétion.

Theorem. -Given the second degree equation . ’ :
AxZ + Bxy » CyZ « Dx+ Ey + F = 0,

the quantities

o , 24 B D
‘H=A+C, a=8%-4ac, T - |B 2¢ E|
' D E 2F

are inﬁariant.ﬁnder'trénéZation and rotation.

AEcordjng to th{s.thedrem, orie may cléssify the conics
gﬁ?en by a\second;degreg,equation hefore or after fhe transforma-
tion.v | ' A 4

‘ Proof. UndefLa franslat%on; the coefficients A, B, C
being‘invaniant,_thg qudntities H andvA are obviously invariant;:
' In,tﬁe tfanéformed ;qua;ion, having
 D'= 2Ah 4 Bk+D, ©'s Bhe2Ckof, F'= f(n, k),

the determinant T' s

26 B 2Ah+Bk+D
L Ts B~ .2C Bh+2Ck+E
2Ah+ Bk + Y Bh+2CKk ¢ E 2f(h, k)
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To prove T=T', multiplying the first row by -h and the second
by -k and adding to the last row, we have

2A B 2Ah+Bk+D
T'= B 2¢C Bh + 2Ch+ E
D E Zf(h k)- a n-E'k

Now mu1t1p1y1ng the fwrst column by =-h - and the secdnd’by -k
’ and add1ng to -the last column, wefgef
| 12A B D . .
T'- | B 26 B I
, D €. 2f(h, k)-D'h-E"k=Dh- Ek| |
where the element a5, is sxmpl1f1ed to 2F. Hence T o= T, ]

Reca]ling thét the coeff1;1gpts of,the transformed'equaf

- tion under a rotation are : _ . . i
. ) : .

A - Ac2 . Bcs . Cs? D' = Dc + Es,
B' = B(c -5 ) -2(A- C)cs E' = -Ds 4+ Ec,
S ¢ n»As2 - Bes + C;?- F'* = F,

- where ¢, s Etand for cos 0, sin. 8, we have
Che At c,'g‘;g(czf; 52),c(s?.c2)=‘A;C=H.
- 1_To prove the invariancé of A,:we write A*, B*, €' in
terms of cos 20, sin 20 by the use of .2 cosze = 1a+cos 20,
2 <1n20 = 1 - cos 20: '

B'sin 20+ (A-C) cos 20+ A+ C"

28" -
B' = B cos 20.- (A-C) sin 20
2 B sin 20- (A-C) cos 20+ A+C,

, 2¢"

we have - ;
BRI Ty YT .,

=|B cos 20 - (A-C) sin"Ze‘- [(A¢c) -(8 sin 29+(A C)cos 2¢) }

=82+ (A-0)2-(A+C)? - B2 4ac? . 2.

-The'invar1ance of T -is oroved as follows:
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.

S?A\ B~ D'
T'=| B' 2C' " E*
DB 2F'

B 20 ZA' b 2R B
D* +-2F'l. Lo i
i B 2C

. -k
“1p’ E*

D' E'}
' dhpre the Iast term, being equalitO"F, is invariantu
The first two terms when expanded give..
[BDE' - p*%c -E‘ZA]
which is obvious to be‘eq'uarto ,Z[BDE ~plc e E‘A] .
Example. App]y trans]ation of axes to e]em1nate the 11near

terms in . . N
flx, y) = 2x" +/_‘xy+y2-x+y =0 (1)

and then app1y rotatlon of axes to the transformed equat1on to
_e11m1nate the cross “term (B' x y ) Also vcr1fy 1nvar1ance of H,
A énd T under the transfornatlon

Solut1on..5etting» x=x'"+h, y= y'+ k into (1), we have

2x'2 e /ix'yt oy (8h e 3k - 1)x" 4 (/3h a2k + 1)y o F(h, k) =0

and ' _ g 7 ,
#41h‘-+/3vk=] R h-—2+_3-' " 4,73 .
= 5= = - .
V3h + 2k = -1 A >
= F's= f(h, k’):i-lé\__‘ts_@‘
So the transformed equation is i
x' +fxy +y'c o (13+/’) (V)
~The ang]e of rotat1on being given by tan 26 =. B' F(A'-C"),
we havg_ 20 = /3, © = w/6 and transformatlng relations are

X' = (%" Beyt), y's 3 (x"s y/3)

which when substituted in (1') give

O W I T SR
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~determined. S1nce (1) is . satisfied by a qenera‘ po1nt Pix,:

295

Evaluating .H, & -and jT for (1), (1') and (17) ye have

I ) 4 /3 -T o
H=2+123, A7 3-8=-5, T=[/3 2 .10=-2(13+/3)
' ’ ' B S R Y ' ‘
_ 4 V3 0o
H*= 2413, A'=3-8=-5, T'= (3 1 0  [=-2(13+/3)
SR ' 0 0 2(13+/3))
| o 5 0 0
- 5 1 w o_ _ ' 5 1 _ o€ w_ ’ - - _"/-
H'e 5+5=3, 8"=0-4. 5. 5==-5, T= {0 1720 _[=-201343)
S 0 0 :p(13+/3)
 Hence H=H'=H", b= A'=4" and T =T' =T
E. DetermInANTAL EquaTIONs OF Second Decree CURVES:
-A’secon¢‘degree éurvé has the .equation '
. L ,
Fix. y)=AxZ e Bxy s Cy2 s Dx v EysF=0, (A2 B2+ c% 4 0) (1)

where at leaét}one of A, B, c is not zero. Dividing every

by that non zero coefficient,_the eduation wil] involve . in

-

] ral 5 parameters. So a second deqree curve is COmp]ete]y de

mined, in general, by f1ve cond1t10ns
Let the equat1on of a second degfeé curve passing th

the five distinct pbints Ai(x1. Y Y, i =1; 2, 3,4, 5 »be

“ang- A (x s y ),y i =1,»... ’ 5. we ha\e six homogeneous 1i

 ous system to have a non trivial solution it is necessarv

equations (correspond1nq to g1ven five cond1t1ons)

f(x, y)f . f(§1,\y‘); 0, ... . f(xs. v5 I

‘4in the six"unknownvcogffiéients A; B, C. D, E, F. The hoiw

the determinant of the coefficients of .unknowns vanish:

term
qene-
ter-

rouah

¥)

near

eny -

it
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and this is the determ{nantaz equation of the.sepond degree curvy
'through fivé‘distihct‘poihts. -

Example. Fihﬂ the equation of-the second dégree curve pas
ing through the five points {0, 0), (1. 1), (1, 0), (0, 1),
(?1,'2) and expand if. i | ‘ |

" Solution. For the given points'fhe-determinantai equation

, ’s. o _ x2 Ry y2 Xy 1
o o . o o 0 1
1T 1V 111 1l=o
1 .0 0 10 1f
o o 1 0o Vv 1}
1 -2 4 -1 2 1

yhich wﬁen'expanded giQesf } _
xv?. - yz-" xX+y = ] f o or .(x-y)(.x+y-i) = 0.
'Eiamgle.'Obtai;xthé determinaﬁta] equatidn of the.curve
passing through the_point§ (0, 1), (2, -1), (4. 2) an& having
the equation of the form; Ax2'+8£y +Cx+D =0 l

Solution. The réquired equation is
—_— 5 e

xToxy  ox ]
10 .0 0 T 4

4 -2 2 1

4 1

16 8
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EXERCISES (... 2)
21.. Show that, 1in the eduaf?on ) '
Ax2 » Bxy + Cy2 + Dx + Ey + F = 0 .
of the conic €= (P(x, '§y): d(P, F)/d(P, D) =e} where
D ax+5_y0~t;-_0 (azvbiz,= -
is the focué and e thg eccentricty, the relation
a2, g2 212, geb a2 p2

sB2c?a1a )
nolds, hence A, B, C cannot vanish simultaneously.

]) is the directrix and F(xo, yb)v'

22. Sketch the degenerate conics:

2) (x-y+T)(xey) =0 b)) (@xey-2){x-2y+2)=0

23. Show that eéch of the following sets is a point:
a) flx, ¥): (x-y+ ) 4 (xe3y-12=0
b) {x, ) 2x2-4xy+4[y +Bx - 16y + 16 = 0)

24 Are the curves of the Lllawing equations degenerate or non

I
degenerate? /5 , v
a) xZ-nyWyzf 2y -1 ~;0 'b) x2 +_2xy_¢yz*x+~y,-2=0
€} xy+x-y~-<d-9) vd) xy +2x-y-2=0

. 7 , i v _ -
'25. Find the real values of. k, for which the curves of the

following jequa: fons|ar \degenerate:

a) kxzom K)y? - a»k) 0 b) xysk(x?-y%)=0"

’

\

25 For what values of/ 3 the Jiuear family

. I .
T (x zx_y+dvz-ftx+1; + x;\,\(-xz¢3xy'-y_2¢2y-2) = 0
\corfeﬂéonds to /- ' “\\ -
) elﬂiptic case, o) parab&dic case, c) hypérbolié case?

A . \
27. Shgﬂéthat_the following sets are\:mpty:



28.

29.

30.

- 31,

o
(A%

33.

f(x;:y) -y -4axs16 = 0.,

degree equation

298~ o o s

2

ca) {{xs. y): 5x -10xy3+10y s5=0}

A

b). {(x,'y)' 2x“ + 2xy +y “2x+ 6=

After’ the translat1on of caord1nahe axes by 1nd1cated hv°aﬁd

Ks obta1n the new equation of the fol]owrng curveS'

a) xy+zx-2y‘-2=.0,‘ h=2, k=-2] b) x%+4y=0, h=0, k=-4

After the translaticn of coordina te axes by ihdiéated h and

"k, obtaln the new equat1ons of the follow1ng curves:

a) y --4x-4y,_-8 =0, h=-3; k=2 i) xZ's gy < 30y=0, h=0, k=5,

Transiate the cbordinate”axeslby h=-4, k= 0 followed by

the rotation with an angle -n/2;| find the new equation of

Transform the follow1ng equat1ons when the axes are rotated

through the 1nd1cated angle'

a) x_+ 2xy+ y2= 8, u/4, k b)%)ﬁ+ 4xy + y2= 16, ﬂ/4.
.1Samé,quéstion for S -gi \

aiszf-y%= rz,, 0 b) x% 2xy+fy2kt4x-4y= 0,  -n/4,

: : B .

I

Determine the condition on A, B, C <uch that the second

J

|-
-
!

2 2. \
Ax™ + Bxy+ Cy  + Dx+I1fy+F=0"
‘ ‘ \

represents . .. - - | \

: . - o ) .
© . a) a circle, ~ b) an/equila’teral hype\rbola.

" 34,
35,

- 36.

‘AX4-By43C= 0 - under a rotat1on/of the coordinate axtes.

A A R | (N v
Show that = C/(A%+B%) s Jan invariant of the linle

F1nd the equation of the c0n1c pa551ng throuqh the f 1ve DOfﬂtS
(0, 0), (2, 0), {0, 2), i, 2), (2 4.

Same question- for (1, 7), (<5, 0), (2, 2), (-6, 0) |anc!

4



.,:(-2.'-2)'Aand expand. .

37. same question for . (O, 0),\‘ (2, V), (-2, 8), (<&, -2), (2, -4)..
o - ) T ) S o B

‘38._Find~the‘equation of the cénic,pasiing thrbugh'(b?‘A). (5, 0),
.and symmetrical with resbec% tp‘both‘axes;

39, Same question for --5), (no, 0)

\

~40. Find the equat1on of the con1¥ pass1ng through

(-3, 0), (0, 4}, (o, -4y, (5. '6) 1f_A-82-4AC-0 |

v_‘ D

ANSWERS TO EVEN NUMBERE D EXERCISES

| ¥,
22. NS - P l -
; . T
“ A /lol\ - ~ P Ol v\ . | .
ey (o) :
24. a) Non-degenerate. S b)‘Degeﬁerate
c). Non degenerate, o B  d) Degenerate.
26. ) Ac(-1, 12/5), b) 3 =-13 12/5,  c) AcR - (-1, 12/5).
28. a) 5'y' =6, b) '2+4y -16=0 |
30, x a4yt s0 _
32, a) x eyl b) 2_y'2 ax'=0 L
6. 12x°« 11y% + 48x - 108y - 60 =0
i 2: .. 2 . ‘ '
38, 16x°+ 25y° - 400

" 40. yz "‘:4)(-']5:0




b3, POLAR COORD!NATES
A. DEFIN]TIONS AND DISTANCE

: Dne takes on a p]ane»a fixe

poiﬁt' o,lch11ed the pole,

ind a fixed ray with’ 1n1t131 po1nt/ 0, called the poZar ray (PR)
A po1nt P(# 0) in the p]gne ‘will be determined by two'
» :oordlnates 0 and r as- fo]]ows._,
Pass_through 0 and P an axls with or1gin at the pole.
{here are twduSuch-axes whfch:eye oppqe1te1y'd1reeﬁed. Let Or,_{

/

e one of these axes. o

The oriented angle'plbetﬁeen
the polar ray and the poeitive;side
'S )
>f Or s ca]led the pblar anglerof P.

It 1s positive when measured counter- /////;»

-locku1se and negat1ve otheruise,

The absc1ssa r_ of P on the‘axis> dr is ca]]ed (1mpro-
:erly) the radius veetor of P (r .is not a’ vector)

The numbers @ and P thus deflned determine unique]y a
"Jointj [ and ca]1ed the polar coordznates of . . “and- one- ertes(1)b
?(es r) or P(G +2kw. r) v

o ‘If the opposite]y d1rected axis through 0 end P . were
taken, the polar angle w111 be O+ and the radJus vector ?r.
350 that a second representat1on of '
p will be P(e . T, -r) or _;,ﬁku
PO 4w o 2km, ). o

Thus we- have essentially two representations of the same ‘

point - P(£ 0), nanely

t

(1) Hany authors write F(r, 8) 1nstead of P(e r).. The reason for adOpt1nq
P(e. r) uill become clear in the text.
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. dinates.
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P8, r) = P(6 + 2ku,.r)’ and
P(9+ By ~r)=P(O+m+ Zk'n. -r)

-and one fis obtained from the other by increasing the polar angle

by = and changing the sign of the radius vector.
If P 1is the pole, the polar angle-is indetermihate and -

r=0, that is, the pole has no definité polar angle and is given

’on]y by r=0, or as 0(6, 0).

Transform1qg Relat1on5'

In a po1ar coord1nate system, one sometlmes uses 3 po!ar‘

.axis (PA) 1nstead of the polar ray,’ and a1so;for convenience the

axis with origin 0 and perpendicular to polar axis is taken into

consideration and called the copolar axzis (CPA).

Taking the'porar axis as x-axis and the copolar axis as
y-axis we may esteblish refations bétweén the cartesian coordin-

ates x, y and po1ar_coordinate$ 6, r of the same_point;

If P is taken‘in‘th; first ) cpA
. - - N . v- J

quadrant with x30, y>»0 and A&

r3o0, ‘Oseén’/‘?. we have the | L

relations _ N » T e
Xer cosd Crfaxly? ' & Y

' _or . o x

y=r sine e=arctan ¥ .

One fiay Check,the validti»of these~re1ations for any posi-
tioh of P in the plane and for any determination in polar coor-
_ These relations are called the traneformtnq relations

uhich m3y be used to transform an equation in one system to the

other,
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‘Txample 1 Transform the cartes1an equatwn tu pohr ar

ay ax+by'f c=0 (hne) b) b3 f+y2-2ox=0 (c1rcie;

Solution 'Setting ‘x-r-: €05 0, y=r sm o, we have

, c _
)ar cos e+br sin e+c qu_ aCOSGfb'S“ln_é
2 L

b) r°-2ar cos 0_=0 » r(r-2acos 8)=0 =

o r=0 (oo'le) or- r=2a cos 0. But r)=,(‘) is contained

in ‘the second for e n/2. Hence thé_.‘tranvsfor\med equa-

tmn is r-2a cos 0.

Examﬂe 2. Transform the po1ar equat'lon 1nto cartesian:

ah r-a (1 +cos O) (card1o1d) b) r -{az cos 20

- (lemniscate)
Solution. : T

a) We express ﬁrst cos © in terms. of x .and, r, ang

thgn rep]ace rzr by %2 y2 .
a(’l+cos 8) = r=a(l+= )-%r-2=a(r+x)'
'x2+y2=ar+ax ‘-?(xz +,y2-ax)2=baz(x2‘\+ yz)‘
b) x% 5 2% cos 20 % x2+¥2=a>2(cos'29 - sinze)
2 2. 2,42 2 W22 L a2(x2 - 2

x“ ey =a(%; - lz)%(x )5 =a%(x" - y%).
. |

.ExamE'né'3..Nr1,te two representations of points - A, B, C,
D, .E, F in the given figure, where O0AB, 0CD are equilateral
triangie:z, and OEFA is a squbarve " (]oA] = 2', IOD| =

Sclution. Since |[OAl=]0B = |oc|-|oo| 3, ‘we have

~ from the F1gure," _ /\ “B
,-"Ao?2>,A(w.-) o g

i

. . C . ';3 :
[ ' . . Cl N\ oo
(% .9 == 3 9 IR N R

Dixv3) = D(O -3)

)
N
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E(-n/2, 2) = i3+ -2)
F(- 4 5 2/2) = F(= Fem, -202)

Example 4. Plot the points” A(- 7 , 1), B(z » -2). Clrs2)-

o Sotution. Since the polar angle of A is -n/2;‘we driw,

thz axis Or making the oriented angle -mu/2 w1th the PA, and ~
mark 6n this axis. Or the point A w1th abscissa 1

 Similarly, to plot B, one :

: . i

draws the axis making the angle .:

BN ]

n/2 with'?olar‘axjs, and on it \\\, W&.

_one ﬁakes B. with abscissa -2.» ¢ — h\JJW@ ‘< B 7 PA

. - !
The point. € is plotted . L :
in similar manner. - ' fB \\\\\3

Bipolar coordinates:

) Besidés the .polar system, we mention shortly anofﬁer csor-
dinate system, called bipélar syster: in which a point P .in th2
‘ﬁlane_is determined by-the‘bair (rl, rz) _khere ry» Ty 3are A
distance (> 0) of P from two given distinct fived ﬁoint CFys
,ré5 ca]ledbﬁhe roice or joei. '

It is to be noted thdt a },,f/‘~ .

pair (r], rz) in bipolar system

--- -—-A.—.—-.’.

‘determines two points that are - - TR :

: o . , ‘ .{
symmetricaily plaged with respect . . \
to the: focaﬂ 11ne F‘Fé 7 N

The representat1on is unxque if the povnt is’ rns'rrcted to one
of the half planes, sS4y, upper haif plane
Some curves have very s1mpne equat1ens in b1polar System.

Thus the sets {1}, (?) and {(4}). below
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1. Uy rzv):,r.I {ré =2a} 2. {(r;, rp)t g -le =2a)

3. j(rr, fz)z ry- rz;,zz} ' 4.'{(r],'r2); ry r;= kf 1}
represeﬁt respectiveIQ;an éllipse, é hyperbola and a‘ciécle
icircle of APOLLGNIUS); as to (3),1it'repr§septs ajcurQe called -
o&dl to CASSIHf fnc1ﬁding;the curve named Zemniéeate'avaERHOULLI.

*\ Distance ‘between two points.

The distance d éd(bl;,Pz)' between two given points
'PI(QI“fl)';‘Pé(eé’prz) L s obtained by the usevof"cosine‘jaw
applied to the triangle oplpéz

-2_22 '
‘d =ry+r, Zrl 2 cos(ez-‘el)

—>p4

where cos(ez- e])-cos(e]- 92)

1t is valid for any determinations of. Py Py since the
r1ght hand s1de remains unaltered when ei is replaced by 81 %w
and ry by 1 ' ' |
Example. Find,thq'distance between the given hair of
points: o | - ' .
a) A3« -2), B(F . 4)  b) (- F,3), D(3n/4, -3)
‘Sdlution._ ‘ | _ _
a) a% = |aB1Z =416 - 2(-2)(4) cos(§ - §)
' 204 16 cos % =,20} 8v3
| d=!AB|=mim
bi'd2~ IcnfZ=9. 9 - 2(3)(-3) cos(7r «
18+18 cosT =0

d 0 (explain this result! )
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B"ROTATION AND TRANSLATION IN POLAR SYSTEM.
In polar system rotat1on 1s more eas1er and more usefull

: than the tvanslat1on

Rotation of polar axis.

A rotation with center at the pole and angle W rotates
the polar axis PA to a new polar ax1s (PA)
~ From the Figure one obta1ns the -
following transform1ng formulas'

From old to new From new to old

6' « 0 =-w . . 0 =2 0'+u
r' sr 4 r=r'
‘ . » P
Translation of po]ar axiss ' /!
r,
'hen the pole is transIated to the » ’}’:fba'
point 0 (c. p) the transforming relat1on o <?'o' ‘ #%)/
. ' . ) /7. ” b o .. .
rare obta!ned by the use of sine and cosine «£8% s >
: . O A

lows spplied to the triangle 00'P:

et = ‘l" r|2
‘sin{®~a)} sin{(8" ~aj -’ =

a r? + p’z - Zpr éGS(G" a)
To get‘relétion'betweehle, 8’ (between r, r') cne has te
"eleminate }, r' (e, '): Resh]ts'beingAvery involved oneldceg

not expect any usefullness of translation in general.

Transforming a polar relation under a rotation:

tét F(6, r)=0 be a relation in a bolar system 0, PS5,
If one rotates the polar axis - PA by ‘an angle w about the pole
- 0, one obtiihs the relation F(e'-om. r) -0 upon the applica-

tion of the transforming formulas given above.




€. Cricugs AND Lines:
1. Circles. ' 7
The equationé of the'fol"low'ing circles with s'péci'al'p‘osi-

tions are immediately obtainable: . .

R . .‘ \9 _.\\\
4 0 2a A o
N PA
o T : ‘ o :
Center at.the pole Center on PA, . Center at CPA,
radius a>0 . - .. radiys a>0 radius - a>0 -
r=a or r=-a r=2a.cos® _ r=2a.sine

The equation of the circle centered at Po(,eo' ré)’f' and

‘ 'radiu;’“a"’ is obt'aine‘d from a'=‘d(.P0, P) where P(ey, r) 1is any

point on the circle:. . ‘ ' P
2. 2. .2, } '
- at=rtery Zror cos(® eo)
or ... ‘ 1 (D)

2_, e 2.2
»r -Z_ror cos(0 0y)tr -2 =0

In particular, if the circle passes o

.vi‘l

th;-cugh the pole (r, =a) the equation becomes

r[r - 2a cos(0 - eo)] =0

r=0 or r-2a cos(e?eo) =0
_where the first equation (the pole) is contained in the se_éond,

hence ' o

r=2a cos(6 - eo)

is the required beqya‘tioﬁ which could be obtained from r=2a cos®
by""av rotatio'n“ of PA with -ang]e: 700
-~ The tthree'éduat"lpns given beloﬁ the Figure, can be o‘bté_in-

ed frqmg'(l) for centers (e, 0),- (0,'a-)‘and‘ (n,lz.‘a)‘_ 'respectiv'efly.

txagmple 1. voiain Lthe poiar equaeilton ui the circle,
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. N ) . .

radius 3, tangent to PA and CPA lying in th%Afourth quadrAv+.

S ' _ A o ) ,
. o

So]ut1on Since Po(f T 3v2)

and ~a=3,- (1) gives

r2-23/2rcoﬂ0+z)+18—3=0

— A

Rt SIS P

rZo6v2 r cos(e+%) +9=0.
2. Lines.

mak1ng an angle 0 w1th PA "is

LY

' "?Qq (or 0= 0, + )

since it holds true for any r -on -

"the axis corresponding to 0, ) I-ié////fr o B h

The f0110w1ng are two spec1a1 cases for a line:

4\3 .
_ (:'q
,0P - R ‘ B - 9) pad "’?
= f,? : . l 5’ N
s . o Qz /,’r
S I N R Vi | N
o & |Gear A o > A
. t
)
. ! .
r. cos® =a {r=a sec 3) ‘ ‘rsin® =a (r=a cscd)

Normal form of the equation of a iine:

The normal form of the equation'of5a'1ine £ is one in
1nvo]v1ng the coordinates of the (vert1ca1) prOJect1on of the

o1e on 2.

>‘Ifu H(a. p) is the pr03e<t1on of -

v?(é,r)

0 on &, we have the normal form

: _ r cos(C - a) = op]

or - o , : ] )
- < F(0, r)=r cos{@-a)-p = O

‘which can be shown to be vaiid for the .

N
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second determ1nation {a ~ 7@ , -p)
The above three equations for ]1nes 1n special positions,
can be obtained from {1) by taking (s p) as (6, + %A._O),~
(0, a) and, (? , a) respective1y4 . |
The equation (1) can be obtalned from r cos 6=a by’
, rotat1on of PA with angle -0y and a]so from the norma] cartesian .
~ form x cosa + y Sina - p = 0 by transformjng formula as‘follows.
- X c.osu‘»}y sina - p=0 = r{cose cosu+sine.sinn) -pb=O'>
e :4}”qos(6—u) - p=0.
/ General forn:‘Transfonming.the»jeneﬁal form Ax;i8y4fé= 0
to polar, we have. : | ' L N K |
- ‘ - r(Acose«B sin@)+C=0 - {2)
where A2+ B # 1 in general If AZ-QB2 ;1, then'(Z) beCOmés>

a normal form,'and a general ‘form can be normallzed by dividing

- ‘every term by JA -+BZ

D1stance of a po1nt from a line: - . L

Normal equation of a 11ne permits us to express its dis;-
ance d(Po, L) from a po1nt P 1n,a simple from:: |
d(Pgs )= @-o cos(e, “a)-p
Indeed, consider the po1nt
H {a, p:d) and. the line ¢'//% and, ‘
.through H', where d s the distance £ .
d(l, L' ) Then. ‘ ‘

AR 2'{ r cos(e a) = pt d.

Since .Po(qo,-rb) _is on‘g', we have

To cos(eo -a) =ptd

“for which we get e e N .
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_ ‘ d = 2(r, 'cos(e -u) -p)
‘which is (3). The s1gn of the expression in the parantheses given
1nformation on the posit!on of P
F(B » Ty )..r cos(e] -a)-p
>0 when P and 0 are ‘on oppos1te sides of i.;
=0 when P, is an 2, | ’
<0 wheh”Pb and 0 are on the same side of £.
Example 1. Find the equation of the tangent lfne L to the
circle: r=6 cos 6 at 5ts,point» A(w/6, 3/3fﬁrﬂ\
: g =

Solutlon. From ‘the Figure

| PA, OH = PA, CA o'=1/3
- and ' o

, p=.UH=U'A' cos_(u-.-'g) =9/2. el
Then
' r cos(e - 3) - 9 =0
: Examgle 2. leen the equafion r{cos ® -‘/? §ine)¥ 3 of
a line z, » ‘ '
a)-ﬁqrmalize'the ehuatfon; get H(u; Pl
b) find the distance of 'A(ﬂlz; 2) from 2.
Solution. o ‘
vg) Since A=1, B=-/3, A%+B%- Z.A’the normal equation
is’ /3 V

:r,(% c°§ 6= ‘Z'Si_'i )=3/2 or r cos(‘e-'r‘g') '% =0,
. and H(-wla, 3/2) . o

b) d(Pg, z)= ll-‘(e o F )I ' COS(e {,'r) - -fr

.'2 cos(z + 3) - 7' =*§Ji?£§, 

Sfnce F(%.,‘Z)s'o, the points A and 0 are on the same
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.side of 1.

- D, Curves. o
Circle and line are some curves having polar equations
: _ 2, Cia @ 2_.2 o
r=a, r=a cosd, r -2r r cos(0-9 ) +rg-a" =0

0= Qo;- r=va‘sece; r(Acos® + Bsino) + c=20
which are iﬁ the form E: f{e), or F(O, r)s= O,F
' An equation r-= f(e); 0= g(f) or kF(e, ry=0 represents
a curve in general, where f méy'be a bEriode function. -
Sketchinéfﬁ o ' , ‘ o o
A general procedure'may be outlined as folloﬁs:
1) Dete?m’ination"of the‘domain D of :rf=f(0) or of
F(0, r)=0. ‘ | » o
If 'f~ i; not periodic, vary © in D. If £ hasbperiod
T, .vary o in (0, T].and‘comhlete the curve by rotations through
'mp1tiples 6f T about 0. . o
v 2) Eeteimination.af symmeiries with respécf to PA, CPA
and the pole; ' , B ' »
If a symmetry exists the domaiﬁ is reﬂuced. Conditions
for symmetries with respect to po]qr, coﬁolar,axes and the pd1§

are given in fol]owjng table: S
‘PA ) T CPA . . Pole

F(<0, r)=F(0, r) . F(-0,-r)=F(0, r)  F(0, -r)=F(0, r)
Lor or : o or .

F(r-6. =r)=F(0, r) - F(1-0, r)=F(0, r)  F(&m, r)=F(o, r)
(-0, r} """'::"’".'f {9,() : ) . S

w,r)’

@, -7}
. (.orll" r)
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3) If necessary,’deterﬁine the interva]‘of‘fncreasefaﬁd
decrease for r. - ’ o

7 4) Determination of aaymptotes In polar coordlnates one
._ distingu1shes two klnds of asymptotes as circle- asymptote (1n
part1cu1ar a point- asymptote as a degenerate case) and a line-
asympta.t.e. ‘

Circle- aSymptote It exists when as 0.+ =,

Line-asymptote: (Hhen necessary)

_The direction of a line asymptote exists when r +» o as

& =+ 6,. If £ is such an asymptote

(See Fig.), its normal equation wiil be,&\\\‘;;__—__;1;"’,///“
25 r cos(ef-a); p =0 - ‘ ' ' v |

where 7N [’
. - . : / ' . fo
a = eo * 'n’/Z ) & =] /)/
. B 2 LS4 /7 / .I
p = 1im »[‘r sin(e~eo)]. PESATD,) , ,
: 0+ 0, S o) i T A4

(r+=)®
Note that 'eoa.kn'jadd 8, = (2k+’1)n/2 correspond to horizontal

and vertical asymptotes respectively.

'5) Intercepts bther than the po]e;TFor PAefntefcep{s one
sets 8 = kv and for CPA~intercepts 0= (2k} T)w/Z"in'the equa- .
tion. The curve passes through the pole when ﬁ?‘o.
Example. Sketch ‘the curve of r=2 tano.
Soluticn. | . |
1) D= (-=, =) - {8 = (2k+1) 5 : keZ}
Tenm o 0y« (0, n) -~ {r/2}
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2) 0 » -9 =9trk+ -r: Symmetry with reépect to EA
B -Q'%ar'+ -r: Symmet*y with respect. to PA
\‘e»» T4 Qe r +>r: Symmetry with respect to the po]e,
oIt 15 therefore sufficient to sketch the curve for ‘

éc[ ; w/2). 1nsteaw’ £ fom. @eD  since there are symmetr1es.
o u) No- c1rc]e asymptote, since no llmit exlsts er ras
eev+ o L1ne~asymptote r + = when 0 + n/2 (= 9 ) a=B +n/2 = @

p = lim. or 51n(0-n/29 ~lim ;(2 tan9(~-coso)]
. 0 +7nj2 0 + m/2

5) r=2¢ tan kn=0 (pole), r=2 tan(2k+ 1) 5 7
(No CPA- 1ntercept) '
'The whole curve is -obtained by

the use of symmetrles from the

;f}l
dark curve ‘

Conics. \
‘Let the conic be deflned by a focus F;‘a directrix a,
and the_eccehtr1c1ty e, or by the set.
~Co={P: d(P, F)/d{P, A) =

Takihg/ F as poie and focal axis a polar exis and setting

p=d(F, 8) 'wekheve{from | A
d(P, F) = e d(P, ) S Bro, o) Plowm, )
[rl = elon| ' ; |
lr] = ejp+r cos o] “?
W

[2
r = te(psr cosO) 7 F

r(1 = e coso) tep
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(1)

-e COS

T'+TcLos'_e an

The equations (1) and (1 ) represent the same contc, sin-

e p -
e cos

1

ce they correspond to two determvnat1ons of P.

Hence the‘des1red equation of C 315 glven by

o ~ fan ellipse (E) if. e<]
= ep . -
T = YT cos® ‘a parabola (P) if e=1 )
, .l hyperbola {H) if e >1 :

The equat1on (1) in whlch the denom1nator conta1ns the
constant term "}1* is called the s‘andard'ﬂaua*znn of a conlc.;
: Nlth directrix a perpend1cular to polar axis, and focus at *he
pole. In the standard equat1on (1) the coeff1c1ent, in absolute’
vaIue, of cos® is the’ eccentr1c1ty ‘of the«con1c

Rotatlng the f1gure about F(po]e) w1th angle n/?, n,

and 3n/2, we have the, follow1ng equations of COHICS

respectlvely ' | _ | .
' In a standard eouation, the prefence of cosC (s1no) in--
dicates that the d1rectr1x 15 perpendwcu]ar to PR(CPR) and the
presence of + s1gn {(-sign) shows that the d11ectr1x lntersects
(does not 1ntersect) ‘the correspond1ng ray “

Nhen the numerator and-denomanator ofvthe right hand side
'1n a standard equation. say (1). is nu]t1p11ed by a constant

- A(# 0) we have

kg

, D B |
- r f ~Ae co§ (r = K+, cos 5l "A ¥ 0)

‘representfng~the same curve. In this case, fdentification'is
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done, dividing all the terms of the fraction by A.
1f the polar axis is rotated by an angle &, the 1ast
eqhafion becomes (dropping the primes):

) D
r ='A+B1 cos(0 - a)

e

which is of the form -

- D :
o T = KiB coso+Z sine (A #7 0)
where = . g ‘ } ,
. .2 22 L
B=B; cos a, (=48, sinc B"+C" =By , tan a=C/B
. )
\ o . VBZ.cf
i
» EXampTe.‘identity‘aﬁd sketch;the foilowing‘conics:
S 6 . ‘ _ 10 : '
a) r = cos © ' b r = 7oy i o
So]ut1on: fA
a) e = %-<1:'E1Iipse. i
, . 1
ep=6/2. 2 p=6. 1
. - H, .
Intercepts: H 73
. 7 1 :
‘A(0, 6), B(m/2, 3) i
C(m. 2), D(- %, 3)
2a=[CAl=8 = a=x4
. c=ae=2, b=16-4=2/3 ‘
- , ' Vs
b)e-3>1-"H efbola. hN D P
= 3 >1: Hyp , ola. o« . o
ep=5 = p=10/3 <}
- o ; Co M
Intercepts: = . ’ ) s b~
i T et — -;-__...)._;.__....4
A(09 5)- _B(“/Z: 2) ‘ /7 I8 N
. B . ) . - o ~ o
C(m, 5), D(-n/2, -10) .~ /-\‘L -
. . ‘ . /// ~ A'A N ,94

" Asymptotes: r + o
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:? 2+3 sin O 0

 =§ 'tanO-'+%§ | ‘
2a-BB'| =8 = a=4, " .
c; ae=6 =VSETTB=12/§

L]

IMH| =a/e=8/3, |MF|=ae=6
The fo]lowinn»two Subjects (Yimacons of PASCAL and curves

B t . . .
of CASSINI) are given in some detall but fdr”the reader nbt‘in--
terested 1n ‘the de»a1ls, their equat1ons and shape of the curves -

may»be 1mportant.

Limacons of PASCAL

These curves are definéd as follows:

Consider é cinclé_(center at"C)'bf diaméter_s-and a fixed
point. 0. on it, and cnn:s.'i._de»r a ji'ne';hrough the fixed point O
meeting tne circle agnin at a noint M.
On this lxne lay-off segments [MP);
(Mp') of constant 1ength :2.

When the p01nt M: deséribes the

circle, the points ~ P . - descr1be a

vc]nsed curve called a Zz#anﬂn of PASCAL
ar SImply_a_Zimagon. . IR | ‘L i

fo obtain the polar equatidn'nf»this'limé§on,'wé chbdse
the fixed boint'vo ﬂas pole and the line OC as polarvaxisg

‘The equation of the lTocus- of P(e, r) |

o - r_; 2¢ § cos @ : _,(1):.

while that of P'(0, r) is o i
r = 2 . 6 cos o ?(1\j

Since (1 ) can be obtained from (1) by changing 0 to Oem nnd r
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to“-r,.the 11macon has then the equat1on,;
r=a s+ 6 cos e ' ' (1")‘
where |a] = o '
Rotat1ng the 11magon about the pole by ‘the angles */2 v
3n/2 we have the fo1low1ng equations
Cr-aes sin'@0, r=a-3s cos O,I 4h='a-l6'sin'é.:
Hence an equat1on of the. form |
r=2a+ b] cos év or r= a+ bi sfh‘o
_represents a limagon of PASCAL with. 1= lal and 5= b,
Now rotating the PA by an ang1e o, the equation
ar+b] cos(e-a) or r=a +b.I sin(o-a)
is obta1ned wh1ch is in the form (primes-being dropped)
, r=,a+ b cos e-+c ;jn ) (2)
where L= |a| and 6 = b2+ c2. |
" A limagon can be traced cont1nuously as follows: Drauing
a circ]e and marthg on arruler three p01nts P', M, P éuch that
|P'M|=|MP], and moVing the ruler in such a way that'it always
~_Ppasses through a.fixed p01nt 0 of the tirclé,and' M ly{ng
always on the c1rc1e (do it') . '

For. var1ous values of & and"t, llmagons appear to be of

three types shown below.

G .
¢
. . .
[}
‘t
&
N4
~,

L4 A -~
(] \J
(. AR
: K v &4 ' :
) i ! ; S : HEH £
: — : =~I—-.:.lv : : : cvl >/
[ ; i
A -‘;"‘z". D T ,
Elliptic case , Parabol1c case HyoerbolIc case

' .
B H

(a card101d)



317

¢hey differ from -each other by the values of the ratio
e = 6§/t as in the case of conics The lvmacon is elliptic. para-
bolic-dr hypérbblic according as e is~1ess.than. gqual to_or

~greater than 1

These types are also distinquished'by phe'humbérs of t;p;5
_gédt'lines'at ihé'bole 0. This number is 0 in elliptic.case‘
:<since the pole is not on the curve, and "1 and 2 for parabol1c |
pnd.hyperbpli;'casevrespectivel/,

The type ¢Qrfe5ponding'tp e =11,%s qailed’a éardiaﬁdJ
because. of its ressemblance to heart and its equations appear in
the forms:'. V - ‘ . o o f :

T ‘r=a(l+cos’®), r=a(l-cos 6)
r=a(l+sin 0), 'rfa‘(l -sin Q)
with Ial =8= L. L ' -

] Compar1ng the general equat1on of con1cs and 11magons one
may,obserye that yf rs= f(e) is the equation of a ceonic, then
r= é/f(e) .is'the equation of'a‘!imagbn; |

o Example 1. Plot the limagon re-2e3 sin 0.

Solution. i=1‘z’|-;z- 823, e=8/823/2>]

(hyperboliC»tase)' lt passes through the’ pole hav1nq two tangent
lines there. Lo TSy
. Intercepts: |

A0, -2), Bl . 1)

CElmy -2). D-F . -8 —

' Examgle 2. Plot the limagon res2-cos 0

N

Solution. £=2, &= |-1[~1, e=8/2=1/2 {Elliptic case)
lt does not pass through the pole. v S g
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-I'hfser'v:épts:_ -

RO LICE 2)

_'vCurveS of CAS INI

_'A curve of CASSINI is the locus of pmnts ‘P whose pro-
du‘.t of d1stances from. two d1st1nct points - F], F2 ‘i_s'lconstant.
‘F'l’ Flz, are sa1d to Le the foet of the curve.

. The equat1on of .a- curve of CASSINI 1n bipolar coordxnates
is ‘r,'rz = ::'.2, * where xr] = |PF1|, ro=|PF,l

He‘obtai'n_ the polar e‘qu'atibn by:

P .
taking th2 midpoint 0 of [FIFZ] as o g P -
" pole and QF] as .po!ar,axls:. A\nth‘ A "o ;A

c= IOAF]'|=|0F2'E :

2.2 4

r AN
r]r2='i£. =2 (r.,+c_

-2cr cc)se)(i-2 + c2+ 2cr 'cose) =
= (r‘_2+'c2)2 —t‘\lczr‘2 vcovsze-— !,4 = 0"
> r4 - Zcz(cous 26)1'2 + c4 - 2’4’- ‘e 0. o (blv)
-Case 1. 2= The curve passes through the pole -(r=0)
only Qhen_ f=cC y1e1c1ng the equatwn .
) r24='2c.2 cos 20 or  r-=a" cos 20 . (2)
and th1s partvcular curve is. caHed the Zem'scate of Berh:_oull_

“or. s1mp]y Zemmscate.-
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Since in (2), r-O when e=t-’4’- At follows that the
' tangents to lenniscate at the pole are 1nclined to PA_; by angf

les - n/4. R , _ o
_ Case 2. & £ c: PAJntérceptsi Setting’ e=0 1!1(2). we

oohave g 2.2 S

-Zcr <t L= 07
R S e A J0UPY o . -
. rl=gfxef | S
L T s _"'-r----v’c':z-!.2 - when 2<c4
CPA-fntercepts: Settin§ 0 = %’ in (l), we have
r4+2c2+c4 2.4‘ = 01' v _" :
> rz.g-czt 2_,2 =)- Irl =‘_ e gl uheh'i_{é'c;‘.l Co
- "‘"r",°&_g;!‘h”i~ \ 4 o;r)
" | r——"
q.: 2. I, awVeHIr ‘/f_f,:v'. i/tt-c"'
i (Two m&) D (A c/o.te.l eurve)

As ‘to.the closed curve correspond1ng to. 2>'c, it can be f

shown us1ng calculus that when c<f<gc/Z, the curve is ‘an ova137

(any’ 1ntersecting line meets the curve at 2 po1nt utwost)
xamg'le Sketch the lemniscate "r2=-4 sm 26. e
~-\Solut1on. lrl =2 is max1mum when _ sm 29= "l__:imp]d_yjnq o
20« 31:/2.4 ® = 3n/4. The Tine o= - 3n/4 s the -

-transverse axis of Symmetry. The dxrect1ons

f&long uhich r -+ 0. are e 0,: e;'nlz._‘P‘
-ef-a,, and' 0=3m/2. - - B

Sgirals

A Spiral in 2 plane is a curve wtndlng (c1rc11n13 "ounﬂ a.
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‘circle (or a center) and- gradually receding from or approaching
it.

Two examples of splrals are .

1) r=ab (ARCHIMEDES Sp1ral)

.2)fae= Ln r or  r 0 (Logar1thm1c Splral)(See Chapger

';1. An ARCHIMEDES Sp1ra1 1s the traJectory of a point P
‘ mov1ng uniform]y on a I1ne wb1ch in turn rotat1ng unlformly about
‘about a point.

| .Taﬁing.the center'.O .of-moiaiiqn_
as pole-and'thaf line when P s at 0

»

: “

as polar axis, we have

‘r=bt (11near motion on Or)

- @=uwt (un1form rotat1on)

, _ 0 _ b, _
‘r-b_t\‘-b.a_—-u-,-e—are ‘ ‘
CIf. a >0, having r + = as @ + =, the curve is a spiral
adm1tt1ng CPA. as. axis of Symmetry (s1nce r+ -r when © - -0),
wlth PA - as tangent at 0 - (Hhen ac< 0, the motion takes place

;in clockw1se.sense).

In the hf;tory\of mafhemaeies this curve ie.the‘first
curve other than>the circle fo which tangent Tine hae been cons-
tructed Also ArchImedes used th1s curve to tr1sect an angle and
squaring a c1rc1e.

2. The curve r= e2® (a>0) 1s another S

splral since r + @ as 0 +_¥. Furihermore’eince- <:E§%:;Z—————>'
SR ' ' G

r f 0 as © f‘-w. he pole is a pqint-asymptqte. ; .

- _Amqng'other Spirals:We mention‘the~following.‘

- 3. re-a (hyperbo]ic,or yeciprbca1>spiraf)~
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}‘4. rze = a (lituus)
5. r" - a0 ‘(rznnnr's spiral)
’ Roses. o

-A rose 1s a figure composed of some number of Ioops (leav-

es) arranged regu1ar1y around a point. .
N The curves ‘given by the. equation_‘nk
‘r=acos no (or rea sin. ne) _(;ncNf').‘

are examples of roses'

n= 1z r--a cos © (circle) 1-1eaved rose

n-zrrzacosze(a>0),

' 21:

- T= = 7T .- > .
6 | 0 w/4  wx/2 - 3m/4 =
r ’I' a ‘07 -3 .- 0 a

: The complete curve is then obtained by rotation througn
n - about 0. The curve is & 4-leav¢d rose. : o
n-3.r-acosae (a>0)
T -~%} |
e |0 w4 w3 w2z 213

L

- r l 'af‘;f 0 . -a 0 - a

The curve 1: 2 s-loaved roce.; | o _

' The curves r-a cos w6 (or rea sin ne) are ’”-leaud
roees uhen n. 1s odd, and zn-leaved ones uhen is even

The curves given by ' | '

- P a” cos ne -(off,}" sin ne)

are nfieaucd ’é‘?'j(ﬂ; 1. gives a circle and IL!Z_ a lemn1scate)



E. INTERSECTION OF CURVES:
et ref(0),  r=g(o)
be the polar equat1ons of two curves.
To f1nd their po1nts of’ 1ntersect1on one first examines

the po]e as- poss1b1e p01nt of 1ntersect1on. If f(o), 9(0) -both

vanxsh for any. e], 02 \respect1ve1y, equal or distinct, the

' pole is a po1nt of 1ntersecc10n, otnerwwse 1t is not

‘ - The other intersection po1nts are obtaIned frequently by o
so]v1ng f(e)-g(e) for 0. If Oy 92-,--; are the roots then
’(O], rj), (02, rz), ... are the requ1red po1nts of 1ntersect1on
fwhich mey includesthe pole aJso, 1t may not give the a11 noints,
" To cover a]l, one has to‘soTve also
£(0) = ~a(0+ (2k+ 1)),
’siocek(e, f) is'the same as (o ,k2k+-11ﬁ,i-+5',‘ B
Examg]e ~Find the. points of intefsection of-
» r= cos <] (c1rc1e) and r= 1~ cos ° (card1o1d)

4 So]ut1on r s yanlsh for 0=1n72 and ©=0 ,respectice]j,
Hence the po]e 1s’arpoint of_fnterseccion.,The\other poiots are
obtained from_ | ' | |
cose =‘1 - cose

N

‘4  2 'COSO = 1 => cosd .=,~]2- ée = * -g-.-o- 2kw

30y =T/3, e, /3 E
s nremid neeededoe

ExamgleiZ. Find the points of_intersectioneof
' 216 cos 20, re2+sind

So1ut1on. Both r do not vapish. Pole is not a point of - S
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intérsectibn
16 cos 20- (2~ san) 16 .cos 20 4 +4 s1n04-s1n30

'¢. ]6(!6251n0) SHFO+4 mn9+4A

"=> “-'33 s1n20+4 51n0-12 =0

. £ 2
T s/ +396 _-2x20. T3
$ sind - 33 33T 6
b ;:arcsih(-:sz é'v =m-0 r,=4/3.
PO T !
v é :'arcsiﬁ” 6 e 9ﬂ7'6 Fa= 237]1A'
2 Y T 727 2 2

Hence the po1nts of’ 1ntersect10n qrei

A(O]. 4/3), 3(9-1,14/3), C(0p, 28/11), D(o*,

2 28/11).

To see’ whether or not these are al"po1nts of. 1ntersec-,
_tion it will be convenient tOtsketch tﬁ;~glyen curves. (Sketcﬁ
- the curves and'ofsérve,thatAthesé»aﬁe'ali{thé ﬁoiht$>of inter-
sécﬁion). S ' 7 .
| : E*amg]ew Find .the points dffintersectiah of fhe curves

cr=l, 0 r;_é cos 20

Squfidn ThélcurVés’afe a ctrc]e and a 4- leaved rose
g1ven in the F1gure, show1ng 8 points of antersectIOn.
‘ "2 cos 29_=‘.'l~ = €05 20 = %
i 7:_ n" v,_ 51 a o Im -
F %9 g % F 0 5o

o giviqg' A, D, A', D' only.

Then we mus't soTve-

-2 cos 2(9-»v) implyidé

cos 26 ;% " and »
" 8w _ 2w _ 5m .

giving 8, B!, C, C'.
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EXERCTSES'TH 3)

41. Show that the “two determinations of a p01nt P ih'polar

42

43.

- 44,

45

46.

Y

48

'49

50.

,coordinates can be expressed in the form'

P P(e + mn;' '(fU' r)s mel

P]ot the fol]ow\ng po1nts in the polar system of coord1nates}

a) A(n/3, 0); - B(x/6, 0), c(o, 1), . D(n/2, 2), E(-n/2, 2),

F(0, 3), G(-m, -1), H(-m, 3), J(m, -2), K(w/2, -2).

b) Qrite'theiolseconq determfhetions with- 0< @ <2m.

Verifthhe/re]etiohs X=r cos 8, y=r sin @ for eﬁy,vP

in“the polar'system and for‘any determinatioh» (9, r).

Transform the given cartesian equation to polar one

,a) X y o 4a (2a -y) (wttch of AGNESI)
.b)(x+y Hx-aﬁqebzz

Transform the ‘given polar equations into cartesian ones:

a)rz-azs1n29 : ,,r' ~b)r=a(l+sine)w

c) r = sin 20 o - d) r=cos 20

Find the distance. between the given points:

a) A(n, 4), B(x/6, 2/3),_: b) €(0, 4), D(x/4, -4),

c) E(-n/8,3)s F(3x/4, -3) d) 0(es 0)s Plo, r).

Gbtain the new equat1on of the curve r= ep/(l- e cose) when

- the polar equation is rotated by an ang]e ?

Show that a rotat1on about ‘the pole preserves

a) distance between tuo points .- b) angle

Hrite the equation of. the circle: _
‘2) Center. 0, radius: -2 bJ Center: (n/4, 2), radius: 2.

Sketch the_set;of poihts:v'
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,a)'{'(e, r): re2- or pa-3} - b) {(e. F): rlep-2=0}

‘ c) {(9, r):0=n/4 or esu-+nlﬂ ' d) {(o, T): (o- n/3)(r¢n/3)=oy

51.

Given the equations

‘a) r ~10.r cos(e- n/3)+9 0, b) r? +8 r cos(0+ n/8)+2 =0

‘iof-circles, ftnd the centers-and radii; endithen sketchvthem.

52,

53.
distinct points . Py(8;, ry )., P (92, ry) is

54,

55.

Find the distance between the g1ven point and 11ne
a) A(0, 4),- L: r cos,(e- n/3)- 2=0
b) A(n/6, 273), Li: r= Zl(cose-+51n0 ) o oo

/o~

Show that the equation of line: pass1ng through the g1ven

sfn(e}f-ez) g’ sin(e- 9,). ) 51n(0 e])

s r T N D

Hint: Use"determinantal equation of the 11'n"e in cartési‘an
coordinates and transform it 1nto polar coord1nates..and

then expand the determlnant

Derive the_polar equationfof the conic with focus at the
pole, eccentricity and directrix A as stipulated:

a) e=2, ALPA ‘and through (m, 4) '

b) e=6, A/ PA and through (37/2,-1)

Same question, iff

/té) e 1[3.fv AﬂJPA‘ and'through 1(n72, 2},

56.

b)e=1, ALPA and through (0, 4).

Show that the equatxon

R e _¢cos 0 ,.sin @ \
R ° gl ,

r a .- b
represents the asymptotes of the hyperbola r=ep/(l-e cosn)

where 2a, Zh are the lengths of the transverse and
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»e‘conJugate d1ameters (e§~1). HintL‘RgCé]] that the esympF |

D totes of.

57,

- the conics:

58

59,

",60.

o2exeh) Zoaty -2 20?2 are
:b(xﬁmg‘QQYfkﬁ =0

Plot and discuss. the fo]low1ng curves Find~_e;_p- and dfay o

g

”.?)°f =7 <7 cas G=' : §)~r =-3i-\co§ 5]

Same question for: .

L - 6 o C ~m_ ' 4-> . . o .
)T Tt T R LA ey o7 I
same question for: - . " '
;Y'T = 6 L s b) r = = 5
a) r =Y ==in o SN IS T )

Plot fhe:cpnies:, L

 ‘§),r:='T7:;%3?_5 Ll b) v(z + 8 sin o)

¢j r(3.- 2 sing) -2 ;ﬂ' d)or -

61,

,'5
-7 -3 s1n e‘

_A chdrd'(OP ) of3the'circ1e r-2a cose ,1s extended a dist-

: ance ]P P[ 2a. F1nd the.locus of - P

62.

63.

: 644

65.

Plot the card1o1ds

a)r =2 cos2 g o . b) r =2 sihz»g .

8

F1nd the 1ntersectxon of the curveS' rs s1n0+ l r="cos@ -1

}Sketch and. f1nd “the p01nts of 1ntersectlon.

3 s1n 30, r cos(@-—n/ﬁ) -'-=a0t;

Same question for:~‘r = 2 cos 20, r =2 cos @.
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48,

46

(800

.52,

54,
58,’

- 60.

~‘327,

~ - ANSHERS TO EVEN NUMBERED EXERCISES
: 0 CFA. )

~b) Ay *;ﬁ;VO). a(g;#'ﬁ; 0), uC(ﬂ;'rlf, o(- 7 -2)

CE(y .0 -2), f(m -3), e(o; 1),?H;(,.o -3), 3(0. 2), K( 7.2)

a)grssinze‘coseh‘ 422 (Za -r cos )

“b) r=0 or r cose=a+b sane or r cosé = a-b sing -

. a) 2/T3, ~  b) 4/2 *'73‘, B R T Y

:bj) ]2 cos T -.fz‘l

. b)) r=7/{1-6 sin 0)

- R |
. b) o Coler, =/ »
& oy a}\’ﬁ‘
; ' ? 7!' .
& . 7 N
b)) &f\\ritk”/iji

7/‘6;\%‘/- o
i 3@4

—-..-r_...__
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"-4 COMPLEX NUuMBERS (Polar form)

A. DEFXNITIONS'~
A complex number - z =X +'iy. whén denoted by the ordered

pa1r (x, y), represents a point in the analyt*lc plane. Then the

~equaiity
gy ek edys (Ky)

esteblishes: a one to one. corresponoance between comp]ex num= "

bers and pomts of RZ.

The analytic p]ane in \-vh;i‘eh’c'dmplex-numbers are represent-
ed is. called the complex plane (ARGAND FpZa’ne:or‘ z-pldrxe). "The
x- ax1s .contains the rea'l numbers "x+0 .4 = (x. 0), while y- axis
, contams only zero and only pure imaginary numbers 0+ xy- (O,y)

‘and according'ly are called the real azxis and imaginary azis

&

respectwely s IR , 3_' ‘
. _ . =430 ' ;
~ The distance /xz + yi_> 1 »3_0" o
of the point z=x+iy - from the !:(M}) 8 r)

R

Ls- co—— ——-

‘origin isfdefined ‘to be the L e ‘
modulus (or the® absolute value) ? :
X ) : . N i

- T x '

of .z, written

mod z= fz| = r

which becem,es' the absolute v_alue_ "of a real number when y =0,
“Iutruducing ine angie o as in-poiar Loorainaies (see Fig.)



- we .obtain

X = r cos 9. y=rsine (r;Q)._
“which when substituted in x+iy ‘gives - '
_ r(cose . f sine )
caﬂed the poZar forn of z.* : o o
Thejang]e 8 such_thot- OsesZnJ”is:called’therpriﬁcip;z\
qrgumént of  z, written'Ang i, Any othen'argumenthof z ‘isngivén
,_oy Arg Z + an} and . . B
. \ ‘ ‘ 'e"zjarctan §, |
which is sat1sf1ed by two princlpal values of argument, one of
whrch corresponds to z,»
' xamgle. Transform L _
a),z.=, Aed, o bzl
_in;o po]on,fonm.‘ - ' '
| “solution. o _ ‘ |
a)'rf;,lz]~=gz. 8 = afctan 5} .ATne solutfonlfOr e-és
princfpaivvolugs ané -8y =‘Sn/6 andt'e2 = 11%/6. Then '.
Arg z =11n/6 rsinge, z lies in,the\fourth“qUaﬁrant;;Hencel

'z é(COS 1%1 + i sin‘lli .

b)Y r = /2, é==arc*an ( 1) =§ 9y = 3n/4. e2 - In/4. -

Arg z = 3n/4 since 2z lies in the second quadrant, and we have“
z=f'(cos§r+1sin )

Examgl ..Hrite the: cartns an. form of the complex number
w1th modulus 3 and pr1nc1pa1 argument 41/3.
\’j_ SolutIon. From r=3 and 0O = 4n/3, we ﬁove

» 45 ] o 4w 3 ’ —‘V
2 = 3(‘cos-3’:>+ i sm»-a'l),.-%‘.? ﬂz/_:i
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B. ﬂULTlPLICATIDN AND D1v1510N.

Polar form of comp]ex numbers is very su1tab’le for ihe

o operatwns ‘of multIpIicatmn and d1v1smn._ '

_comple:c numbers is the product of theu» modulz., and the. argument -

. Hu‘lt'cphcatwn' Let

sl as= r(c.osu ‘i sinu), = s(-epsB +i sing)

- be t\vo comp’lex numbers. Then

rs(cosa+i 51na)(coss+ i sms)

"ab'=' -
= rs((cosu cosB - sina sinB) + i(smu cose+'cosa s1n8))
. ;rs[cos(a+8) + 1 s1n(a+8)) N I
where : - R ; ’
o rs = lall»bl-lavbl, d+é = -arg a+—arg b="arg.(ab) - ("l)‘\ B

Stat‘lng (1) in words, : the modulus of the product of. two

i8. the “sum of thezr arguments.

~ T_he generdlization to n number's is immediate:.If

Zy 'y cee s z' are n -com lex numbers. with . ry , .. , 1 as’
1 Bt 1. n °

_ their moduh and 07 5 «-. 5 B, as argumehts,‘ one has

.‘...z = r]...r [cos(e.l +...+ 0 )+1 s'm(o f...+ e )]

_'wh1ch can be proved by inductlon.

In particu‘lar, for v ] =eu= z

n.zsr(cose+1 sin(—) ) the,

above equa‘l’lty reduces to

[r(cose+i sine)) =r (cos ne+i sin ng) -

“and for r #0, to - -

(coseoi s‘lne) acos ne + 4 sin no, neN 7

. whnh is known as De MOIVRE's Formula.

Division. T

If for comp'lex numbers -a .and b ‘one sets



in view of (1), one aets .
lal-lbllcl, arg'a=arg b+arg c

or . . v : i
' ~ : o

B-;-TET and arg H'- arg-a - drg b_ . ‘ (2) .
In words, the modulus of the ratzo af two aompZex numbers

i8 rhe ratio of the.,rr_modulz, and argument is the dszerence af_l

b*hezr arguments ' ‘
xamEI . G1ven the complex numbers
7 u=‘6+21,'7, v = 4+2i

;find the polarvform‘of their brodyct

©a) by the property (]) | .

b) f1rst flndlng the cartesian, product, and then trans-

formIng to polar form, o
§glg£1on. ‘ | . .
a) Juvl = |u||v| Juv| = /50420 = 20/,
Carg (uv) = arg uvarg v = qr;tan'% + arctan %‘.

tan(arctan % + arctan %)-: 14E§%7%13 = 1

L

- arg (uv) = 7+ km o
= »Arg'(qv) = n/4, since. Im (uv) >O.f

= uv = 20/5 (;és_% tﬁi:sin %).
b)muv =20 }'20i é;.]uvlé 26/5:

arg (uv) = arctén 1 4 ‘ )

=Y arg (uv) e 71' + km'= 3- s since Re(uv) >0 lm (uv)>0

T H uvoe 20/?(cos X i sin 3)

Examgl . Given the comp)ex numbers
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_ 'u-2+2/§ 1,.'v:=/5.-_'iT

fmd the. po1ar form of .their. ratw *uV/v’b

| ' a) by the property (2) »
b) fn'st finding the ‘cartesian ratw. and then transform-
ing to polar form. | .

‘Solution.

—a"l%‘ = H.= %‘.—. 2, argf:‘ =arg u - arg v

= “Z(Eds 32'- + i sin %).

Sy u 242738 (25273 VEed) 81 g
| )v-vzrr*_, S M €20 ) Rl S
n \‘. N _' -

=? l%i 2, Arg VT Z

~Examgl . By the us‘e‘of De Moirve's formula, compute t_:\osSe.'

‘sin 50 -in terms of  cos® and .siné.

Solutibn

N

cos 50+ 1 siri 50 = (cose+i s1ne)

- A"= cosse+ 5 cos e(i s1ne) +10 cos 6(1 sine)

.+ 10 cos e(i sino) 3.5 coso(i sine) +(i s‘lne)

= (cosse- 10 cos3esin29+5 coso® sin e)
+ (5 cos’e sine-10 cosze sindo s sin® e)yi -
§ cos 50 = cosse- 10 cos3e sm26+ 5 cose sm4e
5 3. ' 4

. sin 59=,sin-ve-10_sin © cos e‘,s sind cos '@ ‘

C. RooTts: OF NUMBERS

By an n th root of a comp1ex number 1s meant.a comp'lex

number uhose nth power is equal to the given number. 1€
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£ o= f(cos‘hi sin¥)
15 an nth root of the complex number
_ z = r(cose-+1 s1ne).
it satisffe§'the‘equation' " =2 wh1ch, by the use of
De Moivre's formula, gives - o o
f'(cos n‘f+i sin n'f) r cos(e + 2k1r) +i s1n(e+2kn)

and ther

Hence z 'has n distinct nth roots given by _
N ,zk-"ﬁ’[cos(g K g.?nl)n sin(2 + « 3’1)] k=1, 2, e em
Since'szl = “V?, all these roots z,, 22, cee s 2, lie

on the circleswith center at the origin and radius "J— as

| vertices of a regular n-gon. .-

In part1cu1ar, the nth roots of 1 (un1ty) are
2n 21:

ekls cos k 7; + i sin k. - k=1, ... , n
one of which. namely €ns ‘is the
‘number 1 (Hote-that En T €)-

I1f one of the nth roots of z s 'i], then all the nth
roots of 2 ahe obtafneo multipfying zZ, oy. & ,o... ;.Enl

The roots of the polynomial equatlon zh-fl e 0 beihg
€y .f.l. € the follow\ng;properties are the‘cohsoquence of
vthe relatiohs betweeh tho roots and coefficients: |

-'X ek-e] et = 0,

n .
N L,‘f £7E S teeerEqEy teeeten gy gq =m0,
g, = £, e, ¢ =0,
733 kepem KT W
o = 0,



'Ekamg]é.‘Prcve:the nth roots of"pnity can be represenﬁéd'

s powers Of e(=t;) as

: .

-N.
£y E s Te e s S‘.-j o
p e es 27, 2 Co
Proof. Since ';k¢-cos k TT* i s1n k and‘
€ =cos %;A¢'ivsin %g_; from De Mo1vre s formu]a, we have
- Can e Tamk kL
€ = (sqs 5ot 1;51"77T = 5 ,‘ k-1,...,n.

EXERCISES W)

66. Fihﬁ 12| and Arg z for ‘the fol]ow1ng complex numbers

_a)'—3+ i . Cb) -/?1 S t) -31 , q) 7

“67. Show that i"=i" if n=r. (nod.4)

ﬁéQ‘Hfité'the polar form of: = RPN S
Ca) 3-31 b) 2+2/31 . c) 3/3-3i  d)y-5

ﬁ‘6§. F1nd the po1ar form of the product'of the comp]éx numbers -

'j=,2+ i and zz— 3+ 1 w1thout f1nd1ng their product.

70. Find the po]ar form ‘of the. ratlo (3-1)/(1;41)_ of two -

comp]ex numbers.wlthout perform1ng,the divi%ibn.
\;.

II.ISketch the follow1ng loc1 of po1nt5'

a). {2' |z| —2 zec} b) {z' Iz:”} ;=f]; 2e€}
-72p7$ame questlon“fcr.b.vv _ : o o _
a) {z:- lz.l>3, zet}.,f" b) {z:‘-}—;‘—'—;ll'é%f.zct} ,~

73. Sketch the following sets in Arg and p]ane. o
- a) {z: 1 <|z| <4, ze€}, b) {z‘ |.-1|+|z.1| =3; zrt}



74.

75.. ; . .
A =her. b) fz-2]|=|z+2[=2 "

76.
77.
78.
. 79,

80.

66.
68,

Sketch the following loc1 of p01nts in z-plane::

a) Re2'=1’\7’ I | b) -3 _Jl’

e F "77

Lz

‘Same question for:

Z -

Same question for: N

a) [z:-% < Arg z < §.5 ze€}. 'b) (z: ]< |z|< 2, %< Arg z 2
7 , 3 R 2ef)

Find the rodts of 2z +1i =0 o :

Find S/TI?, and plot these five roots in the complex plane.

Find. 7 /-128.

=

If the roots of\the\polynomia]‘gquation z3+ 7'=vQ are
Zys Zp. 24 show that = 7 ,/: e k
a) 2y+2,+¢23 =-0 b) 2,25+ 25274272, = 0

- cy 112223 = -7.

: ANSWERS TO EVEN NUMBERED EXERC!SES

2) 2, 51/6,  b) 2, 5n/3, ¢} 3, 3a/2, d) 7, 0.

ki

a) 3/2(cos -%r-+1 sin %}).‘ ‘b) 4(cos % + 1 sin 3)

d) 5{(cosn + 1 sinmn)

b)

b)
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76.. b) .4
(6 a) &5 ) 4f?§$‘ L
& e
0, N 4 ' ol 2
78. z, = Io/z[cos(i%A+ k 2")
+ 3 S'ITI(?—D- + k '-5-)]
A SuMMARY /
(CHAPTER 4)
4. 2 " For a second degree equation

2

Ax +bx_yva;(:_v,'2 +Dx+Ey+F =0

T we have the table of c!assxf1cat1on

A0 T # 0 Non deg. Real ellipse if HT <O
E1]1pt1c  . . Imag.e11ipse if HT>0
‘case. | T ='0 Degen. | A point{real)if HT=0
A=0 - T # 0°Non deg. . Real parabola S
Parabolic o 1 Two parallel line ify>Q
case T = 0 Degen. | A double line if y=0"
I R . Imag. parabola if y< 0
A>0 T # 0 Non deg. | Real hyperbola
Hyperbolig- — — - -
 case T = 0 Degen. Two intersecting lines
where 5 28 B D Ha=A x .
p=8%=8AC, T=|8 20 E|, - (D -4AF)+(E -4CF)

D -E 2F
which are invariant under tfanslation and rotation

-Some curves and the1r equat1ons in polar coordinateS'

. Circles: r2 -Zr r cos(e e )+ rﬁ a? - 0

Center at (eo, r ), radius a.

Lines: r cos(e a)-p 0 (Norman furm)
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;wﬁéée (&, p) is the fOQtiof_the p}rpendicdlar
‘ fibm thé pbie to thé 1ihe: -

Cdniés r-ep/(lj e cos(e -a)) 7 _

e is the eccentr1c1ty, p is ﬁhe-distance'of

the pole from the directrix o
Limacons: r=a+b cos(e u),\(card101d if a=b)
Lemnfscate. r? - a% cos 2(0-a)
| ao (Ar;himedes,spiral)‘

aG (Ltogarithmic spiral)

Spirals: -r

r‘

;1 Complex numbers in po?ar form: z=1r(coséf i sing)

,where r= z] = mod 2z, O=arg z.

‘De Moivre's’ formula: (coso + i sino)" = cos ne+ 1 sin no-

. 81.

. a) (2, 6) and (-4, 8]; - 3

82.

83.

84.

' MISCELLANEOUS EXERCISES
Find the pbihf'which divides the lina ségment joining the

fo]low1ng pairs of the po1nts in the given ratio:

N N (IR
Prove that the poxnts (a, b+c), (b,’c+a) and (c, as+b)
are collinear ' ' '

a) by means of‘siopg, b) by means .of distance
c) by use of equation, d) by determinant.

Find the point (i‘o, y‘o)‘ ahich is synmetric of the point
'(x'. yo) with respect to thé line F(x -y)==Ax-&8y->C = 0.

Obtain the equation cf the conic with the followiug data

, a) ac 21 y-+3 =0, F(1, 3), e u3/4 : N

b) 4: x+2y-3=0, F{1, 3), e=5/3
c)Aa: 2x+3y-4=0, F(2, ~1),e=1
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85. If a=5, b=3, find c, e, p.
a) for an ellipse, _ b) for a-hv_yp‘erbo\a‘.'
8-6.__If'kp=4,, find a,b,c

Ay
N

a) when e=3/5 ' b) when e=5/3

87: Show that the circ¢le which 'isA_orrt'hogona1 to the circles:
,xz +,y_2 f'4x+6Ay"-5 = Q, X_2_+ y2+8X+.Y‘205
'/( ‘x2>+ yz

x?.+y2_¥ 6x+ 16y +30 = O.

«6x+2y-14=0 is orthogonal to the circle:
88. Find the equation of the ci_kcie wh'ich/'is o‘rthpgoha‘! to the

'circles/:'/- : . S
Lox _4»5y2.+3x-6y°5=0,' X’2*¥2‘7x‘y=“°

“and ‘passing through the point (-3, 0).
E 89, If l'ax.2 +3xy - 2y2' -5x + 5y + c‘="0 represents two pe}pendi-

o 'culé'r 1"1'nes;_find"'_a -and  ¢.

90. Transform '2x2‘- 3xy- 2_y212x+_]1y-'12 = d, first translating
0 to b'(l, 2)-;\and~1:,then-rotatipgv-the.ax'es-'thr_-ough the

acute Mang’le @ =arctan 3.
91. Show that each of the equations

.'\‘.3x2+2xy-y2+10x +6y+7 =0

and 2 2 . :
2x" + Txy-15y“ + x - 44y -21=0
represents. a pair of lines; prove that these four lines are

concurrent.

‘92‘.‘ Transform® 12x2 - 7xy - 12y_2'-{32x - 24y.= 0, rot’af.ing’the-axes -
"~ through the acute angle 0 =arctan 3/4. ‘ -

93. Find the points. of invte,r"s\'ect'ion of the following curves:
v : v o

r= -4/'cos‘30, r=2



339

24. Find the polar equat1on of the fo]low1ng curves whose sara-.

metric equatlons are given: ..

Ay x =2t 03 ;pyf;;;f':ch“gg
y‘= 3t— 1 o j“ ot ys Bosin -t ‘
95, Transtrﬂ the cartes1an equat1on 1ﬁtc nolér form._
‘ 2) Y2'+y2 =1 ’ , b)~X' fy37¥;1f;fA )
I T T s L CUR TS I
:65 (x2,¥y2 —ax)? =.$%[x2 ﬂy2,r'f‘.‘ B -

96. Find the”cértnsiéq esnaztion ofvthe'Jobus of the’miUJDGinis.
of the =ennents be ween the coord1nate axes thrcuqh (2, 3)

and then transform 11 into polar coordwnates.

-97._Sketch the grajphs of.tie_Followqu funct1on. o

f2 Twheno . e - [sece when ¢« f~/2
aj r = o . - b) rv; L
cos® _when - R . |lesce -when_?eiacﬂ

98. A circle passing thr:qu the fdci_of'the'conic
“too l.-e €0S B
cuts ‘the conic-in ;oﬁn:4‘;hose radius vectors are r],”rz}

kr3' and. r,. Shoy‘thaf

7 Vil w Yirs e WK
1/!‘]- A]IT‘: ‘ iy f‘rd"'e;x
- ) » 7 S - .
Y9. Find .the eccentr-\lty s 1f the coric r = ?-§;§1~ o
- . e+ 3 v
if it passes throigh the polnts (ﬁ!Z; -3y and (- /6. i)..

lOO.Identlfy and sketch the Cnn1L5;‘deterﬂln1n' ﬁq,db; qf

.a) r(2- sunO) = » - }, b) r(3 v 4 cosg) = 8

~

101.Show that a focal 11ne,inter<ects a conl; a;.tNo,ooints-

ﬂ?j:‘sz such that.




102.

103,
104,

105,

84

) 9x%-1gxy. 4y2 - 36x + 50y + 49

86.
88.
90.
92.
94,

96,

100.

102.
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.Sketch the graph and determtne the asymptotes 1f any of the

followmg curve o 10 _
r = .2—_3____6 .
+
1+ 21

'Fi'nd the p‘olar\ form of o mthout performmq the divi-~

v . sion.
Compute (V3 + i)8.

Express the following in a simpler _forjh:

14 €050 +...+ cos nO, sin® +...+ sin no.

- ANSWERS TO EVEN NUMBERED EXERCISES

“a) 84x% +36xy + 7157 - 268x - 426y + 719 -0
,'bi) 4)(2 - 20xy -.v]'lyz» + 12x + By + 45 =0

0

a) a = 15/8, b = 3, c-9/4 b) az15/8, b=5, -c=275/12

3x2+3y2+4x+2y-15 -0

z_'_yz ‘01

5xy + 8x =0

2xy-3x-r.y 0; r—0,>r151n,\20.-;3 cosye+2_’sine.
a) an ellipse e=172 '

Q) 1
p = 3,, a= 2, b 5 . )
" b) a hyperbola e-= 4/3 >
p=.2 a=24_.'. b=8\/7 \'I , A
i s Y A _ _7_ .
) i ," ; : ____f_,_ -— - - -
- -/-/ o - : - .
€4 : o
F]/" b\ % > [ Cot[0- arccos(-2h)]- 245 =0
I

104.

a) r(3 cos 0 - 2 sm e) -9.= 0 ‘ b) rz(bz\}:oszé+a2 s*inzo)a_azb2




* CHAPTER 5
INTECRATIOPI
5 1. lNDEFINITE INTEGRAL (PRIMITIVE FUNCTION)
A. DEFINITIONS! 3 R
F(x)’ is ca!]ed a p?ihitive fﬁnétioy or éimb]y a primiiive
of the function ’f(x).-if-'f(x) is”tﬁe'derivative of . f(x)
a According to the definit1§n, one can write.
D. F(x)== f(x) => F(x/ = f(x)

“1) " is the inverse of the derlvat1ve otorator D

‘where . U (- D
o and® accordmgly F(x) is said to be an antzdemvatwe of f(x)
In terms of d1fferent1als we have ' v
D F(x}=f(x) & dF(x) = f(x)dx 3 F(x) =3 (f(x)dx)
'Qnere' (= d” ] “is the inverse, _ofithe d1fferent1a1 operator d,
d'ehroted by the symbol [ which is called integral a'z'gr'z.f‘The'n“
F(x) = [f(x)dx - (Read: indefinite integral of f(x)dx)
The foliowing theorem just1f1es the term "1ndef1n1te
Theorem Any two primtives of a given functuon differ by
a constant. ' ‘
Proof Let F(x). G(x) bé any tico‘ primitives >of the
given function f(x) ’ ' ‘
"D F(x) =D 6(x) = f(x) P DB(F(x) - G(x)) =0
i-F(x)-G(x) = ¢ (cis an arb\trary constant).
Corollar!._ If F(x) is a primitive of f(x), then any
' primitive is in the form F(x)oc where ceR, namely
If(x)dx s c | | T

" where ¢ is ca'llet_l\ the conatant of integration, and f(x) the
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fetezered, and  dx 1ndicates‘that the integral is to be taken -

w1th respect to. the var1ab1e .x."

of fF(x):

f(i) {” 4x'f3.;[.?- ITA‘>“ [ces X:I'T%;Yé '\eianx o
F(x) j- o [ x3 l tan x | | '
» So1utibneep x3‘=x3xz; Difan x = seczx;land since
'D(Zgz +3x) = 4x .3, D sinx ?coex;: D arctan x = e—~;éf,

% D»éos 2x = sin Zk;‘yevhaveﬂf‘

;f(x) l' 48F.3’-**'3x2‘ sec’x - cosx o ;f}¥ x? ; l sin 2x
F(X)’|}2X?+3k+c.>'x3‘~ tan'x_‘:sinx-+c’ ‘arctanx + c I‘? %;ost«;

) L v S ‘ .... o o L o " I = ] ) Lo .
Examgle 2. Find the primitive of f(x);=517===7 s if
B S AR 4 R S

r(g)

Solut1on F(x)n

;f,;g£=? arcsin x + ¢
. ]A“x’/{ [EA

N F(%) - arq_sin.% + ¢ =0 =)c = - %
. . " _.‘ - 7 ’
B F‘x)-= are51nﬁx "5
) Proparties. : | ; ,
) 1. Jdu(x) ?.Q(X) f c 2.0 f(x)dx ;Af(x)
3-J(F(x) + 9(x)) dx = ff(x)dx s felx)ax
»{.]Af(x)dx'é Aff(x)dx _lf and only if k 1s a scalar
Proof
- du(x) f’]u'kx)dx = y(xfb+ k,’

2. Let r(x)-ff.(;)dx. Then " Dff(x)dx = 0 F(x) f(x)._ |
3. tet é(x)=[(f(x)+g(x))dx. Then Da(x)= f(x) +a(x).

If F(x), 6(x) =2are any primitives 0? _f(x), a(x) respéctivejy;

Examgle Complete the tab]e where F(x) is.a primitivev'
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D¢(x)-DF(x)+DG(x) '(x)s‘r(i){e(x);
’.h 3. Let A= A(x) Then differentiatwna both sides. ue have
| RICE f(x)-x (x)ff(x)dxd(x) Fix) ay
1 (x) { f(x)dx 0> A (x)=0 —.} A(x) const...~ .
'lf Ais a constant (4) 1s true from (a) l ‘
- ' xamg]e . Eva]uate the folauwing 1ndef1nite integraIS'
"'a) f sec X tan x dx“r b) [ (4x + 14 Scos Zx)dx
Solution. ”‘ ) ' . ‘
a) [ sec x tna x dx = [ d sec x ;v.sec' X + c,, ;
-b) ](4x + 1.+ 5cos 2x)dx-j 4x dx+[dx+j’5 cost dx

‘= x4+x+zs1n2x+c . SRR

Examg]e 2. Der1ve a- formula for f x dx, (acR) and

O - dvscuss the result.

So1ut1on. He have D xa'] (ou l)x ini'p]ying
. , . x“’]
-=_‘(c_x‘+Al-) f~x.°‘dx _-.-)'[ xadx ‘=,—u-:1— o # ~1
If a=-1, [x%x ___"dx_x__; n X+ C .where £n xis the
‘natural: i_ogarithm;of',",Ax that ve discuss in the next Chapter

. xu*]

‘W if a#']' »

I_ x“dx a.' ) -
’ n x. . if a = -1.

‘Examgle 3. Using the result in Example 2 evaluate
IR CRE - )
x
"So'lut'non. ” SRR i S
x3/2 : gl
a) ] 3ﬂ dx = fx2/3dx ='-572— + C.’. % xél_z'w €y .
'b)f dx [ x 2/3dx '5‘73_ s ce3 :xl/3‘ e

A
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- B. METHons oF INTEGRATION. _
In ralcu1us there are essent1a11y two methods of 1ntegra~<

tion: change of variable® and. “by parts"

Intggratlon by change of variable (subst1tutlon) '
“Let the. 1ndef1n1te integral ‘
_) : = J f(x)dx
to be éva1;ated S
One makes (tr1es) the subst1tut1on ; ,
u(t) “or (x) - vix): - g
S JE(x)dx = [f(u(t)) u‘(t)dt = ]g(t)dt

If *he substitution is. prop:rly selected the new integral is

X

1

. more easily integrable than the original one, gettjng 6(t) + c
aﬁ&'rep1acing"t by AQ(x) one has .. _ .
' I=6(t)ec = G(v(x))+c = F(x)sc

- Example 1. Evaluate

DR l:f‘———z—m‘dx" |
A (1 -x%) ‘

2,9

7 Solution. Sance square root is 1nvolved, 1 - X
:‘foliows ‘and the substitution x=sin® may work:

fAi . [ __c6s0 d6  _. cos® do
(1~sin29)3/2 1 cos’o

= fsecze do = tan0o + c.

.The'resu1t is to be written in terms of x.
:Uéing'thevrelation x = sin® we have
v X .e
: . ‘{l-xz j _ o
Example 2. Evaluate 1 = j(x3 -zx‘+3) (3x - 2)dx
,~Solution Observing: that D(x -2x-&3) = 3x2- 2 the

I = fane + C =

'.'proper substitution is

u=xP-2xe3, du= (3x2-2)dk,
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: "' TS i L 4e
1 f ]y du = 'TE' + C = 1 '(x3\- 2x _4»_3)]6 f' c..

Examgle 3 Evaluate I = fseczx tan x dx -

Solution. S1nce seczx =D tan x,_the substitution

U tan x works".' ' 4 o
2 2 2
I= [tan x sectx dx = [u du-7u1+c=-2 tan x+c.

lntegrationL_y parts.

This method is based on the equa11ty
. d(uv) = udv + vdu B
‘ ﬁhefe nuynend v are functions of x.,Hr1t1ng this as.
. ; ' udv = d(uv) -vdu ' ‘
“and integrat1ng each s1de,‘we have the. method. namely o
_ _' [udv = uv- fvdu ) ‘“
where .fudv is the given integra] in the form I f(x)dx At the
right hand side. for the properly selected u ‘and dv..the . ‘
ﬂevaluation of the 1ntegra1 fvda is ‘more easier than- the given
1ntegra1 ) 'A |
, This method 1s generally app11ed when the 1ntegrand con-
';ains one or more’ transcendental functions like sin X, (x_:~x}.
Carcsin x.7 . ;"_“ * ,m-
’-If the se]ection-of u_.and dv gives a compifeafgoiin-.
tegral one tries another selection ‘ R
Example 1;_Integrate I- f arcsin x dx.
) “Solution. Setting I _
S s Au-arcsin-x. 'dv'-dx-
one'nas‘. - B dx ’ o

:. du = m . v.-x.' | T-A .

Tnen: ,
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1 - uv - fvdu = x arcsin X Qj/x'dx
- T-x
The new: 1ntegra1 is eas11y evaluated by the subst1tut1on\
t=1 -xz,' dt = -2x dx.e . 7«jv" o
4 o - 1/2
x dx . _ 1 f -1/2 RS
——— = - t dt = - Y7z tc=-vtec,
1= x arc;in X.- /]-’x?+‘c.
Example 2. Evaluate I(x)=[x® sin x dx with 1) -

- Solution. The settxng u=-sinx; dvs= xzdx obv1ous]y does

not work, s{nce v =X /3 leads to a more complxcated 1ntegra1.

Trying
u = x2, ~dv = sin x dx
: . . du =.2x% dx;! vV = :cos,x,
we have . - S
: : I(x)iee—xz cosx + 2 [ x cosx dx.

whereffor new integral "by-paftshth'heeded,again:

; u =%,  dv = cosx dx

du = dx, v = sinx

I(S):=*fx2cosx‘4 2(x sinx - [sinx dx)

» #e-xzcosx + 2 x.sinx-+2 COSX + C,.
1(n/2) = 3 = o‘;mo;c - 3\=)c='3-
and‘ S . )

CI(x) = .-xzcosx +2x sinx + 2. cosx-+3 -7,
The next examp]e d1ffers from previous ones. by arr1val at

the or1gina] 1ntegral dur1ng process of integration'
4

Examp]e 3. I-.fcos x dx
Solution. o
) ' U= cqs3x,- L dv = cosx dx
du =é3cos? ' i .

x sinx dx. v = sinx



a7 ' ,_
| R AU
.;I3=,cos x s1nxlo3‘[cos X sin X, dx -
. X swnx +3 [cos x(1 cos x)dx

4

x sinx +3 Icoszx dx 3fcos
I

',f=fcbs X.: dx
41 ."--';.cos X s1nx+2-] (1+cos Zx)dx

lg}icos X s1nx +? (xieil%rgi

:'I»; I cos3x s1nx.+13's1n ZX¢-E x+ C.

wwwwm

) * C]

-

T

Progerties (lndef1n1te 1ntegrals of even,'odd funct1ons)
Let e (x), w, (x) be even, odd funct1ons respectxvely :

Then reca111ng the propert1es De (X)=‘J](X),' D uz(x)---ez(x)

(§2 1, Exerc1se 20) we may have the: ronverse lndeed ‘the follow-n

' 1ng propert1es hold.A

fe (*)d" =','f‘1‘5$).+ €2 f_‘iugv_("_?‘)"d’ﬁ = epx) * é‘-;
",Proof o S B
 1} yeth.f(k) éjje (x)dx without éohstént;ofﬁiﬁteqration}

 fThen : o
- F(- x) = fe,( x)d( x) ='-fe]( x)dx = -[e (x)dx = F(x),
Show1ng that F(x) “§s an odd funct1on, namely m.(x) 7
2 Proved sim11arly o A
D1scuss per10d1city of the 1nteora1 of a per1od1e‘func-:e

oo

tion.

o EXERC]SES (5 x)
1. S1mp11fy the fol]owing

a) [df(x) o 4e ' b) dff(r)dx K.Eic;va—-]arccos xdx
d) ]37 arccos x dx ' e) fd(x +x+7) ) ax ]d arcsec x

'Y25~lf {f](x); .Fz(x) are two pr1m1t1ves of f(x). th n showv

(]
N e

A-thﬂt:’CjF‘(X):f cze(x). is a primitive of f(x) ‘when L]f

b e




are arbitr&ry‘chhstantsr

Solve for y: ' ' o _ ‘
,_a») by = VR, y(0)= 1, ~b) oy e ARG
c) by-&+wf32tyw);u:ywby; '
a0} y = l/'%" ‘y(ii = 1. ‘

4. Evaluate the follow1ng by the use of def1n1t1on

a) ]taﬂ2]x seczx dx ‘ ' b) fs1n X. (I‘+cosx)dx-‘
.t) [f'(u) f"(u)u dx o d) farctan X . Tgii
: +X

5. Eva]uate the fo]]ow1ng by the use of. def1nit1on

a) fsnnx dx oo T b) [stnsx cosx dx "
c) ](x +2x) (3x +2)dx,, i o d)} [f(u) £'(u):u’
_6 Find the functlon whose prlmitxve is:
Ca) x3+5x2-7x+3 S b)x -seczx+x”2
c) %—:jél* ? S hi‘:' ‘ d) s1nx cosx + 1

- 7. Find the- pr1m1t1ve of the given functwon which satlsf1es the
g1ven cond1t1on. _ .
d) f(x) = sinx cosx, F(n/4)=1 by f(x) = § 4R, F(B)- 10

Cfrf(¥)=_2§££3225 s F(/§) 0 d) f(x)- 51n3x cosx, F(w/Z)- -1.

.8. Evaluate the fol]ow1ng 1ntegraIs
“a) fsinxfc052x dx + [sin 2x cosx dx

. --dx X dx g d 2 .
b) [ vix f] X c)f<] ,!¥ _: d)fcq; xdxfjdx_

9. .Evaluate the following integrals
a)']cosx 651nx:f1)dx b) f(coszx- sin x)dx
-~c) !(tanx'oxseczx dx o d) jsecx (secx tanx4»cosx)dx

10.Evaluate the fql]owing\ihdefinite iﬂtegrqls:



B

’a)[ - . (- Jz)dx
x

(;7———?)dXA  f

Infegrate by substitution:

'c) [arcs1n x .

LY

.  a) IG(x +3A) f2x. +3)dx

2.

'c) ;—? sin l (35

lntegrate by parts"

a) [x sin 5 y dx

f b) [x sin

S, :
- 5) Jtanx sec”x dx

ftd) I(Jx+ 1) cos(3x +2x)dx

2y 4x

defxchsx dx

ey [x coszx'dx
13. Verify .~ R
: ' . fsinx .-
N - . “c'
Jsinx cosx dx = ‘

f_cos Zx'+ ¢

w1thout 1ntegrat1ng, and explaxn d15t1nct appearance of

[_results ' ' '

147 G1ven‘ F(x) -[G(x)dx, G(x) -]H(x)dx, and 'H(x)-Aj?(x)dx_
find a re]atlon betwnen one of these funct1ons and 1ts
derxvataves

15. Find a cond1t1on between

TUx)s glx)s £ (6). gt (x)e £7(x),
gll(x) ’ S

such that

j f(x) g(x)dx -[f(x)dx ]g(x)dx

ANSWERS TO EVEN NUMBERED Ex=chSEs
x)/22 ‘ c.'
CRENTHUNEES

6. a) 3x°

"4, Q) (tan b) -cosx-o(sin x)/Zo c.

d) ? arctanzx ¢c ‘
c) 2/(1-x)*

$10x -7, 5) 2% -tanx~ol/(2{§)

d) cos.ex



8. a)‘-'% ces 3x} c, b) x + c,":t; %'X24A+C, d) % sIn2x + ¢
V"W]U. q;-1/ﬁ2x?)i; c;f."i b)v%‘tan/x,{,éﬁ
. é)-% ércsin‘x‘+ C, d) (: + x)/ (1 —x) ‘ '
iZ;;/) -2x sin ?4»4 inA% + C "'b) 7?};>§ <jn;2x'?.$9%%£§ ; <
e 7;3 st 2><+-°°—%ﬁ ¢ end) xsing e 2y comn -2 sinx « c

4. F{x)~ =,-F"'(x)

‘5,'2; THE DEFINITE INTEGRAL
' A DEFINITIONS

H1'tor1ca11y the def1n1te 1ntegra1 arcse 1n an effcrt to

S

“~formulate *he area under a curve - of a pos1t1ve funct1on over a.
' ;closed 1nterva1“ '_ ' _ .
» The definite 1ntegral {S~dgfinedvby RIEMANN.as‘follpws:
Let:kf(x)fC(a,_b‘ which may be poéit%ve; zero or'nega-
»;ivé dn'(éjfES;Aand iet (a, b\ be part1t*oned (subd1v1ded) 1nto

n sub1ntervals by poxnts of the set

P ’= {X (" a); .X-I, . e . ~,XiA_-x,.,X'i,...‘,‘\xn‘._]j,‘ X"(= b)}

- such thatf‘a< x].<...< X <b where P is ﬁal]ed>a rartitien

BT 4

O RTR,

f (l) A part1f1on 1s called reaular if it part1t1ons the oIven 1nterva1 1nto
: subintervals in equa] length In case’ of a reoutgr partItzon the equalxty
(1) becones R n .

g = /‘:X] ; f(t )

o~

(1)
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Let

Ax1 =Axi 'Xi_-". At‘ie[x.‘_]’.-xi,]" 1’ ]"" > n

and cons1der the. sum _ o
Z f(t)Ax, : ()
'l-- .

-called the RIEMANN Sum (DARBOUX sum) -

I'l

let m, = min f(x). Mi-max f(x) on [xi;],‘xi] s0 that

.we have S o - -

and
! 77
- where we call the left hand and rlght hand summuatlons the laver,

sum and upper sum respect1vely for the given partition P, that

we denote by Ln anq Un:

.Ln‘

If L, and U have the same Iimit for all partitions

<Ipet;
as n+= and mex Bx; - 0, then Iﬁ »ténds to this cominon Timit,

and this common 1imit is denoted by

[ f(x)dx (Read: integral from a to t of fxidx)
‘ Asato the existence of limit we have. the following theo-
rem whose proof is g1ven in Advanced Calcu]us. |

. Theorem. f(x)sc(a. b):q ] f(x)dx exists.

This definite 1ntegral 1s the RIEMAHu inte ul of f(x)
6véi.the closed 1nterva1‘(a, b}, and f(x) is said to be ?IE"A'"f
integrable function, where a and b are ‘the Zover Iimit and
upper lirmite of the¢integra1.brespeétively_- .

Exampie 1. Evaluate - [ dx

a



35z -

Sojution; The integrand is f(g)= 1. Forrany partition,

having ] 7 v
1= 3 R (xg - %590 = 1 (%= %4
LR - B L H N
) % (X]~ x°)+‘(x2- *]).+.,;f (Xh -Xh_])
A T %% b-a, |
and - ‘ ' , .
T b o L -
] dx = lim. .¢(b-a) = b-a - (for any partition)

_ maxAx +0
th1ch is the area of the rectangle with boundar1es , 
y=Ff(x)= 1' y 0 X=a, x=b, >1nce_ f(x) 1>0.
‘fhis'qnd'some other‘s1mp}g properties of definite ihteg-
fal afe liéted hg3ow whoseiénoofé canAbe:doneVBthhe'use df the
definition-of:definite'integra1 and some preperties ofﬁ]imits;
' Properties. f(x), g(x)eCta,'b) ;d; | | ‘

1. [ dx=b-a - 2.7 - f(x)dx = 0
e S : a -

T b -
3. [ f(x)dx'= j f(t)dt
a .
A -~ ym=min f{x) o
4. m(b a) < f f(x)dxs M(b- a) l in {a, b)
7 M= max f(x) § ‘

' b .
. 5. [ [f(i)# g(x)]dx = j f(x)dx + f g(x)dx
~ a .
4 A .
© 6. [ Af(x)Ydx = A ] f(x)dx x '1s:a_constant)
a R ~ '
. - A
« J f(x)dx = - [ .f(x)dx'
a o "~ b :
B, Y- A S
. fixydx j‘ f(x)dx = J f(x)dx
o ‘ - a R
“for any q; B, y in (a. b)..

- b o V
9. [ .f(x)dx < U f(x)dx| < ! lf(x)ldx
- a .



b o b .
0. [ f(x)dx g [ g(x)dx Cif fox) g(x)

a. - o _

) 4 4
/ 'f(x)dx is the area bounded by the curves of

a ) .
‘y:f(x)._y:Ovand x=a,fx=b lf f(x)>0 .on’ [a.b)

Examgle 2 ‘Find the volum~ of the sol1d with circu]ar
base- of rad1us 5 m, and éhch cross’ sect1on perpend1cu1ar to a
v-def1n1te d1ameter is a square. o
' Solut1on Let us take the def1n1te
'd1ameter as x-axis and the one perpend1cu1ar
“to it as y axis. Then the equation of the

"c1rc1e is 7x2-fy2 =,25. From “the symmetry

of the solid with fespect to the cross =~ /¢ : /;r\\> v

..sééfjoh through yJaxis,the volume hV “wfll(Li;_#Zilgi;/’/{iv‘ x
 be twice as that for Og'xs 5. - ?". o ’

Eor a regulér partitidp of (05 5) Qe‘have'conérnent'
subintervals of'lengths.S/n. fhe:area of the_cross'éectiég
2

through the'ppint- (xk, xk) beihg :(Zyk),~‘the VpThme ¥, of

the slice with thickness.S/n is ‘4yi 5/n:

1 - . L2
v - 22,2 20 (25 - xZ) = 20 (a5 -k 32y . 300 _[1, &)
n ' n 2 e 2 ' ’
500 k2, _ 500 Tk
7 v, -5 (1= k) - 800 Ik
U S S _Rd =

| G;;de\[?_-fﬁ4"‘+>;:§2n i-l?]'

v=2 lim
' n-so k=l

v = 100001 - 1imA(n s 1)(2n s 1))
Ve = 10001 - Tim A=t

e~

= 1006 (1 -'1) = (2000/3)m3. . -
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B. The FunDAMENTAL THEOREMS

He state here two fundamental *heorems (F T )} the proows
of whlch are’ based on the f011ow1nu mean value theorem for 1nteq-
.rals. S -
‘Theorem.  (MVT for integra]) 1§ f(x)ec(a, b)» then there
~exists an iﬁteﬁior'pointi;és(a, b) such that ,

f f(x)dx = (b- -a) f(c)

Proaf If the funct1on is constant, say f(x) ¥qr then

b o ';b : - . _

] f(x)dx = j y dx,= Yo I = (b- a)y, (b—a) f(c)
a” } RS

' for_any ce(a, b).

Let then f(x) be a non constant function. By its contin-

uity it attains nf:hin»f(x);‘MQ=m§x £(x) on (a, b) so that
Cfmdx g [ fix)aa g [ Mdx
a a a :

’ b
m(b-a) s [ f(x)dx & M(b-a)
e ‘

éff(x)dx

R R R

'AgainAfrom‘continuity'of_ f(x) the intermediate value
c ' , b : bl

_aff(x)dx - :
, LA Trun . i _
kts attained at a point ¢ which 1s certainly between a and b,
7"»*—5—-3—- = fle). S te)
The value Y defined by (a) or by
. h -
[ f(x)dx
- 2
y = ———-—5———— /
[ dx
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is Ca11ed'thg average value of f(x) on (a, b) Twith'respect i
to x. ‘ o .
Geometric Interpretat1on of the MVT for Intggral

The def1n1te 1ntegra1
b T
[ f{x)dx - _2’4 : .

a S -

iis equal to the 1ength of interval times

the ayeraée value of the function.

¢ 1
In particular when f(x)>0, the .| 54 : :i, %
area given by the_integrai is-equal to’ ]O‘ a ¢ &
" the area 0f the rectanale with base b-a
and altitude y = f(c) _ -
: Examgl . Find the average value of y = Vg in
(o, é) with respect to x: |
‘ - Solution. I ¢ X%
‘since it is the area of the,quarter of A
the circle with radius a. :

The length of ihe interval
being - a, we have _ .
| ri =7 ;?/a = % a (< a).

When f{x) is 1nterpreted as a phys1ca1 quantity such
as density. enerqy, force, etc. y w111-mean.averages of these
quant1t1es. ‘ ? -

Ineorem. (F.T. of Calculus). If f(x)<C{a, b} . then

f f(t)dt is differentiable function, and

&1 fnet - £
a

:
|
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. o x o
Proof. Let F(x) = [ #(t)at. Then
—_— ) a . ,

o - . x+h - X o
F(x+h)-F(x) = [ f(t)ydt- [ f{t)dt
) ' o a _ a
) . x+h S Ta
h ‘ o= [ f(t)dt + [ f(t)dt
A o -a X
.." x\"h ‘ . - ‘
= [ f,f(t)dt e
’ X

[(x+h)-x} f(c),'x<c<x+h

’ by the HVT for 1ntegral Hence

F(X"—h) E(x) ‘= f(c) = f(x + eh‘)o 07-<.Q<]_’

Tim - Flxs “)‘ F(x’ Tim ‘Af(x’s Bh) = F(x).
Cheo — P T _

Ipecrém (FTT"of integfaf célculus). If f(x)eC(a, b)

"cand F(x) ‘s a pr1m1t1ve of f(x), then
] f(x)dx = F(b) - F(a)

~Proof. Since D f f(t)dt f(x) by previous thébrem,

and DF(x) = f(x), then j f(t)dt differs from"F(x) by a
constaﬁt: ‘ , '
. x . §

[ f(t)dt = F(x) + ¢

2 ¢

Now

b

X .= a. = 0=F(a)oc ac:-F(a).-

X
]

b = ] f(t)dt F(b) +c= F(b)-F(a).
. 7 . b . ) 5 Xﬂb - b
Notations. [ f(t)dt = F(b)-F(a) = F(x) = F{x)|
o . a o . ' : x_;a a

In view of this theorem, evaluation of a definite integ~
ral reduces to that §f an indefinite integral. It is to be notec
that if the eva]uation is done by substitutiqn.'the new limits.

-~
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* of 1htegrﬁtion.afe~tu be‘wrtttén'in'theiinteg%als in ﬁhiCh the

,heﬁ variable ts uSed or indefinite integral*is’computea 1hiofi4
» gina] variable.'and then F(b)4- F(#) :is’computed. '
If the evaluation is done by parts. one should note

b . S . I
- f u(x)dv(x) = ] d u(x)v(x) - ]‘;v(x)du(x)'
. 4 Jau

- .and hence use the equality S i
. b - b. b
\ — f udv = uv '-. ]. vdu
: a

Examg‘lel Evaluate A= }’ VZ 2dx (35'9) '

- Solution.»Substltuting X = a sme with, x=0- -9 =0,

anpx-a.)e-nlz _wehave
' .ooawl2 : )
A= [ v’? - a? . siﬂza a cose de
0 /2
2 1/
= a‘OI |cos © |cose do
g 1/2 2 . IR L
= a 0[ - cose dq.([cosql-fcosg in :(O. n/2))
L g B _
-y a .£ {1 + cos -20)de »

L ' n/2 A
1.2 (0” sin 29] 1 2

"'2' o~=i.1r.a‘,,
. . i . “\/2 | v o
Exampie 2. Evaluate Ba= | x sinx dx

7
Solution. u = x, dv « sinx dx. .

du = dx, V = -COS X

,. w/2 n/2 -
-[x.cosx]‘ « [, cosx dx
/4 /4 T

v
®

»f ‘ # .5&.]‘{si;x]t/2

A il_if .
] /& m’ ) 2

]
[
"o
'
-
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~An exten510n -of the F.T. of calculus is'fhe fdllow{ng

vhere l1m1ts of nntegrations are d1fferent1ab1e fun;t\ons
- Corollary. If f(x)eC[a, b), and a(x), b(x) are. d1ffer-

' ent1ab1e funct!ons, then'

: o b(x) ' R e
& LT f(r)d = £(B(x)) br(x)-FLalx)) at(x).
- a(x) » o - o
Proof. Let F(t) = [f(t)dt. Then .

b{x

(x). o - B
[, f(t)dt = F(b(x))-F(atx}), .
. a(x) . : ' :
and by chain rule. '
';'d". b(x) .
ke "a{x:)" f(t)dt = F (b(x)). be (x) -F*(a(x)}.a"(x)

: f(b(x)) b'(x)-f(a(x)) a*(x).
Nheﬁja functiohv o(x) 1s_defined by an integral ai
by '
a(x) = [ f(t)dt.
: a(x)

one can obtaln all propert1ES re]ated to derivative of any
order w1thout evalut1ng the lntegral
.Examgl . Find and 1qgnt1fy the critica]-pqints, if any,
of - . arctan x
: u(x) = J - tant dt.
arcsin x :

-:\Solutian One does not need to integrate to obtain u (x)

gy

Applying the corol]ary, we have
| wt)

tan(arctan x) D arctan x -tan(arcs1nx) D arcsinx

R x 1 -2x3

R R P Y, U

H
> -
]

u'(x) = 0 when x =0, ﬁ'(x)'>0' vhen x< 0 an¢

.u'(x)< 0 when x>0 if * is‘near} 0. d(O) is a maxymum.

.In eva]uat1ng a def1n1te 1ntegra1 exam1nat1on of the
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party of the 1ntegrand may reduce ‘the work a. great deal as a
result of the propert1es stated 1n the follow1ng corollary '
Corollarz. If e(x) and_ w(x) are even' and odd func-~
_ tions respectively, ‘then : o '

. | e(k)dx =2 ~j e(x)dx,v“j f w(x)dx
-3 : : .

Proof S1nce a- pr1m1tive without arb1trary constant of -

. an even (odd) functlon 1s an: odd (even) funct1ou, setting

e(x)dx = ](x) + c, d,m(x)dx Q'e](x) .

w?‘oave~:_ S : . dﬂ. ’ : : \
. oA Lo 1 a. .
T [oe(x)dx 2wy (x)] = w (a)-m]( a) = 2u, (a)‘-
. -,a. R _.' : ‘ -a :
= 2[“1(3)",ml(0)] = 2 I ELX)dX,
2. [ w(x)dx =e (x) # e (a)- e](-a) = 0.
-3 je-a * T

Examgle. Evaluate the following

a) A = ] X sinx dx.. ~ b) B = f-arcsiande
RN . R R S ’ :
Solutlon. ' S

,a) The 1ntegrand ;esinx 1s an even function and

" ‘ . . : o 1’ . .
}rx-sinx dx = 2 [ 'x sinx dx

a2 : 0
U= X, -dviE sihx_d;~
- ,du--'dx} : v e -cosx

'k“gQZ[- x cosx]f‘+ 2 [ cosx dx

; [ (- w- 0)) +« 2 ] cosx dx = 21 + 2 sinx| = 2m.

, , 0
‘"b).Sintertheﬂfntegrand-ts an:odd fonctfoo;'than' BA;7Q;
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C. EVALUAT!ON OF - SOME LimiTs BY DEFINITE INTECPALS;
Evaluation of the limit of a sum
‘ a. (n) +...f a (n)
.,wh1ch is-in the form or which can be put in the form of a RIEMANN
:sum of & funct1on in an 1nterva] can ‘be done by the use of a.
1def1n1te 1ntegra1 apply1ng the fo]low1ng corolla'y .
‘ oro1larx. If. f(x)ec(a, ],1-and- (b a)/n_‘ ;,‘then

“lim- thﬁi (f(a4~h)+ f(a+ 2h) ...t f(a+ nh)} f F(x)dx.
n-bm‘

Examg]e AN Evaluate

2w -onn

T ~ sin X 4 sin &2 Heie Sln LLLE
S = Hm- N ‘nn n

Lo - n -+

- o . :

Squtlon. The given express1on is the RIEMANN sum for
b . ,

_‘sini “in (0s 7} Then

1 i s W nx] . . m ® b-a
S = ?’ﬁ]lwm n [51n n 4+...+ Sin TT} = (where e —F_) .e
R e S ) 1 T
=5 j; sinx dx ==; .(-cosx] = 2/%.
. to 0 :
- Solutlon can a]so be obta1ned by taktng f{x) = sin 7mx

.inSteadiof sinx, and the interval (0, 1)

. ~..-sin % + sin %g +...+ Sin %F s .
S = 1im — - - = ]- sinux dx = 2/7.
n ‘o> . n . .

Examgle 2 Eva]uate R
S - 'hm' ﬁ# /_2_ +é"é>-+‘ﬁ"
) n /e

n-rcn

‘Solution. Writing the denominator as n/n, and combining
Vi, with numehétor, ve have - '
S = 'l1m %{/%*/% o4 /—2}
n + o . : - 4

se,thafv f(x) = x ~and the interval is {0, 1):



16.

1.

g x3/2 (R
+ = 2f3.
] </x dx ;?EEF"Oiv [_,x

EXERCISES (5 2) S e

F1nd the sma]]est 1nterva] in whxch Q_IP f{x)dx lies for 

the fo]lowxng cases.‘;;it:' - é-f T “"' _ .
Ca) In (-1, 8)  m--2, MeS, b) 1In (-2/3, 7/2) n=1/2, med73
| where m = min f(x);:iM';.mai ffx) tiﬁ'thé given,ETOSed»in-
»tevaj;- B

Find the areaAunﬂéf thé pSréboia .y-c'iz"ébaye.x4éxis in

" 17,

{1, 2) by usung RIEMANN sum ‘for a ‘regular partition and .

- finding- the 11m1t

'~ 20.

Same question for
‘ 2

18. Eva]uate the f0110w1ng 1ntegra1 by use af geometrwc 1nter-
‘pretatxon of the def1n1te 1nteqral;
-3 .20 —Zv"z- —.
- oa) f (Zx + 1)dx ' b) f xdx+ [ VB-x®ax
0 - R 2 IS
‘a e a -
[ 4 “x% dx - d) -g—'_ j'-‘.\/azax“-2 dx
19. Show the fo]]ow1ng 1nequa11ty wrthout 1nueerat10n R
. /4 S /4 m/3 g w3
~a) cosx dx > [ sinx dx, b) [ ° tan®x dxg [ sec‘k dx
S R 0 . LU S0

—]/3 =1/

- 5 :2.,. -~ & : o O ‘
) 2] X ’] dx:k> f 5;—] dx d) f (x +2x)dx>f (x +4x)dx
’ : oo . -2/3 :

-2/3 .-

2 T n/\s R
a) 0 < oj W dx<2 . B) 0 < tanx dx < J /3
: - B Y

: L ’ R .95 o
¢) 3 < J  (sinx+cosx)dx <z V2, 'Vd)??%,( f ]x}ﬂxﬂdxs%



21,

‘22.

23.

24.

25.

247

Let H(x) ] f(t)dt, a<xgb -with f(x)eC{a, b
Show that H(x)ec(a, b). ‘ - '

find ¢ or the equat1on sitisfied by c§ ds required by
Athe MVT for the following tntegrals ' K )
, 3" .59 i
- a) . (x‘- Zx)dx' ; b) [ (x;/2 + 3x]/2)dx
. ‘_ 3 ’ » . ,. 0 /8 2
“e) [ O VITex dx : d) [ x/1 + x% dax
0 _ S S0 ' ‘
Flnd the average value of the g1ven funct1on on the given
_1nterva1 _ _ | .
>a) y g's1nx, (0, =) 7 b) y = sinx, [O,’ﬁ/z}
c) y #”coszx,,(o, m) o d) y = cdszx, (0, n/2)
For the following function given by integrals, find and
“identify the critical points: '
2 ‘ 2 .
XE4+x SR X .
_ t . _ .t
a)'¢(x). = SL T a4t - b) 8(x) 7le  a dt
vEVéfﬁate (without integration) - .
q cosx d ,COSX o
a) = .. 1 0 ittdt o b) o= J  sec{arcsint)dt

26,

27.

sinx , . l/2
Eva]uate ‘the given 1ntegra1 by the given subst1tut10n.

1
-a) ] i+ x8 x dx, 1+x = b) . dx

| - . X = %
-1 x;xz -1 )

1Evalua*e by partS'

“wf2 ' al2

~a) [ x sinx dx - b)Y [ x% cosx dx
St - |

29.

0

- Check the integrands for evennes, oddness, and then eva1uétq

the integrals:

- 2

8 S sinxoax by [ (3x% - s)dx
Same quest1on for.A -
, ER . e, 3
a) [ x3 cos 2x dx - b)) J - x% sinx dx
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"¢} | cosft sin’t dt - d) [ tan@ sec“9 do

30.

S o
Evaluate by a definite integral -

. a) lim

1 ) 1
Tns e { et t T3t e ]_ |
‘ 7.7 7 -
b} lim 1 + 2" «6..+.n
fl +» @ n

.A.c)' ]im { ?\_}'_T + a_}_z, 0.}.9 _P'_]'Tl. }' PEN*

N+ =

2 2 oy
- d) lim ,[ T3t Iy et Sy ]

18.

22.
24.

" 26.

"N + o

ANSWERS TO EVEN NUMBERED EXERCISES

. a) (-4, 35), ,?fbj:(zS/iz. 50/9)

a) 12;’ ‘b)) w, ‘ c) %?ﬂ az, _ d).% m ab

a) ¢3-2¢-3=0, b) cde6c?idc-84%725 - ¢
c) 115/81,  d) /(-3 + 347)76 '
a) At_x=0 and x = -1 min; at x = -1/2 max,
b) At vx.g 1 max. '

a) (2/7- 1)/3,  b) m.

28. a) 0, b) -4

30. a) 1/8, - b) (2n3)/12,  «¢) (en 2)/2,  d) in p.

-5, 3, AREA AND NUMERICAL EVALUATION OF DEFINITF INTEGRALS

Lhe area of plane reg}on bounded by cequxn nhﬁt.r af curves. .

A, AREA OF A PLANE REGION

As a fxrst appllcation of def1n1te ‘integral we formulate'



-

¢heorem. The area ]R] of the plane regxon R;‘boyndediby o
chn.curve y = f(x). x-axis and the vertical I!nes lx_fa, x'-h,
is a)ven by ) ‘;'b”:"l . SEEEPER | |

IRI - afr‘l%(x)fdx AFxIee(a, b))

Proof The statement is trivia]ly true - 1f f(x) >0 on

'-.a; b).’s1nce the RIEHANN sum
. Z f(t )Ax

is an approx1matton of: the area under the curve and -the limit {§

'tne area»]RI (See Ieft Fig ) f-,". E « =

I BUN SO, I

X b e ey

(7N

-
»; :
S

v,
o

i

If fﬁ;),<o_,oa (2 b}, we have
. b . - - b
IRI = [- (-f(x))dx = [.lf(x)]dx
CIf f(x) 1s pos1tive and negat1ve ‘on (a, b), say pos1t1ve
cn,(a, x ) and negative on (x : b), then one. gets
ST X,

IR

- f f(x)dx + f l f(x)}dx S =
a S .
R s e o

Xo . v
A *lfLX)ldx + f.lf(x)ldx

EN
"

b
{ ]f(x)!ax.n
a ' :

Corollarz. The area of a p]ane region bJu 1ded by the

rurve X = f(y). the y axis and the horrzonta1 11nes y=¢, y=d

o is given_by

~
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| "?'; ;jd]?(y)idy.

o al;
. ‘QZZZ
In evaluating an area 1t will be usefu'l ; gy
c =<
'vto sketch the reg1on in the f1rst step and also . ) y
. draw an élementary area as a horizontal or _ o} ;§'~

vertica? strip of width dy or dx respective1y.

Examgle 1. Find the area of the plane reg1on bounded by
: the parabo]a Y. ; 4-x2. y-axis and vertlca] llnes X==1, x=3.
So]ution. The- parabola 1ntersects x-axis at x-;Z ‘add .

X = -2.‘and y-axis at y=4. The reg1on is then the shaded one.,.

Hence v ) R
' -3 T,
[R| = ’1[ j4 - x“fdx .

2., 3.
- ]] (4-x%)dx + [ (x®-8)dx
S AR RO

| S 3y 2 3 43
_ X + X - o
- {f‘* T)_,_ - {T &,
N 8. R T ‘ 8 o
- (8-% . (- + (9-12)-(E-8)"

L LT
L= 17 - T,’ '3’ - 34/3.

Examgle 2. Find ‘the area of a quarter an e111pse with
semi major axis a nd semt major axts b. }
Solution 1.  The standard equat1dn of the_eiiidse (cenfen ’

ﬁt theloriginj;is | L g - HEI
X : T T
Tak‘"g a vertlca1 strip as e]ementary

. area (or differertial of the area&



[IeIV)

and integrating from- 0 to-a we get =~ ‘1&‘
. b 3 [ 2 _b n 2 4 L,

| If instead of a vertlcal str1p, a. hor1zontal one were
taken, we have 51mllarly' ' ST ';4 o
a j ./ -y dy = b2 %‘.abi'
Note. The above lntegrals are evaluated by the use geo-
metr1c 1nterpretat1on as area of a quarter of c1rcle.
‘Sglution 2. lf parametric equat1ons
x=a cose. ¥y = b sine
-of the ell1pse are used, we have ‘2' - L :
, ‘0 _ C "o ‘2

A = b sing d(a,Cnse)é_-ab | 'sin“ede ’
o w/2 A' n/z :

=_"ab [ §1n ZGJ
| S , W2 o
- Theorem. The area R .ofua plane reg1on R bounded by
the curves of y= f(x), y= Q(X)"‘and the vertical‘line X=a,
X =b—'1s given by b B - N
| f!f(x)—g(x)ldx “(a<b)
. Jﬂ“
Proof Cons1der a vert1cal strip
as elementary area (or d1fferent1al of

farea)vof y1dth ‘dx - and ending on the

1gjvenecurvest,lnen e : e
SRRt S blf(x)-g(xndx

—-and.
='R! - f |f(X)'9(X)|dX- :

Corollarv The area,of a plane region'boynded by the
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curves of x= f(y),'x = g(y), and the horizantal line y=¢cy y=d
is given by

C

IRl = [ If(y)-aly)ldy . (c<d).
‘The regions defined by '

ny ¥-:{,(}i,\y): asis b, L(x)<y<U(X)}- (a. b; L(X) U(X))

Ry ='{(‘X-‘ ¥): ceysds sly)exer(y) = (C- ; 9-(.v}), ry)) -
“are called normal regions in xy-plane yﬁere* L(x), Q(x) are
—'thé lower and upper curves;'and_ 2{y), r(y)'f]éft'aﬁd fight

" curves_of the boundary

- o : _ | A‘&',-‘r. .

Norma] regions. in xy- plane .

" For the areas we have _ 3
‘ Inyl - afb((U(X) fL(X3)d¥a 
%y .
: IRyxl_éCL (riy) - 2ty))ay. N )
Any blaﬁé'regibn can be split up intpisomé number of nor-
. ma1,regioﬁs any two'of‘whiéh have no common aféa ‘ |
_ Examg]e. F1nd the area of the region inside tbe paraboIa
, y?-dx and c1rc’le x2 fyz -6x = 0 and under the hne
Ty e ex 21, /2) )
o Solutton The f1gure shows ‘the sketchtng of the reg1on
‘From the s1mu1taneous solut1ons we have A(2, 2/?). ‘8(2,_-2/"),
_C(3 . 202, ). _



Observe that the shaded regiona

iz not normal. If it is split up ihﬁo
‘R%v normal regions. we get (at least)
two such regions (AODB, ABEC). If it |

is split up into Ryx‘normal regions B

we get (at least) three such regions
(RODC, DBEC, BFE). | |

vv_ It fg reasonable to usevthe ‘ 8 “E
firs; splitting for this problem since th§ number of subregions
iS']ess’thAn that'of'the other cﬁse;uﬁutlfp some‘problehs such
2 Qelection may arise difficu1ty in integration.

. Then our regions AQDB, and ABEC are respectively:

Rly = {(x, y): 0sxg2, -2/X<y<2/i} = (0, 2; -2v%, 2/%)
Riy = L(x, y): 2ex53+2/2, -/ox-xlcyc-x+2(14/3)

'

(2, 3+2/2; -/bx- x2, -x+2(14+/2))

o anl - 2
IR = IRyl + IRG,|

3+2/2

2 | - o 5
o RGN C L Y ¢ V) -(-Vox-x?))dx
- . 3+2/2 —
=T g [ Sox -t

Writing '6x - x? = 9- (x-‘3)2 and setting x-3 = 3 sintAwe have

'j/ﬁx-'xzdx .=j/9-9 sinz_t 3 cost dt ‘
o v - 9]coszt dt =‘% (t + El%rgﬁj‘+ c
34208 —— b
o 2, 9 2/ 1 8Y2
a —ZI' 5 /Bx-x dg = 7 aresin =370+ arcsin g + 5=
1 !

- A‘=—§6-/E+-;+ a.

A\



B. APPROXIMATION OF DEF!NITE INTEGRALS BY NUMERICAL
EVALUATION

In one cf the fol]ow1ng cases numerical ev«luat1on of a

‘definite 1ntegra1 may be needed:

1. One may not be able to eva]uate by ‘any method,

2.'Eva1uat10n by ‘the method is p0551b1e, but numerlcal
value is dgs1red,_( .

3. The integfand is giveh‘ehpficaTTy in a tqbu]ar'form.

He give three methods for eva]uat1ng’n0merica1ly a given

‘definite integral f f(x)dx for . f(x) > 0.

‘Rettangdlar rule:

When we use a régular partion Xo (=2)s Xy, ... .,xn_i;

b3

n(:.‘b) with h= (béa)/n_ of [a, b] in a RIEMANN sum we have

b : | 3
El/ f(x)dx = h[%(xo) RITIR f(x, 103,
or ' ' )
J/ f(x)dx-— h[%(x ) f(xz) o f(xg)])
whe}e h -~ (b a)/n

Trapezo1da1 ru1e‘

For the same regular part1on. errect perpendicuiars to

1

n

x-axis at  x;  to meet the curve at P , Py » ;;.‘, Po-ir Po-




Y
('HJ
wf

s

W

.

'VThen one replaces the arcs of the curves correspond1ng to Sub-\
.1ntervals by thelr respect1ve chords (P0P1) b{ n-1 n)_so
,that the area under the curve wh1ch is 1ntegra1 j f(x)dx will

‘jbe approx1mated by the sum of the areas of the trapezoids thus
.formed. . . S |

Sett1ng _y1 = f(x ) we havel‘

- 4.‘ Ry = (y, 1 YIY’A

cas'the"areae of,+he trapezoidS‘whosefsum trom lvto n  gives the -
‘requ1red approx1mat1on for the 1nt°gra1

] F{x)dx 'l‘,z [ ‘+2_y]+2y2 o 2yn 1y ] ’
,where (b a)/n. t is the ar1thmet1c ‘mean of ‘the two appro-
iximatIons glven-1n Rectangular rule. ‘f

: SIMPSIN S rule.~

T Th1s approx1mat1on d1ffers from the trape201d ru1e in ,e
. that the arcs are repTaced by parabol1c arcs 1nstead of chords
and regular part1t10n 1s done for an even number n.
The rule 1s obta1ned by the use of- the fo]low1ng lemma
Lemma (SARRUS) Let y = f(x) x?; Bx +y be a parabola
fdeflned on- (a, b), and let (a, b) be subdivided regular]y into

)-itwo sub1ntervals by x (- a), . x], x2(-_b) “Then.

. b ‘
- RAR= (ax +Bx+y)dx = -3- [ +r4y]+y2]
’ a

where y.<_ f(x ), i=0, 1, 2; and h = (b- a)/z

) v'; Proof The 1ntegra1 does not change
1f the parabola is trans]ated para1le1 to.

’_the x ax1s. If under translat1on x] is moved,olyc A

to the or1g1n the interval of 1ntegrat1cn
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will be -h, h so that: S _ A
R a 3 "B .2
Jax® e Bx o+ \]dx -*{, - xT X +.yx]
I[ e Y

A=
-h ‘
= ,23 ah® « 2yh = {'r (Zah? ¥ EY).

Since, - - . | \ '
. : ) . |
) yO = ‘a‘h - Bh 4.' Y
.4.Y-l = R by
y2 =ah2 + gh + Y

'S

y ';4.Y].¢.Y2=2ﬁh + 6y : o
we have our: result O
‘Now part1tlon1ng (a,'b) regular]y for an-even number n .
and apply!ng the above 1emma for consectlve pa1rs of str1ps and

adding the results of each palr, we ‘have

g [(yo + 4y1 *yz) + (yz + 4y3 *y4) seeer (Y 8y c gl

and , . , .
h ’ .
aI f(x)dx l' 3 [yo+4y]-+ 27y27+,4y3 +...'2yn__2+4yn_‘+ yn},
whére ~h = (b-a)/n and n ia an even number. ' '
Observe that the coeff1c1ents of ¥y are 1 _for i=0
and .1 = n; for others, 4 For odd i and. 2 for even i.

Example 1 Evaluate the definite 1nteqra1
dx

f x = (nn-x) .=.zn 3
¥
approximately (numer1ca11y) using the three rules. tak1ng n=6.
2-3-1 l‘
Solution. We have b = - - 3 :
e, 7."3“3
' 3 3 ¢ 3 3 3
v 2 2 1 3 3 1
i | -5 z 7 8 3



1. By rectangular rule: -

e’

A'llh3.+3‘+ "_..;4_}___,,3‘,1.~ , y.":kw\‘ . . ..
TN E TN TTT T8I o) Y T er—e
1 . . ——-{_—-i,_—;.: xXp - Xyg 6
='§ (0 750 + 0 600+ 0 500+ 0,429 +0,375+ 90,233 -
= 3 X 2, 987 = 0 996 (lower sum)
A =h

3 x 3, 654 = l 218 (upper Lum)

The average of these two results is 1, 107

2..’.A

% X 6,641 = 1,107

3 "By Snmpson S rule It is appllcable s1nce n

[1 ooo .+ 0, 750 +°0,600 + 0, 500°+ 0, 129 + 0, 3751

J

7[1+ 2x0 7SO+ 2x0 600 + 2x0 5004 2x0,429 + 2x0 375+ 0, 333]

'iS'even.

A= % [1 + 4x0, 750+ 2x0 600+ 4x0,500 + 2x0, 429 + 4x0, 375+ 0 333]

- 1 x 9,791 - 1,088, Then 23 Y1, 088.

In the saﬁe way 2n‘2‘ can be computed and one gets'

- 2 .
gn2= [ 9 ¥o,69

| A

Ekamgle 2. For the function giVen in tabular form

Xy [0 W4 vz 34

f(xl) K 17/16 '5/4  25/16
' eva]uate the def1n1te 1ntegra1 o

f f(x)ux

approxwmately by SIMPSON S ru]e w1th n necessarily equal to 2

cor 4,

Soluticn. Takfng' n=4, WE'haVe,-h= 1/4, and

B=h% 1cm0+4x}£+2x Siax
= {5 x 16,000 = 1,333

~

 Note: When awfunction is given in_tabu]a; form and x

Tz‘?]-

i7%0
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is not constant for all i, by 1nterpo]at1on or extrapolat1on

we can obtain a regular part1t10n

"EXERCISES. ¢5. 3)
31. Write the shaded'region as union
of R*y ndfma];régions,'andﬂaf;é
as Qni6n §f¥Ryx»reqion§. R ’
32. Sketch the'nbrmal region ny and

write it-as R, region: -Vo

v yx i
a) (1, 45 -1, 3-x), b)) (-1, 0 xs1, /1515-
33. Compute the area of the region enclosed by the gIven curves
) y=x3 ek ) y=-x2, y=x"-20
c) y=vx, 'y I‘ , and normal to y=vXx at (1, T)‘

H) y ='x3 - X and the tangent to it-at x = -1,

34. Same question for

2

a) y% = 4x, y% - 12-8x b)Yy o o8x

n
b3
<

C)y = x?. y‘= h-2§5xa d) y x%; X-y+6 = 0;.'x;'2~ﬁ

35. Evaluate the areas of_thé regions bounded by:
lla)'y==3x2-2x, x<0, x=3 - “b) y = 4x, yz_; Bx -4

Ac)yzx-2“~x;y? _ d) y

"

sinx, y=cosx over (03)
Afﬂ xSy ﬁ‘(a>m.‘x=0,)y=ﬂ IRUR

35f Compute the area of the reg1ons enclpsed by the parametr1c

»Curves. i ] . ; i . .
) X =t « t . and X = 4

‘37;,Samé,que§tionvfor;



38.
39.

30,

yf =20 - 2 and X= axis..
Computévtﬁe.ngen.integre]s'aphroiimate]y: T :. -

o R w e e e
a) ~xSdx b)) (1-x")dx ). ax :
— 0,1 : 0,2 o BT L ex -
- 7 ) .

.41,

az.:

43.

_a) by the trdpezoidal rule (n

- 43,

.n'374.

X 13 cost- 2,y = 5 swnt+ 3

~Compute*the'areé ehclosed by the curve Y= xEJ 1ts tangent .

at 'x = 1 and its normal at' x = -1,

Compute the area of the reg1on bounded by the curves’ _ys=x2;
2

Evaluate [ (2x3 4 x%. 3x+2)dx by the use of SARRUS’ s rule.

Evaluate f dx by SIMPSON 3 ru1e by tak1ng

_a)~'n=4t,g . ' b)n=

o 7 L oL S
Evaluate [ ~f(x)dx if f(x) is given emprically as

X |'.1‘ 2 3 4 5 6 7
flxy | 77 5 2 3 3 4 5

6) -
6)

b) by the SIMPSON s rule S.ogn

Compute the follow1ng 1ntegra1 using the.trapezoida]'ru1et

_for n = 4.

‘45.

‘Same -question as in Exercise 43 for

‘] BT : 2 . 2 '
) [ S5 ) [ simxdx o) [ —E—dx d) [Aex? g
-0 :_'l+x 0 - .0 x +2 R AR i

x } 0. 2 3 5 6
gl s 7 8 9

'(H1nt 0bta1n a regular partition 1ntroduc1ng the point x é.l"

: end

X = 4 5nd find1ng correspond1ng values by interpolation)
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- - ANSWERS TO EVEN NUMBERED EXERCISES
' - &t

32. a) b)

Y X

34. a)4, ) 4/3;_ c) 9,  d)56/3

36. 4755f'2 gn (24 V5) - '

381 o ' o
40.4ByAtrapezaidal ru]e‘for ‘n = 3, a) 0,002353 0,0023"
~'b) 0,00364; 0, 093E c) 0.65; 1 <) an 2% 0,655

| 42.’a) 1,622, b) 1, 609 ' ’

44. a) 5323/6800, b)) 7 (/2;‘1); c) 3297512;

5. 4. IHPROPER INTEGRALS

| So fdr we have d1scussed the definite 1ntegra1s of fhuc-”
tions that are contxnuous on a closed interval. Now we consider

the anes’wheré'theEintegrahd is discontinuous at finite number

of points on the interval, or the continuous integrand is defin-
"~ ed ¢cn an unbounded 1nterva1 InEthe formé% case the definite in-
tegral is caHed an "ﬂ'prober integral of the fn'st kind, a.nd‘ in

i

the ﬁecond an 1mprcper 1ntegra1 of the. second kind., .

Improper 1ntegra1 of the first k1nd

This was ‘the case where ‘the zntegrand has a d1scont1nu1ty:

at a point on a clcsed 1nterva1 (a, b). Thé following are of

“this kind: o S
: o 512 n/2 - ‘ 2., 1

: S s dx dx : dx

| -|/2I' S oj »osiexh I x-2 -1I s




where the first"integral has finite jump discontinuities-at 0,
1, 2, the remaining ones have infinite jump discontinuities at

a (~0), b (=2) and at the interior point x=0 respectively

If the 1ntegrand has a f1n1te jump discontinuity at a

point, say x_, the integral is defwned as

s

0
X -

[ f(x)dx = [ f(x)dx + [ f(x)dx
a a . Xgo - :
Example. Evaluate the gmproper integral
- Is/z )
A= Cox(x) dx.~
. . -]/2 . - . T -
Solution. The integrand having finite jump discontinuiti-
es at 0, 1 and 2 we have

he Tx an e et axe [ b e e i)
= xfx X + x§{x) dx + x{x}. dx + X {x)dx
-1/£' v ~ .0 " , 1+ . l 2! : ‘ D

+

0 : 1 2 - sf2
= 3f x=ldx s+ [x.0dx+ [ x.1dx+ [ = x.27dx
-7 L 2 2
20 2y 2 5/2
e Xl L. X g
- Tj -1/2 7 2

e () e (2 -3+ (B2 - 4) =574
The iﬁpropef 5ntegrals where the integrand f(x) has in-
flnlte Jump d1scont1nuit1es on a, b are dgfined by r
. 1f(a)] = = .-.->j f(x)dx = lim | jb £(x)dx
'(I - a «a

2. |£(b)] == => [ f(x)dx = Vim _ [ f(x)dx
. a . ’ B - b a

3. If(‘xo)l ==, a<x <b
b . ’ XO"s - b .

= [ f(x)dx = [ f(x)dx + [ f(x)dx.

a ! a - X, & -
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. If 11m1t ex1sts in each case the 1mproper integral is
v sa1d to be convergent, othermse dzvergent. v
Examgle Test convergence nf the 1mpnoper 1ntegra1

I =. Jéf dx L ,

a (x-a)P- _ o

Solution. The case p=1 s nefated to fogaritbnfc func-
tion that will be taken up:in the‘next‘Chapter and in.that case g
.we have divergence. | ‘ o

If p # 1, we have
b

I=.%im -f (x-;)'pdx =‘ LA, [(IX-'a)vv]";p]b
T asara ~ T R
P L ' S '
-2l - in (a-a)'P

o * a+
If ‘the exponent. 1-p s positive the limit is zefo;and there

is convergence for p<1. Otherwise 1imit does not exfst'and
there is divergence for p>1. - .
Thus we have obtained the foliowing which we call p-test,

namely b g i ‘{~converggnt when -p<1
is

. o A
a (x-a)P - divergent when " p>]

R

The same test holds for the other end b.

Accordlng to this test the improper 1n~egrals

2 5—?==7 . '?77 0,_: I

are convergent, wh11e the fol]ow1ng ones are: d1vergent
. f’ . f '.' X " : ‘:fz' __dx B .
-1 "‘*' o 0 ";" 0 (x-2)372

_Comparisdn'teSt:‘Let f f(x)dx be an inproper integral

of .the first kind, and Tet g(x) be such that5
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0 {'lf(x)l < g{x) for xe(é, b)
v ] f(x)dx converges 1f 7 g(x)dx converges,
a
’Lut there is no 1nformat10n when the latter d1verges. .
Proof. The resu]t fol]ows from the 1nequa]1t1es

. b
I f(x)d& f lf(x)ldx ] g(x)ex.

) a

~ ' n/Z -

“Example 2. Test | E%ii dx for_convergence.

R -0 o o
Solution. \ -

emexl n/2 ' w2, :
COSX 1 COSX dx _ Ty
i—77-7 £ l f VT dx|-g OI Tx (P~ 1/2 < 1)

S1nce the last. 1ntegra1 converges. the given 1ntegra1 1s conver-
gent. ) ' A

Improper integra]e of the second kind:

Thls is the case where the continuous integrand 15 defin-

’ ed on” an unbounded lnterval ,

@ b .

1.7 f rf(x)dx Tim [ fix)dx

: a b+ = 'a '
b - : '

2. [ f{x)dx

N

b -
Jdim [ f(x)dx
a -+ -=a.

3. ]wf(x)dx j f(x)dx +° ]mf(x)dx or

= lim [ f(x)dx
b + o .

If 11m1t exists thexwmprOper 1ntegra1 is said to be

,convergent, otherw1se d1vergent

Examgle 3.-Test the4convergence of

ax

1 lfx2



46.

47.

48,

49,

50.

b) ']"|x2-<4idx
. 3 .

379

So]ution.

i _ o TR DAE I
= lim. ] -——2 = 1lim (arctanb.- arctanl)

C1ex b+ 1 Tex b'f-Pv- T s
= 1im arctan b) - S R O . . (cohvergeht;)

CEXERCISES (5. ) .

-Evaluate the f0110w1ng def1n1te integraIS"_’

~x ~ when x<0 o
a) f f(x)dx where ,uf(x) = o
o 4 o Kkea when» x>0
5 S :
-3 2 -
Evaluate ] f(x)dx where

=1 . 3 L ) . .
fx“ +2x if -2<xx<2

Tl 3 if -3exc-2

ﬁvaluate

a) ' X dx
, _3/2 H

‘Evalu?te when convergent; _ :

o : : : . o 2
. dx . : dx . .y ' arctan"x
a) [ ——= b)-}' Ty ¢) [ E=—
0 {l-x . 0" /xE 0 x“+ 1

Test %he 1mproper lntegrals for convergence:

. , N 2 o ®

a) [ ?__z b) j c) O; -"—g%—xdx d) 21 %

51.

52 V0

f o ).xv :f) Iv(;x‘:: _g).{.sanx dx‘ h) ;f.:coixng

Same quest1on for

3.2, o
_a),,f ST dx . j c)- [ d) ] S\n ; d( 8|

1 , e ’ +])

Discuss the convergence of the followlng 1mproper 1ntegrals.i

-and f1nd the value when convergent



N A

6 e T 4
dx ¢y f dx - d gax
x> Tl (xe)

0 (6-x) S BT

' /ivsin x Cp :
53. Test f -—?EE_Yff.quvfor cpnvefgence.
SA. Prége._ ?x”gii"is [ convergent.wher p > 1 (a >0)-
A woxP [ d1vergent when - p<l
. D1scuss the: followlng 1mproper 1ntegra15 for convergence.f

 and f1nd va1ues when convergenf

T : o dx
. b . L
f - : ) -1 (2xs 1)€
) x dx_ : . d) L x dx
R (]MF 0 Tl oE

'ANSWERS TO EVEN NUMBERED EXERCISES

%

46. a) 14.‘ ' b).36' ‘
28. 13/4. ’ A
- 50. a) conv, n/2 .b) cqn?,, 3, ¢) conv., "d) di&i,
T e) ;onv o _*Q ifjiconv},‘f - g) conv., ﬁ) cohv.,‘
52. a) Div.y b} div., . c) conv., /2/6, d) div.
A Sudary-
, . (CHAPTER 5) _ Lo
) 1;' F(x) I f(x)dx = DF(x) = f(x).; F(x) s a primitive

. _or zndefznzte zntegral of f(x)
-’PropertieS‘u S
"Idu(x) = u(x) s Cy :‘3 {szf(xidx = f(xjd
‘f (f(x)og(x)]dx- ]f(x)dx¢ [g(x)dx.

| JAf(x)dx = A[f(x)dx -(A isla Lonst)




5. 2.

‘the RIEMANN 1ntegr§1 : ‘ _ . .
- MVT for 1ntegral lf fsc(a, b} . then for some ce(a, b)

: [ f(x)dx

Average Of f(X) On (a, b) y 3.1(3(’ a E—B—_—a——
T b(x) |

D1fferent1at10n. é% 1 f(f)dt=f(b(x)) db x

" Evaluation of a limit by integral: If h = (b~g)/n,_

. Areas of normal regions:

_Approximate‘integration of f f(x)dx for h = -

38

ﬂethodsﬂof.integra:idn;

Jf(x)ax = ffiu(t)) u'(t)dt (subst1tut1oﬂ or change of
- ' . i van)

fudx = uv - [vdu (by parts) .

If feca, ) and x (= 2), Xy e oXpl=b) isia

1

_partiaiion then Z f(t;)ax, Cxg=xg Xy tfs{xi-lf§i){

.oi=1.
is a RIEMANN sum,

n . B
] f(x)dx = Yim Iof{ts)ax, (n=maxax;) is the
| p3e 1 | |

N

f f(x)dx. = (b-a): f(c‘ o

a(x}) :
- f(a(x)) __Eiil

lim h [f(a+h) +f(a+2h)'+...+ f(a+nh)) - [ f(x)ax. .
n + = n_.~ . ) ) . a

xy

Ry = [0+ 05 ¥ 2 LOOT y= U] IR ) - IIWx)Lu)Mx
Ryy = k.d;x=zW)rx=uyﬂ'tR '

! Ir(y)- l(y)ldy
b-a

yx yx

. -a .
Rectargular rule: h{yo-+y1 ot yn‘l] or h{y]+y2+...+yn

Trépezoidal ru]e:'%[y ¢2y1 +2y2 oot Zyn 1.4y }
SiMPSON';«ru?e: %{y +4y‘ +2yZ +4yJ +. ',* Zyn 2

+4yn 1 yb]» ‘(even ny -




o
(=]}

57,
| J_—F'O) 1, F(1) = 7/12. and F*(ﬁ
53,

60. -

(X + l)/x .

352

'MISCELLANEOUS Exgkcisss‘

'Flnd 2 ﬁ"1m1t1ve that vanlshes at x= ~24,of,the;fqncti6n

2

Détermtne the'functioﬁ F(x) wfth-fhe'fo]lowjhg éonqitiohs

=X -‘.3‘;(.'

‘P:ove or dlsprove that a pr1m1t1ve functton of a p051t1ve

jfunctlon -defined. in an 1nterva1 has at most one root “What

if we replace the word p051t1ve“ by non.negatxye ,iby

negat1ve ?

._Evaluate the fo-]ow1ng 1ntegra1 us1ng 1nteurat10n by parts

TAa) f xZ sinx dx_»' . Y | cost d sxnt
-Evaluate ‘the followlnglxndef1n1te 1ntegra]s v
a) [H(x) dg(x)eglx) af(x), b)farcsin x 7:.‘,

) Iarctan 2y ff? B N O RN O RS (x)dx

61.

62,

- 63.

F1nd the polynom1a1 funct10n of the second degree with
( 1, 3) ‘as a max1mum p01nt

Show that the fol10w1ng equalltles are correct

:a)w[f(x) cosx dx f(x) s1nx +f! (x) cosx - [f~ (x) cosx dx-.

b) farcsinx Sinx7dx- . -arcsinx cosx * [ 252 dx
’ l-x
c) f’Z‘“ dx = x = arctan x (by ord:nary division) -

d). rtar- X -dx: —lT tann Ty - ta n "2y dx (neﬂz)

bEvaluate the f011owing indef1n1te 1nteurals by -the use of

g1ven substItution"

'c') - * x-d st A [ AT dxgix e =

Tﬁf(¥f7])*'.



. 64.

‘ chIA-:7725¥;2f; hf_g<= 1/t ‘ SR . “,j"

65.

. 66.

67.
68.
. 69.

70.

Same question for

dx (EULER) H:nt Set[ X '/I+ : ;?g[- t

Evaluate f -1—151

o 5 1=x :

If F(x) is a pr1m1t1ve of f(x), flnd a pr1m1tive of

a) g(x)= f(x )x : -w1th,nel ’ b) g(x)- F (x) f(x) w1th ne%, v
R n £ 7.'

If F(x), G(x) “are pr1m1t1ves of’ f(x), g(x) respect1ve1y,"

'fxnd a pr1m1t1ve of f(x) G(x) + F(x) g(x)

3

If x7 [ fly)dy what is f(4)7 o .

g x Y N . . ’ .
If ( ) (y*1)4dy = % (x‘? - 1), what is -g(2)?
0 T et s

Prove the fo]]ow1ng } . L
I £(x)dx =l"_]~ f(X)dx' 1f f(x) is even
a L .

Ul

b) I ”f(x)dk = - .5, ’(x)dx .1f f(x) -iS Odd-
. . b -

710

72.

REN

~Evaluate the fo1low1ng défwnite 1ntegra1 us1ng the g1ver

subst;*ut1on.5

N h+/§dhw.ﬁ-v- b) j L‘TWTL' sﬁg

The base of a sol1d.1s{the region x *y <*1. Each crossec- -

tionm_perpendicular to the'x-axis_1s a square,.cémpﬁte‘the '

volume of the solid.

The,figure'représents:a parabola witﬁ.F-asfﬁbcus and d'a$

-

directrix. lf.A;Af‘are‘thg.greaéAof thpishadédvrégiong for -
>.ar5i£rary points P,. P, on the‘pafabbla prove ° & dd&
‘ - A;Z At - b —-‘-"I-\i_-—:

S ) : Tl T



‘741’Prove R i xp ix . ]!_pil~-hx e
o R
. without 1ntegrétlion. (p, 'q>0) _ o
. The pérémetric eqﬁations of the cycloid génerhted asvfﬁ; :‘
locus of 2. fixed po1nt P of a circle of radfﬁsia rof}ing/on»
~ x-axis without sl1ding are: ' o
. x= a(e - sing) '
Ly = a(l - cose)
fShow that the area of the 2

.shaded region 1s equa] to ;g.

76. Given.

(]

.

o f(x) = o]x‘sinzt coszt dt
find the s]ope at the orxg1n, and points of 1nf1ect10ns.
7. Prove that if ‘ 2
!'1{A'f(1) *'B/Q(X)} dx
Hexists"(A,’B :re constants). then B
| Ib fZ(X)dx I K 2(x)dx > I f(x) g(x)dx

78. 1f  f(x),: g(x)ec[a, b) g(x)>'0 and decreasing. then prove.
" that there existsb ce(a, b) such that
' b
- f(x) g(x)dx = gte) | flx)ax
a . : a. .

'79. Sketch the normal regions Ry, and write them as R, normal

Xy
regions: o o . , B
a) Ry = [o. 3; -1, -.1.‘,2]; b) R, = [0.. 3; yz/a'.‘yn’]
a1 Ryw = 7 %% y ‘ yX RAdd
80. Let y = f(x) be a concave up - .8
function defined on the closed ){.

interval (a, b).VLbCatevihe pbinti!

TO

-

A

.
: : . : 3~
P on the c ht ' —
5 .curve suc‘ ha}t the ,"“;o[ T

Y



81,

82,

e3.

8‘4

385

- bounded by y = f(x), the tangent 11ne at; P and the vert1ca1‘

‘lines x = a, x=b be an extremumr

If ac< b< c, show’ that the area bounded by the curves of
y= (x Za) ) ='(x 2b) ~and y-(x 2c) 1s equalwto~ .
2(c - a)(c - b)(b - a) ' .

Find the area under the curve, of f(x) 0 over the g1ven "

vinterva]’v

a) r(x) = x¢2x2+ 1, '(0 2)" b) f(x) .Elﬂzgl ;,(0, n/6)"
: X R
Find a. reiation for A such that the vert1ca1 segment (PQ) .

bisects the shaded area. under'

the quarter af un1t c1rc1e.v

'Find the area of the reglon bounded by the curve y = x3;bx2.

the tangent line at ‘its, 1nf1ection po1nt and the I1nes x 0 x= 6

-85,

Given the parabola ey= xz and a po1nt P-(t t ) on 1t,

" find t>0 such that the area between the- parabola and the

©86.

87.

'norma] 1ine at P be mtnimum._-

The curve is a quarter of an enlipse. ;U?222Z7»x
Determine tane for which the shaded R

o olL-16 A
areas be equal to each other. R i» LR Ha

Compute the area of the reg\on enc]osed by the curve. o“ s

y»® (x--8)/x , and 1ts tangent line at x =2 and the Jo1n-'

"1ng the points (-2, -4), (2, [0).

88,

‘89,

Compute the area of the reg1on def!ned by y x >0,
y2-32x <0 -and 6x+y-7>0.

Compute the area of the reg1on bounded by IR

S a)y = (x 1)/x . xatO, ‘x-axis b) y= 1//x+3 xao, X=1, x=6

c) yr= x//§ + 9 y 0 x‘=4' o



90.

,Evaluate-hyithe7use'of definitelintegfa]ﬁ-

i;a). Tim . ;é'ﬂ .2 + = n 5 *- -+’_7_2;;2
DL M B0 € 17 " n” + 2 n- +-n
: - V”J'Tnne- kK ) ’
.. b) lim o Z,,cos(ﬁ 7))
. n-»uo>' _] ‘
Fiand the unbounded area between ' Ll/(x+l)2; x=0 and x-axic.

91;
92ﬁ

193,

IR

_95

B 97.

,98

Test for convergence the fo]]ow1ng 1mproper 1ntegra1s

S _ dx o _dx _
o SN - SRR B e

/

By compar1son, test the for converqence

®: 1 , v Z _dx
a)_oj El%rﬁ dx. [ X* j /. dx d)‘ij S
X . R
: _ 2 S ' ‘

Evaluate . ]' Arctan x g4y
0 x7+1

D1scuss the converqence of the fo]]ow1ng 1mpr0per 1ntegra]s,

if convergent find the value.

: : : ot dx
I ”t 3 R ‘b) 0[ X+VX
’ . 1 dx
c) f £1—17§ dx o - d) [ —
?—2 4) : S 174 (x - 1)
Eva1uate the fo110w1ng def1n1te 1ntegra1 )
3- _ 1
a) ]; 17 + l]dx _ b) ]] ~s1n(nx) dx
Eva1uate.' » T ) . f 2
. 5.3 3 ’ x. if x < -
a) : X_+X -4x= 4 dx f(x)dx where f(x)=q
! ZI X 4 ] . : I l 2-31f x>-—2

szen the funct1on in a table ftnd»byfinterpolatiqn'(6f'ex-

' trapolat1on) obta1n the value’of the functien fer a-regu1ac

.pant1t1on and apply the trapezo1dal and the SIMPSGN s rule

1,2

" -to compute. the definite integral f y dx

TUx 0 0.2 0,4 2,6 0,8 1,0
2

FRE 5 8 1z 17 2t



.;99., Cohpute~appfoximately tﬁé given'definite‘integra} byifﬁe
| use of lower sum and upper sum for the regu]ar part1t1on
_.tak1n n-4 and g1ve maximum error: ‘ A
I' I mb)‘-fz (xF-3x)dx
1+x o 1 : .

;T00.3Compute approx1mate1y the fo11ow1ng def1n1te 1ntegra1 by
'trapezoidaI and SIMPSON s, rule tak1ng n :‘4,

2 . | 2632

ANSWERS TO EVEN NUMBERED EXERCISES

56, x - 1/x + 3/2 -

;60,_a) %(x)‘g(x)‘+ ¢, b)"%>arc§in2x~} .
c)’l/arctgh X + C, d) f(u(f(x))) + C
SM ﬂ 6——%——-+9,  ) (ﬁ+” ;.ﬂ,-%ar“in%;:c'
- 3(x%+ - : PR
| 66.. a)y 1 F(x ) + ¢, "b)-(r(x))""/(n+1) e -
68. 50 ' I o
72. 16/3

76. Sidpe is 0, points,bf'inflécﬁidns at’ x=0, 'xfé.ﬁ/4.
80.°t = (a s+ b)/2 o o
82. a) 7/3,  -b) 1/2

84. 1048°

86. b/a ,

88. 533/16 - - . e
9. a) V2, byem - L
:;92. a)’Div.;_. bj'conv.; w/Z."‘ c)‘coﬁv. 42/15.

94, w24 g6, 2) 4, b)o - 98.-153/2.’229/3.

100.3}°3,1018,  b) 3,582
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CHAPTER 6 :
LOGARITHMIC AND ITs RELATED FUNCTIONS

In thls Chapter we def1ne one of the 1mportant funct1ons,

E namelr the natura1 logarithmic function tn x and from;which
we deduce some'other'important functiohs.'namely the exponential

functhhs, hyper“ulic and 1nverse hyperbo]1c functions. Thts way

we - complete the d1scu5510n of a]l e]ementary funct1ons that are

encountered in calculus

7 6 I. LOGARITHMIC AND EXPONENT!AL Funcnons

A, THE NATURAL LOGARITHMIC FUNCTION AND ITS INVERSE
Cons1der the posit1ve functlon y = f(x) = ¥/x def1ned

" ‘on the Open lnterva] w), Then the natural 109ar1thm1c func- .

'Etion, denoted by zn x, 1s defined by 7
2n x = [ 1?' (x>0)
Rs a. result of the Fundamental Theorem of ca]culus we get

the derivative of 2n x:
’ S : d

|=

ax &n X =:"X» (> 0))
nnd consequentlv ' S o
oggtn u) « gy $E <8 (by chatn rule)
2. & m‘,lxl"‘ Ta'q‘ Lol (since olxl - Ixl/x)

3.p9x . inlhl +c (From 2)

"ExAmple Differentiate n sin X
-_Solution. Applylng chain rule we have _
O TR €os x
D- £n sinx m . D s‘lnx - m 'COtX
! Progertie If 2, beR”, then ‘
- 1.ty = 0 2. 2n l =< gna-



T

3. Rn(ab) ='Ln a +-Cn b .,4._9.h.% = &n a - in b
5. &n a" = n R.n a, (nel). .‘ 6. 2n a’ = r !;n_a. (reqQ)
Proof. - ' ' .
‘—"‘.] - ‘

dt = 0,'

snoz= [ T dv(Set t=1/s)
| PR CCE
a. ‘a © :
= I osteasts®y < - e cana
o ~‘ T o
' 7. . ab T a ' ab- . ab _
: dt . dt . - dt o
gn(ab) = f = + I = ama s [ oodt/t
~Setting ‘t=as \with t.,‘=xa 2.8 =1, and t=ab a s=b,
4 n " ads. — 4 :
tn(ab) =-in a + 1! ~—;§-; an a ‘+‘,an b

\~
]

1
zn%x/zn(a 5)=2na+9.n-5=2.n a‘-lnAb.

setting n= -m with mcﬂ we. have

"ana '-n - Ln 'Lm = -2n a" =i‘(~m)in;a =n fn a.
a : MU : = :

u/q

.ina

. Setting r = p/q with- p, QeZ, q # 0 . and u = af’9, we

,h"a'vAe weal 5 qnu-9p in a =

in u = % n a S gn ?r =rfna.

Graph of .y = fn x: e L

" The domain 6f an x is'by definition the ihter:val‘ {0 «).

- Since” D 2n x = 1/x>0. the curve is an mcreasmq one. From.

X
..t every po‘lnt oY (0 a),.

:%serve that 2" +'= when n"-v;im."énd_

nx == "]2<°’ 'lt foHows that the curve is concave do.mward

(

To shou that n X increa‘se‘s_.indéfinit_ely'whén- “x -h.vq"
Yim en 2™ lim (ngn 2) = e

B ' LA e =

P

. n a = n !.n a .can be proved by 1nduct1on when . neN. if neZ’,‘;



L4

“Indeed the accurate value of e up to five decimal places is

S 390

‘shbwing also'non existence of HA.

Non existence of oblique asymptote y=ax+ b-is seen

from

"g . . ;. Rnox (. B 1/% =
a lim L = Tim X [;] = tim - T -

X =+ o X + @ X + o
b= 1im (y - ax) = lim .-&n x = =,
X+ o 7 X e ' }

These also.show non existence of  HA.

As to a vertical asymptcte,‘it'wiil'suffice to examine ‘it

at x = 0,_s1nce d1fferent1ab11ity of 2&n x - implies continuity

at every point of (0, ©):

lim _en x = Tim 2n 2™".= 1im . (- n)n 2 = -=
X o+ 0 n =+ « 7 n -+ e ) _ .
. ‘ A}. )
Hence y-axis is the on]y vertical asymptote. - e
- The graph passes through the p01nt . I/éf/ff_,glsr
(1, 0) hav1ng slope 1 there, and the function VL

’ : v -0 i %
n: R *R,»'y=v2nx

is 6ne to one onto and conéequent]y we have the corollary:
Corollary. For a, b>0, ‘
1. ina=2nb.s a=b,
-2. 2na<72.n b<:,-o a<b‘ _
The numbér e: Since 2n: R* + R 1is ontd; there_i; a posi-
tive number . e such that &n e = 1, and sfncé |

3 o
9x 20,69, gn3= f X¥4.01

il?

&n 2 = f =

from computations in §5. 3 B Example-1, it follows that

Zn 2<1<gn 3 5 2<ec<3.

-

T 2,71828
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. passes tﬁrdugh the ppint (0;_1) ha&ing . - 1

N

1-This number e will be called the base of the natural -

k(NAPIERIan) logar1thm

- Example. Show that the tangent 11ne to y } X ”at the

" point (e, 1) . passes through-the orwg1n.

Solution. Q' =1/x = y'(e) =1/e ﬁ?i»

e

y-1=d(x-e) » oy=xe.

The exponential function ‘e* as inverse of .&n x

Since y =-2n'x is‘an.increasfhg’fhnction‘dn'1(0, ©), it
admits an-inverse function denoted by y = exp x, so that

yrexpX ¢ X=12iny

where the second holds true 1ﬂ y s téken_ eX for ahy fatjonal'

Y‘

73 by the property in e r> for a,h’e;.since gnoe = 1.

7 Slnce~‘y ;_exp_x,g;exf holds true for all Xso we ;assume
it to be true for all xeR wlthout proof. Thus ' '

y =ex = X= ln y or y Ln X &= x =jey.

The number - e is-also ca11ed the base of the exponential
X ‘ N

‘function e”.

The graph of"y'~=-ex =’eprx - is then ﬁhe-symhetric of .

 the gréph of 'y =:2n x with respect to thgfline y =‘x,:and-

slope 1 there,.

1t is an increasing, concave up

and positive function on (-, =) with ‘;___;_;/’4’;

the x-axis as horizqntal‘asymptote, - 43

> x

Properties of eX: L Ty
' gnu

3. e¥e¥ L e (eu)v ;’ UV’;;kév)u

o
™
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Proof. In view of y = ex‘gé X ='£n«ym<fheSe éqqa1ities
are equivé]eni td'the edda]itiés 0=2n 1;72q u= 1n.u; usy = usv

and ‘uv = uy 'respect1ve1y.-

N Theorem. 3_ X = e;,.- : I exdx ff X £ 
o Proof, Let y = e*. Then 2n y = x holds, 1mp1y1ng
1 . . . oy x . ‘ -
S = =1 :or = = e”, : : .
Sy mber gty =et o o
“ Example. Evaluate the following . ‘ . -
a) A=(2-30+0%)e* b) B =lim x e* ¢) €= J x¢&Xdx
o L . aX'r @ - !’0‘ )
-Solution., o S , 2 2
2 : ‘2 2 - 2
a) A = 2e% - 3(pe* ) 4 Dzex = 2e% - 3(2xe ) + D(er ).
' - x? X _x¢ I RG x2
= 2e” - Sxe” + (2" + 4x%e” ) = (43 - 6x + 4)e.“
: -x‘ ’ ) > x‘ m — ‘! --] /._‘ .V ‘
by B =" Yim. xe " = 1lim Z; =‘[;] = lim ;7 =0 -

X + @ - - 7 X+ X > e

¢) With u = x, dv = e™*; du =vdx,~vv\; jefx. ‘we have
’ «© . . - © «© _
J xeXdx = —[xefx] j e xdx = -(0 0)- { ]_ =1 from (b)
[ R o'o o Jo S

¢ o~

B. THE ExpONENTIAL FuncCTION 2* AND 1Ts INVERSE

I "a" is any pos1t1ve real number, 1nstead of e, we
u'have the expancntzal funetzon y-= a* with base "a® h1ch, in ~
-v1ew.of the 1dent1ty‘ a% - et 2 » s defined by

.y ;_-a-x 4-=.exb n'a

~ coinciding with‘ ex‘ when la.é e..
COrollarz.lb a¥ = D ex in 3 =‘ex In 3 ona =a* en a.
Since the defivative of -ax is pos1t1ve (negat1ve) when

La>1l (a <1), th1s funrtinn is 1ncreas1ng (dpcrea<1no) on (-'=D @),
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~ and admf;é an invefsexfunctioﬁ-depdtéd’by
.( ',‘_ - jv , Y. 1095 . co
y = ax {:b X = logay or y = logax (_M x = ay

The number 'a is the base_of the exponential functlon ah

'also written exp z, and the base of the logar1thmic functxon

Y

= logax.
Corollarz. D IOgax = X :n 7 : : .
- Proof. Sett1ng Yy sv1ogax, wé have x =_a¥  {mplying
] = (ayg,n a)y!: = (x 2n a)_y =y =:l/(“x n a). |
“We get the graphs of ax"add_ log X Afér Qafibys yalbe; 
of *a~ o O a S
: :
i V.:_ ar e
4‘::::::j:a)é‘
bl . ) v
o >x e -
.o } ‘ J' - o(ccl
',Fighfe reﬁrésenting graphs - X Fxgure representxng graphs"
jbf a* for, various va]ues o of .log&x for. various. -
of the base "a* e valués 6£ thevﬁéﬁes “a"

: From the prev1ous Section on logarlthmzc and exponent1al
functions we have the following prOpert1es' S ‘
1. 2 .sl (a>0\ I ]og]=0 (c>0)

- -u _ 1 : 1
2. a 7‘:;23 o 2. logc i -logcu (- colog u)

s
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3. 2708, Ly 1 - ‘-’3; logaa° = «
4. %“aV =}aU+Y'vv; . _74.'Jbg;éb= ldgca4 Tog b-
‘5. (a¥ ) <a -"(&V)". ~;5. log, % = iogca - log b
6. 2% = b¥ 1°9b  7‘~ ‘,'6:”1095c 109(b < log b

(cha1n ru]e for logarithm)
| where the equa]lty (6) for exponent1a1 funct1on is ver1f1ab1e by
taking 1ogar1thms of each side in the base. b, and the Jast one
» is derived below.
'C. CHANGE OF Base-
' Setfinq,'for"a, b>0, o .
‘ 'a=3b“,A\b=.aB fbr’”5u>= log;a, 8'=”159;5
we have; from | _ l
. a = b® éf(a8)°:=iausi=9‘ aB=1,
'thef{dehtity - . L o
‘ i lbgab lbgba -1 zj (a)
" Now we solve the following problem: _

Problem;iKnowinﬁitbe logarithms’of numbers x and b in
~ the bése ﬁaf, ffnd'fhé'1ogarithm of % in therbase’"b".

So1ut1on. StartIng with the 1dent1ty

. . i loga
‘ , x=a

and téking the Iogarithm54of‘b6;h sides fn the 5ase b and using
“{a) we have = o ' |

o 1ogbx = 'ioga logba = log X: 1093b.
which is the deswred result,

1f we adopt the notatlon ‘

Iog X'= & »

the above . transformIng equa11ty ‘takes the form
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which we may call tﬁgfchainAruie'fo}fchahge of bases. |
The most commonly “used bases are the numbers'ﬁorand e,
and log = 10g;4> 1h_é’joge-fare ca11eq‘fhé,common quafithm;
‘IVAPIE’R'ian (natural) logarithms respectively. -

'By'the ;oove_chain,ru]e we havgi,
o= ow teaxstnxloge

Cox W0 ol o
| 'g- = ."\‘O % O oanx -Jl»og x &n 10
where setting A . . C T

0,4383, k¥ 2,3026

ne

, M= log e.
‘we get : - :
' . log x .= M 2n x, anx o= % 199 x.

- -and the relation (a) giQeSA.

_2n b= ﬁ-g_b_e,.'

D}‘SOME:EXAMPLES ON THE SOLUTION OF EQUATION AND
INEQUATIONS ' B
Example 1. Find the solutions of the fleowingAequafiqns:_
a) 3% - 2.3%7 1 - gx-3 3 T by 2%, g% -sxj' -8%2 . g
€) 10g(x-2) + Tog(x+3)=log(x+30), e
- d) Tbgz(X#Z)'+721094(x+8)L= log,40.
fSoiutioﬁ. | _
a) 3% - 2.3%°1 L %3 | gx g% 371 | gx 33

e 3%X(1 - 2 _ 1 8 sx _ 8 .x _ 8
L R RS s B R

' ¥ a9 = xaa2, ‘ L
) 2% X @X7 i gxmZ ogx  p2x [ 53(x-1) | p3(x-2) ,3(x-2) 4



PR .,2f3,- W3 . 278 .0 (with u = 2%)
- (:‘g +.6}z)u3 + u2 4 L= 0 .

N u(u‘.--‘i-;fq-,u2+uol‘)=70 u‘fO. u2=—-g. uj =8
2* = 0.'2x = - g’. 2* =:8 - x =3 sfnce the

first‘two have no solutions.
c) 1og(x 2) + loy(x+3) = log(x+30), (x-2, x%3, x+30 > 0)
| = log(x- 2)(x+3) = log(x+30\ ‘ A » |
3 xPix-6 < x+30 % x2 = 36 3 Xy= -6.‘5(2 = 6,
and x = 6 is the only salution.
d) Togy(x+2) + 2 1094(x+8) = 109240, (x+2 >O. '3+8’>0).
Togy(x+2) + 2 . .3 1og,(x+8) = 109240 |
»(from 1094a = loqza . 10942 = ? 109?a)
2 10g,(x+2)(x+8) = 10g,40 .
» x2410x+16 = 80 B x, = 12, x, = 2.
 x = 2 is the onfy_so]ution. ' o
Example 2. Solve the fo1iowing . ‘
a) 2% - &Y ¥A4, 2 4 2Y - 66  for x and y:
b) log(x+y) +1of(x-y) =1,. IOg x + loay = log i%l .
>fc) Togyx - 1098(x - 1) <.
Solutlon ,”k
Ca) 2 -_AY =4, 4%+ 2Y - 66"
o X2, a6 .
» u-vl -4, ulav =66 (with u=2¥50, v=2Y>0)

4 2

e ()l =66 = viiay +v-50"= 0

> (v 2)(v s2v2 +12v+25) =0:> v=2 as the only posi-
_ 2 , tive root. -
u=434+vy" =8, Then : '

"u=8, v=2 ﬁ?. x =3, y=1,
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b) Tog(x+y)+ Tog(x-y) = 1, log x+10g y = log (/21/2)
"'sz -Vyz._ = 10, ‘xy = /.2—1/21. o |
Zeyh)2 0021 =121 > KEeyf e
xz-y2=10, x2ay?a11 9 axdaar, 2y8ad
S x - /N2, y = /1,2 > X = -_7- y =f/f_§
¢) logzx = 1098(x 1)<1 - éﬁ loo x'- 3 1092(x 1) <1

X . .
.= log,- <10g,2 D 0 < p2— <2
3?. = 2t = 3——’&_1 |

-X‘-] 3 8
o x* - o X - 8x + . .
S S e <0

3 -8x.+ 8 =0 has a s1ng1e real root a wh1ch is 1n (-4, -3).

Then the so]ution set"is the interval (a. 1).:

Examgle 3. Sketch the relatwon .
logs(?x - 3y) + 1096(2x +3y) <2
~ Selution. ’ , )
Togg (4x7 - 9y2) <loggh? = axZ-9y?<36
i —g-‘-¥4—-<.'l and 2x-3y>0, 2%x+3y>0.
. o s
Sinée '%?.- %ﬁ =1 1is & hyperbola e ;j .pﬁﬁ

-and (0 0) sat1sfies the given inequa11ty%
the graph is the shaded: region: '

E. Fuucnous a"(")- Tog, u(x)

- These are the fivst generallzat1ons ‘of the exponentia]

function a* and logarithmtcAfunction logax. By a change of

bisfs they are .identical with e¥{X}ina

and. (1ogae)£n u{x)
'reSpectively. , ‘
; The domain of av(x) is certainly the domain of v(x)

“and that-of Tog, u(x) ~is the set {x: u(x)>0}.
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Example. Find jthe dcmains of

x+1 , ' S T B

a) f(x) = 3 o R b) g(x) =N Soy

Solut1on. B o

a) D = R - {- o b).'_ng =R - ({2, 1) =(==,-2)U(1 =)
_Theorem.'

].*E; v(x) v(x) . v'(x) n a-
‘2. é% logau(x) —ié—% loga

v(x) v(x)gn a _'=§

D a"(X) =D e "("”." @, ev(x)en 3y (e a-a”x)v (X)E" a.

.472'. ‘log u(x) = (zn u(x),)'loq e D

D logau(x) B n u(x) 1og e ——é—% logae. a

- where the ratio u (x)/u(x) is called the logarithmic derivqtibe

u{x). - .

brél]arx 1The logarithmic deriVativn of avproduct (ratio)

of two functions is the sum (d1fference) of logar1thm1c der1va-

t1ve, of the funct1ons

I

Y.

,i . n . i
" More geqera]ly é% 1 us(x) ! =1 o U

Proof. Let y =, u(x) vix). Then y' = u'v + uv', and

u'veuy' _ u' ‘v'

uv BT v
_For 'y m,g i » We have yv = u and
-te N / , ¢

i=} B

To differentiate a function in the form of product or

ratio, involving power and fdots. logarifhmic differentiation is

very useful one.
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Examgle.,Differentfate y = 3x/(x A;‘EF; =1)
Solution. We have ‘ — - o
y = 0B -3 (x -2y 3

which can be differentiated directly. But for such a function

the process of logarithmic differentiation is more‘éaSier with .

the necessary assumption y > 0:

Yol e .2 1
: y© 3 Z77F xTT3IXT
which gives y'. o
' Example. Skeétch the curves of 2
a) £(x) = an ;;2 . Cobye(x) =3 %T
-Solution. B . :
A g e (e 21w

We make a tab]e of var!at1on of the funct1on u(%) g‘;“

- and then obtain values of f(x) correspondxng to some‘Values

f u(x) given in the table

» x | e= . -2 1 w ‘
Wx)(>0) | 1 — = 0 — 1
znu | O ——”‘”I -lf°;———” 0.7

'b)'o <D, =R -.{-1} _
Proceeding as above we arrange a table of var1at1on for
the . exponent (power) function v(x). and then obtain values of

g{x) corresponding to the ones obta1ned for vi{x)..

x| = 2o 0 e
V(X) - /77-4\-“’&\0 7 =

The graphs are: - _ -



400 .

1]

=

F" v‘ /,".'.1

S e 7
“: % .o
R

S ' ‘_
--—.‘-‘-.a.’-’-—-—-’--—.
S
0
S - :
ew e e pemah - s emme

]
i
. ' )

Note.. v(x) has' the- 1nc11ned asymptote ¥ = x‘-l impiy-
'ng that y = 3x 1‘ is the curvi]inear asymptote of gex)

~ F. THe GENERAL EXPONENTIAL FU‘NCTmN_ -ju(x)v(x)
aND INDETERMINATE Forms 0%, 2%, 1% |
The function f(x) = u(x)v(x) .is an exponentia] function E
with a var‘ab1e base. The particu]ar cases of constancy of u{x)
or v(x) were- examined prev10usly. g
o The demaln of the function f(x)-u(x)v(x) is certainly
= {x' u(x) >0JND,. '
oy = (x>»0) is of this type. and 'y = xxx is defined to be
MES '

Example. Find the doma1ns of
_-_-Jl- X+ S .
2) F(x) = x *  b) 6(x) = (P=8xe3)%, ¢} H(x) = (1ex) /%

Answer,

a) u; -R*, ‘b_)'n -(-w'.';I)U(3'. -)."i:) D -'(;i.O)u_(o’,;).
Bdrollggx 34 u(x)'(x) = u [v N u.e v ——]

v

Proof. Since u¥ = eV R“ ". we have

: ! [ . 1 '
D uV = peYinv = e¥ 0 u[v' &n uey %Tl -uv[v' Ln u<y %T]

ne
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5

y=u ln~y;v£nug~,-§-‘=\1’lnu+v,%—
which is_the-lbgarifhmic derivative of u¥ givin§>the reqﬁired
result. & v ’ A | .
7 1If o s aifferentiable in 1ts domain of definition, it
is a contiﬁuous fuﬁction in'the same'domain.’ '
Examgi . Find the critical point(s) of y - xx:
7 So]ution y = x* —5 n y = X &N X ﬁp
Cy'ly = &n x4 :; y' = (1+ 2n x).

§=0,- yEO S Tegnx=0 B An f=-1 3 x=e ! =1/e.

The indeterminate forms: 0%, s 1.

Some_fﬁnétions' y =:u(x)v(i) lead to the indeterminate
forms . 0°, <%, 1° when i_f a or x + =, and they are
reducible to the familiar indg;ermfnate form ~ 0., observed frem’
in y = v{x)&n u(x). _ 7 ' ) S '

_ So the problem of évaluating 1im y is reduced to that of
v]im\in y, and from tﬁe continuity of‘zn y we have
| lim{an y) = 2n(lim y)
Examglé . Prove ' \ o
‘ a) lim _ x" =1 4 - b) Fim (1 4 %)x = e

X"’O+ x-»o:“

Solution.

a) y'-‘xx 3 71n Yy = X 2n x
. gn(lim y) = lim (x &n i}t=’(0. m)'
Cxs0 xw0 :

. T l/x"~ " '
« Tim % ° tim - = 0 = &n 1
: x »+ 0 X oxs 0'.-1/x
Then . . - .
-an (Vim y)'-.tn 1 = lim y = 1.
x + 0 N . x -0 -
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b) y - (1 . % )‘ => ny s x 2n (b.+ % )

'_ ln(tim y) = -1im [x zn (1 4. —)}A- [m 0)

_Xx=00 X+ .
B 1“ 52111;-:1 . 15 | ;lé%77 1=2n e
: = m = mnm  ——————— s
L X > @ -]/x‘ . - '
= lim y ‘- e.
) X +.® .
1/x2

Example 2. Evaluate 1lim _(cos 2x)

. X >

'Solution. y = (cos Zx)”x = 2ny-= f% &n cos 2x \
~ R o
' - ‘-2 s1n .2x
2n cos 2x . [0 s COS.
en(dim y) .. |1m — =.[ ] = lim .
o x.+0 +- 0 ' Y x + 0 XV
s gsin2x v s o2
= -2 x"‘lmo o sl z iz Ane
. ) g :
= limy=-¢€
x + 0.

Sketch _g. The _procedure for sket~h1ng the curve of
v(x)

y = u(x) is the ‘same as that given for the case u(x} is a
constant function. One determines first the domain,, and makes a
table of variation_for .u(x) and - v(x) and get the values or

limits ‘of y correspohdihg to the specific vajuesbobtained‘for

'x._in the table. T

h Examg]e. Sketch the curves of
2) y.= £(x) = x¥ C by f(x) = (1 e )X S
Solution. 

a) Df.B (O,em) . :‘, S

yo o= xx(1 oin x) = 0 =» x= i/e



x, 0 e 1 -

b) 2n €%, gn;e'?,' &n exp/x.. exp ln/x

2. quvé‘by‘indbctibnﬁ

U= x ' e Y o e
v o= x 0 1/7¢ 1 o -
'y e - 0+ + 1 + ®
X 1/e e o N e
LR )'\ullle) —T e 4_;
b) De =D, D, = ( -1 m) ((-w. 0)u(0, =)) = (-1, O\U(O,
y = (1+x)]/x SNy = %ﬂgn(1fx)  ‘.%7'='; i%‘gn(1¢g)4 ;Vf%;==p '
:zh(lfx) - T x = 0. | (3 R
x -1 o ® - i‘  ’-‘1 S
ustex | 0 v - \\_‘
v x| - . 0O B
- w-co . [ i
vyl - ) o o
: " e ,
- EXERCISES. (6. D)
1. Simplify the following o
a) e, eszT' egn‘z e=2n 3 xz; -2n x2

pin): &n 2 a" oon zn a (a>0), neN.
3. Find the gomains of gefinition of the fo]lowing functionr
' X+1 3 /sin x

a)’ ' o : b) c) y = e
4. Same quésfion‘fof: ) '
-8) y = ln(iOXZ) b)) y = £n in(x-1)

‘d) y = tn.arctan x .- e}y = arctan &n x

-Vd) y = e

tan x-

..c) y's in ip’:h(kf])‘
f)y -

arcsin tr x



5. Find

a) i% gn arctan i

6. Prove.
a,)"am>,a = m<n when -a>1
b) a"3a"” =3 m<n when a<l’

7. Given y}ngp fP(x)dx; expre}é ‘
8. Find the:intervals of concavity"

9. Determine the COnsﬁant A for which ‘(93 - 2D

"10.Evaluate

e 1 in(1+x)‘

a)y Mim AL B }
S -1 27 '
c) lim |TX 2. —1's
X = 0[ x? ‘ _x(ezx-l)'

11.Evaluata
X

. Ln(x+2) - 2e”:
a) lim en{x+1

x.+ 0

iim &0 sin'x
, Sinx - 1

X + 7w/

c)

12.Sketch the graphs of

a).y =2 2n x b) ¥ = &n

.d) Jyl = &n x
13.Sketch the gréphs of:

“b) im

.d)

X

b). é% arctan 2n t

(m, nell).

Dy,'Dzy in terms of P(x).

of y= e - ge*

6e” + 4x

2. D+ Z-)e-)‘x‘

:]‘_'

[2n(2 - 3;-) cot lai]t

=0

X

[x in

X

X >

d) lim
X =+ a

» ex-l
b) lim v
x = 1 2n(x"+1) - 2n2

= X

. " on tan x
im Séc X

X > w/2

Zs . -

¢} y = anfx] -

e} lyl = 2nix]

1

a) y = n

taﬁ;k- ’b)vy=2n_ (x+1) c)_y.'- 'exvp x»z d) y-eSi" x

14.Find the equation QfAthe tangent and normal to the curve of

the given

.a) y=s4an iéT » {-2, 2n 2).

XZ
X+ 1

function. at fhe given point:

b) y = e , (0, 1)

lS.Verify_the fol]bwing-equalities:

c) fsec x

] dx

PR . N .o X T
thisee X + waén A; + v = xh ioi}\z 3z c
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b) fcsc x dx = -2nfesc X +cot x| +c= 2n‘£an_%k+ c
: .

c) Isech dx = 5 tn|sec x tan x| + sec x tan_ x + c.

16.

17.

18.

19,

20.

2%.

Evaiﬂate the fo]lowxng 1ndef1nite Integrals

a) [ - En x’: ) | b) jzn_x dx | c) j ——Tznzn(x l)dx
d) fseczln'x_%g e)['x dx mseihtematimi' f) [ x3ih/x dx
- . - cos x by parts) - ° o :
Evaluate I '
- u? . sin® ) e? 2 dx .Y 4t
) Jue du b) fe coso do ) ef anfx == d)][ Ut
Sketch the graph of the function .
. o C g2 A ,
f(x) = ]f e - dt
Evaluate ‘ )
a) [x exz dx“‘x ; ' ; b)«fk ex dx (by parts)
' c)ljsin x-ex'dx = V -d)']exp 2n ;g_i_l__dx
Find- the functlon with the given cond1t1ons
a) f' (x)- f(x}), f(O) 2, b} f'(x) = Sf(x), f(2) = e
Find the area of thg.reg1on enclosed by:
,'a) y:ex, x=0, X;:Qn 5, y:O . - b) YFVR-'_\ X‘, .X=-,X+'é+], .\’:—'0-

22:

23,
- 24,

25.

Find the area of the unbounded region between
y = ex/[l+»(ex)2] and x-axis, if finite.

Supposg a ra¢iqactive material has the hal? Jife of 1 yea}.

How long it takes for 10 gr of this material to decay to 1 ar?

Find the family of curvés‘such‘that y-intercept of any

tangent line is constant.

. - » ) . i
Find the family of curves having subnormal of constant lenath,.




. 26.

o7l

'Aa)l

29.
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Find the domain of def1n1tion and derivat1ve of the

fol]ow1ng funct1ons.

a) vy = Iogs(x + 1)

'Sketch the graphs -of :

S X+2
"a) y = 7
. Evaluate: y
x -
a) 109103 = 0, 477 and &n 10 % 2
b) log X =y = 109 2x». ? i
c) a ]OgaZ X _ 2

30.

Solve-the_fo]]dwing equaiiohs:

a) Tog,x + 2 lbg4x = 8,

31,

‘,32'.1

~ “a) fn(x- 1)+ﬂ,n(x+4)

- 33.

34,
35.

.36,

. 5)

2*3Y o

Same question for:

a) 5.5%-2.5%*1,

3 5x¢2 5x+3

So]ve'thevequat1on5"

zn 14

b)y =

-1

b) y =5

b) /.

301,%'

5X s\inIS~x dx
-2n 3 = ?:
d) 1ogax—-= y = log,y =17
-8

h) 1og3x? Jloggx4

b) 3%.

9% -6 = 0

b) &n(x+2) + &n/x+2 = 6

So]ve the fol1owing.systems of equations: .

a) en x+ny = = 8

2

n x° - ln y=24

fSolve the 1nequat1ons.

a) 'Iogw(x 15x%+4) <'l.

Solve the system for x.
S?x -1 . 52x+\

ahd y:

Solve the jnequations: 

2y3x ‘=

by 2X'- &Y = 0

;4x . Zy/- 18 )

b) Tog,(x+2)+log,(x+8)<2

g3y-2 , g3ys2

b) 3% - 9%¥ 51
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38,
Ca)f(2X e x? + 22)dx

39.

" 40,

4.

42,

43.

44,

. X : Co ' gv/ 4
a).y = x **1 o b) y = (anx) *° T
Evaluate S e T
' . ‘ VX SR : fn{i;
Ca) Tim (L+2)% b)) vim (14 @) c) Jim
X X T xao o X 7 x 3'7Tx -
X -x o -
: . - 1/x : . 1/£n X
d) lim (3——?—5——) Soe)- lim o o»x
x s 0" o _ ? x>0
‘Evaluate 7 1
SRR P LS y oy RM X
~a) lim ~(7) S ~b)  Yim (arccos x)~
-",x*m S x + 1
¢) lin n x2Tsin x d)y im (L)aretan x
x_’o . S 'X-"‘O X -
Find o | | \ ,
X , _ L
a) 0 x* b) 0% xX ¢) p25iMX gy p2 251X oy p X
£ 02 2% - - |
Sketch: B
ayy=x* T hy-*&
Evaluate - - . )
Ce¥X . eSinx . o x+a)® - 2%
@) x‘j"‘o 'x——s“ﬁrx- Loy i =

" g5,

‘a) 3% o <1,

407 -

Sketch ‘the graph of the re]at1on°

b) 8%y zx< 26
Evaluate -

by 2% 3% dx

Flnd the doma1n of definition and der1vat1ve of the.

fo1low1ng funct1ons

N : x2 -4
Skeich the curve of y = x 7

'%
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_ ANSWERS TO EVEN NUMBERED EXERCISES

?)'R’ ‘ 75)'
e) (0, =), )

(2, =),

e, ]

c) (esl, =), . d)

6. Hint: Take logarithm of both sides -

8. (3/2, =) upward, (-, 3/2) downward
10. '

12.

14.
16.

18.

20
22.
24.
26.

2) -i/2, b)

-2a,

JEor I}

€) no limit, d

a) anjen x|.+'c,
£) (2n in(x-f)-])

"~ eé) x tan x+ &njco

_'52,

.ta) f(x) ='2exl3,
w/2.

a) (-1, =)i y' =

s

]

1]

L] - N

ex -N\O

c)

‘b) x N X - Xx+C, . c)' non

an{x-1) + ¢

s x] + ¢

AT

b) F(x)

1

(x+T)2n & °

.d) tan &n x+ ¢

£) x*(8 gnvx-1)/32 4

5x-9 '
= &

If y-intercept is k, y = mx + k.

b) (~=,=2)U(1,=)s y"

(0, =)

Y =-1/7.

yili
/1 e X

8) ~x+2y=1+2n 2; 2xey = ~842n 2, b) y=T1,. x=0

{(x-1)-1 "~
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28. a) 3<; 1o§3e’; c» - b)'-cos‘&":x .;1ogse + C
30. a) 1§,  b) 9 |
v32.,a);3, b) e - 2
C34..2) (-1,6), b)Y (-2, -5+ v17)
’>36. a).(¥2; ﬁ). b) No solution.
35; a)_zx_];gze ;h§; + Ax e C, . b)lﬁx‘lqgsé e
10. a) &?, - b) 1 c) /2, d) 1 #ﬁe)/e
42. a) xx* . x* ((2n X T)en x-+1/x] ‘b).x¥[(zn x-+152'+1/x1
Vc) 2Sih X cos x tn 2, 4) 25" x[coszx en 2 -sin xJz 2
e) 2% 2n 2, '.'f).2*12n22 :
64..a) 1, - b) 1/a, . ¢) g/z' | B |
6. 2. HYPERBOLIé FONCTrONs -

A DEFINITIONS AND IDENTIFIES‘

We define below six functions involving the exponent1a1

0

functions e° and

 trigonometric ones.

" circular fUnctions
S 2 )
X 2

+y =1, the new

relations to the unit hyperbola(]) of'equation X

1. Cosho =

-2.,Sinhe‘=A-—-1r—-—-

xC
(1) The hyperbola —2

e - havvng szmliar properties as those of
As the tr\gonometr1c funct1ons are.called
by the1r relations to the unit circle,

ones are called hyperboltc functions by their
2 2

-y ,]
ee§ e_e N
—p—— (cosine’ hyperbol1c0 R even
00 _ o©

(sine hyperbolic O).'odd

12 =1 is called an equzlateral hperbola if a=<b

and unit hyperbala 1fb a=hb= 1
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: ‘sinh'e e S L
31 Tanhe osh B (tangent hyperbolic G), odd

"

: 4. Cotho = %%%%—% - (cotangent hyperbolic 0), odd
a 'S.VSeche ?3?%‘5 {(secant hyperbolic ©), even

6. Coshe .= fﬁﬁ%‘ﬁ ~ (cnsecant hyperbolic 0), odd

whene e'ﬁs oa11ed argunent'and'a unit of it is‘referred‘to as
.hynenbolic'rgdiqn; Geometric meaning of the argument is post-
| poned. unti] therintegratton of such functions and we'estab]ish
its analogy with the ang1e o for, tr1gonometr1c funct1ons.

For s1mp11c1ty the f1rst three of above functions will

"be denoted by Ch e -Sh o, and Th ©.

- From 1 and 2, we. have the relat1ons
cho + sho]
- K *
Cho - Sh e

[+ ]
n

-0

. o
]

Some identifies:

" Ch(a+b) = Ch a Ch b+Sh a Sh b,

Sh(asb).= Sha Chb+ChasShb,{ (1)

Th(a*b) Th+a+:h b

”"Proof He prove the first one by the use of (*)

_2Ch(as+b) ' ea+b+e a-b’ e? b -ae-b

(Cha +Sha)(Chb+ Shb)o(Cha -Sha)(Chb Shb)
2 Cha Chb + 2 Sha Shb.

The second one can be proved 51m11ar1y, and the third one
. is a consequence of Th © = Sh e/Ch o.
The reader may obtain formu]as for the same funct1ons

with argument a- b con51der1ng evenness or oddness of the
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related functions. . -

‘Taking b a in (1) we have

Ch Za = Cha « sha | =
SAh Za "’:;2‘ Sh a Ch'a  double argument formulas (2) L
Th 2& - 2 Th 3.' ) ’ .
- 1+ Tha )
and taking b = a7
A o R S
1 = Chza - shZa (Ch 0=1) The fundamental identity .
“sho=0 ‘ - o (3)
o 00 , . . | o _
By the use of the fundamental identity, we have
Ch Za‘='th2af-‘Sh2an_‘ - ‘ T
=2¢Chla -1 =1+ 2 sk :

which when solved'fqr 'Chzﬁ .and Shza; and “2a is repléced by
2 gives v P ‘ ) ‘
2

‘Ch Cha + 1

) N
e ade N

_Cha - 1
= s

m -

h The half-argumernt. formulas (4)

_ cha - 11 ;
“Tha «+ 1 )

The
23" Shza = ly

’Startihg withtthe fuhdﬁmenta} identity Ch

dividing it by Lhza, or vShz

SR -'Tanhza = Sech?a} o

a8 we obtain

2

- : - 5)
" coth%a - 1= Csch?a | A

from‘the fundahental identity, we observe that -

x = Ch 0 oo : N\ =] : ’.’/'
. T . . .
y = Sh‘e , K ) \\,/

_— i S - R N
are the parametric equations o yARA, e
‘ D 2 ’ E ’ N\

_of ihe unit hyperbola vxz -y =1 - . Graph‘of unit h&perbola

~

v
2
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One can also obtain formulas for Ch p 2 Ch q and
Sh p 1.Sh q in product form, from Ch{p+q), Ch(p-q}, Sh(p+q) .
and Sh{p-q): ‘ ’

Ch p + Cth=2.7Cl’19-§ﬂC‘hR%31
‘rchpfchq=2shp—5ﬂ5hi’-53 .
. - s'h_'p + Shgq=2 Shlgﬂ'ch'%ﬂ' ‘
Sh"p--srhq='2ChP—;_—qSh?%qA

_Now wefpbtain'the multiple argument formulas (7) by the
_use of - B o
e -che+sho, e®=cho-she

e)n f

ne for neN, as

and. e = (e

‘Ch.ne + Shono = (Cho+ sh 0)" |

| Chno - S ne = (Cho- sh o) -

implying ' ' K
| éhvne

. [(Che +Sh )"+ (Ch 6 - sh e)"} .
, e | (7)
Sh ne

¥ [(Che- sh 0)" - (Ch o -,sn‘o)"]

'Example 1. Find the vaiues of other hypgrbo]ic functions
at ©=a when Sha = 5/3. ' o

Solﬁtion.,Frdm_yhe fundamenta1 ideniity Chza,- Shz =1,
we have ' | _ » | ;

ch?a=1+(5/3)% = 34/9 Cha = v34/3, since Cho> 0.
Thén \ ,

Tanha = 5//34, Cotha = /34/5, Secha = 3//34, Cscha = 3/5.

Example 2. Fiﬁd tﬁe value of

Fla) » Eh32 =2 Sho £op o . gy 2
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Solution. - - CoL ,

5 S W3 5 2 g

. ZSh 2.“('2‘.= e Z - e | = Vi - 5 = -.ro- .
125 1 125 . 15689

1,5 . 2 29 - . 5
z{z*5) =75 > 5“,? i

29 15689 - 4200 _ 23 11489
2T - 2000 - 21 72000

n

CH(3 n 3) =  Ch tn == = 7 (g~ m’ = 7000
2
2

Ch 2n 3 s Than =&,

F(en 3)
- Example 3. Write the sum'(product)’as product (;um)'form:
~a) Ch 4 + Ch 12 b) Sh 2n 3.. Sh 2n 6
Solution. ' ’ - '
a) Ch 4 + Ch 12 = 2 Ch B Ch 4
b) Sh £n°3 - sh in 6 = ? (Ch(zn 3+ gn 6) -Ch(sn 6 -2n 3)
' *'z (Ch[zn 18'-7Ch wn 2)

- "Example 4. Express "Ch 39, Sh 3@ interms of Ch © and

Sh 0.
Soiutidn.
Gh 30 + Sh ?9-—(Ch04$h0)3 - ch3o. 3ch2e sw0+ 3 cho sho s =h3o
ch 30 = chde + 3 cho shlo .
2 3

Sh 30 = 3 Ch"¢ 5h o +Sh70.

B. DERIVATIVES. INTEGRALS AND HRAPHS . ,

We write down the hyperboIid functions in argument x

together with their domains and ranges:

Functions L ‘ Domain . : Ranggili
: X =% ' ,
Fosh X = E.__:.Z_e__.. ‘ (_m: ® ) | . (],m.)

(1} Hore conveniently obtainable from the araphs.-
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Functions . meaih"‘ ‘ " . Range |
Sinh x = &8 (ew, @) (e @)

Tanh x = S-S : : (-=y =) E | (-1, 1)
: eX +e7* o S

Ccothx = STER (e, 0)U(0, @) (==, S1)U(T, =)
. : € ) - ’ : N - ’ . ’

Sech x = ———p (=, @) (0, 1)
Csch x = —/——— . (-, 0)U(0, =) - (==, 0)U(0, =)
n'_Dérivativéﬁfanﬂ integrals:

Sinh x:= Cosh x - ' 1. [ Cosh x dx

b P R SE WR N

D = Sinh x+c
. D Cosh x = Sinh x 2, [ Sinh x dx = Cosh x+c
. D Tanh X = Sech®x - R | Sechzx dx:= Taﬁh X+c

D Coth X = -Cschzx,~ ' L 4.-f quhzi dx = ~Coth x+¢
.'ﬁ_Sech x = -Sech x Tanh x 5. [sech x Tanh x dx = -Sech X+ ¢

D Csch x = -Csc~h x Coth x 6. fCschx Cothx dx = -Cschx+ ¢

‘Proof. The‘pkoof;'of 1. and 25'aré direct from their ex-
ponential expressions. The othérs are proved as in proofs for o

trigonometric functions.

Graphs:
i : X -X- Ty
1.y = Sinh x = E——ZYS——_- %ve‘ - % e

-X

Sjnce,r-% e'x y 0 as x + =, and % e + 0 -§s X - ~e,

the curves y =:% e* and y_-'%} e'x"whith'arerymmetr1c w:th;

‘respect to the drigin are curvi]iﬁear’asymptotes.’

¢ . _~ey’ + e-x - \
y' = Ch x = > 8 shows that Sh x 1s increasing
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and hav1ng slope y'(0) = Ch 0 = l_
at the origin. From 1ts oddness the

graph is symmetric with re;pect to

| ge———T

+ Cschx

- ‘the origin,

~Since Csch x = Th% ° the o ,7
-graph of Csch x is obtained by ﬁ""‘/

Vi
takxng the rec1procals of the . - .
- Graphs of Sinh x. and Csch x
ordinates pf Sh™ x. v R

o ’ X -X :
2. y.=-Cosh x = 5——%—3-5 =-% ex~+ %1e'x

X

‘Thié time the curves y = 2 e add y =“% e'x' wh1ch

are Symmetric with respect to- y-axis. are curvilinear asymptotes. -
N R 3 -x 2x ¢ S - ,
y' = Sh % = e e = e T =0 = ez_x= 1 =% x=0
' : ¢ 2¢* : : :

‘The function haéicriticalapoint at the origin and inc-

reasing (decreasing) when x>0 (x<0). .

A,.z’
! - The graphs of 'Ccsh x and :
Sech x (= 1/cosh x) are shown in P
. the Fig. | . o ’_:,‘— Socky
3. y « Tanh x = E_= e- e T
, - S e¥% . o™X

. Graphs of Cosh x and Sech x
It is an bddifunction;,ue draw the curve for x>0 ‘and
cpmpletévthé turve by symmet}y uffh respect to the ofigin.
The curve is increasing since y' :_Sech2x>-0."pnd has

slope 1 at the orisin.



y=1 and y=-1 are asymptotes : y \\\gfii‘;i
. _ . ,' .

-That the horizontal Yines -21?
. e o = et
"is seen from » v s
' X =X a B - %
lim = 3:_2~3:§ =1 and o
X+ 2" 4+ @ . e i >
: o : i S T ,
. 'ex - efx ] : COI«‘X - : :
lim | ————— = - ‘
x> e X 4 X , Graphs of Tanh x and Coth X

Examgle 1. Given y = Ch. x and Vy ='5ex
_a) Find thelr acute ‘angle of 1ntersect1on,'
. b).Find the area of the_regjon_enc1osed by.y-axis,r
negative x-axis and-these curves.

So]ut1on. ,

"a) Equating y's we»have %'(ex+ e'x) = 5¢* or

'9ev"’='e'.x =2 9ezx l=) e2X -1/9 =;e =1/3 =>x -2n 3

and A = (-2n’3,*5/3) 1s the point of 1ntersect1on. “}

DChx=Shx = m = -4/3
D seX = 5 X » m, = 5/3

: i o
B - . >m] - mz ‘ ’ i ' —&3 . a
tan 0 ‘= 1—:75755 = 27/11 = © = arctan 2//11.
. 1 - Lo
v S -an3 'x 0 ' :
b) A = [ 5e" dx + J Ch x dx = 3.

- _ -&n3

Interpretation of positive arc and positive Arg as areas

Below we have drawn a unit circle and a unit hyperbola
as locus of points P(cos®, sind) in the first and P(Che, She)

1n.£hej;econd:
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: P Pleoss, sme) N>\ ./ P/CAB J%QV
: S N\ | A
_. 'i/ég AN PZ A
A . . A’ *Jg t > .
\\e o.jﬁégg - & §$§£§é&1 AR
- - // i N :p, :
N A’ A PN »

84 - / N
: 7 N

We are going to show that © as arc (angle) on the unit -

circle repreSent§ the area of the shaded segment of eirc]etboun

_ed by the*]ine'segment (0P), (0P*) and the arc PUAP,  -and 0.as.

argument in hyperbollc functlons represents the area of the o
- . shaded region bounded by_(OP] [OP ) and the arc of hyperbo1a

P'AP. | " o . S o
a) lop'ap| « 22 m (r= noe
- . b) |oP'AP| = 2[POH] -2 [pAH] = Ch @ Sh e - 2 f y dx

e P e « )
2 [ you=2 [ ShtdCht =2 [ Sh
. A . 0 . 0 : )
: . . . ’ © oy
- - = 2 [(Ch 2t-1)dt = 5 Sh 20 - @,
L , 0 L : o

where, having

2y 4t

we get

[oP*aP] = Che Sh @ - % Sh 20+ 0 = 0

C. INVERSE HYPERBOLIC Funcrlous.

0bserv1ng from the graphs of hyperbo11c functions th
all these, except Ch x and  Sech x, are monotone increasin

or monotone decreasing on the1r doma1n, wh\le(l) Ch X (Sech

- (1) Since Ch x (Sech x) is monotone decreas1ng lfncreasing) in {-=, 0)
also inverse in that 1nterva1 and the graphs is symmetr1c of the gi*
one w.r.-to x~ax1$. ’
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is monotéﬁe 1ncreasiﬁg (decréasing) 16 (0, =). Hénceltheyﬂa11
have 1nverse functions at these 1nterva15.u

We use prefix “Arg to name" 1nverse functlons.

‘Below we show the-graphs of 1nverse functlons obtéiﬁgd'

axrectly from prev1ous graphs.

'
t
)
1
{
L
i
¢
L)

Graprs of inverse hyperbolic functions

In each graph a/hurizon»a! Tine 1s drown cutting the two
curves at points whose abscissas are certainIy reciproca! of
each other. This means that .

, Argsinh x = Argcsch

jAr§¢o§h x = Argsech

€] =t 3¢ |t 2] =

Argtanh % = Argcoth

Logarighmic expre551ons of inverse hyperb011c functions.

Theorem.

1. Argsinh x iﬁ(x o IxE s 1), - xeR
n(x + 2S00 b1

+

3. Argtanh x = % o0 2%, |x| <&

x
n

2. Argcosh

x
]

é
%+ 1

- 4. Argcoth x = Argtanh % =_% N ey . |x} >1
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1 + V1 -'r'x'z."” R

»5.‘Afg§ech X = Afgéqsh x .u0A<x'<l,‘

- x|—a

-JB. Argtsch-x # A;§§1nh —'= zn(- !iT:Té_)' X f 0

Pro&f s ) : S

1.y Args1nh x ::=§ X = Sinh y- 2 (e -e y)

| : ;eyt- e y‘_ 2x- = 0 ezy - 2x e --1 =0
:-‘.>ey=x*V‘i 1, (e¥>0) ,ey{sxw v'x2.+_f

¥y=£n(X*V4z 1).

.
2. Proved s1m11ar1y.

W

ey-ey =_é?¥_|
eYeeY eV

3.y = .Argtanh X = X = Tanh y =
Zy-laxezynt 3 (l-x)e =1 4 x
1+x

ezy'z_%%,’-:--, (e2~">0) 5. 2y= 2n1—-— bx| <1,

“The proofs of thérother-three can be proved sfmi]arly{

: ”Derivativesband Integrals
Theorem. , o : | : _ .
1 : ’ 1 y

1. D Rrgsinh X ?J7§?f?7 2. D Argcosh x =‘7F2==T
. } B N x -

3. D Argtanh x = ;JL~§.|x|<I'4. D Argcoth.x =-—l~—z.[x|>1
: -2 o T-x"

1 ol 1

6. D Argcsch x= -
x/1-x" ~ R h]2§+x2

. i g2 - Vit L 1
1.0 Argsinh x =D 2n{x + Vx“+1)= . =
) o ' R /X e 1 _ VAL

The others are proved similarly.

5. D Argsech x .-

‘Proof.

Corollary. (Integrals leading to inverse hyperbolic

function).
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/ —?95—4 « Argsinh x + ¢ = an(x + /le; 1) + ¢
b S »
I —295—- = Argcosh x + ¢ = 2h(x:4 /x2 - 1) +¢c

x& -1 : S : :

—

Argtanh x + c, x| <*

dx 1 1+x
I-.r-—.—;z-y- . . --2-211"-1:7 -+.C
T T |Argcoth x 4+ ¢, x| > 1 :
j~——gé;?u;>-Argc§ch [x] + ¢ = ;Aréﬁénh —%T:+ c

X/ Tax v A L

Cdx. . ' ]'
: = -Argsech |x] + ¢ -Argcosh ‘% C -
Example. Find the derivatives of the foTlpwingvfunctfons
at x = 7/3. ‘ : ; ' .

a) f(x)-= Argcoth (Sec X) ‘p) g(x)‘=,Arg$iﬁﬁ'(tan x)

. Solut1on. _
a) f' (x) —————2- b Sec x = ~;;Lw—.; Secx.tanx_=,-6scx

1-Sec®x -tan“x - L

fr(as3) = -esc /3 = -2//3.

. ‘ 'i' - 1 . N ] . ) ‘2‘ A "» )
\b)'g (x_ = © - D tanx = g + Sec“x .= Sec x
. ) -;'I + tan"x ec x . v '

g’ (n/3) Sec ula
Examgle 2. Evaluate

a) A = b)Y B L —
‘ f;9+x - ) L2 1 - X

Solution.

a) Setting x = 3t, dx = 3 dt,
3 dt T
A=f-7-——=7£n(t+ t+)+c _ .
. 3""}t . //

='£n(1’3‘-'+\/ +1)+c]=zn(x+d )+c



a€.
47.
48.

- 48,

50.

3 . .
ax 1 1-+ x. 1 4
b) B = ] —_—Z:ZZ T—T-i Zf.n?_- R.nT
2 H]'X ‘ 2. - .
= % (lnxzb- Zn 3) = tn v273.

Tanh (£n x)-

Example 3. Sketch: y.

Solution.

. n x:é-ﬁn XX -‘%
'y Tanh(g&n x) = - — = N
. e ,‘eg" x*e,zn x. X + % . x2+ ;

- >0 it -x>v0
=0 if x=0, 'y(0) = =i
(x".+ 1) <0 if x<oO

" EXERCISES (6, 2)

Compute the vatues of six hvperbelic. functions at - x.= gn

Express  Sh 4x, Ch 4x 1n terms.of - Sh x and Ch x.

F1nd the doma1n of def nition ahd'deffvativé of the

’»f0110w1ng functwons.

‘a) y= Sh(x + x) o "" b) y-= Séch(gz -'2x)i
. &n Ch x ‘ '
Flnd 11m :
. X+ 0 T8 X

'Show that the fo1low1ng functtons are. constant'

a) yaCh inx~$h Lnx-,s

2 ‘ .
=>x -]" (xj>0).

7.
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422

“e) y = (Cos x)lll“ COS X ,.sin x
Evaluate _ ) ,
a) ch(n Argth x) b) Sh(n Argth x)  ¢) Th(n Argth x)

52.
53.
54,

55,

in terms of x and tell in which _case these functions arel

rational.

Evaluate

~a) D Argcoth (sec x) by oD Arétanh (Cbs.x)

- a) y = Cosh (en xy o | e b) y = Tanh (ln x)

Sketch the graph of thelfOIIbwing functions:

“a) y = Sinh (xZé 2x) . b) y = Sech (ng-Zx)

Same question for

Prove that a 1ine intersects the curve of

~a) y = Ch x at two points at most,

56.

57.

b) y = Sh x at three points at.most.
c) y=Thx at three po1nts at most.

Verify the 1dent1tv -
3 4 -4x

4Chx+CthhX+Cthhx+th-e + 3
Different1ate
~a) y = Argsh (a Sh x + b Ch X) with az - b2 ;.1 )
b) y = Argch (a Ch x + b Sh x) with aZ-- 2.5 1

58.

59.

b

Solve the_eduation: ‘

21 2 Cilx + 5 Ch x Sh x + 3 Sh’x - |
b)-32 Ch x Sh x - 6 {Ch x + Sh x) - 6= 0
§ame qUestionifor

a) 2 Argsh x + Argth ? krgch 3

b) Argsh x + zn(a + /a Z )-Argsh-a+fn (x+;/x2 1).

>0 Same quest1on for:
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2) (Ch x + Sh x) Arech X . (ch x - sh qfreshix -2}

. b) Ch 7x '+ Ch 5x + Ch 3x = Ch-6X + Ch 4x + ch 2«

ANSWERS TO EVEN NUMBERED EXERCISES

6. 24/7, 25/7. ' 24/25, .71/25, " 1/24, 25/24.
48. . a) R, (2X +- 2) Ch(x + 2): )
Cb) Ry -(2x - 2) Sech(x < 2x) Th(x? - 2x)

52 a) -CSC X, -b)__csc X v _
| b -

V(?Yi S LA

- S
,’, . B
// A_AL [ x
- .- C e ) O G :
- Qg x® E .
. N4 .

58. 2} In /3 b) -0
60. 3} 5/4 b)Y O

A SuMMARY

5. 1 N X o= ][ T ,(x.>0)f. ¢nl =0, &n e'=v1,

S'nab‘azna+xnb f.ns-:zna-znb

logpx = logax 1ogba (change of base)

OIS T ST X
d g ' |
X U(X)Y‘x) . EV[%§ inou o+ % %%] o

e [] ' . . .
Y = uv ... W oD -.‘yf = +% *7"*5 {logarithmic derivative

cle’




4zam

e *), Thx= Sh x/Ch x

61.

T 62,

63.

64.

 :Cﬁ_£ = % gex-;é'x),‘ $ﬁ ; = 1 (ex-
':__éﬁ(u ;”E):é 6hg chﬁ'i Sha ShB. Ch 20 = Chza + Sh2
Sh(a = B) = Sha chB * Cha Shé, sh 2¢ = 2 Sha Cha’
Th(a ':_-_.e) - ,T‘:Thaa':‘ Thg "__ "Thr. 2a - ]——f—%%;
D Sinh ¥‘= Cosh x, = D cséh'x =':Csch x Coth'x
"D Cosh x = Sinh x, D S§cﬁ X = -Sech x'Tanﬁ_x
D’Taqh‘x = Sechzx,_' D.coth x = —cscﬁzx
’Argéfﬁh‘x.é\zn(x + M2 ), geRV .
Krgcosh'x‘= £n(x + J ), xi{f
"érgténh,x ='7 zni%—é—é , ;; xfl
Argcoth x = Argiar}h -}? - %- £n ";—t}" [x]>1 "
'Argéech X = Argcosh ;— - on ] hd l - . 0< )?< !
'~Argc$cﬁ i‘= Argsiph %}= &n (% +_']';'x )y x #:0
| MISCELLANEDUS EXERCISES
] o A

Pfove 7[. x*

0
Prove

a) X - 7 x

b) 1 + x<e <(]+x)('l+x) for x>0.'nea‘r'

Evaluate

a) lim "vﬁ("‘”

n + o«

n + o.

Find the family of curvés having normal lines passing.through

nl
a+]

< 2,n('l+x)<x~for x>0~

(F*ml:, mEN]

_b) Vim [gn(ﬁ:)'- n jzn %'-1%.2n n]'

lnnx dx = (_—)FT 7 (l'],EN, ? # ‘], -

0.




" ‘the origin.

5.

75 Show that the chord of y-1nr x

abscissas x and 1/x’

F(x), g(x)
',prdve the implication§:~

a) fx) fly) = flx+y)

77. 1% and h(x)

=5

| f(_x) =

is b\sected by

F1nd the funct1on w1th the g1ven cond1t1on
‘a) £1(x) = 3x f(x), f(0) = e, b) F (x)-' f(x>. f(3) =
”66 Evaluate ] x" an x'dx (nen)
67 Sketch the graph of the following functions: )
a) y = &n YIT ' b) y = ansin x .
2y \ B e S
€)'y = 2&n 57—:"?1 S d) y = an- H :
- 68. Sketch the graph of S
a) 'y =‘x.2 er b) vy F='-__—'Q'nx;f . :
69. Same questjoﬁ for: . , é
‘a) y = &n( +x2)iaretanx,_ b):y = 5+;£%f§—1—5
70 a)-' - x_ anlx - | "/b)" -:Rn: /1 - -cos X
- y = T + In X . . . y = ]‘4 €0S X
. . o 2 - .
*71. Prove 1 - xtce™® < h_l__z
T 201« X )
o e : , (
; e el arcsin x - x
?2. Differentiate f(x) 24—;~——;2— + £n~T—:—;~
73. If f(x) = En( KR /x- a) evaluate -
2) D flx) - B) J flx)dx . o -
" 73, Evaluate | Sl
_ 2) f EﬁL;‘d ) Jenfan x)dx [ e* dx
76. Sketch:: , o 7
'G)IYH;X exp {% Ln Xl} b)) y=3sn sin{n arctan x), {neN*)

w1th ‘end points hav1ng

X axis.

are contlnuous functions then



'78.

78,

- 80.

81.

82

82.

8s.
86-.

7.
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“b) g(x) + gly) = g('xy)v = g(x) = ‘095* .

h(x)
h X)

’ - h{x)+h - 1+
c) hixsey}) = : —\ ?- (H1nt Show that
i+hix)hly) : is exponential)
.Saqlve the following equatio'ls o
a) 4%¥-3.8%,2 -0 b)2"+zx"_._‘i/i.'-

‘. 2X - 2%
Solve the inequalities: '

a) ,loga(x_z + 5‘3;.)’-" Tog, (x + 2) <0 b) 'lo'ga Vv :—:rl >1

Same quest‘lon'f'or‘: ‘ _—

a) 9%-3x+2>0 : » by 4 X* 3¢z
Sketch the graph of the relation: .
a) 3% . 9_y‘<41 : . b) 4xty éx->2§.

. Solve for «x:

a) log[(x+2)i‘loga(x+8)=10987
b) logw(x@Sx-ZS)+1og”mx= -109109

Se]ve fow Xx. and y-

a) Iog2x+log4y=5, '1694}(-,1092)',:1 _

x+21>

by 2 ° =4, 4% Y.2

. Solve for -x:

a) 2'X+]‘-* :__XS-_T"’.‘O
‘ ‘ 2

b) an(x%+3x44) - gn{x®=4x+6)=2n 7

€) 2n(%-3) +en(x +5) =2n(2x+ 1)

Find the domain of definition and derivative:

a) y=1logg ﬂ‘xZB ‘ 4 b) _y‘=]o‘g6 loge (x+2)
Evaluate R e | -
caj [ 2% cos 2% ox | ~b) [ 6% sin x dx

Sketch the graph of:.
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‘ - ¥2-a oY v 3 /%2
S By =expy er b) y = expg /Y
88. Find the domain of definition of the following functions:
a) y = 340 X - ' 'b)y;sm
° x . . lez -4
c) y = =2 : o d) y = expy V S+
. . : . /
88. Evaluate »
. . ——2- . “ o . ) .
a) lim x 'TX o b) Tim (1-2x)3/X
‘ 2 + . X
sin x,1/x ' x - Argth x .
"‘:) xllmo_ 5 , 9 ,g]_i.f"o 'Y‘-'?gTFT .
9¢. Sketch the curve of y - (x2-g)1/x
g1. Evaluate E o
) - T ’ 1/x R N
a). lim“{f - arctan x] b) 1im (-2n x)
X + @ ,42" 7 x.,o o
‘ 1736 ST .
¢} lim [EE%;L] o d)- 1im  (tan X]an 2x
x + 0. . : « + n/7 . :
92. Evaluate
a) im (%{}})x ‘ b) lim ftan x}tan 2x
X + o Co 2 T . x +. n/& :
, x _ , _ .
c) Vlim [sin I ‘) ' d). 1im {cos X}COL X
xael BT o )x»:o(‘, |
P . . ’ . L/Xz oy e T .
- e} lim (cos'x-x sin x) f) Yim (x-1) &n cos(y x)
x + 0 . x <+ 1 . :
93. Evaluate
o . . X o x
a) Him x* b) 1im x* “¢) lim _5;_:;1__x
| x+0 : x + 0 o x e 0 x* 2n x
98, Evaluate’ S _ _ : _ _
a) lim [98 x*szezx-l] ~ b) lim 'l’[l - (X )‘]
. X + & . o+ O\X‘ ‘.m .
c) 1im __é_? en(2+3x) ‘d) 1im 1-cos(n arcsin x) -

X + o 2+3x X -0 2n(1v"x2)



95. Sketch the graph of:

a) Y,;,axf x b) y =a™/x_ - )y =x -lbéax
d). y‘=h(1096x)/x ) y=x-2n(&n x) f)ﬁyé (zh(ln‘x))/x
A _ i e o .

96. Evaluate 1im 1 +sin x)

x + 0 (1+ tan x)”x -e “ N

97. Sketch th& gra)h of: ‘ B
X+ 1 S Ty L X

a) ._y-_= X o b, -y='(x.. )X
98. Same quest1on for° E R : -
B o)y =220k

X =
99. Setting x Qﬁee computé ch no interms of u = i-+.% .
‘_ “and then obtain ch no as a function of ch'e?':l
‘Vhloa.Compute the va1ue of the other f!ve hyperbollc functlon
i Thoxo= 273,
"101. Evaluate - - ) 7 .
v »'(x202¢ xD + f)A(Sin(ln-x) + cos(an x))::f
' 102. Evaluate : o ’ A

.oa) f x4in4x;dx ' :b)'[ x%ch x .dx
103. Sketch the graph of: _ '

DR 2, | x2+4x

2) y = Coth(x” - 4x) ’ b)y-= Sinh 3 i

-104. Same question for . I

" a) y = Shign ———3 ) 7 T b) y =Th x*

105. F1nd the domain of def1n1t1on and der1vat1ve of the foI]ow-

ing functIons

—a) y = Sh on ———3 S b) y = Th x*

166; Evaluate lim A0 Ch(" Argth x)
: X 0 . x¢

'107 Prove that f(h) = n(x_ ") is a monotononic function of



.n. tor x>0 geguce tnai’ Iih T(n) exists. Prove also

 that if ¢(x) = Tim "n(x‘7" -1), then o(x) satisfies

n -+~ o

the functional relations 7
@) olxy) = ¢lx) + oly) b)) e(x) = -a(17x)

Giyén' n ,positfve n'umb,ers~a1 s een s L then the numbers

108,

A, G, Q, ki defined by o

C i@, +...+ @ n- - } Ja> +...+ a :
1 i n- . . 1 SR
A _ n ~ > G 3 an 0=y n d
A DO f
- H a]: a,

_are called the. arz*hmetzc mean, geometric mean, quadrafin

. - ’ ) 0: "'0, "0.‘]7, -
Evaluate ‘ ' “
Ca) Yimo (x 2n-x) { ~ﬂi£:;ll ]
X e Ln X |
CeoRmch x . e ] 1. _chx .
1 : - - —~2 2 y.
b) . lmo i——TF_7~ Fc) xllmo x‘[exp(x Q"‘cos ) g]

116.

1M1..

mean (Root Mean Square, RMS), and karmonic mean’ Of
Ay s eee s Ap respec;1ve1y. '

In general the ﬁUmber c
S

a
is cﬁl]ed'the mean of order o of ’ai . eety an' and one
‘has  A=gqy Qé;gz,A and H= d-ii Prove that '

G =vgo= ]ima. . - B

Solve for ;:‘
a) 2 Argsh x + Argth 2 = Argch 3
b) Argth xoxn(a wéz- 1) = Argsh a+£n(x +-/§2 ])

Solve the System

- 2) Ch x+Ch y=a cha, * Shx+Sh y=a sha

,_a+..+a ' .
g, = (-t “)”“ O -

7
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by Argsh x = Argch y, x &n x = 3 2n y.

ANSWERS 'TO EVEN NUMBERED EXERCISES

.64, x2+y2=c2
) .xn"‘,] ] ! N
~6F. n+-|— {(&n -x - m) + C
68. a) '
. a4
S, a) . - b)| 4“2/ :
3’ | 1 i
' ] i
! o t
(] 1 -
NN | ',
— » X g ° 5¢
© 'E/e' 4 % ,?l 7, "T
1\ - |
| o : !
72. 2x(arcsin x)/(1 = x%) ’
74. a), b), c) are impossfble.
78.8) 0 /2, b) 1.
80. a) xeR,  b) xe(-», -3) or xe(-1, 3/2)
2. a) <1, b} 9
B4. a) 1,  b) 2; 19/6, = «¢) 4
‘86.1a) (sini;xz 1ogée +c,‘ b) ijfgfzg'[(znfﬁ) sinx - cos x]-»c’
88.

2) R*,  b)R )R, d) (-2, <102, &)
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90 1
. 4 H '-
e A= e ofe =3
fi i,
T >
ol 2vE. : #®
1 92. a) e?, b_},e']'. c) e " /32 -d) e /2 e) e 3/2, f) 1
94. a) 0, b) No limit (=), ¢) 0 d) n?/z.

. 96. 1.

98. g

[F

100.2//5, 3//5, V/5/3, /Bi2, 3/2.

5 ' ' .
102. a) % [2n4x- -g an3x +2}-§:‘2n x-_'.l‘lzz-g} . C

b) x%Sh x - 2x Ch x + 2 Sh x + ¢

104. a) :‘_4\ o k b) .
N O—‘/ ‘| - | 0
| i

106. n/2,

N0.2) +/5T ¥ 6784, b) a
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CHAPTER 7
TECHNIOUES OF INTEGRATION

7. 1 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

‘As we shall see many Integrals are- reduc1b1e, by some sui-
table subsu1tut1ons, to the 1ntegra1 of rat1onal funct1onsuEvaIu-4k
at1on of such 1ntegrals is done by the use of a theorem stating -
the decompos1tlon of a rat10nal funct1on 1nto a sum of some num-.
ber of s1mpler ones. T - - i R
, .A. Definitions.
o Let e -
R = B :ozn :mlx:m m
S +
o A o n .

'.'."'],j

be'a rational function where .deg.P(x) = m and ‘deg Q(x) =
B Fdr ‘n=0, the rationa]'function beih§‘a>polynomial} we suppose
‘n31. _ . ‘ ' |
If man, then the fraction. R(x) s called improges,
othg?wise proper. We.also—Suﬁpbse thaf; R(X) is’ a reduced one,
that is, P(x) _and ‘Q(i)>‘have”np cbﬁmdﬁ factor.
A proper-fractionfhaving'the form
: - Bx "+
Ax l-\ a)n o (x +p'x'+cq)n'
:'whgfgﬂ A, B, C arefcbnstént and x2+ px + q. has imaginér&icoﬁ;
jugate roots (A‘= P2’4¢I'4< 0), 1is called a parti‘ai.fractfan; -

Thus, the proper fractions

2_ -4 . 2x+3  ~bx -3 x - 3
- - s s * [
T ka2t X (x*+19° T x¥axet T (xFixa 1)’

- are partial fractions, whi]e‘tﬁe'proper"fra;tions
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X . x2+3 o2+l -~ 2x3 4
» F o ?. -

(x+2)3 " (xFan)i-T k01 T (B exen)’

afe not.
‘ .wﬁen ’R(x)"is;an improper one; we pefform divisiqn of
'P(x)‘ by Q(x) to have ‘ . -
S P alx) ox) er(x) |
where either r(x)=0 -or deg r(x)v<deg Q(x). If. r(x)= d, R(Q)

 is the polynomial\'q(x). Otherwise we obtain

P(x) _ o r(x
xj - 9l ’0‘%7}

.iwhich is sum of a pqundmialrand a proper fraction.
Example. Decompose the'improbef rational fuh@tion
4#5.)( +'2x2+21

P(x o 2x
’ x.3-2x»o5~

X

into a polynomial and a proper fraction.

Solution. Ordinary division gives o

2x* e 5x3 s 2x2 421 = (2x+5)(x3 -2x s 5) s 6x2 - 4
or | o .
Px"ﬂ,é'¢5+\6x2-4>‘ o
Tt = 2x - T S

. Xv -2x+ 5
‘where.thg new-fraction is a proper one. _ ]

If an imﬁrOper,fraction‘ R(x) =5(x)/Q(x)v~is‘de£ompcséq

at) + 58

,uhere' ﬁ(x) is a polynomial and ‘r(x)/Q(x) i; a proper fraction,

into

then -‘the integral [R(x)dx - is reduced to that of a polynomial

-and of 2 proper fraction r(x)/0Q(x). Thus

8 3. 5,2 50 o 2
‘; 2x : 035)( + 2x ‘.?3 dx = f(?.X*S)d..' N .'Gx - 4 dx
x7 - 2x+5 T x2-2x+5



o The evaluatlon of the second 1ntegra1 is. based ‘on the de-
comp051t10n of a uroper fract1on lnto partlal fractions which

we discuss be]ow.

~“B. DecomposITION OF A PROPER FRACTION INTO PARTIAL
FRACTIONS, , , .
hLete r(x)/d(x) be a proper fraction Ifi'r(x) = k.ggéil.
then evaluat1on of [r(x)dx/Q(x) is immediate. So he euepose'
thxs,1s not the case. - | o '

' The decomposition of a proper’fractibn S r(x)/Q(x) " into
'pértial fractions, that is, writihg.it'as the'sumvof certaihinhm-
~ ber of partial fractions-is‘possfhle only when 0(x) Ais hrftten

‘ in.the factored form: h ’ .
| Q(x) = k.(x-a)® (x-b)B .,;'(x2+px+q)A (x2erxss)¥ ... (#)
with o, B, ... s A, u, ... eNj, which is theoretically possible,
where a, b, ... aré real roots with multiplicities -a, B, ...
" respectively, and 'x2+fpx+_p, 'x2+ rX+ S, .;. ~ have peirs'of
vimagihary foots - (a e}b, b ¥ 0) with multiplicities A,u, ...
respectively, so fha;vthe’secohﬁ degree factors have negative
7 discr1m1nants |
Now we state the theorem on decomposition of a proper

.rat1onal functton into part1a1 fractiOns.

Theorem. A proper raf10na1 functlon r(x)/Q(x) with O(x)

having the: factoruzat1on (=) above. can be wrltten un1quely in

the form

_( Ai'A'- k .Au ‘)'(’B.h - B .
v X-2. ..'.‘/‘(x‘.-a)a -XTB cen m) +...‘
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'qx4bi" ’ Cx+ D, qx+rl - gf‘4r

+( 2 +'-.'-+ ) ( +-.o-’+7'7 T u ) R P
© XU +px+q ] (x +px+q)‘ x2+rx+5 _ ©{x ﬂ.x+s)l~l

_of f{nite number oT»partial fractions with A #’0; BB #-O.;..,
R oA £0, Ex+F 4o

.Proof. See Append1x at the end of .the book.

By this theorem, in the’ dncomp0f1t1on, to a real root of
mult1p11c1ty v correspond v part1a1 fractions (some of. which may
be zero), . and to a pair of conjugate 1maq1nary roots of common
mu1t1p11c1ty v correspond RY part1a] fract1ons (some of

which may be zero). ' ' '

For instance

Cyx + D, . Cz,x +‘Dz

]o xs-zx +5 = A + (-B—]*BZ¢B324 L]
TRl XTI T Z 3TNGB kBt
3 - A . . '
z.(x-ﬁz- “_1?. (:~A=o.,mwu

2 Ayx+B,  A,x+B A.x + B
g, _axl-7 _MyxrBy o RpxeBy o AxeBy

(x2-x+1)3 X2

-x{] (le—_xf]~)2.r (xz'--x*",)3
He remork fhaf os in‘{é) abovg. the decompositfon orla
partia] fraction consists of a siogle term which is tﬁe CIvEn
fraction. .‘ o | A
Examgie 1 Decomoose the proper rafional funcfion )
A X% .15 :
(% - 3)(x° - 2x - 3)

“into partial fractions.
Solution. Since x° - 2x 23 has pos1tive discrimtnant. it
can be facroted: x2 - 2x - 3 (x- 3)(xe 1). '

. Thus the given fraction is to be written as
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x2 + 15 ,
(x - 3)%(x+ 1) .

.. and according to the theorem we have therdecomposition
s
-fx- 1) ¥ x- )2 3

which is an identity in x..

Tb,déterﬁine the~const&nt§ 75) B, C one clears of deno-

minators aﬁd‘sétB the’idenfity: | ‘
xZ e 15 = AL (x-3){x+1)%B(x+1)+C.(x~3)2
»_'The'coeffiCiehts_are uéﬁa1ly'obiained~in two ways:

i) By arranging the right hand side in ppweré of x and
‘,quating the coefficients of like terms. ‘This is called the
‘method of undetermtned coeff1ctenps 1eao1na to certarn rumber of
11near equat1on°' i 41 v

2+15-(A+C)x +(-2A+B-6C)x-3A+8 «5C
(AsC=1, -2ReB-6C=0, -3A+ B4 5C - 15
The solution of th15 system is A= AO. 8= E,V C=1 and we have{
X215 . g S

_ - = = +

(x.—_3)(x2-‘72x-3), (x;3)?"\x+1

J»Z)'By substitution:
' §etting in therjdentity -

AP 15 A(x=3)(x+ 1) #B(x o 1)+ E(x-5)P
;hé valué§v x =3, x=-1 which make zero some terms we have
v for x=3: 24 =":0 '+ 4B+ 0 :. B =6
for x=-1: 16 =. 0 + 0 «16C , =1
andvthen seitinb any othar value, say x=0, w§ have

15 = -3A "+ B+« 9 A=0

We see that the second method gives,thercoefficfeﬁts
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quickly.

~4xfax-1
Tl o8y

(x"-x}{x +1)2 ; »

‘Solution. It is a proper fract1on w1th denomlnator
R ) x{x -l)(x +1)

. Hence by the tizvrem it has the decomp051tion

-4x2+x'l _A, B, Cx+D . Ex v F
x(x -1 en? X TS0 (Fay?

which when c]eared of denominators gives the identity
-4x2+x-1= ((A+B)x-A](x +]) +x(x-1)[(Cx+p)(x +1)+Fx+F]

- Now. L 7' . ) . . ' ~- 5 7: . . . v'“ . R ..

Tx = 0% -1 = -A S S

: . ' o3 A=1, B = -1

X =1 -4'=8B - - '

[}

Stnee © - /T (i%= =1) s a root if- x? “1=0,

X = i1 -uZ,s-x =0+1(i-1)(0*ET+F)
S ‘A‘,Q]-}:(l-])(F#]E)
3+ = (E F) - (E'*F)i

implying E-F=3, E+F=-1 = Ex1, CFs-2. Then the 1dent1ty ,

fdentity becomes v . . _ -
e xa1 = %y +,x(~).(‘-1),‘[(Cx\'+'0).(x2+I')';(_x‘.- z)J
-;--1.-5--4+z[‘(fcm)z-a} .3 C-De=-1
x = 2: -152-2642(204D)5 - . D 220+D =1
‘Hence, Ce 0, D= Tg’_and - » |
-4x+x—'l 1 R x~'z

T - - + + .
x(x-T1)(xfe1)" X "7' x%e1  (x%a1)%

Therefore the integra]s af proner ‘rational funct1ons are

Examéievz. Decompose the following_ into partial fractions.
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-reducible to.integrals of the form ' : E ;‘

A= —é-l——ﬁ'dx. B !,' ax.+b - dx
(x - a) ' (x” +px +q)
- of wh1ch the f\rst one (A) is eaSIIy lntegrable by the sutstitu%
tion u=x-a, du = dx. |
The second one. (B) is reducible to (A) 1f
ax+b D(x +px+q)=,.x+p,

otherwise, writing ax+b as

ax;t? =%(2x+p)*(,b _EZP_)

we have
a 22X +.
= f dx + (b - ) "1?‘"’-“_—'_' dx
Z { x +px+q) _ZEI (x +px+q)
a ¢ du 7 -1
= | = +. ¢ —y—————— X
? u” ! {x" + px fn)"

wnere u =x + pXx +q in the first integral} In the second 1ntég-

ral, wr1t1ng

x2 + PX + q"= (x+§)2+ (q-%)z. TR
i L [, 2 3] 2 5

X +g-=%é u, ‘dx,=-/5—AdU
we have 7 S . ) z
(G2 u) +(—";é;2 2w

and setting.

~. x24px.¢q

 ard the integral redhces to
’ ‘ ' 1

k [ ——pg——s du

‘ : (u.+'!)"

‘which, omitting-;k and replacing u by x, becomes

I o . dx

0L oL
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so that o _
Iy = ‘. dX " _ apctan x + ¢
x-+1 N o
For values n >l, one establishes a re]at1on between"ln
and In-l. by parts method applred to In_] as_fo?loys. ,
n-1 ~ (xz +'1}n‘l
u ='(x2+1)'"+],' dv = dx.
du ':.'(VII-n)(x2+l)'" 2x dx, Vax
L e xxEet) "*’+2(n 1) J dx
. n-1 ~ "’2__‘7"
e ok v+‘2(n-]) [[ -——2-——-——*2*.] ~d f dx] ‘
T REeny™T (x<+1)" (x2+1)
X » Codx o .
= —g——=r + 2n-1) [ ———=y - 2(n-1) I
(x“+7) : {(x~ +1) _
= ;TLTT*Z("-T) Ln-1 - 2(n-1) I
(x &])
(2n-1)1n=2(n-]) In"] *?;2‘—:5]——“?['
_ . : y
[ = 2n-2 . Y %
n_ Zn - T “a-1 Zn -1 .2 -1

Such a relation is called a recurrence relation or a reduction

formuta which permit§ to obt'ainv' 12', I; , ... seccussively. Thus ‘

.2 1 x _2 S X
1, = I, + = —y—— = 3 arctan x « —_—— + C,
e g1 o3 5y - 4[4 arctan xo ] - o5 —Fee
: e (X" + 1) _ : {(x"47) (x"+1)
8 T, 4 R 4 | y .
'Ts arcian x + 1-5 —-z——-— + 5 -——2-———7 L
: » . x“+ 1 T (xTe )




This comp]etes the discussion of integration of rational
functions ’ '

xamgl Eva]uate 1= J -%54111—; dx.
Cox(x" o+ 1

So]ut1on. The°integranq being a proper fraction we de-

compose it into partial fractions:

x2'+.-2x+]k___ A . Bx + C
x(x?+1) , LR xz + T
xS+ 2x ¢+ 1 = A(x" 1) « x(Bx '+ C)
S0: . 1=A o
x =1: 8 =2R+B+C- B+C = 2
x=-'l; 0 =2A+B-¢C o B4C‘=-2'
-5 A=1, Be0, C=2
1 2
I=‘ (—+—2——)dx
) ] X o wfer
= ¢n x + & arctan x + C

1

EXERCISES' (7. 1)

1. F1nd the part1a1 fract1ons of the g1ven rational functions:

‘ : T 2
) — 3x ~6x-*4v | o b) +6x +6
(x-3)(x +x+1) (x+.]) (x + 2x + 3)
2.-. v' " ) : _ . .
¢) X" - 2x +3 d) -x3+5x2-x+-7

(Z-x+1? (e axe3y(x e axe2)
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Reduce first to pE-Op_er fraction if necessary. and decompose.

into par;tiaj-_fi'actions (don't evaluate the‘coef-f’icien-ts)

6 . . .
) _;51: [x5+71_= (x+1)(x2 =158 x+'|l(xz_-b2§ xq-)]

: b)"- x3a2x45. c) x - x3 o .d)' 4x3 e
Tenfix-n? T e e T a)?

) o T, T Y
e) x ;1 ,'{x4+x2+1=(x2+x+‘1)(x2_-x+'1)]
X+ X 1 - : o -

L 1 R {n 3, 2 .
f) ———— . . = +1 -
)." (XZT]_)I‘(XZ'ZP 9 xEv -»3xl-x3 '[Q(x) xT(xe1) 7 x ‘.))

. Evaluate -

X" - x+2 2 . 1¢ 2_10 :
a) dx {Qx = {xT o+ X+2)(x° - X Z}H
: f‘x Teraa (), 7 5 X+ 2)( T -+ 2)
bx“ - 5§ ;. dx . y p XT < Bx+5
b): f[———"— dx c) f — d) - == dx
) {(2x° '+ 1) , (xz,'”(?(S-]) ‘ f;z—- 5x+6
. Find a ‘rec.ur.renée- relation for ' .
.o B . n .- -
,I = - X dx-- (nCN.
- I 14«)(: o '2).
Evaluate | o _
' dx : . _x dx
a) f X - b) X
{x-1) (x4 1) (x-1)(xf-1)
. Evaluate : : -
_ v ToxT(xT e 1)
.- Evaluate ) :
a)[—3—————x2” ' dx b) [—3-————— x% s 2 dx,’ [ﬂ(x)‘ x+1 (2 4
X +3x 47 ‘ X~ +3x+ 4 U ‘ ’ 7)4x> x '))

. Evaluate -

% exi2

e)f ar loiy) - (vl . \;,.2.4')
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xz' -])(X242)] '

B "‘__
c) I “3x 4X‘2 .dx
o {x - 1) (x
9 Eva]uate ' o
B 2 a o a2 2)
. x" - 3x .2 .
Y l
b} - X dx . ¢) IVA_dx
T" (X+l) -J
X . 2x°.
' * (x < v/8 - 2x+/§))
‘lOQ,Eva]uatev. _' _ '
’ X 3+ 1 - dx
_ X (X 4_1)
11. Evaluate o, |
’ ' [ - 3x +x -2 dx
(x-’l) (xfe1)
12. Evaluate the f0110w1ng 1ntegra15 )
| -4x +x -1 - dx
a dx b) -
]x(x-l)(x )% | I4x2+2x+,3
g o dx . .8 2
13; Evaluate [ S [x P (xF - /2x e ) (x -./’Zx+l)]
e 0  x «
14. Evaluate ’ , '
: ! 2, ° -
‘5x.~'2 x_dx
a) —?——- dx b) [ — —  (See 93)
[ =4 !.x -3x+2 ‘ -
6x2-5x-9 : - - 2. oy
) [ — ax o = -nBex-2)]
: - 2x -+ 2 ' . ‘ L
d) | x2+5x+1 rdx
‘ x(x+1)2 '
15. Evaluate



16.
1/,
18.

19.

20.

2 B
by 2x_+x+4
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dx__ - _ _dx

i Ix(xrle-Z) !(qu)ﬂx-g)
dx___ - N | 4) [ —dx ‘
IS S ,I x(x2+ )%

Evaluate the following integrais of rational functions: s

' x% - 6x - 2
('Zx*1)(x2+ 1)

a) e

Same duestion for:

2 2:23 .:8: dx}, - o 4x:2;~x+‘):1” dx
Evalugte Vex N RTTY
Dol T R L ',dx
Evaluate - . | g '
2) Iz 32'x22¢‘ 6%+ 2 dX (Q(x)-:‘_(x +'2)(‘;(2+4.x+3)]
00 %™ +6x"+11x+6) : ’

2
b3
T xT+dx
Find the area of the ﬁégi&ﬁ bounded by the given curves:

y:—z——— ,."x:'4 X=6, y=0
X f'5X+ﬁ'_’-_ ’, .

- ANSWERS TO EVEN NUMBERED EXERCISES

: A Bx + C ... . Dx+E
LR R il s M S o
. . . X "‘—Z_X‘] X‘,"-—-z——,.—x+]
, A B - C- D ‘
b) + + = ¢ : .
X+ (.x.+3,2 X_ 1 (X'])z

ey AReB CxaD  ExeF | GxaM . IXed | Kesl

4 A LB, C D, Ex«F _ __Gxel

ex? (1ex%)e (10x5)% (1ex) Y X8 v2x01 X e VT e

+

o Z{.

hd + ] : -
R TR L e R PR P L I TLIN
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Ax+B Cx~ D
e) —"—2 o
szarxo'l' x“=-x+ 1

a4 sy 3. ¢ 3 b
f) ]| —mx+ 1l —+ I —— ] —
i:] (x-l) i=] (x+1) . i=1 {x-v2) i=1 (x s ¢2)
A B C . D . E _F
,g) -+ + + + - —~
" ;Z ;3 thv - fx ",‘).? =€
n-1 ‘

1 2x -1 0 x -1 '
+ - S + L
. ;3 x +1 (xzo -”;2 -

. a)% lnmlu%l%+ c: b) %2@1}-}4 l—’g srctan ';Z + £

(x-1) (x+2)

x :
SR = SRR TS
: ] :
x

: 'C.)v% in -(-é—:]—;—z 'la'rctan x- -.-2—'%;’-:-:—;}? - 4C.
- 3"3*2"2*2’“] + 2n 2 *Z] - %'arc.tanﬁ X + ¢
Zx(x +I) X o .
a)-zn—-T -Ez,n (x +1) -3arctanx --2—-—]+C
- "b)-—rr arctan %ﬁ-‘-  + c. B B o - ‘;
~a) an (x-z)- Ix+2]3 .46, b) g ‘aniz -Ll-pg 2n|x+2] - grgfrj+ «
cv) Ln (x-.l)4 +'% zn|x+lvl +§- {(x-2) + C.
d) x| - = N |
.a) ;lndlzx‘ 1] -3 ~éu-c:t.an Xx+C, b) T’Z zn‘gl—-g- + C.

.a) an (9/8,  b) 3/28 + 2n 16.
wn (9/2) "
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7.2 INTEGRATION OF TRANSCENDEVTAL FUNCTIONS BY. VARIOUS
TECHNIQUES . L
A. [R(cos®, sine)do, fR(Che, Sho)do

function of its arguments 'éoge;i§in0 ér Cho, she.
The follruwing are of this type:

[cosze sjnae de,‘ ) %%2%—%—%%%%9 de, .fTh3Gide

The general method is the naZf—angZe, half-argument subs-~

'tttuttan respect1ve1y by wh1ch the 1nteorand reduces to a ratlo-
na] function.' , A

half angle subst1*ut1on N : 3

0 L o T 2dt

tanz =t = 0=2 arcta_n..t = -de =:—;—2
Then from .
: - I3
tang = 79" 7. and 2\ a
1-tan 1-1t _ Ry
we get o
. - 2 _
. 1 ’:t zt |
€0sSH = — » sing =
]—'—Y : P4

. +t 1+t
- (Obsefve similarity bétween‘the expressions for do and vsine)
Then | | -

| | 2 v pge
~ {R{cosa, sine)de . [R( 2ty 24t . (R (t)dt
+tz 1et? 14t JRytnre
where R](t) is a rational function of f.»
‘For the hyperbolic case R(Cho, She) the half-argument

substitution 1,

He‘treét'here'the cases where the intggrand'ié a rational .

To show that th1s 15 the case, make in R(tose;'sine) the”



Th(; =t =.8=.2 Aroi:a'nh t = dO = 2dt

] - t2
From o - . N
B2 T * 3 gl I
Th 6= = — - and e ‘ 2
T T eThE s 14 t° : /\J‘O ¢
o ) C - ‘ ] L ,_f‘i-
we get - : :
thosletl  gpo._2t
eyE et

‘(Observe similarit; between the'exﬁression‘for do _and_‘Sh,é.'j'l
- and also'betwegn'tffgonometrﬁé‘and hypérbolic expressions). | |
, 'As-in.tfigdnpmetric case the new integrand is a rational
function of t;:' o . o
~ Example 1. Eva'lvu_aAte A= To_lfﬁé do
‘Solution. Since” the infégrand'is a rational function of
5in@, the half-angle substitution transform jt-ihto a r;tioﬁal

function:

'A=I‘ I‘Zt'_ .2.d§,=7dtv ,
2+ Tet” tTet+]
1+t ‘ )
_hhere" ; i : .
' ».‘tz-i-t#’] = (t+%)2+] '%’ = (t“;)z + (‘/23‘)2°
Setting |
tedo 3y dt = 23 du
77 v T
we have , '
du . ’ .

7; § _arctén % (t ¢‘%) 0'0

- § ‘arctan % 0 ;2 tan g) + p.



"functions,

o S
xamg]e 2., Evaluate B = [ 3w —3ths 7T 9€

Solut1on Th §7= t =0 =2 Arath t = da ='%4§% , and -
» . \ . ” - - - . .
o 2t : T+t°°
Shos —= , Ches ——y
I I 1-t
B e 2.4t f v
' At g 1ett 1-t2 2 -4tz
- tl 1=t% '
0 d(et) o 4y :
= ! -—= - I (u azt)
(2t)" -2(2t) « 2 R
= of _f_ﬂiﬂgll“_ = - arctan {u-1) + c
o Co{u=T1)" 41 T
= = afcfan (2t —1)'; € = - arctan (ZTh ? - 1) + C

’ The half angle (ha]f argument) subst1tut1ons works always

for the rat1onal 1ntegrands in trigonometric (or-hyperb011C)s

In some cases as the following ones the hse of these subs-

titutions not necessary: =

Integrals reducible to [du/u: - S
1. a) [tano do A : " a') [Tho do R
. sing | , Sho B
jtane do = fcose do {The do j
-d cosO _ - - ' d cho
] o5~ © fnnlcosolf c j < tn cho . c.
‘ 4o . (4 sin® ' d Sho

= en}3in0] + ¢ "] = tnlshe] 4 c
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- ¢) [ seco do o . . “c") [ seche do

secO(seco + tanO) : Secho(Seche + Tanho) '
f séfé + tand. d@ : J _Sechg + Tanhd do

.. (d(Sec@ + tan@) o _'_‘[d(Seche + Tanhe)
: I secd + tang ' L Sech® + Tanhe

anSeche + Tannol + c

gn}seco + tand| + C

d) fescodo - -~ a'y | cscho dé
= -2nlcsce + cotd] + C . -= -an|Csche + Cotho| + C
. _acos® + b sino ._ra Che + b Sho
2. 1=] de, I'= [ xThe+ 5 sne 9©

A-cos® + B sinb

The method con§ists of determinihg'constants m, n such that
/ - a ﬁdse + b sine = mU+nU* , (1)
where U = A cose + B s1ne Then .
f Eﬁ_ﬁ_ﬂﬂ_ 48 = mo +'n 2nlﬂ| + C
(1) s . ;
a cos@ +b sin®=m(A cose+B sing) +n(-A si'ne+B cose)

d cos@+ b Sine = (Am*fsn)cose + (Bm - An)Sino
Am + Bn A B

B A

a

A= =A2.8% 4o

Bm - An

fl

b

Since A # 0 there is a unique solution in m, n. Since
2, b are not both zero, m, n are not both zero.

I* is solved similarly.

1 cos® - 2 sind

Example. Evaluate I - [ 13 cos8 + ¥ sino"

de

Solution. We determine the constants m, n  such that

N cose - 2 Sino,

]

‘m(3 Coso + 4 Sine) + n(-3 Sino + 4 Coso)

11 co;éﬁ-JZJSine (3m + 4n)Coso + (4m - 3n)Sin0
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s ’ \ ) . ‘ / : . .
3m+4n=11, 4m-3n=-2 > m=1, n=2..
= [ (1+2 E-'-‘)de) =0 +2 2n]3 coso + 4 Sinol '+ c.

/

- Integra]s reduc1b1e to . <]u du

1. A = [ cos™ sin"e du, - A' = [ ch"o sh"e do
We d1st1ngu1sh tws cases: » A
‘Case 1. At least one of m and n is odd:

Let m be odd with m = 2k + 1. (kew) Then -
A 2k

fcos

f(l - s? ) s" d§e=_] P(s)ds (s,;‘s1ne)

0 sin"@ cose’ de = [(1-sin e) sin"o ¢ sine.

i

Case 2. m and n are bbth even:
Let m = 2k, ~n}=b2r (k,'reN)
A= ]'(cosze)k(sfnze)r do =:f (l+cos Ze)k(l-cos ZQ)r d9>*,

4 4
=f1 a cosJ 20 do,

each term being evaluated by the case 1 if - j s odd and by
case 2 {if j is even. _ ,’ ‘
The integral A' s eva]uated in the same>ﬁay'by the -

use of Ch%0 = 3 (ch 20 + 1), sh?e = 3 (Ch 20 - 1).

Examples. Evaluate the following

a) A= [ cos3e sine 40 b) Be= [ ccsze,éinze de~.
"c) c = [-ch% sh?e.do ' B
Solution;

a) Having an odd exponent we have . -
A =j'c0529 sinze d sing = [(1 - sin e)sinze d sino

:é_ 3 sinae - % 51n50 + C.

b) The exponents ‘being equal to each other we have

-.--_ ](Cose s_in.e) dev. ! fsin%2e ue = 11-1'_‘?%5_42 de 8‘9‘ s‘m4(
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c) Thevequnents-being not -equal and being both even we

' get , : -
¢ Ch 20+ 1.2 Ch20 -1,
o= — ) Sy—do

= % | (ch®20 « 2Ch 20+ 1)(Ch 20 - 1)de

= 3 1 (ch326+ ch¥20- Ch 20 - 1)do v

13 < =1 . Ch 40.+1 ;'],SH'ZO _ e
] g lheede g [T do - g o g

] ‘z o2 .1 Sh 4@ | Sh 20°_ 0

= 15 [ (1-Sh"20)d Sh 20+ (15 25— + %) - 16 "B
_ Sh 20 -shd2e . sh 46 s 20. 0 _ sn3ze;sﬁ.4o e

6" 48 "Tex C"T6 16 ¢ Tam Ter TEC
'2.‘A;¥‘] sec™® tan"o 46, k= [ sech™e Tanh"e do
: .B = [ csc™ Cot"e‘de, B'= j,csch@é Coth"e do
To éva]uate the integral o ' o
' . A= f sec™® tan e de
we d1st1ngu1sh three cases:

Case 1. m: is an even integers: m = 2k (keN)

] sec2k 29 tan"e secze de

;-(14-t;n e) 1 tan"o ¢ tane
[ P(t)dt (t'= tano)

Case 2. n is an odd 1nteger: ni= 2r +1  (reN).

~1 Zr

e tan . secO tane de

)
“n

[ sec”
m-

L}

f sec™ o (sec e - T)r d 'seco

I P(s)ds (s = secG)
I bothf m and n-. are even or both odd we are in case 1
or case 2. ' o

Case 3. m=2k + 1, ne2r -~ °
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[ sec?**lo tan®Te d00 -~
2k+1 -

>
]

- f = sec ) (éecze’- 1"

- secje do (See 4)

The procudere 'is the same for the inteqral B, and fof

hyperbollc ones w1th 1 -Thze Sech2 -1nstead of 1+taﬁ?9¥séeze.‘7“
‘ xamgl . Evaluate - - o o  ,5
a) 1= [ sec*s tan d6  b) 9 = [ Sech Tapho do. .
;c) K = f Csc4e cot?e de v ;' =
Solution. -
a) Since m = 4 is even‘we haveiby case 1:

N} secze tanze sec?o de =

-t
ll

NG} +tan e)tan 6 d tane
5

e f et ae s Bl tante

]
(%]

is odd, by case 2 we have

2

'b) Since n

o
]

J sech?o.Tanh%o Secho Tanhe do

| sech®e (T-sech?e)d Secho
s o P | w5
2,,..2 _ Sech38 _ Sech’®
IS (1-s )dS = T .-_ T
[ esc?o cotlo esc2
- I(1*+c0t?9)(cot4e d cote

+ C7

(1]
-
»

L]

0 do - -

. 5. - 7.
a co; e 'co;.e .c. _
"In case the 1ntegrand involves hyperbol1c functions (or :

powers of e ) integration may be easier, as seen in the example,

1f 1t is transformed to powers of eX (or to_hyperbqlic func-
tions ) o

ExamEle. Evaluate
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A=f shltat,  B= [T 4t
o o R e +e” L
,Sdlution.:,’ . o
S e At 2 ) 2t . - S
A= f (etee™hPat - g ) (PP o247 ut
. z]r [% ezt:,_.z,c_,} eth];‘ i %'Sh'ZtP.Jz’ e e

.B = / %%;%vdt:= sn Cht + ¢

‘ Integrais’e061uated by récurrehce formuJas__

e 2 eosh 3 RTINS
1. cp=Jcos"@de 1. ¢ = [ ch'o do

n

s, = [sin"ode - s = [sh" do

- HgfestébliSh the formula fof; én§‘the others we tha{ned

sfm{]af]y;" . ‘
¢ = [ cos" do = [ cos" Yo . cose da.  (n3.2)
nooT o woou odv

"=vc0597]e sing - féine’.A(n41)cdsh'20_(-sthe)del

= cos"f19 sine + {n-1)" ;os"'ze (l?cgszejdé'

', ;;c°s"f10 sinO_; (n-1) Cho2 ™" (n-li]&

-1

3
O
]

_ﬁl?j)tn_é + cos™ o sino

- cos" 1o sino

3
'
[—

sin™! coso

'
e

[}
=
B
(]
-—

+ ﬁrcbsh“"o~5h'e

v

]
B

N
J LR
ot
v

L sinn™ Yo cn o
-2, th'.g-:fjfa"“e do 2'. 1= [ Tann"o do

e ]..c‘:ot."ede e | Coth™e do



We establish the

obtained similaflyg

[ sec’o

 [ csc"o

Again we obtain

obtaingq similarly.
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't ; the others are

formula ‘again for
j-tén“e de ~v'(n 32)
"0 tan20 d0

2

I tan -2,

f’tan"'ze (sec e - l)de

n-2 2

[ tan e'd,tane ftan"
1 n-1, S
T—_—T tan Q. - In_?

n-1 g ]
RENEN
-2 E;T’Tanh"']fe

| -
“thez *oweT AN

A-t'

P

[ sech"e de

o - [ cschlo de

the formula for . c' , the others being

?'n = [ §é9n0 40 i (n';z) 1.7 ) .; ) o
= | sec" %0 sec?o do
S u N dv
= seé" 24 tang - [tan e. (n 2)secn 3. secGtanOdG:~l
= /:seé" 20 tano - (n 2) fsec 0 (sec 0 - ])du -
= ééch 20 tano - (n-2)c' "+ (n 2)c . '
(n-l)c'n = (n-2)c'n + secn 20 tane
n-2 _, 1 n- 2
C: n = =T [ n_z ——r secC 0 tan@
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Example.
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1 .. n-2

n-2

) ranhe

e Cothe

) _- n-z .1 . ’
[ n - neT C n-2 .4" ?l—‘-T SE»C- 2] tane‘
. n=2 ST -2y
S n = neT 'é' -2 T ReT csc ] fCDte ‘
] - n-2 " - ] I
Ca= a1 2 ﬁ?TlS€F“
¢ _ _h-2 ., - 1. ..., n-2
3'n TR STn-z T owey Csch
“Evaluate i = f‘secge de

Solution.

By the recurrence formula,

IS 5>% I, f % sec3e tane

1

3
7
3
8,

14

i

~[% £n|seco + tane{ +g seco tane

lnlsece+ tanel 3 sece tano + Z sec’® tand + ¢

B. INTEGRATION oF MIXED Funcrnous-

1. ]P(x)zn_x dx;7
2. f P(x);qs ax dx,;

3. [ e cos bx dx,

The lntegrals that-we consider here are lvsted be]ow where

_IhgﬁA
Ig
P and R
respect1ve1y.

I P(x)eaxdx

seco dO = &n|seco + tano].

0%— sec 0 tanOu;

3,

are polynomIal and rat1onal funct10n of thelr arguments

[ P(x)sin ax dx; [P(x)Chax dx, ] P(x)Shax dx~
]eaxsin bx dx; ]eaxChax dx, [ P(x)Shax dx

4. ‘fcos ax cos bx dx [cosax sinbx dx, j sinax sinbx dx

7 ’5 I P(x, £nx)dx.

] P(x. eX )dx
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S8 f R(En x)dx o 7. R(e¥)dx

Integra]s 1-6-can be evaluated direct1y,‘or after sdme
'process, by parts.

The 1ntegra1 (7) can be ‘transformed . 1nto 1ntegra1 of a

rational function after the substitution. eX = t.

xamgle . Evaluate

£n3 T S
a) A= f Sh Zx dx . b) B = [ cos3x cosd4x sin5x dx
: e 2 ) ‘ind e3x _uX
'.c).]ff (enx + 2nx)dx  © d) [ = dx
T e e e

'So]ution.v._ v ,
en3 . "~_' -4 a3 -
[ e % (e2¥ reAZX)dx = % [ (e5x e )dx

a) A =
St Le - 0 -
Ty ey 1203 35
B2 Ly MR N EERE R
= g5 (3% - 1)
b) 2B = [ (2 cos 3x cos -4x)sin 5x dx
= [ (cos 7x + cos x)sin 5x dx
4B = | 2 cos 7x sin.Sx dx + ] 2 °cosx sin Sx dx -

f (s1n12x - sin Zx)dx s [ (s1n 6x - sin 4x)dx

ll,

cos12x‘ €0S 2X _ €OS 6x cos 4x . -
[ 4 7 '_;6',* r_.p_c,[.

B = - COS 12x'* cos 6x _ cos 4x , cos 2x c
; i t T w5 T8 °

2

: e L e :
¢) C =/]] gn x dx + f. an®x dx

/ in x dx = {x znx] - [x] =e-(e-1) =1
1 - A 1. Y11 e
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e é u = QnTx, dv = dx.
[ en®x dx - T
| du = 2&nx X ° V.= x
> 1 e
=.[x 2n x] -2 [ anx dx -
=e-2.1=¢-2
C=1+ (e - 2) = e~ 1
a4 3x | x 4.2 . '
- : t™ -1 . .
d) D = T—e € dx = dt with-e® = t
| OI et 1.I't2+‘1 | -
I4‘ v ) - _ 4
= f (1 - ;Zf——)dt =t -2 arctan_t]
1 to+ 1 o ' 1

‘3-2(arctan 4 - arctan 1) =3 +'% - 2 arctan 4.
~In a more general case the,intégrali

| ~ - f(x, T(x))dx-
'where'.T(X)"is a transcendental funetibn,rand f is an algebraic
functidn o?,ifslargﬁmenfs,;hay be reduced tﬁ previous types of
integra]é'afterra'suitable sqbﬁtitutidn. -

Example. Evaluate

. pe : : . ﬁ-.’1 + 'cos % | :
a) A= [ 223~ dx b)) B= [t dx
x(1 + °VX) . : sin.g
c) €= [ 12 Yeos X g
‘Solution.
a) S{nce»_xllz,fx]lal can be expressed as pdﬁer'of x]/s.

" the substitution x = t® gives . .
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T ‘ 3..6 N 5

- tiat 5 (et
A= [ ipg———g 6t° dt = 6 [ =——— dt
' R 2 O BE 2 2 T+t .

L]

6f(t3-t+1 +-f;§_;-_‘_$_)at =
= % t4 - 3t2f 6t +3 2n(£?+ ])4 5 érctaﬁ't‘4 c

3 ¥2/3:'3 <1/3, 6x1/6+ 3 n(xT/3 1)-6 arctan

173 1/6

3 2n{x +1) -6 arctan x 7+ C

. b) Sett1ng x-= 6t, we haVe'.

24

3
B = 6 !1 + cos 3t dt = 6 ,1 +cos t 3 cost sin dt

sin 2 - sin 2t
having integrand as a rational function of cos t, and sin t

it can be interated by half-angle substitution. -
‘ 2

c) Setting cos x =-u (u>0), _we have
C={ _2u du 7= = 4n 4—5&5%5—;— - arCfaﬂ’/COS.X} C...
(T -u)(T+u®) ¢ .

-
’ .

EXERCISES (7. 2)
L dx . »
21. Eva]uate . ] m (0 <06'ﬂ/2)
- : ” -
22. Show that j“f'.__gf)___ -3
- 0  3cos @ + 1 S

- 23. Evaluate -

sinx . Gt 1-r coij" :
a)lz————dx b) f = dx
: +cos v : ' - 1=2r cosx+r
24. Evaluate S

a) Jeot®x dx. b) ftandx dx, c) fescdx dx,  d) fesc®x dx
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25 Evaluate

' ‘a) I cos30 s1n3o 4o . b),fbkosso dé"

: 26._£valuate o ' _
SR dx Tk

-2) Icos x- cos a > b)’f sin x -sin a C)A! tan x - tan a .

27. Eva]uate

'_'_\a)] sec33x tan53x dx - ' b) fvéinzy,cos3yﬂdy -
28. Evaluate o } * '
) IF°55dex':‘- _ 1 b)Y o tan53x dx

;Aég. Evaluate . o
| ,.a,)fr-%%?hdx, * ~b)h%%§%dx, ¢y 11———322"" dx
30. Evaluate . R |
. a) fsinx Sh x ax b) [%%.%{5} Qx' ‘ c) ! %E3§ dx.
.31;'Eva]uate—; . }1,5 ‘

a) ]pr-arcsin;x dx .  vb) I x arccos xZ dx .

o A T . - 2.
. Vc,\!CO)S( x,d'x:'_Iﬂ"-Z'i;dx:v - d) IS_E:__X dx -j_t_a_’_'_z_’i dx

R ST T : ST x
32. Evaluate _ o o . _
Y ¥ #. 5 SR o - w/2 6
~a) [ - cosTx dx. b)) sin’x dx
- -0 R ) . ‘ 0 R :
33. Evaluate . » P -
‘n/4 o /2 AR
a) [ tansx dx- = b) [ . c0543i dx
| o . S R R
34. Evaluate -
S )2 - S - v/2
) [0 sindax dx - . b) / escBx dx
) 0 P S o - "/4 o -

35. Find the area bounded by one arc. of the curve y'=‘$in33x

and the X- axls.
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48

24. a) - it cos 2x } -l-cos32x + Cy

5

- 26. a)ftsﬁ'avﬁnft

‘b) sec a &n |*

sin % (x +a)

T * o
sin 5 (f -é) :

Csin g (x-a)

. +Cy
cos ] (x +a)

b)'TE X+ %'s{n 2x + é%‘sin,4xj- i%-sin32x +c.

“¢) cosa- n | sin(x-a) [r,% x sin 23 + c.

2 .3, sin’x

5

b) 7 tan'

3x -_% tan23x'¥ T

]

30. a) %'(sin x Ch x .- cos x Sh x) + ¢,

b) 2 Coth % -x+c, /c) 3 arctan e

©32. a) 28/15, - b) 5n/256.

34. a)"1/3,  b) 8/15 .

2n)sec 3x| + c.

'ANSWERS TO EVEN NUMBERED EXERCISES -

+ %'fanhkx Sech x + ¢

7.3 INTEGRATION OF Fuucrxous INVOLVING sz-va +C

He ;reat here ‘the 1nteg1a]s

]f(x. Ax? ¥ Bx+C)dx

(A4 0)

;where the integrand involves. the quadratic express1on

The fo]lowing are of th1s type.

! X;X ‘k

34 2 + 4 dx,

“ X-. V9 x 4Ax

"1 e

/94 x-xf

Aiz¢ék'c

—.dx



‘We tran

Ax? . Bx +c =A’[‘x?, #-%x*f %] '

‘Then we arrangé*tﬁe'

 Integrand

sfdrm"sz

a2 LB
- _[(x +a2F) lg'jﬁpr'

)
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- involving - Substitution
' , (u = a tant
u? + 2l or
lu=a Sht
' fu-= a‘seét‘
u? - 22 or
a ku=aCht’ ]
' " (u = a sint(*
ab - if " or z
(u=2a Th t N

A
B L

fa

+BX'+ C;»és>f¢ilows;

2 8% - aac|
B - 4Ac

A[( 7
‘Setting' . - :
- tm Y
. we have . o R
..Ax2+Bx+C=A[u2_- "AZ . (&
If A>0, then :
. 2
: sz +Bx +C involves'» o
St e a
oy 22
and if A <0, it involves -a”~ -u .,

 TRABLE -

“New integrand
involves
2 2

fa“ sect

or
a2 cn?t
2 tan’t
or '
2 2

- {a® sh“t

‘éoszt .
20r 2

2

13" Sech™t

2

;-'AAC);

TR .az_"wh_érji_A') 0

when YA <0,

du

{a sec

2t at

or

| a cht dt

a sect tant-dt
or

.{a sht dt

 ;é'co§t-dt '

“or
| a Sech?t dt

{*) The substitution u=a cost works also, but u=a sint is preferred.
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 After a substit&tion, the integrand beﬁomeé'a function of -
a tr1gonometr1c or a hyperbo11c funct1on wh1ch is in turn can be

transformed into a type g1ven in §7..2, if necessary.

Example. Evaluate‘

a)A I7—de,>b)3 I

”Solut1on

¥X "4)( dX; C) C I-V—T—-dx
XV4x"+x-

a) Setting x = 3 sint, we have

.

19 sin‘t o 2 ,
A= [ 325c% - 3 costdt =9 / sin“t dt
= % [ (1-cos 2t)dt ;'% (t -\5i%fzﬁ)j+'c
= % (archn.g - sint cost).+'c,
= 9 (arCSIn 3- V ) +c }*
Apply the other subst1tut1on. ,
b);x - 4x = (x- 2) "u = i:- 2'
B j Yu z -4 du. Sett1ng u-—2 Ch t, we have

2

B = v&chlt - 4. 2sht dat

4 ]:h t dt = 2 f(Ch 2t -l)dt 2 Sh Zt- eti+ C
= 2 Sht Cht - 2 ArgCh 2 + c

¢= ZUV 7r -1 7‘- 2 Argch 2 + C
(x-Z) V 2-4x-2Argch—2—

App]y the other substitufxon.j-"

N 1 N
c)c = s
L 7! x/ﬁkz + x =1

jlf the integrand h;d dp_ x as é“f?cto}’on_fhe'denbminator.

dx .
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the evalu;tionVCQUld be done by the process used in (b).
remove the factor x, thAe'rem'pr‘o'caZ substitution x = 1/y is

ahp]ie&‘as follows: = _ [ .
. PRI : dy C g o
e (-9 - -

o 7T e
L - ¥ ¥y y : B SR '

" _which does not contain a factor in the'denomihator,v

‘4~+y.-y = 4- (y -y)+4 (y- 7) 3=”'- (y = 2
 Then setting _ o S -
e oy - %" du = dy
" We havé~ _ . )
C='f. du -
- ul
Ve
_ - u = %} sint,
and:by
‘ Jr_ cost._

: . 2u -
cg-I_T___t=-t+c=-arcs1n + C
| Aeost. T

‘:': ;,‘ arcsinﬁ7T7‘(y-g%) + é = - arcsih,7%j (%>' 7)A+,C

EXERCISES (7. 3)

36._£vafuafe'

o (axe9)ax . (3x i 7)dx
a) . - b} ‘
o '!7(x2+4xv+l3)z _ o !~ (xS + 2x 4 2)(x° + )
© 37. Evaluate o .
e) I —E— 0

3x%+ax 42 » e T+ 3e"+2

"38. Evaluate '
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" a) ] —2;r2~—-

.48,

49.

“Evaluate -

a) [ty + 1)eny dy -

EQaluaté_

a) fx arcsin x dx,

dx

. x + 1 -
-a dx b) [ : )
» ] 2x - x" - ‘ : f\/xz-Zx'.-s..
'3y, Ev‘.'aluate'1 o L =
a) [ ————g%+37f; by [ Vi - X2 dx
(V+x5)7% o : T
40. Evaluate | tanx dx by setting - tanx = t.
41. Evaluate ; ‘
' - 13/4' < .dx . b  fﬂlz' dx
*) 0 I-5 sTn2x. ] 0 I+ 2 sinx + cosx
42. Evaluate ' ) R
g2 X _ =X . 2n3 - :
e - e dt -
a) C e dX by [ %
FOI R ex + e X ! a2t e -e |
-43. Evaluate DR ) |
' ' ‘ en2 -t
J T SR G X
3x +4x+ 2" L e“Ve3et.2
_44;_If Df(x) x-arcsin x ' and Dg(x) = x2 Chx,’f$nd~.f(x)
and g{x).
45. Evaluate ‘
a) A= | - 8x+13 dx b) B=[ dx
B L ' J-xz+ 3x -2
46. Evaluate g : T ’
‘ f /X * 1= dx
of VXFT+T
Eva]uate o

b’f-27===7-
d - dx. -
"‘b):f x4‘2n4¥ dx.-

”u fb)_f'x>£n{x‘di,‘

S



ey x:csczx'dx f‘i : . d) f:x3/22n 3x dx -
. 50. Evaluate by the given subst1tut10n. o .3, -
ca)y o - dx , X= 1/slnt b) ) ' o 3 x-3 t=y™
s AT 0. (2-x )“ﬁ - X%
¢) [ ——sinx dx s v t= qu_ Za.cosx.;'g?
0 1- 2acosx +a L .

51, Evaluate

.8 6

' T dx , - ’ ~dx
N o SUNRE —
4I -4) N R R
| /3/2 o e
ey 2«4 Z dx | A,q)',[ (4- x2/3)dx
: v2/2 , LU
' 52..Determinelconvergence or divergence, and find the value when
convergent: - '
g G ‘-_ - ) © . i
a) | x e X dx _ : b) f e”* sinx dx -
0 : ‘ 00

53. Evaluate ~ -

\ X ’ Co dx o
(lf,xzfiz ’ V';aa-xa LR r+x71+x2

54. Evaluate A = [ /X s x

‘ x(1 + ﬁ()
55. Evaluate -
Vsin x :
a).j cos x 9% b) I —co

ANSWERS TO EVEN NUMBERED EXERCISES

’36. a X - 34 . g arét;n x¥2 , ¢ N
18(x% 4+ 4x+13) A 3

‘) % U}(xz N ZIX . 2)'+_?2_ arctan (x+1) ;%lzn (x2+]')f%’ afctan -’2(-.4 c .

3é.'a) 2 arcsin (x-l)-‘¢2x- x2+.¢. Bf 2n|x—1¢¢x2-2x¢8| +C



40.
42.

44,

© 46,

a8,

.50;

- 52.

54.

'a) kﬂ% > . b)f,n
b) (x2 + 2) Shx<2xChk+c -

) 373 [625 '“fx - 500 gndx + 300 gn

“465

1.4, 1 . 2. 7 ,
7 tan:x .7 tan®x + !,rflsec x| + c

MW N

a) % (2x2 ']) ar‘CS’ln x\\q %. x'/;:_ xz. . .C - . o 7

'42fn%-1‘

Zx- 120 2nx + 24J +c

b) %- ;(y4+,4y)2.n y - %.yéb-yﬂc
a) en }}% '

b) n/6: ,'c)_2'/a‘ |
a1 by 1z '

1/6"

’3‘ 3(2/3'- 3x!/3 f_5XjI/6 +3 2n(1 +.-x]/,3) -6 arctian\’x , s

A ,SUMMARY
(CHAPTER 7) -

Decomposition of a .proper rational function 'P(x)/'Q(‘x_):v' o

V'To' each factor (x-a)r" _o:f: 0{x) fcbri'eSponds a-sum
e
k5 (x-a)f

of'partial',fractions,_'and to each factor (x2+px+q)r

with A<0 corresponds . the sum

1 '.(x2 + PX + q)l,E .

it -y

.
K

of pgriiél fractions,




~3
. -

"Half?ahgle substitutions: tan §1= t

: 2t ‘
sin x = . CO0S X = — » tan x = —= s dx =
. A — — st ‘ 1-;7 “ S

Half-argument Substitutions: Th %“-

466

2t R 2dt

1+t , T+t T+t

is applied to | k dx- " where R s a rational function

of trigonometric functions.

1
-

2t T+t° - 2t 2 dt
Sh x = —7 Ch x = —7% Th x = — > dx = —_—7
-ttt -t 1+t 1-1t° -

is applied to [R dx where R is a rational function
of hyperbolic functions. V

In intégra1s.inquving Ax2+.Bx4 C, the latter is trans-
formed to u2- az, 6r u2 +52 »fdh A>'0, and to aze u2

for A<0, and then the following substitutions are

applied:

. For u2 -a2 :vbu =acht of u =ra'sgc f
For :Qz ¥a2 : u=asSht or u = a tan t
fﬁr a2 -uEV: u = = a‘sin t.

asSht or u

. 86.

57.
58.

59.

fractions:

Same qugstibn for

‘Same question for

MISCELLANEOUS EXERCISES

DecompoSe teh foT]owing rational function into pértial_

x5 + 6X

~7 .3
(x +2‘x+4)
1
(x - 2)(x° -.6x + 10)%
1 S
C(x+ V) (xs2)f . SR

7/2

_Evaluate I 4Sinx - 7Cosx dx

17/4 . 351HX“2COS_X )



60.
61.

62.

64.

65,

-66.

67.

68.

69.

70.

71.

‘72,

- 467

. in{2- Tr) o .
Evaluate [ 37 X sec2(2-’ex)dx
n2 . .
: e .
Evaluate [ —4—;—95—?——
: 1 x(1 + 2n%x)
Eya]uaté' | — dx v

a® - 2ab cosx +b

. Evaluate ]\h—l:; dx

Evaluate - _ e
x° -2 . x+1 -
a) [ S5—= dx b) [ —g—5——p dx
T -x ‘ x“(x"+1)
EVa'lua,te f ')Ld-—g—x- 4
: X +1 ‘
Find thelareaVOf the region enclosed by the curves:

yi='~(x+1)(x-2)(x.qugx=-4, x==-2, y=0-

Determine the constant a such that
a . a '
b[ x3¢a? - x% dx = [ x a? - x?% dx
. ; .0 :
Evaluate - )
cos X ’ x dx
3) [ y5ear 9 b) f 9+ 2
. ) B 3 v
Eva1uat§ '
. x . . ) N e . i
dx dx .
a) | =S b) | —%
S I T !A+9x
Evaluate [ X._9%
’ X+ 1
Evaluate L
. ﬂ/Z .
do
T [y (tan 0=t
0- achsze + bzsin e )
Evaluate ’ '
do

c0549'+ 51nle
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1_a) [ 2n x dx = nn(n

) Q) 2h[(n-])!]

. €)-(a) and

74,

- 76.

77.

T o meNren®e™Mecnt
Prove o L - ,
n/ S - . . .
a). "/f . % f?; (from the right inequality in Examp]é 73¢)
b) ’15: < n{n AL % (from the left 1nequalxty in
S _Example 73c)
c¢) (a) .and (b) »
’ ' n - o , .
llm —é?; = % - {using "/ﬁ+l,and N/e+1).
: ' n '0' Q R . 4 A - | .
. Use the result in Example 74c to evaluate o
. kn s ' nff“ﬁ o
a) 1im  —Yikn): B} 1im —(ﬂ}l—
n+ = _— SN +® Sn°
o 3n s o NTTRYY (3n)t
n+e 277/ o n\+ © n®
Evaluate }2 -5 | i
S 0 2x++4-x°
Evaiuate : _ i
&) f }-:75 ix ) f gt
- C 6 A4 + X -Vﬁ +x
v ) /3, / ) - ’
Evaluate [ X dx
+1
Evaluate x ’“’3 dx
.Evaluate

468

Pfove ;"

on the regular partition

(b)

n*])

< vf anx_dx <£h(n!)'
TR .
(15:2{ e

(by‘1oher and upbur

, )

Sums .
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82.

469

AR Ry /x+1—1
28 = T A M t

dx

Evaluate ] VTX'-a)(b" x')

lf “R(x, Jax bx+c) is-a ratwnal functmn of lts argu-

7 .ments, show that 11: becomes a rat'lona] function of t .upon

the Subshtnuon . , o ]
'a)t /'x+-J,x2+bx+cjwhen a>0, o

83.

84.

85

' 86.

87.

. 88.

b).t = (-a)j.

i B -
. Show that -~ X sinx dx.1=,l"T_

X -

XX when a< o, where »x],‘ .’,7(-2 -are
the (rea]) roots of aX2+‘bx+c'= 0 ('x <x'2)

Apply the substxtut‘ton gwen in Exerc1se 82 to transform -

3- \/4x +x-] C \/x~--x2

al f dx ,b) ] dx
/4 sx=1 ;x - xz

mto ones w1th integrand as ratwna] functwn of t.

Eva,'N_ate o I§ %’.dx 3
o 2

0 1. cosz; o
Find the area of the regmn bounded by the x- ax1s. the curve'
y=xe 'xr and the vert'lcal hn.e through the max\mum point.
Evaluate f x e® cosx dx

Find the area: between the two curveS'

‘Aa) y.nnx. Yy = gn%.. 'l<x<e

-,\b.)ry;.sfinzx.'" ygsecx. T< x < T

89,

90.

Given I « [ cos(n arctanx)dx, show that
In,z‘ 2 x In 2 -% s1n (n arctan x) ic
Determme the convergence or dwergence. and find the value
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if'convergent; S
D: R ‘A‘. ‘ . ‘0' - )
.f x2 e'3xdx' R b) gZx cosx dx
3 - . . . . . N -t ‘.
fo Find a re]at1on between the constants a;‘b: for whichia
| pr1m1t1ve of - | .
x2 -1
Tooailier 2
(x-2) (x b)
be a rational function. o K
92. Find the area of the region boundéd‘by the curve

‘ ] : e -
y =y and the lines . x=2 Xx=2/3 ‘and y=0.
xS (xT + 4) g o ’ o -
93, Find'theférea'o? the region enclosed by one loop of the curve.
. ‘ L yz = X4(] ".xz)'_3

‘94 e 2 8,4 2,

94 Same question for x°“ = y (1 -.y )

95. Find thé'area‘enclosed-by the curve of

. x2/3 12/3 = 32/? . (a 50)..

ANSWERS TO EVEN NUMBERED EXERCISES
66 .. X8 . 4xs24  _ _ 16x-32
x2+2x_+4 ’ (xz+2x+'4)2 (:(24'2)(4'4)7

‘ 1 -1 N
58. Yy =

oxsl “? (x+2)%
60. -/3

;62; —2———2 arctan (———5 arctan 2) + C. ’

64. a) ln‘l—Ti s} x2 + X + c.:

I

.‘b) - 2 n|x| "— ";Lzﬂln(x ol)-? arctan x - 2 X+ 1 e
x 2



66. 4 an 3 - 1L 202,
. ' _ » .
68. a) arctan sin x + ¢, b) % arctan %r +C
y /2 x2 - xvZ '* 1. 1
70.. in —y——— - arctan + C
= x5 e xV/Z 4 1 ;Z _
72. é? arctan (%;'tan 2x) + ¢
Tl :
76. T-o- -sln 2. -
78. % 3z | 7 & 776 .+x+.165 xsis-%,x2/3+3x‘”3-+ 6x_”§ o
L= 6 2n(1 +x]/3) -6 arctan x”6 + C.

80. a) 14 arccan/‘*" - 5/1-x% - 2oTQ+ 2 (1-x)¢1-x2 c
b)4£n2--'l.

8. 2R - § 665 4 ¢

- 86. 1 - 2/e .

88. a) 2, b) 7.+ n (3+2/7)

90. a) 2/27,  b) 2/5 '

92. (12 -n- 4/3)/96

94. n]é. ‘ ’

v CHAPTER 8 =~
APPLICATIONS OF DEFINITE lNTECRAL

8. 1 ~ GEOMETRIC APPLICATIONS

A. AREA:
" We recall the area formulas

!

’ b .. L 4, ‘
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for norma] regions '
ny‘s [a, by yi(x), yz(x)] Ryx = [c. d; x 1(¥), XQ(Y)]-
In polar coord1nates norma] regxons are 51mnlar1y defxned,
one type is denoted by R the other be1ng R A
The{regwon _
(e, rjiac @ €85 () srgr,(e))

bounded by the rays @=a, ©=8 and by the

cu;vesf r= ri(é); r= rz(e)~ is called a
normal region denoted by R6 » written

short]y

Ref ’=;[u, B; rl(e), r?(e)}’ ‘,vo j : - pA
WheFe'.’= r{(e); r-rz(e) are called the inner (fzrst) ,and'
”ﬂuter (eecond) curves respectwve]y '
. The region _‘ ‘, :
{(e, 'r):'agr'_-.sr—b;; e](r)ses’ez(r)}

‘bduhded‘by the circles r=a, r=b and

by ‘the curves 0=0y(r), &= e](r) vfs
‘called a normaliregion_deﬁoted by R
and written ) ‘ .
Reg ='[a;-b; 1e (r), Gz(r)]
where e=,e]kr)3 e:;eé(r\ are called the initial (first) and
‘ terminal (second) curves respectlvely. o
xamg]e 1. Exprcss the given shaded req1on as a norma1

’,\f'," .,

region »Rer of as union of such reg.ons'

L when necessary,

Solu~1on. The reg1on T‘e’ Letweenv
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the rays. =0, © = % . The outer curve is the circle f- 2,

but the 1nner one. con51$ts of two curves, namely the circle

r=2c0s6- and the line r'=1/cos®. Then the region 1s.to be

“written as union ‘ -
R, »Rler\JRner

i

[ I

[O,K%‘;/Zlcose. Z]U[% s g ; EE%*?I’ 2]
‘ Examglé 2. Express the above region as normal region R

ar as union of such reg1ons. o ,
' So]ut1ons The region is bounded by the c1rc]es a /z
and fé 2. énd the circ]e r-2coso (the Jnitial curve), the
line ‘r= T/cose (the ter1ma1 curve) Hence the region is a
normal region of type Rré' and N o

Rfe.; (J?, 2; arccos x ,_arcégc r},

The area,of "Rg.:

We first tréat'the areavdf a ﬁoéhal‘région 'Rér for
r (0) 0, that is, the area of a region bounded by_éwd,rays and -
~a curve. o |
Consider an -element of area in the

- shape df,wedge_uith sides r, r + Ar

‘
.
. - :
3
 —

_haying an angle A® between thém. For very

sméjl A9 this wédge is in thé"sﬁape of

\ triahg]e (in a partition of"(u{ B)v_for

large n). Then.

AR = % r(re+ar) sin 48 (From S =7% be sin A)




474

2—-3 g-:'z r .(r*Ar) :__..Ae \ % Hﬁ =<.2.‘er .
'3 dA=yride, A=y [ rPde

CoroiIarx. The area of thie normal reaion
‘ 'Re'.; -,[d.. Bi ry(e) rz(e)]
is ’ » T
B2 2
lRerl l"" ,',(‘!j . [rz(e) - r1(Q)]dG.
Example. COmpute the area of the region inside the lemis-
cate vr2-»4¥cd$ 26 and outside the circle r=/2.
Solution. From symmetry of the figure
with reipect-tb polar énd.copolar axes, the
‘required area is four times that of the shad- - '
ed region. A ' ' ‘ L /%
, From simultareous solution we get P
: o ' Vi 2
"B(/2, u/6). Then K ‘ '

- wl6 - ,
A=8.3 [ (4cos2e - 2)de=2/T - 2n/3.
0 | :

/ %v'

The ayea of ‘Rfs: Let

. » Rre = [al b;l e].{r)s 92“”)}'
Then - :

IRreI [ [ez(r) - e](r)]r dr

Indeed. consider R “as the shaded region in the given
'figure. Here an élement of area is a- gart of a circular rinq of
Fadis .r. central anole ez(r) - e](r)
and width dr. Thqn

: } : o A = .r. (92 - 8y}dr
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implying .

A="[ (8, -0 rdr. T g 4
T | QLS ‘“Illb 4

Example. Find the area of the region bdundgd'by fﬁé

circles r=1, r=4, the Tine ©6=0 and the ARCHEMEDEAN spiral
r=20. ' '
|  solution. The region is

'Rre =-[1,’4; 9]=0, 62=r/2]

-and

, 4 o .
A= [ (5-0)rdr=21/2.

Verify this,résu]t_by interpretina the reaion as Rg

i r
When the two curves enclosing ﬂhe.regioh are given in

pdrametric form;'substituté them ‘in ihg integrél.
Examgie. Compute the,érea of the région un@er the arc pf'
the curve x=t+1/t, y=t-1/t from t=1 to te2. '
Solution. The area is above the x-axis for te(l, 2).
Then | ' , . j
: ‘b. 2 1 1 R :
A = af 'y dx = 1I (t-§)00 -;z)dt,s F-en 2.

B. Arc LengTH. , , : B

.ponsider a function ,y='f(x) differéntiaﬁlev(ahd hence

- continuous) on"a closed interval (é;‘b}'with graph as shown in
the figure, . ‘ - a B ‘b

e wish.tp express the arc leﬁgth of this cufvé béfﬁeén
 1£5 end points A{x=a) and 'B(x =b). The method is similar to
ona given for evaluating the area under a curve. It consists of

v

partioning “(a, b) by points
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Sals xg)s cee v Xqps Xgs oo s bl )

- p. . -

E ' l

4 n NS

N vy | R
P oo ' i
-8 1. ! -~ !
v . -4
a Xy % %y b x

- and considerind‘the correSpbnding poinfé P~(xi) on the arc.
‘which when 1o1ned success1vely g1v1ng the polygonal lxne

AP

] e P P1,:.'Pn_18, whose Tength.
. U
R "’1-."1! ;
.1- ‘ -
is a rough approximation of the requ1red arc length s of the
curve. . Approximation gets be;ter and better as n -+ e ~and

- maxIIP Pl =od wilp, 1R\1l} - 0. and the

n
Tim. P ]
n'-rui 1§Tl1]1
S 0

gives. s by definition, where

| IPyoqPyl =A%, - "i-T_)ff.’(f("i"’. - flxg)’

By MVT

‘ RIxg) - ) = xg e xg ) (Eg)s kg < By <y
implying o S o
| lp1 1"1' ALt e) SRUBL
Thgh

- 1Ai‘z‘n _ 2 v4 [f (s1 ]

N w
+ 0
) which 1s tbe RIEMANN inteqra]

]wA+f'2(x)dx : | '7-(1’)
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}ﬁhen»‘ff(x) iéycontinuous in toe interval. ‘
"f ofollarz 1. If y f(x) has continuous derivat1ve 1n =

(s b), then for the element of. arc ds we have
2) ds=v4 +f'2(x) dx (from the Fund Theorem of Ca‘lculus)

b) ds= fix? +dy2

Vc) ds=V(-J— +1 dy

Hhen the curve is given by the equat1on

(sxnce f-(x) fdy/dx)-

x = g(y)

where g;(y) is cont1nuous in- (c,-d). we have - : |
- (VeTme . an
ST A ' E ,

- from Corollary te.

xamgl "Find the arc length of y-xz from x=0 to-
x=2, - i
Solution
s = ] 4x éx = [m(4+/17)+4/’i’7‘-1]

Compute the same arc 1ength by (1) qbove
or011arz 2. 1f x= x(t). y=y(t) are the parametric

.equations of a curve with continuous derivatives 1n '{£]; tZ];

then . .
' ae? o dn? s av? oy v el dt Ay e v iYde)
a) ds gdxtody (dx-x(t)dt. dy =y(t)dt) .
Ab‘)s-t] /x (t)+y(t) dt.

_ Corollary 3. 1f re-f(e) is the polar equation of a curve

uith continuous derivative ir [e ’ 62) ‘ thenB
z.drz-»rzdez. b)s= [ wrler?de
_ S 6 T
- 1

‘ a) ds
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- Proof. Sett1ng in c°rollary 2 b,
‘ = r(e) coso, y'= r(B) s1ne
we have ' ' '

a) ds? = dx

(cose dr - rsinE)._de)-2 +-(§ine dr mrcoﬁe de)2

= dr? . rzdez.

Observe this relatidn in the infinitely small triangle HPO.
t . - . :

'b) ds = Wor? . rzdez

373
e]\/r+-

"w .
]
Q.
CD
T
-
N
+
-

§ =
Showrthat_for the curve : 'g Element of arc'in,
. »’: Q= g(r)s ' V o e pé?ér COordinages
'S 'js given by - ‘ .,Aré. ' o .
| s = «4__27"_572
. l"-'

" Example. Findffhe’length'qf curve -

X = et._ y = %,EZt-_<§ for te{0, 1).

solution. . . : - ‘
s [2hZagPar = | WePEL et G2t T gy
.. 0 | R
.S T - .

: 1 ‘ : LI :
' .=0’, ngthIZ BZt"TIE dt = L(e2t+,%)dt.ez,2__ 1/4.

Example.- Find the'perime'ef of the cardioid r-'a(1;cosej,
.Solution. The' graph belng symmetric with respect to the

polar axis. we-have

- s =2 ] J 2 2de 2a ] ¢§+ 7 Cos6 de . I Cos de = Ba, -

~
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bolar sloée:
If we'eall,the_saope
| | m:éﬂtan a = %¥,
of the tangent line to e'curve yﬁ=y(x)/‘in cartesian coordinat-
“es. the cartesian elope of the curve at (X, ¥), whene a is the
ang]e that the tangent 11ne makes with posxtive X= axis, we defi-
ne the polar slope of the curve r=f(0), at P(o6, r) a
. o u = tany '

where ¥ is the angle that the tangent ltne makes w1th the ray
(op). ‘ | ' |

The:expression for polar slope u.iSjeas¥1y-bbtained by
considering tne efementary right triangle PHP*- »
" with sides_ rde, dr and dSkxA' S

u= tany = cdt(g‘-uw)

. 3_536 ;/,—“". ,
u o= tamp = —r. P 4 o A

As the re1ation ' , - o
m]mz = ".‘l

indicates the orthogonality (perpendicuIarity) of two Interestinq
,curves in cartesian coordinates, the relat1on

' Mgy = =1 '

gives orthogonallty of two 1ntersecting curves in polar coovdx-
nates. /, |
Examgle . Find the points on the. lemnlscate 2oy cos20

'at which the tangent lines are parallel to polar axis and find v.
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'jSolutinn. For a hor:zonta1 tangent ]1ne we have vew - 0,

(or vaz e), Then -

[ . tany = -tane B R
R P r® 9 cos 20
Q -tano = T = ‘I‘Y"- ® 29 s5in 20

-_- cot 29 A

# :iane fan 20 = 1 9tan0=+1//§§9=in/6+r':

=§ 0,1,2.'=;"'.“/6 _93’4 = % w/6 + T

and o - -
1_»Vizwiée1rs612=m:%,’wLA;e§L'

. ;xaméte z ‘Show that the circ]es .rw;Z ;iné’ and

r= 4ichsé 1ntersect orthogona11y o V

Solut1on. Zs1nem= 4co§Q - =p tand = 2 i; 6" arctan 2.

- R siné' SN 4 (05O - - . -
tan q)‘ "—'~2-—c—o—s-§.= tan é= 2, tan QJZ m cote 1/2

Then - - , — )

by owg el
'C. SURFACE AREA OF A SURFACE oF REVOLUTION

A surface of revo! utton is a surface generated when a

curve 15 revo]ved about a (straight) line This 1ine s called

"v.the symetry axis of the surface.

Sphere ts a familiar examp]e of a8 surface of revaTution.

Let y= f(x) be a funthon with continuous derivative

- on (a, b) Hhen the curve 1, rotated about the x-axis (or y-axis)
it generates a surface of revolution of area S (or» S ).

ox oy
Con<ider an element of arc ds. After revolution it

'egenerates an element of surface 1n the shape of a s!ice of 8.
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\cone‘uhose lateraT:érea is ) T

: dso’;aZny;ds.' c‘lSo.y =-?ﬂx ds

which by integration gives

Sox = 27 a-f y(x)ds, S, =27 fo»"((y)- |

T2 . 2 S
S . =2n [ -y/:'(E +y2,dt, S =21 [ xvx" sy dt~—

ox ty ' - oy 13 :

; Examgle i.. Compute the surface area of the surface gene-
rated when the curve o '
Ly = TR oxe(1)8)
is rotated about x-axis. = o

Solution.~'

o b g —
. J 1
f$°¥,g 2n aI‘ y ds.-72n j ¥/ eyt dx

o= 2n [ /x Ve ] = ] V1+dx dx-
oo 1. ’
' ,_(n/é) [n.l 7 - 5/‘5]

Examgle 2. Compute the area ‘of the surface obta1ned when

“the curve S L - |
| Cx=at(t-2), y-8t¥2 tefo, 1)
 1$ rotated about x-axis. - :
. Solution. A’ . :
Sox ! yt) o7 e |
-' . of Bt/t fst 6)2+ 12%¢ dt

= 9 ] t/' \t“))dt;l:;.gﬂ -



D. VOLUME OF A SOLID OF REVOLUTION.

A aosz of reUDZut¢0ﬂ is the solnd generated by revolving
- -a plane regxon about a \stra1ght) l1ne Th1s 11ne is ca]led the :
L:sxmmetry axls of the so1id The boundary of -a surface of revo1u-:;
tion is certa1n1y a surface of revolutvon.,f RS
v Cons1der f1rst a reg1on under- the curve of a cont1nuous

pos1t1ve func~1on y f(x) bounded by . the 11nes ,x;;;,U X = Bﬂ-
' Nhen this. reg1on is. revolved abou*
the x- axis for y- ax1s). 1t generates a
solid of revolution’ whose volume ‘is
denoted by V (or ¥ ). |

Voy Ny
o X *
“For this reg1on for convenience . el @ dx 6

Vox  will be eva1uated by what we ca]] dise method whi]e 'voyf .
by sheZZ method as exp]aIned below.

COnsider an element of area as a vert1ca] strip in the f'
region _R._Hhen fR‘rxs'rotated about x-ax1s (y-ax1s) the strip

generates 2n element of vo]ume‘in tne form of a disc . (a shell)

T S

AR i//”//).'

_ Disc of,redius y - ' ; Shell of inner rdd%us X
" and thichness dx "~ = thickness dx and height y.-
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The .volume of this disc: The volume of this shell fs ihei
' S : differential of the volume of
dv_ = my? dx
ox = 1Y X . inner cylinder (with constant
I " height): | -
L o

Vox = 7 [ v dx. av, = d(mx?).y = 2nxy dy

b .
Vo=2x] xy dx
Y a '
These formulas are{for speeia1 npfma] region

;[a, b; 0, f(x)). More general1y;‘if'the normal region

Ry = [an bi vy, vy00)]

is revolved about>x¥éxis (y—axiS) they become-

’ . b b . :
'de = a] (yZ y])dx ' de = Zﬂ éf X . (YZA'Y])qx .
It is obtained by taking the "It -is obtained by taking the
~difference between the volumes * difference between the valumes
of disc relative to upper and - . of shells re]atlve to upper

lower curves ~~ and lower curves.

If the norha1,region is
 Ryx = {c, d;xx](y). xz(y)}
then. V;y is'dbtafned more €asily by disc, end v j .by shell
method The formulas for th1s reg1on is obtained from the for-
mulas for the.reglon. ny by 1nterchanglng the roles of .x.
and y:

w S BT EP P
Yox ='?“i~f Yixg=xqddys o vy = [ (*z " xy)dy.

For ar glven reg:on, ‘one of these methods is appl1cab1e
nore easrer than the other in general

If the. gvven reg1on is not normal one. decompos1t1on of

1t into normal ones 1s necessary,
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-~ Example 1. Compute the volume of the solid generated by

'revolving an-ellipse about its majcr ax\s. by two methods.

_ Solution. Let;bzxz-oazy2 szw be the equation of the -
' ellipse. o e v
-a) By disc’ method' »
,} .V;;,‘( = I yzdx =m :2 f (a -x )dx -
“ Vf'/zgmabz
b) By she11 method°
_ % vox' f yx dy o
= 2115 j yV 2--y dy -
‘fa;':{v"abz' o

Show that the vo]ume of the solid gener%}ed by the same

ellipse when revolved about y ax\s is  6x .
R _ | ’ e _
o , Voy“,gﬂav?. /%\ o
(by two methods) .f . Ki ?;’. K
. Examgle 2 Find the vo]ume of the soli generated hy' '

.rev01v1ng about. y-axis the region ‘bounded by

Cy=eX, x=0, x=2, y=0

Sen

7 4n two ways, andvcompare the convenience of the methods o
. Solution.
“a) By sheil method:

- 2 . 2 - L2
’,‘Voy = 2% ] xy dx = = j 2x e” dx

=ﬂ[ ] . ﬂ(e ‘-' ):
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b) By disc method. | s
e, .

‘ Vey <7 [ (22- O)dy +:_IJ‘(22 - 4ny)dy .

j A e :

= 4w+ 4w (e -1) - ‘I ‘-2ny dy
. LI

'.‘ﬁh'fe4 - h[y gny - y]

=81 e r"ﬂ[4e -e4:-0”¥1)'=,ﬂ(e4 fﬂ).
‘It'fs§seen5that the7she11;ﬁethod_is easier>thah.the other.

E. VOLUME OF A SOLID WITH GIVEN CRoss Sscrlons -
PERPENDICULAR TO A GIVEN Line '

‘We place the cartes1an xyz system in such way that cross

_sect1ons be perpendicular to z-axis. The

cross’ sections of the solid ‘are “all

paral]el to xy- piane.

any cross section is A{z) as a function ,

- which gives the’ volume of. the solid as the integral

’hemisphere of radius a.

Let the solid lie: between the paralle LY

.'>z=_zl and z= 22. If the area of = #

then the volume of a slice of base
and hight dz u111'be
-~ ° - ” q - .
4V = A(2)dz SR
Ve [ A(z2)dz
. 2, |

Exemple..Find fhe_wo\ume'qf';he

Solution. Placing ‘the hemisphere
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*as shown in the Fig., the area A(z) of the cross. section being
’ - AM2Zy =T P2 - w(a® -z ),

- we have ' | , I
| V= d[a.(é? -éz)dz = mad-n %; = % «mad.

Now we estabhish an 1nterest1ng formula wh1ch is called
'kthe three Zevel formula ‘ v

Coro]larz. If the para]]el cross sections of a solid are -
'a quadratic function of z and. 1f A], AZ and A3 are the ‘

areas of battom, m\d and top tross sect1ons and -h_4is the height,

then the vo]ume : L >\ 43
, R ‘ C L Ay :
o ¥ o= [A + 4R, + A ] .
: § ! P 2. 3 Aj .

. Proof.. The proof is the same as that of the SARRUS fornula.®
An 1mmed1ate application is the voilume of sphere. The .
bottom andstop areas are zero and the m1d'one is nRZ. Hence

v 2R [0+4nR2+0] - % R,

A sllghtly mod1f1ed prob1em is:
_ PROBLEM "Fina the volume of & solid of g1ven base, and
of gtven para11el cross sect1ons perpendicular to the base.
Let the base be taken as a regwon R on xy-plane. Let
‘the cross sectlons be paralie? to yz plane. Since the area of a
variable cross section AL is a function of _x the volume ‘of a
sl1ce para]lel to. y-axis will be _
B L Xy
V= A(x)dx V= A(x)dx ,
Xy .

Examg1 . F1nd the volume of the so11d whose base is a

quarter of c1rc1e with radlus a, and cross sect1ons:perpend1cu1ar
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_to one of the bound1ng radius are right tr1angles with acute -

ang]e a vertex at that radius. (See Fig.)

- Solution. For the se]ected coordinate system in the- figu-

" ore ;hé bése is ; v
Hx,y).x2+y2€a2 0,-y;0}.

‘The right s1des of the- tr1angles being
v’/%z - x° _ // 2 tanu

the volume of the §1ice is
-dV = .]zv(a2 -Xz)tana'dx '
implyingri r' '_
o R P Y :
V= [ (2%-x%)tana dx =
0 , A

EXERCISES (8, ) -
1. Expressdfne given_normai regions in- kre type
a) Rer = {0. % ;s 2 cosO,NZ],.. >b) ﬁ = [0, ™5 1+ cose, 2]
2. Find the area of the req1on enclosed by the curves
a) r=4 cosG, r=2 (r>2) b) r= 3 sin 20
)r=3co$36 ' d)(;2+sﬁw,10§es2n

3. Find the ares of the- reg1on bounded by the curves

= /3 51n0, o r= cose, and 0 = 0.

4.~Compute.the area of the region bounded oy
r = ¥cos 20 from © =0 to O=mu/4,

5. Compute the area of the polar curve r=4:.coso + 2 sing.

~from ©0 =0 to O = m.

~

6. Compute the area bounded by the.éurve_rra 1/(1-cos@) and the



10.

11.

‘Show that the 1emn1scates T =a2'cos 29,’and .% =b
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rays 9.=‘ﬁ/4, 9 = n/2

Find the common area enclosed\by the follow1ng pairs of

_' curve

v,a), r'-3 cose r='|4cose v b) r-3 2cos 20, - r--'v'z_.

~

Find the area of the reg1on enclosed by each of the follow-

ing curves. B

'a) r=2 cos 30, b)“r;rB sin2 %-, c)fr? 2-cos0, d)r =4cos 26.

Find tne area of the region bounded by the g1ven curves

a) r-s1n 26,' Oeesnlz . - b) r=l -s1ne. n/2<e<5n/2

L2 2

sin 20

1ntersect orthogonaI]y.

F1nd the length of . the curve of.
_'a) f(X) = X

3/2 between x--_! ‘and x=2

| -b) f(x) (x+1) between“x=3 ‘and x=8 :

12.

i giyen interval

Find the length of ‘the arc of the fo]low1ng curves in the'

~

. a)‘.v=x3'/6‘+‘ }.I_Zx.‘ lexg2 . b) y v -x\é x |
c) y=¥x/3 ..(3-x/3),‘ 0<x e d) y Cosh X, 0$X$.2,'

13,

14.

Find the arc length of the curve: .

xS & 3 —% 2/3 tor yc[O s)

Find the length of the curve on the given 1nterval

) x=4(2t+3)3/2_.’ y=3te 12, te(-3,1)

8.

b) x = A(t? -2t), .y 51;3/2 el BN

»Cbmpute the perimeter of the fo]lowing regions bounded by

the given curves: -
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«,a)y*xz. y 4x - 'b)y-ln'secx‘,x;—-io,‘y 9.n2

16.

"Find the length of curve for the followlng function 1n the'f

Lgiven 1nterva1

..,a) y zn cos x, Osx<n/3: - b)":y=4"-:3<2-. >."-2'<'x:.<-2.'-’.'

7.

Find the spec1f1ed arc length for the fo]lon1ng curveS‘;

:.Tj)r-eq 0<00m4. b)r—unzz.ﬁo 95“

| 1 8.

19.

.Find ‘the- length of the curves in’ the given 1ntervals

2°8

.a) r=a9 > (0 21\') : ‘ b) I‘_..a S]n z . {0’ ﬂ) .

Find the length of the fo}10w1ng curves 1n the given

1nterva1. L L
) x=8t3 ygst“'- 3t2, »-lstu
, . 3 4

BURTE TR PE P

20.

21,

'_,b.)_‘R_

2z.

‘a)rzacosz- P _b)r=asm

3

.c) Lx'=="cos3t:.  y=sin’t, . 0( t(' 2
d) x:=3t

4'y==3t:2: 6, Oste'l :

'Find the length of each of the fol]ouing curveS'

2.9 3.0
3

Find 5 for ‘the region’_ ]
i‘a)R [1. 2; y]no, yzsznx}

xy;ﬁi[“". 2;. | yl - °’ .' Yz =K exIZ]

Find the area of the surface of revolution obta1ned by

»-_revolving the given arc about y- axiS‘ O

23.

'a)e-n/n. ogrgl - b)r-e.-0<e<n/z.;f

2

a). 2ynx,.05x<3 b)y 33/". 2<x<8

‘Find the area of the surface of revo!utipn obta1ned by

revo’lving about the polar axis the given arc-""f
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‘ .24, Flnd the area of the surface of revo]ut1on obtained by

'rev01v1ng ~tout the x- ax1s the -given arc:
- i

T a) _y=x3./o, Lux\z 4 b) y=cosx, ',-11/2,<x\<1:/2.

‘.Zg.tr‘nc the volume of the solid of. revolut1on when the given
region 1s revolved "about the X ax15
ca) o,;n/z;v' 1 =0 1. Yo =2'qo$x]
b) 0; w3 y1-.0 yé =sin %]
) 26. Find the vo]ume of the so11d of revolution generated when
| -the given region is revoived about the x-axis: -
‘a)'Y-";'i'O,' y-150, 0sxg1
nbyy-Vaz-x2<b;l Ac)o;Iere-Q§c<a, Ix| <
27.7F1nd the volume of the solld obtained by rotat1ng each
‘.reglon about y- ax1s. ‘ , .
a) y=/%, x=8, y=0 'b)y X, x=8, y=0
-.c)'y= 1/x, x=i, x=4, y¥0 ) d)‘xr y2 1, x=3
28..Find,the‘vo1UMe“bf the solid obtained by rotating each
region about x-axis: 7 ‘ o )
a) y=VEiX, x<0, y=0 b} y=1/x, -1,x='3'. ¥+ 0
c)yext-x, y-0 d)y-l/(xl) x=-1, x-0, y = 0.
29.tA sector/of 2. c1rc1e hav1ng centera] angle 0 is rotated
apout one of its sides. Find the volume of the solid

‘generated.

30.'compute the volume ‘of the solwd oenerated by revolvinq a
unlt c1rclp abcut one of 1ts tangent lines. ‘ '
31. Find the volume by the method of cylindr1ca1 she]ls of the

‘splld generated by revolv1ng ab0ut y-axis the region bounded\by
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2 2

) x=y? xeytTys0 b)yax . y=4x

/','c)yax, \y=fx' ” ’ 'd)y g- xz, y'=‘9‘-3x.

32.

A solid has in xy-plané, a base“of circular disc of radius

a. and any cross section of the solid by a plane perpendi-

E cular to x-axis is a square. F1nd the volune of the solld.

33..

34,

35.

12.
14.
16,

18.

- 20,

22, 2

e

3

The base of & certain so]id'iu.the portipn of the xy-p]ane

for. which x?+y2gl. Ifbevery section of the solid perpen-

dicular tu y-axis is a square, f1nd the volume of the sol1d.

‘A hole of radlus Tr s dr!lled th'ouqh the center of a

.sphere of radlus R. Find the volume of . the remaining solid

Apply)ng the three -level-formula, evaluate the volume of a

~a) cone of height ' h ard with circular base of radius 'R,

b) frustum"of cone with lower and uppér_base.radius R, r.

- ANSWERS TO EVEN NUMBERED EXERCISES

a) 2(3_ qT- ‘l)’ b)% . : C) K L | d) .g_ w

T N o L
a)m,  b) 24w, " c)gw, d) 4
a) 4, blw  c)4  d).she2

a) 30, b) 12 o

a) en{2 +./3), b) zJ’? . , Qn(4 . /17)
SERI [(a . 1)3’2 1. by 2ga)
a) 4lal,  b) 3 Iai | |

o~
Nt
CArY

Cw(1070-1), . b) 17407 - 20T
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24 2§ (7 ‘-"/' -¥ . Y Zn[znu SORE )
a!zslia) 7. ..2_ b) 3 “(a ;} 2)3/2. ;A"‘f - |
zaa) sn, b)\z" R 3’{, Lol
4v;ol°znéf_f Lo r

: 8.,2 PHYSICAL APPLICATIONS

A NORK.n'-'/ gy . S

' . A defwnite 1ntegra1 [ f(x)dx may be 1nterpreted _
"_uork done aga1nst (or by) the force f(x) corresponding to a

r'displacement from a _to x, and denoted by . u(x)
o u(x) = f f(x)dx

Then the different1a1 of H(x)
‘ f(x)dx o

_ Hhen one 1s so1v1ng a problem on “work"; as a: flrst step

: :1t is usual to'write ‘the differential of work as the product of
;Z'force t\mes differential or diSplacement“ or "d1splacement )
't1mes differentia] of force s “as- illustrated in. the fol]owing
.‘examples' L ' .

Examgle 1. Find the work done to stretch a spring from

-71ts equilibrum position to a distance 20 cm if the spring const-'

ant 1s k(> 0)

.]'f This definite integral can a1so be interpreted physically giving
different meanings to f(x) and dx, such as fluid pressure. .~
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~

Solut1on. ‘From Hooke 3 law. the force against which the B
work done being F = ~klx| gr. the force do1ng the work is -
F e kx| Aand we have S : ) ' '
' aW = k|x| dx - . T
.20 . T
W= [ k|x] dx =.200 k (gr-cm)
0 , T

(Inatpe ﬁfoblem‘tBe wéigh+,o% fhe sbrihg‘has been'negieéied )
Example 2. A cy11ndr1ca1 tank with size given in the Fiq-

ure. is fuIl of water. Find the work done to pump out the content
Solutlon The elementafy york o

- done by theﬁpump'against fhe wéight of

~ elementary rectangular priim with size

12 x 2r x dx in decimeters,,is

CdW =.dV = 24 r dx kg

wﬁere ‘
r = vx(6 - x).
Then L
dW = (x+2).28.x(6-x)dx o R

. 6 E . -
W= 24 0! (x + 2)V6x - x© dx = 540 kag-dm

- B. Mass., MoMENTS. CENTER OF Mass,
CenTrOID., MoMENTS OF INERTIA
: ﬁAss{ 1f A'maSs m 1s‘cpncehtfated at a point P we v
have that we Cd]]ia‘part?cle, written P(m). | |
A  As a continuous case a méss ‘m :mayvbe distributed along
a‘curvg wifh dehsiiy (mass per unit’ 1ength) so that we have

dm - { ds
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'Another'continudus ;ése'is;ihe distribufion of a mass m
over a n]ane reg1on ﬁ‘ wjth-dens{ﬁy.é (mass per yhit,area) SO
"'that. ’ . , |

: . dn=%an |

If a curve (or, a reg1on) is glven w1th correspond1ng den-
s1t1es, ‘the total’ mass is obtained by 1ntegrat1ng st or JdA’
‘but in the second Case the eva]uat1on is poss1b1e when dis func-
" tion of x .{or.-y) ‘alone, wh1ch 1n the flrst case .may be given
» J(x, y) and reducible to S(x) or to J(y) s1nces_¥, y
'are related by the equation of the curve.
| - Mass of -a wire: Let the w1re be in.the shape of the curve

= f(x)eD(a, b) '_ x=g(y‘)ep(c,-»d),

"The’n_'r RN iy . X

o s e £ (k) dx
.d' . ) .
J '&(y),»’] : g.zmd,
Mass of a plate' Let the’ plate be .in the shape of the
: reg1on “ S SRR _ » ,

'I‘b Jéx) ,[y '(xk) -‘-"y' (x).]d'x |
a0 ? A '.]'J‘ o

_ !A S(y) .[xz(y) - x](y)]dy_
o Examg]e F1nd the tota] ‘mass. of a wire bent to form the

fsemicircle'»x 4+y al, 0 with J(y)



vSoletion.

where, from

vﬁ (d" V .:The.n’
; 7.;__5, - -2a /i yz 2

=2a units.
Examgl Find the tota] mass of a p]ate bounded by y= xz,

x>d, y=4 with J—x.

/
Solution. S1nce = (x)=x, cons1der vertwca] strrps

2 .
I J(X)(yz y,)dx = x(4 - x? ydx =

[Zx - WT] = 8 - 4 =2 4. units.
v 0 .

.~ From-this resﬁit‘we hdve as the average denSity § of
the'pléte

- _ 3 , ' o
3 =1""_ —7 1 (from d=x, Smax=o,’é'min=2)

Note. Mass of a shell.and mass of a solid can be comeqf-
eg in"a simi]ar-manner. but ynen S i; a function of more than
one variable, one needs_mui;iple integrals fofeevaluation (a
subjéct of Ca]éeius 11). Therefore the given quantities involved
»ln a physical problem are to be functions of the- same varlable
for the problem to be solvcd by definite 1ntegrals.

Y

Same cqnditions are valid in polar coordinates,;i.e., the

[

density S must be & fuaction of a singie va[iabie dor r, in

other words d must be a constant on a ray or on a circle.
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7 Under all these restnctlons on distance end dens1ty, the
_ so]utlon of a physical problem by a defunte 1ntegra1 gives cer-
~ tain d1ff1cu1t1-es which can be e'lemnated by carefullness

These are the reasons why the sub;ect is freated usual]y

_jn the smpler vay by mult1ple 1ntegrals

MOMENTS:‘ | ;
The moment of -a particle vP(4n/|) ‘of mass m located at P
with respeét_ fo Vavpoinf 0 (or I_a" l'_‘lne, £, or a_p]ahe 1r)’ is the i
*product"of ‘m and its distance frorﬁ'_:'o.(or 2, or ).
L =m|P0| M, =miPe], M_=m|Pn|

where |PO], [le |Pn] denote distantee of P >from, 0, 2, n

-re_spe;tiye!y._-

| a)l Moment and center of maSS»'of an'arc with mass:
Let » L |

'y'=f(vx)el)('a_, b) or x-;"g(y-)sD[c. d -

be an arc cha-reed'wit’h'densi-ty d (= dm/ds). Then the moments of " )

the element of arc ds with density Srw‘itl; reseect to x- and |

y~aiis' be.kin'g )

d_Hox=ydm='y.“ds’ dH ='xdm=_x;ds,

4}

Nfcoocean on
R I
°.~._--------‘--

-
R

Ml ..

we have, as moments of arc
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.

-Ib‘-f(X) ; $ix) V1 s £18(x)dx

a » » - i L

~ Tox d : - .
T yEsmn Y 1+g_.',2(¥)d¥;,‘ '

A‘c‘

i

b SR
o f oxf(x) Vs f'z(;)dx
T oy TV 4 — TR
T ) & g (y)dy. .

He define fhg center of mass (center of gravity) of the

arc with mass as the point G(X, ¥) such that the moments 'm’y,

m X of the particle G(m) are ‘the same as the moments M_.

ox® .
Moyr of the arc where 'm is the total mass of the.arc:
,f .m»_x = Hoy ’ mny = Mox
These defined equalities give . -
‘ - M . M

m
as coordinates of the center of mass ° 6.

| Example, Find 'th‘e center of vmasé of a wire -b'er.nt_'i,n,the
shape of semi circle x° syl sa? if t'fae’,."dehsit);‘-:is da 2y.
. ‘ Sol'utfon'. Sinc'e‘thé'aré: and th_e,';ien)s’ity’ function are sym-
metric with respect to yfixis. 1t-fdllows’ that G lies on -y,
axis, and X = 0. | o A |

'_ To find ¥y, we evaluate first the toyarlvmass. 'x.n‘_of tﬁe'

wire: = - 41

é .1 2 .
me2 [ 23+ ¥ by - 4a?
of B ,
Thea 4 ' :




‘QbeAmoments' M‘

~.with density J .

N av8

- _ 2 a Yy’ : _1r,‘ o ) .
Y=z 0{ y VZyV] + ;2 dy,f za and G(O.iI_a)

b) Moment and center of mass of a region with mass (plate):

Consider a regidh w{th mass, i.e., a plate. We ‘define

ox® Hby _of this plate with respect to 3-and y-

“-axis as the definite'ihtégrals, *n reiated‘norma] regions,

= [ydm= [y §da, Moy =] x & dA
where . dA is an éiement of‘area;'(Limits'of intégration cannot’

bé,writﬁen at this instant since the variable of integration is.

. uncertatin)

The center of mass G(?, ) of the plate is defIned in:

exact]y ‘the same manner as that of an arc:’

) o mx =p"oy v My =My
where m i;_thg total mass of the plate. We have then
' M o - M

Now let the plate be in the-shabe of thevnorma1.région

?xy = [a ‘b; 91(x)v.fy2'(_x)] or ‘Rvyx = [c, d;"x'!(y),xz'(y)]

" The moments Mox’ M can be evaluated by definite in-
tegral when the density is 2 function of -x (or y) alone.
- d= S(x)

The density be1ng constant a1ong each vertlcal strip, the

center of mass -of such a strip is at its ‘center

4 T .Yz
xSt

) with mass
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dn = £(x) (v, - yq)dx

ond we hooe B - JJ
- b y Y L (RJ
Mox =-a‘f 1t '.("‘)Uz,'_y])_‘?" e
R L B 3 _
Moo = f x §(x -yg)dy ‘
Oy af ‘( Mg - yp)ds | o
‘ -0 ) .
By s1m11ar reason1ng, we have
ox = c!' y S(y) (XZ - X,)dy. S & o
d x,+Xx - .
o 172 . : o
Moy =- I —7— S - xpidy o £3

Example. Find the center of graVity‘of the plate in'thé .
shape of region bounded by y= x?, x>0, y=4 with density

,= X. » . ' ' 4 . ‘ ‘_

solution.

o -2 ‘ ’ 2 2 .
mo= [ d(x)y, - ¥y)dx = 0] x(4 - x“)dx = 4 units.

o1 E R 2y,
X = = Of x §(x)(yp - yy)dx = ¢ 0[ x . x(4-x%)dx = 16/15,

- ‘ y . : i 2 2
y-1 ; _Lz_. ,f(x)(yz -y])dx =,2‘, J r x(4-x2)dx=8/3

The center of gravity G(x, y) is the centroid of the
same flgure in case the: density is constant throughout the fig-
ure. Note that the constant can be‘taken out of the untegrals
for moments and mass. ‘ |

Examgle. Find the centroid (constant dens1ty) of the

triangular region u s 12 - 3x)

As wa-n
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So]utien The reglon is the tr1angular reg1on bounded by

the line -.x/4 +‘y/6 =1 and coordinate
A=12 > m=5A =1
Mox =

M

Oy

— 16 _ 4 - 24

4 Ay
S ok 123K gy

axes

=164

=> X,'=T7f3., _y=1_2..=2

=S G(4/3,2),
a ﬁell known result.

“¢) Moments of inertia

4 L o
Jofr 3 (1.2_5__3_")2 dx = 2{4, ‘

1

In tne integral formulas for mpmebts with/reEpect'tc a

point O (or a line £, Or‘a-plane n), when distance is replac-

ed Dy its square, one obta1ns what we call the moment of inertia

- (second moment) of the same f1QUre with mass, with respect to

a point (or l1ne, or p]ane) o’ 12,

.I‘

i 14

Example. Find the moment of inertia of a plate'inrthe

shape of semicircle with radius a and constant density, with

“‘respect to its diameter.

Solution.

It

Ca .
Tox = / (%‘_Y)z §y dx

S a )
z -/ ‘(32‘

C PAPPUS THEOREMS

x2 3/zclx=

-q

7z it

1

£

Be]ow we state two theorems expressing a- relat1on between

area (volume) of a et.rfacc (sol1d) of revoiution aiud Lthe ceni-
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rojd of the generatdmg‘arc (region) They are extreme1y usefull
‘for finding the centroid when surface area (volume) is known, -

and for finding the latter when the centroid ‘is known.

_Theorem 1. The area of a surface of revqut1on generated o

by revolving”an-arc about a line in its plane hot cutting the
arc, is’equal to the product of the length of arc and the circum-

frence of.the circle described by the centro1d of the arc

Sd* xS Fij.i o \ |

"Proof. Let the arc of the curve “a’,
¥ = f(x)ed(a, b), y30-

7be'revolved aboutvthewx-aXis},He have

- b
Sox =~2n‘a] y ds

as the area of the Surface.“andr

- . . b N .
sy:”oxzf yds (J-" ])
A a
Sox ™ 2n r."sy' = s.2ny.
Theorem 2. The volume of a solid of revolutmon generatei
" by revolving a regxon about 2 1ine in 1ts ‘plane not cutting the
region. is equal to the product of the area of the region and
the circumference of the circle de;cr1bed by the centroxd of
the region. L - f)f‘ '
_Proof. Let the regionrbe
: .ny = {én b; ’yl(x)e 'YZ(X)]

”:be revolved about the x-axis. We have

: b
Vox = ,‘-*af (vyg -ryf)dx

as the volime of the solid, aod e



_ b y;+yy L : ;
Ry =M = ) 47—3__(y2 -'y.,)dx-=% J (x% -yHex (61

V . =21 .Ay = A.Z21y. o o
Examgle 1. Find the centroid of the quérter of circle

(arc) of radius a. . : o y» '
Soluiion..The~cehtroid,pertainly lies

cen. the radius‘bise;tﬁng the arc. Referring to

coordinate system of the f1gure we have X=y ;i;' o
When the arc is revolved about x- ax1s ° e -
’ a'hemisphere is .obtained with known .area Sox = Znéz.AThen by
PAPPUS Theorem 1 we have | |
Zﬁaz = 5. 2my (s = % ma)
from which. we get . -
A e A A A A

‘Examgle 2. Find the volume of the solid generated by
rgvo]ving a circle of radius "a" about a line where distance
from the center is d (> a). '

So]utioq. Referring to coordﬁnatef‘ '4?;
‘system of the figure, (d, 0) 1is the
center, a]so,-the centroid of the circle.

When the c1rcu1ar region 1s revo1ved

about y axis the c1rcumference generate; a

surface called torue wh1ch bounds a solid

of which the volume is.

_ - 2 2
Avoy..r A.21X = 1ra ..2nd = 27 d.-

L
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- 37.

38.

38.

$»
Lot

4.
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EXERCISES (8. 2)

A con1ca1 c1stern 1s 20 m heigh and 20 m accross the. top,

. and water is now 7m deep in the c1sterm Find the work in

f1111ng the cistern from a source 5 -m-below the bottom of

the cistern.

How much work is done invstreching'the end of,an_é]astfc

spring 3 cm from its released position if the spring cons-

tant is 15 gr- cm/sec : (F=kx where k 1is the spring

constant)

How much work is done in 11ft1ng a body whose -mass 1s 10 qr,

from a height of 100 cm to a helght of 200 cm?

How much work is done in pump1ng ‘water from a con1ca1 reser-_

voir of vertex down with rad1us 2 m and herght 8 m 1f 1t is
‘ull of water? (water is pumped from the upper lgvel of

reservoir).

Find the amount of work dene 1n stretching a spring from
its natural length of 6 cm ‘to double that 1ength if a force

of 20 kg is neaded .to double its natural length.

Water is to be pumped out of a conical tank vertex down,

- re2m, h=8m, to a point 10 m above the zop'of'the tank.

rlrd the amount of work requ1red to pump out to a level of

4 m deep. B

. A conicél'”ontainer (vertex down) of radius r ft and helght

h ft is full of liquid weigh\ng d 10/fFt3. Find the work

done ¥n pumping out to a level of_ h/2 feet deap.



43,

44,

45.

" 46.

S04 -

a) to the top of the tank,

b) to a Tevel k ft above *hc top’ of the tank.

A trngH'ZO ft long has 3 croSe,section in the :hape_of an

'isocelés trapezoid with a lower base 4 ft long, an upper

base 10 ft long and_ an éltitudé of 4 ft. How much work is

done in filling the trough with waten if the bottcm of the
trough is located 20 ft above the pump and the water is pump -

ed in through a valve in the hottom of the trough.

‘A force of 20 kg is requived to compress’a sprinq 20 ¢m Tona

to 19 cm. what is the work done in skrech1ng the sprlnc

from a lengtn of 24 cii to 30 cm?

& vert1ca| cy]tndr1cal tank 6 dm in: d1ameter ano “16 dm ﬂe1

ic ho 1f full of water. F1nd the amount of work done .in pump-

nxng all the water to the top of the tank.

Accordlng to NEWTON‘s Taw of- un1versa1 gravitat1on two ob-

- Jects of weights Wis Wy kg are attracted to.each,oLher by

a force of A

- ] W, W
K - 1 ? kg,
. X

. where x 1s the d1stance between the obaects and k is a'

47,

constant _Find the work done in separating the objects from

a dlstapce-of a ‘meters” to a dxstance of "b meters apart

Find the amount ‘of work done in skretch1ng a spr1ng from

Jits natura] length of 8 cm to tr1ple that length if a. force

”‘of 15 kg. is needed to triple it natural length.

a8,

Find moments of the fol]owing arc>w1th respect to X- and-y?

.axes, and find also theﬂéentroid of the»dfc.if'J =
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a) y=x-4, x=0",'x7=4 b) (x'z)z + (-V 3)

Find the centroid of the regions bounded by the. g1ven curves:

2 2 3

{a)y='x3_.y=2x b)y x5, oy = X

50.

51.

52L

Find~‘MOx. M

Same queStion-for
a)y = X24'4’, y = 2x-»xv2-
b)y+X2=0, y:*z;xa Ay+_2_=-x, y=‘2,

?jnd,the cgntroid of each of the regidns bounded by the

fol]owing'curves:_‘ o o BRI
a) 2x+y 6,x-0,y o .b)yé2)§+1,x+y-=7, x=8.
c) ¥ y=x-2 - d) y=x>, y=4x, x 320, ¥y30

oy -and G of;the»regions given by

Ca) y=x2+x, y-=4x, 0¢x¢3° " b) ya,9-x2,_ y = 9-3x, 0gxg3

53.
54,

55.

56.

57,

58.

Find M. . MOy and G for each region:

2) Ry, = [o.‘ 13 ,rzf‘xz]_. (r31) b) Ry, ='[o‘, 1; 0, e"}

Same QueStion for

a)R’.-f[d,l;xz./?]'_’ b;R>

Xy [0, n/4; sinx, ros&]

Find the centroid of the reg1on bounded, oy thn parabola

y-—x2 and the 11ne y 4.

Find'the centro1d of-the fegion bounded byathe'Cur;esz

a), y=v%, y=0, x=4 b) y=x%, x=0, %22, y-0

Same questlon for

a) y=cos x, x= 0, x = ? , y=0
b} y= lnx,‘”xs 1, x=e y =0 ..

Find the center of grathy of each of the following system -

- of part1cles. (h(x. y) denotgs part1c]e wtth mass m at (x.y))
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60.

54,

56.
58°
60."
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a) 32, 23, 8(2, “2), 5(-2, 2), 2(-2, -2)

- b) 6(0, 0), 6(8, 0), 6(8, 8); 3(4, 4)

€) 201, 3), 7(4, 2), 6(3~«-3),'8(-4 2), 5(-3,.-4).
Use PAPPUS‘ Theorem to flnd the centr01d of the region of a

semlcxrcle of radius . a.

Use PAPPUS'- Theorem to f1nd the volume of the torus generat-
ed by revolving the area of a circle of radlus " a, about an

. X 3 . . )
axis b(> a) wunits from the center of the circle.

ANSWERS TO EVEN NUMBERED EXERCISES
500 L

3§. —j-lp(iz,zs + /35 {ilqd)
'38. 1000 g gr-cm. ‘ f
40. 60 kg-cm.
4 - £:.202 000 v 2§r2h(11 h7492 4+ - ,
42 a) 11n.8r°h*/492, b) wfr°h(11 h/492 + 7k/24)
- .aa, 84o-kg:cm P '
36. kuy W (I/a - 1/b) kg-m >
48. a) Mox_; ee/Z, Moy = 8«’2 s(z, -2)
b) Mgy = 12m, Mg = 8, - e(2,-3)[
50.-2) (1/2, -3/2), - b) (10, 192/205)
52.

a) 459/20, 27/4).(3/; 51/10) b) 243/10, 27/4, (3/2, 2776);

13) My = hoy = 3/20, 6(9/20, 9/20)

b) Moy = V4, My = (n/2/2)- -1, G(1/4 (/z 1), (n- 2.2)/2/2(/2 1)

“a) (V2/5, 3/8), . b) (8/5,-16/7)
) (0, 2/7), ' B) (4, 4}, c) (1728, -1/14)
278 alp. ‘ ‘ 7



A SUMMARY
(CHAPTER 8)

3.

1

R

xy

Xy

Ror =

Ror =

S‘

oX

oy

0X

;,(a. b; yyix)s yz(x)]-

| =afb[y2(}) -i,(X)}dkf

[a, B3 rq0, ‘rz(a)].

zf[ 2(0) - r,(e)]de ‘
f»’h(%l)z ax, s

t

2
J 2(t) + y (t)dt
t -

. : .
2 S .
| v +'(3—dg)2 4o, - s

|

tan ¢ = (polar slope)

2w ] y(x) VI + (31 2 dx

r

"~
m y ds = ¢
h

B
2n [
, K o a
= 2% " x ds =. -,

n hl ' ﬁ
2n
/C

b, -
. . aI\,[yg(x) fy%(x)]dx.

o r.' » »
- [_2 i r?(49)? ar

'zv i (§? ay
¢ .

d ’
[ ) s (3—"’; )2 ay

',R’y - [c. o5 x (y)-\¥2(y)]

IRyx|= [ [ z(y) - x (y)]dy
Rre= [a, b; e](r). oz(r)]

'Rre'=af [ez(r)fe](r)]rdr'

d - = .
/ Vi_+(§§)2 dy

c

- ,
xv1l « (%%)2 dx

wnf “[20 - 2 )ay

(disc method)
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X dx .

: _ dy - - ; Code
Vox = 27 | (x001 - xy 02}y ey, voy'“ZHCI‘[’Z‘x’ Sy (x]
(shell method)
V= -2 [A] * 4R, + A,3] » Ay AZ’f‘,A.:-i are Jo_wér,‘ mid and.
"~ upper bases and h is the
- altitude.
8. 2 . - IAIJ;?;ﬂi—, ' for arcs (wire)
‘ R . ds - e
—X. = —'%l Co= I B
_if_h.gﬂ_ for regibns {plate) "
1 G . ‘
L ' £y ds for arcs (wire)
UM § ds , ,
= ox , b 7 . ,
Y= .=t - 7
T : {S -dA for regions (plate)
_ MISCELLANEOUS EXERCISES
61. Find the area which is inside the first and outside the

second curve:

~a) r=5sing;

r=é+sine

s
<

b) 'rz

2 cos 20, .

r=1

62. Changing to polar coordinates find the area of the region

enclosed by t

63. Find the area of the region bounded by

a) r =

T+ cosé'

the curve

r

(x «-y2)3

2

TT—c—m . b) r-tane.

2.2

sdaxy.;

r=cotd



.64,

65.

56.

67.

68.

69.
70.

n.

Cc) 4y e (xs

72

»c) inside r=3a cdsG, Toutsid.e r=a(1+cose)

509 - ~

Find theVarea of the region

a) b}ounded by ‘the circles r=2a cos(-)', r=2a sine .

b) inside r2 =222 cos 20, voutside r-a

~———

Find the area of the region enc‘losed by one loop of the

curve r=s1n20 and fjnd also the length of one 'Ioop of the

2 .2

Find the area of a loop of the curve r°=2a“ cos 2e.

Find the Tength of the curve:

a) xn"4(12t§3)3/?, y-3(t+1)2‘ for ‘té(/~3."1)

b) x=3(t?-2t), y=8t¥2 tfor te(-1, 1)

'Find the arc length of

a) r=2(1-cose) ffq'm e=0 _t':o‘ € = 7.2

ib) resing + cose from 6=0 to 6 = n/2. ST

Find the arc length of _
a)xﬁ-:} (2¢_y2)3/2‘from‘y=0 to y;3.»'
b) ¥y -.qr*4 -2 “from x=1 to. x=2.
\2 from’ ya 0, to ynl.r'.
, 3 ,
d) x-aé»&,z‘? from y- 0 ‘to ye3.

Find the length of the curve

curve. - L,
Hr"‘lterthe given shaded reg"l‘-on‘ - .
2) as ';‘Re\r or as union of th;a.'n_, 7
| b) as R.g or as union - B .

‘Find the area of the smaller loop of the limagon réa»(l'-Zcose)
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1 a  l+p 1 b 1-p ey
. = - X - -'__—.'_x X o, X
A A TP L I AT I PatiRe

where a, b, A>0, peR.

73.:

L 74.

'76.

78.

- 79.

'80.

'b)_x

Determine y=f(x) passing through the origin such that arc
length from (0, 0) “to (x, f(x)) is‘edual to- eX+y-1.

Find the arc length of the curve f(x) which is any solu-.

.tion. .of the differential equatioﬁ '

oA

from x=.l to x'=a (> 1).

. F\nd the arc length of the fo]Iowing paranntric curves 1n

the aiven interval:

a) x=cost, y-_coszlt, O<tam.

et cost, 'y=elsint, 0¢ tg2.

Find7;he area of the surface obtained by revolving the given

arc about x-axis.

Cy=x3T M3, kg2, b)Y y= 13764 17(2x), Texg?

. Find the area of the surface of revolution when the curve

~ = Zachs 20 is,revo]Ved about the -polar axis.

Find the area of the sqrface of revolution when the curve

ra= 23 cos® 1s revolved about copolar axis..

Find the volume of revolution Vg,  of the following region
bounded by the following curves:
a) y=1/cosx, »=0, xe0, x=n/8.

b) y-—-xe"/z., y:O‘, X=0,'x-'l.

Let b(> 1) be a number. What is V, - for the region
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82.

83.

84.

“p be the distance between the focus and the vertex)

511

X

bounded by y=eX, y=0, x=1, x=b? Does this volume app-

" roach a limit as“b‘* 9?‘if-so what»isfthe ]imit?

The region bounded by a parabola and its latus rectumAis.

" rotated about a line throught its vertex and perpendicular

to the axis. Findfthe vo1hme of the so1id generated (letting

v

Find. Vox® Voy of the solid Of're§olutions/for tﬁe region

Pl

bounded by the given curve:

a).V‘»X,Zg Y,'-'4,‘X‘=0o, ‘ b) y2=_4x! y"ol x=9'
IR, (1, =5 0, 1/x} - : _
a) find Vg, b) find lateral surface area of the solid of

fevolution.

‘Compute the volume of the solid dbtained- by rotating the

" region = o i 9
. T2 0. 2 vy =10 yp=dra)
about. : ; : .
-a) x-axis. ’ - Co b) y-axis

85.

86.

P

c) vertical line passing through (2, 0)"

d) horizontal line passing through (0, 2) °

Use the method of cylindrical disc to find the volume of
the'solid‘bbfafned by revolving the given'r;gion abddf the

‘

r-axis.

a} Ryx’ {Q, 2: 2, yzjg_ b) R [11 4; 0, x-2]

Xy

C) R, (o. 6; 0, xflx[], , fd) bounded by yexZox, y,54x.

Use the method of cylindrical shells to find the volume of

the solid OBtaiped by revoi&ing about the y-axis of the
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region bounded by ‘»:_ B

:a)y-lx-ﬂ. 1<x§4 ' h)yex;lqtfo‘x<4f

_¢c) y:'l/x, y=-x/2v¢3/2. d)-y«='9¥kz,“"y=-9--v-3)‘(-'

87.

Find the volume of the solid generated when the given polar

‘ regiad is revo1yed about the po1ar axis

- 88.

89.

w0,

,a) r= cose, =0, e = n/4 _
b) ricos(e - ) 520, 0= 0, 0 =‘n’/2"

'Use the method of cylindrical shel]s to find the vo!ume of
-the so1id obtained by revolving about thé x- axis of the

given region bounded by:.
4

a) x=yiox=yhs w0, b)Y yel/xs y=ski2e3/2

c')x-—-ay'-yz. '=-2y . d)y=x.”y'/‘_f

Find Yox of the: so1id ggnerated by the region bounded by

a) x=a cosst. yaa sinst. a>0 'b). x-to-f ,y=t- 't' . te(1, 2]

'The base of a“certain solid is :the parabolie segment enclos-

g

ed between the parabola y©=8x and the ldne'“ktl4 Every

91,

'section of the solid perpendicular to the .x- axis is an iso-~

celes right trianule with its hypotenese in the plane of
the base. Find- the volume of the" so]id.

Find the vo1ume of the solid whose cross section’ made by a

plane perpend‘cu]ar to the x-axis has ax2+ bx+-c as

- boundary for each ,xe(q,‘h).

92.

A solid has a baée‘infthe xy-plane which is a'eircular disc

of radius “ak>"0)u and evenyAsection of the so]id by a plane -

perpendlcular to the x-axis is a triangle as described Find
the volume of the solid.



- 93,

94,
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)
a) isoceles, altitude is twice the base.

b)'equi]atengii

;Let'a sphere'of redius r be cut by-a plane. thereby form-

ing a ‘segment of the Sphere of heigh h. Prove that the

vo]ume of the segment is hzlr -hi3).

If the current 1(t) “at time -t_ 1s given by te+ 1/t find-

~ the tota] charge entering to- a capucitor during’ the time

95,

796;

7.

98.

Cinterval N, 4. - . S

Find the.naturalilength'of a metal sbrjng} giyenmthet‘the

-wofk'done‘in stretching it from a length of 2 ft to a 1ength

of 3 ft is one -half the work done in stretching it from a

glength of 3 ft to a length of 4 ft.

A hemispherichl water tank of radius 10 m is being pumped

_out Find the -work done in lowering the water Tevel from 2m -

below the top of the tank to 4 m be1ow the top of ‘the tank

a) given that the pump is p]aced rihat on top of ‘the tank.

b) qjven that the pump 1s placed 3 m above the tankr

A particle on the X~ axis 1s attracted toward the oriqin by

a force of maqnitude

Find the work done by the force if it moves the particle :

from a distance 2a to a distance a from the origin.

Tne given syrfaces are submerged vertically 1n 3 quid of‘

specific‘ueight' ‘ Find the ferce on one side of the surfece:

- &) an isoceles right triangle with Iegs 6 ft. long and one

lytng 1n the surfaee of liquid.'_



99.

100, |
101.

102,

1C3.

104..

105.

c) y=x2. ye2x-1, 8x+y=-4,'1

Find the centroid of the region enclosed by

514
b)‘ép isoceles trapezoid of height 4 ft and bas2s 6 ft and 7
12 ft with the smaller base lying on the surface of fluid.

F1nd the indicated moments of inert1a of the area bounded

by the given curves

a) y=x; y=2x, x "'Y"Z" Toy” |

b) y=2x3, yox>=0, 2y=x+3, I__.
: ~J ox

x=1"

Find the center of gravity of the reg1on bounded by

/"+/"=/" x=0; y--o.

Prove that the moment of an arc (or of a region)'with

respect to the center of gravity is zero.

Shov that I, = Io .+ 1.

Find the moment of the region

. - ~ ‘ )
Rey = [-a. as ’1"0’. ‘yz"'az-x]'

~with respect to x- and y-axes, ‘and find the centrmd of the

region (J = 'l)

Find the moments "0&" "O_y of'the arc r=2a coso from

0=0 to ©=mu/6 if the density = sino.-

a) x=2 cost-sint. y=2 sint. 061‘?

2

b)Y x=t% y=td, -letgl, xs1.

' ..106.

o0

Use the PAPPUS' Theorem to compute _latefa] ‘area of a var"u'st-.

" um of cone ,wit_h' radiufﬁ'avnt_i 8 and. aH‘:ituﬂd.e' 16 cm.



62.
64.
66.
68.
70.
72.
74.
78.

80.

82.

84.
_a) 44x/3, b) 26%/3, <) n/6, d) 27m/2 -

86.
88.
90.

92.

94,
96.
- 98.

1oo.
104.
106.

‘ 515

ANSWERS ‘TO EVEN NUMBERED EXERCISES

wal/2 | |
. 2 S ‘ 2 2
8) (n-2)a"/2, b) (3v3-w)}a“/3 c) ma®/3
&) [n/ﬁ, y/Z; seco, '1.] b) [1/2. 1, arcsec. r, n/2]
2?2 - ' ’
a) 8, b) nv2/2

1 a AP p AP
Z b “T+p a . T-p

2) 539,  b) 47/16

472 a?

ﬂ(e'z-e'Zb)IZ. yes, mwe~2/2

a) 128n/5, 8w, . b) 1627, 1948n/5
a) 2,  b) 181/3,  c) 16%/15

ay n/6, - b) w/i2, c) 625¢/6,  d) n/6
32 unitd. | | |

3) 16a%/3, b) 4/3 a%/3

38

33750n ton-meter

368 §. ”

(a/5, a/5).

22724, a%/3 - a%s3s8

287 /65.
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’ﬁPPENDIX -
Proaf of the theorem on'the decbﬁposition of a

_proper rational funct*on into part1a1 fracflans

(See Chapter 7, p. 435)

Proof Let r{x)/Q(x) be a propér»rafibnai function so
_that <deg r(x)< deg Q(x) We $ubpose also that r(x)/Q(x)"is a
reduced one, that is, ¥(x) and Q(x) have no comhbn factor.

~lLet Q(x) ”have,the‘factorfzation
' Q(Q(x)a-.lbz.(x¢ a)“..:(x- b)B...(szfpx-tq)A.,;(xz+‘rx+ 5)u e
_where ki is a constant, &, b, ... are real roots with multip-

ticities a, By ... rgﬂmcﬁvﬂy,and‘x2+px¢q. x2+rx+s.m

_ have pairiof imaginary rooxs 6f éommop multip}ibities As Uy e

recpect1vely. .
Settlng Q(x)s (x-a) 01(x) _ {aeN )
wi;h: Q1(a) #. 0, first we show the decompoc1t1on
S (x)- Ry - T (x) -
STt = * _ 2 (1)
: (x-2)® " (x-a)*" g, (x) |

where ‘A- '15 a constant and " Ax)/(x —a)c -1 Ql(x) is.a proper_

' Traction. Indeed cons1der the dlffe ence

v ; A, r(x)-A, - 0y(x)

(x-2)*  (x-23)% Q;(x)

B Siﬁcg ‘deg r(x)-<qég’Q(x), AaeR,‘ deg .QT(x)<'deg Q(x).
the_degfee‘ofvnumeraior is léés tban‘that-of‘deﬁominaiof and ‘
_éﬁen the;ffaétion,is a pvoper one. Now we determine ,Aa‘ suchv
‘that thevnqﬁerafoé is dfvisib1é:by x'-a;:or that



Cr(a)-Ag . Qy(a) =0
" Also.since r(x)/Q(x)

follow: For this

is aga1n a proper

517

a

implying Aa

is a reduced one,

:r](x)

(x_a)a 1

fractlon

Q](x)

= r(a’)/ol_(a)

»r(a) £ 0

A_, the simpIified fraction

since ~Q](al#0:

and Aa 0

Repeat1ng the process for this new pfoper'fraction one

can separate from this the partial ?ractions

A*/(x-a) success1ve1y. all correSpond1ng to the real .root “a",

and gets the decompOSItion

rix . AG . .,.’ A] . S‘-’(X)
X (x-a)“ : X=-a -U,]lxi->

_ Applying the process to the proper fractwon

s1(x)/70;(x)

: for the other real roots, at the end one. arr1ves at a proper

fraction s(x)/q(x) where q(x)

" where qy{x) has no further factor x°

Writing

xzopx+q-(x+§\ -%—¢q=(x' +\g)2 ’z(—J;—A)Z

and setting

we have

_xz +.px f‘q z (%—qﬁ u)

so that

a(x) = (x%+ px + q) q  (x)

xe 5 .

_f;u

("‘A)

- ié. (uz

+px+q. .

f({.)

'HVH

(u +l)

F]‘u)

1)

,contains‘only;imaginary roots.

(-2 > 0y

!

71/(X“a)u-] e i
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To show‘thé separation

flu) _ Qv fylu) (2)
T L T T AT
with constant - C,, DA, consider the difference -
i%?‘ <u * D f(u)v-'(Cuﬁro).F](u). (')
u A ~

() (e R ()

whef% fOrT§implici{yv'c= Ci,} ﬁ= Dl_vafestaken, is certainly.a
pfdpér fractiop. ‘ o

7 Now, in the polynomials f(u). 'F fu) we separate the
v even and odd degree terms and put u as a common factor in the

odd degree terms, having ;hus

a(u?) + u h(ul)y
G(uz)'+ u,H(uz),

f(u)
F](‘-')

"

and sett1ng _uz-v, the numerator in (2°) become=
f(u;- (Cu+ D) Fy (u): (g(v)- uh(v))- (Cu+ D)(G(v) + ul(v))
= (g(v) - DB(v) - Cv H(v))
=(h(v) + CG(v)+ DH(v))u
We determine the constants C and D such that this
numerator is divisible by u2+'i(= v+1). This is possible if
eaéh brecket vanishés for v=-1:
' g(-1) - DG(-1) + CH(-1) =
Ch(=1)+ CG(-1) + DH(1)=0
or - ‘ A :
L R(-1)E-6(-1)D = ~g(-1)
o 6{-1)C + H(-1)D = =h(-1)



519
‘The>determipdnt

H(-1) .fc(;3) :

A = N R e P -LT Y
o leteny W] |
of . this system is not zero: Indeed;“it were'iero, then' H(-i): 0, .

’ G(- 1)- 0. follow, mean1ng ‘that- vel(= u?'+])i'diyides bdth -

‘H(u ) and ’F](u ) (orrg1v1des- E](u)._ButAthisfcpntradicts thé
hypothésis ihat Wi does hot’diVide Fylu). since &' # 0,
the System adm1ts a unique solut1on for C, D.. 1hese a}é not -

" both zero, for»otherw1se g( 1) =0,_ h{- 1)¥ 0. would fo]low But~

in thét-casés by's{ﬁildr argument. flu) is d1v1s1ble by u? 41;

- which contrad1cts the hypothesls that f(u)/F(u) ‘was’rnducédf

So we have proved the separat1on (2). '
Repeat1ng the process, all part1al fraction can be sepa-
rated and the proof is comp!eted.» .

v
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