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CHAPTER 3 

DETERt·iiNANTS "AND SISTEMS OF LINEAR EP.UATIOMS . 

3 .. I.. . DETERMINANTS 

A. DEFINITION~ 

A sq~are array of the form 

!11 ... al. • J .. 
D =·laijln = ~11· ai. . : J 

aril anj 

'· 

!ln .. (i=l , ••• , n; 
~in . .-.. 8nn 

j=l . , ... ·. • n) 

of ~ 2 elements (entries) 1s called a determ~nant of order n. 

A determinant consistin~·of n rows and n ~olumns is said ~o 

be of size n x n. An element aij. lfes in the ith row and . jth 

column, i.'e., o_ccup-ies the place ij. 

The elements. a11 (i=l , ••• , ri) are said to lie on the 

main (Le~ding, principal) diagonal or the a:is and are called 

the diagon:al elements, ;n genera 1, whi 1 e the elements anl, 

an~l 2 •.••• aln' where. i + j = n + 1, are the elements o.f the 

secondary diagonal:-. 

In a determinant D, if aijER, then D is call~d a real 

determinant which is equal to a real numbe~. The evaluation of 

-the determinant D. will be defined and. discussed ·soon. 

Example 1 •. Gi~en the determin~nt 

2 

3 

7 

5 
1 
2 

a) What are the sire·and order? 

b) What are the e 1 eme_n ts of 2nd row? 

c) What is the place of the element 7? 



c!' Wh~t 1$ th2 e:~cment of the place , 2? 
, I 

. 
e) What is '·:e. sum of the diagonal elements? 

Answer. 

a) 3 X 3, 3 b) 4, 3, 1 c) 3 2. d) 2, e). 4. 

A determinant issymmeti'i_c i.f a .. =a .. , and ·skeuJsymmet:.. . , J . J, 

z-ic if aij ~ -aji for all places. Certainly the (ma-in)-diagonal. 

elements in i skew ~ymmetric _determinant are zero (a .. =.-a .. =, , 11 

and such a determinant is zei'd axial. - , 

Example 2~ Complete ~he r~al determin~nt 

o. 3 

t 

1 
-5 0 

-2 
0 4 

2t 

a) if it is symmetric; b) if skew symmetric 

Answer. 

0 3 1 -5 I 0 3 -1 5 

a) 3 t -2 ·o 
b) 

-3 0 -2 0 

1 -2 ·o 4 1 2 0 4 

-5 0 4 2t -5 0 .. 0 -· 
f.·. 

Minor ~nd cofactor: 

~t "'0) 
, •· 

In a determinant D of order- n, by the mlnoi' . M;j of 

th~ place i j f~r of the element a;j) is'meant the detEr~in&nt 

of ·order . n-1 obtai ned by removing from D the i th row and. j th 

column. The cujfactoi' C;~ of the same _place is (-li+j Hij" 

Exampl~ 3. Find the minors and cofactor~ of the elements 

5 and 4 in the· determinant of Example 1~ 

., 



Answe'r. 

Ml3 ~ I : : 1 . 
· I ~ 5 I · ·M2r . 7 2--
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C (-l)l+J M . M 
\ 13 = 13. 13; 

Transpo~e of a ~eterminant: 

By·the 'tztanspose of a determinant 

. D ... 

is meant the determinant 

all 

a . 
nn 

obtained from D by. replacing each row by respective column~ It 

is denoted by o1 (read: D transpose.) 

Thus the transpose of 

1 2 3 
D • 5 5 5 . ·1s 

0 7 4 

1 

o1-. 2 

5 0 

5 7 
3 . 5 4 

,Why the-~ranspose of a_symmetric determinant is identical 

with itse.lf. and that of a skew symmetric one is skew symmetric? 

B. EvA~UATION oF A DETERMINANT. . . 

The real determinant la 11 1 of order 1 is by ~efinition 

ihe real number a11 itself. thus. I-51 .. -s. 1,..."21 .. r'"l. 

If the order is greater than 1, ~e define it ~y cofactors 

as. follow's: 



I all a12 aln 

D · a21 a22 a2n . - all~ll + ••• + aljcl j + ••• + al nc·l n 

n ( 1.) 
= .r a1jclj anl an2 ann j~:l 

where c1 .=(-l)l+j Mlj (j::il • •• ·• < , n) are cofactors so that 
. J 

the evaluation .of· D is reduced to the evaliiation of determinants 

of order n-1, which in t~rn are reduc~d to the evaluatjon of 

determinants of order n-2, and so on. Thus 

The value given by (1) is the Laplace e:z:pansion of [J -with respect 

to the first row. 

The same determinant D has laplace expa~sions with 

respect to any other row .or any column •. It is proved i_n Linear 

Algebra that all these expansions have the same value, hence 

each one can be used for the evaluation of D. 

Thus we _have 
n 

D = a. 1 c. 1 .+ a. 2 Ci 2 + ••• +a. c ... r a
1
.J. C

1
.J. (2} 

1 1 ., . 1n 1n j=l 

•s laplace expansio~ with reipect to the ith 

D = a l • c1 . + a2 • c2 . + ••• + a j C ..- ,. 
J J · J J n nJ 

row,· and 
n 

i!l aij c·ij 

as Laplace expansion with respect to the.jth :olumn. 

· E.xample.-4. Evaluate 

8 1 6 
0 • 3 5 . 7 

4 9 2 

by expanding it with respect to the 3rd column, and 2nd row. 

(3j 
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Solution.: 
3 5 8 :r. 2.(-1-)N ~ • 6 .. (-1.')1+3. + 7.{-1) 2·~. 
4 9 '4 

~ 6{27 .,. 20) -·7(72 - 4) + 2(40 -:3) 

·• 42 - .476 + 74 • ·66 - 4l6 ~- 116 - 476 • -360. 

1 ··6 a. 6 

• 3-•. C -·1 )2+1· ·+ ·s.c-1> 2·~ + 7~·(-1)2+3. 
9 2 4 2 

~ -3(2 - 54) + 5(16 - 24) ~ 7(7l - 4) .. 

• 156-~ 40- 476. -360 

8 

:I 3 

8 1 

4 9 

Ariy ~et~rmi~ant ~an be. eval~ated this way by expandi~g it 

with respect to any row (column), but as_ the order· gets heigher, 

calculations become lab.orious. The_ fo11owing theorems on det~~.:-
-

mfnants are helpful 1r:t simplifying the co.mp'ut~tions. 

C.- THEOREMS ON. 'DETERMINANTS. 
. T 

Theorem 1. If D. is. a determin~nt and D i~ its trans-

pose, then DT;. D.· 

· This is ~ consequence of. evaluation of determinant by (2) 

and (3). 

Th~orem 2~· If two TO~s (columns) of a(de~erminant are in­

terchanged,_the determinant is changed in si~n onl~. 

· When the ~iven determi~ant. i~ 

alr • •• alk 
i> ... ,then D'• . • -D. 

Tht~ can be _proved by induction. 
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Corollary. If two rows (columns) of a determinant are 

identical, the deter~inant is zer( 

o·=: -o ~ o =.o •. 
. from interchanging two identital·rows (c~iumns). 

i Theore·in 3. If every· element. in any row (colunin) of a deter­

m,inant is multiplied by the .same factor, the whole determin.ant 
' 

1s multipli~d by that factor. 

If the given determinant is. 

D = , then D' = =.CD 

.•••. canj ••• 

The expan~ions of D' and D w1th r_espect to. the jtit 

.co,l umn p_rove the assertion. 

Corollary 1; To multiply a ~eterminant by_a factor, one 
. . ' . 

m,ay multiply every' element in any row (column) ~Y that fact_or. 
-- -------- - ~; 

I 

; Corollary 2. If every element h any ro\t( (column) of a 

. :/determinant is zero. the de termi n'ant is zero. 
,.:: 

Corollary 3. If the corresponding elements in two rows 

~columns} of a determin~nt ~re prbportional, the determinant is 

zero. 

. . . . . . . . .. . . . . 
akl .. . . akn akl . . akn 

. . .. . • c . . . . . . .. 0 

cakl . . . calm akl akn 
. . . . . . . . ... 
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Theorem 4. If ever~ element·in any .row tcolumn) can be 

:expressed as th~:sum of two quantities. then. the given determinant 

can be expressed as· the sum o'f two -determ·inants of the same order: 

all'''blk'''aln . . 
D = = + . . .. . . . 

anl • • • ank + bnk ··.ann· a l'''bk ••. a n • n . n n 

It 'tan be shown by expanding the thr.ee dcterm_inants ~ith re_spect· 

to the kth column. 

Corollarx. A determinant is unaltered if to each element 
• 

of any row (column) is added the correspondin~ element of any 

other row (column} multipl~ed ~Y a factor: 

I'· "11 1k: calr' • ·~lr' · ·. · "~lk' .. alr' .. 

I . - . . = • 
• • • ca 1 r • • ·a 1 r • • ~ 

' . 
I· .. ani(; e:.anr·. :~n~· •• _ ••• ank· •• anr· •• : • .canr· • .anr· • • 

= +0 

•.. ank'''anr···· 

~hich ii the original determinant. 

Theorem 5. It the elements of a determina~t o· are poly-,.· 
nomials in a Variable X and the determinant vanishes for X=C 1 

then x-~ is a factor pf' D. 

=::;lee the element of ·o are polynomhls in. x, the ex­

p&H1Sii.':' of D will be a polynomial D(x} and D(c) = 0 i~pl ies 

:i - c f D(x) •. 

Theorem 6. If the elements of a r~w (column) of a deter~ 

minant are multiplied b'y the cofactors of respective elements. of 
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any other row {column)., the ·sum 0 1
. of the products thus obtain-

ed is zero. 

Proof. .The e~panston of 0 ~;ith respect to the 'jth column 

is 

and 

D' = 0 

.. ~a k· •• :a k· ••• n n . 

by the Corollary of Theorem 2. 

Rule of Sarrus: 

For determinants· of order 3 and onZb for these, there is 

a rule for evaluation·commonly us~d in practice. This r~le of 

.SARRUS consi~ts of rewriting the f_irst .t\-10 rows below the third 

o~e, and then multiplying the three elements 6n the m•in 

diagonal, multiplying those juJt belo~. these elements. and ~Jltiply­

ing three others below the latter~ and then obtainifi~ the sum ~f 

these three products; hext doin~·-the same far the ~lements of 
! 

the second'ary diagonal and rela~ed ones, obtainjng a second sum 

of thr~e products. Then the diffe~ence be~ween the first and· 

second ,sum gi•:es the value of the deterr.1inant: 
. . ·' . 

-"' 

a~b .... ct 71 
· 

a I b I C I 1 "' .. ., 
a 11 

: b """" c" = {a b ' c " + a 1 b "c +· a 11 b c 1 
) - ( a "h 1 c.+ a b" c 1 

... a' b ~ " ) 
'>..: .... -.{ '. -~--·"" a .. b · 1 c ,...... .,.......-
~ ' ....... .............. a I b.' C I ....... . ,_.. 

The rufe is applied also by rewriting the first twc colu~ns 

after the third one. 
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Examples 

1. Evaluate th~ determiriant 

-1 2 4 

0 = 5 -7 3 
o- 6 2' 

a).6y the use of ~ARRUS' rule, b) by.laplace expansion 

Solution. 

. a) 

"" :::. ~ 

. ·-1 . 2 ~ 4J' . -1 .. ~ .2 ... 
. .......... ·. ~ . - . o = 5 -7' 3 •· . ·.5 -7. . 

·o .. -· 6'"'>.:: 2 ·. • ~, o' 6_,.-­
~ ~ ~ 

= (~1){~7)(2) + (2)(3)(0) + (4)(5)(~) 

- (Of(-j)(4) - (6){~)(~1)·~ (2)(5)(2) = 

b) Si~ce the first ~olumn _contains ~ zero ;element, 

0. -1.(-1)1+1 ~-~ :1 + 5.(-1)2+1 1:.:1 
= -(~14- 18) - 5(4 J 24) = 32 + 100 = 132 

2. Why ~he foliowing deter~inants are zero? 

15 -7 0 

1: l -2 8 -10 

A = 8 12 < 0 s· 7 7 7 
-11. 6 0 0 

_, 
4 -5 

'7 . 5 ' 0 2 . 17 --7 9 

1 a a+b+c 1 a· b+c 
' c '"· 1 b a+b+c -o = :1 b c+a. 

1 c a+b+c 1 c a+b 

An's'wer: 

132. 

18 

7 
9 

0 

.A·O, s~nce every element in the third column is zero. 
I; 

. B • 0, since two rows are proportional (which ones?). 
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C.= 0, since two columns are proportional. 

0 = 0, since it wi 11 ·have two proportional columns after 

adding the ~econd and the third column. 

3; Why 

Answer. 

2 

4. Write 

D 

1 2 3 2 2 
4 -5 . 6 = 8 -5 

0 8 2 0 4 

j~ 
the 

-2 
3 

2 

-5 
4 

sum 

4 

4 

7 

3 

6 = 2 

21 1 
3 + -2 

sl 3 

1 
4 
0 

6 

7 

8 

as a single determinant. 

' 

2 

-5 
4 

3 

6 ? 

3 

6 

. 1 

2 0 10 

3 + 3 . ' _11 
6 8' 15 

2 

3 
.6 

'' 

So1utiori. The first two, having two identical correspond-

ing columns, are wr~tten as « single determinant, which by the 

same reasoning can be ~dded to the third determinant: 

1 4+6 2 0 1 0 2 1 +0 10 2 10 2 
'0 = -2 4+7 3 + 3 11 3 + -2+3 11' 3 ll .3 

3 ·7 ... a 6 8 15 6 
' 

3+8 15 6 11 15 6 

5. Evaluate the determinant 

2 3 -4 5 

D 4 4 2 = 
3 0 6 4 

3 -2 4 1 
-

Solution. We expand D with respect to that roN (column) 

having more zeros and more simple elements. Then by the use of 

Co~~llaty of Theorem 4 we get more zeros on that row (column). 
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.. 
Selecting the second column tor expansion. multiplying 

the last row by 2 and adding to the second one. we get another 

zero elel!lent on that_column: 

2 .. 3 -4 5 2 3 -4 5 

4 4 2 1 

L" 
10 0 10 3 . I) • 

3 6 4 3 0 6 4 0 

3 -2 4 1 3 ·-2 4 

10 10 3 2 1-4 5 

·-3 3 6 4 -(-2) 10 10 3 

3 4 1 3 .4 1 
·. _,......___., -. -1 

I 

10 0 3 . 2 -6 5 
... -3 3 3 4 -2 1 0_ 0 3 = 84-100=·-16, 

3 1 1 3 1 1. 

6. Show that x-5 and X+6 are factors of 

X 2 -3 I 

P(x} = 3 4 -x 
5 2 -3. 

Solution._ P(S) = 0, since two rows are identical; 

P.(&) • 0, since two columns are proportional. 

~. Show tha~ a skew symmetric determinant-of order~ is 

zero and that of order 4 is a perfect square of a polynomial. 

Solution. 

0 al a2 . -a, 0 a3 -a, 
-a, ·0 a3 .. -a, .. a2 • 
-a2 -a3 0 -a2 0 -a2 -a3 

I 

The prope~ty is true for all odd ordered skew symmetric 

determin~nts. The proof will be given on Ha~rices in Book II. 

0 
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For. n: 4 we h~ve 

1-~1 
1

-az 
. -a 

! 3 

a,. 
0 .. 

-a4 
-'Is 
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. . .·· 
This propert.'l is. toe for all even ordeJ"e.d: skew symmetric· 

dl!terminants, bJt the proof ,Jill not he 'given. 

S. Prov~ by induction: 

·qu a, a2 ani 
-1 X ·o 

? I 
p (X) ,. 

-1 n n-1 
( 1 ) X a OX + d 1_ X: + ... + an.:.lx+an n . 

I 
0 

0 " :- 1 ;( li 

n+1 

Proof. The_ equa 1 i ty is certainly true for n = 0. Suppose_ 
€· .. 

i 5 n = k·, th~t ·aetermi nan t the. pro:..e rty t·rue for then we show the 
" 

·I ao a, a2 ak _a k+_lj ·' I 

! -1 X 0 0 _? I I 
pi<+1 =- I· 0 i 

i 
0 ! ; X 

; 

I 0 I 0 ' .:. 1 X ... 
k+2 

·of order· ~ ... ; · ,;_:; equ;:; 1 to. 

In the expansion of this determinant with respect to th~ 

]a·st" CQ]umn, the C-Ofacto·r of X iS Pk(x): 

-1 X 0 ... 0 

0 

0 

X 

0 0 -1 k+l 
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· · where· 

from the induction hypothesis, and the determinant here is equal 

to 
' . k+l .. 
( -1 ) · • Hence . 

pk+l(>~) ( k+ 1 . .. a
0

x +. · •• + 

k+l "' a
0

x + ••• + 

EXERCISES '(3 • I> 

l. let ai j . be a determinant of order n. Find ~ relation 

between the indices i and j, for a .. 
lJ to be 

,. ' ~·I beicw (above) the ina in diagonal, 

b) be1ow (above) the secondal"y diagonal, 

t) ;;;bove the main and above sec'ondary dia.gona r. 
d) belc~ the main and above the secCJndary diagonal. 

2. Co~pute the following determinants: 

a b c 1 2 3 41 
b}' b d e b) ~ 5 6 7 

c e f 3 6 8 9 

4 7 9 '1 0 

3. Expand·and write the ~esult as a ·polynomial in de~reasing 
( 

powers of x: 

ao al iS2 a3 

-1 X 0 0 
0 '1 X o· 

~ 0 0 .:.,,1 X 

4. Evaluate the following determinanis: 

' 
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5. Evaluate 

6. Show that 

. 7. Evaluate 

2 
1 

-1 

4 

8. Evaluate 

/ 

9~ Show that 

10. Fi r.d all 
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(b-t:~)2 a2 

b2 ? 
(c ... a·) .. 

2 2 
c c 

1 2a a2 

b) 

. 2 
a 

b2 

10 

5 

3 

(a+b) 2
1 

17 

11 

19 

a+b -ab = (a-b) 2 

• 2.b b2 1 

-2 -4 5 4 2 
3· -2 -3 . 2 3 1 . -2 
2 -3 2 -5 -7 -3 9 

5 2 ,, 
-(.. 1 -2 ~1 4 

0 -2 3 4 
-1 . 0 5 -6. 7 . 

2 -5 0 s· -9 

,-3 6 -8 0 10 
. -4 -}· 9 -10 0 

- (a~b+c) 1 s a root of the equation: 

IX+.: b c 
. b ><"+c a = 0 ·I £: .. a X+b 

1inear fac tcr-s of 

I X a b X 

a X X b 
b X X a 

j X b a X ... 

4 

7 

6 



11. Same question for:· 
0 a b c 
a 0 c b 

b c 0 a 

/ c b a 0 

12. Prove. tile equality 

. \0 
82 b2 c2 0 1 . 1 1 

'12 0 ,2. e2 1 .0 c2f2 b~92 
• 

b2 ·2 
f 0 d 2· 1 c2fZ. 0 a2d2 

c? e2· d2 0 • 1 b2c2 a2d2 0 

13. Prove 

to 1 1 1 0 a b c 

1 0 c2 b2 <:\ 0 ·C b· 2 . 
2· 1il2 

a • -16~ • 
1 c 0 b '0: 0 B 

1 b2 2 0 lc ·b a 0 a 

~here ~ .. Is (s-a}( s~b )( s.:.c) is tht- area of the triang~ e 
' ' 

with sides a .• b. C· (2s .. a + b + t} 
'.~ 

14. If 
az a3 1 a 

1 b / b.2 b3 

2 3 
.. 0 

1 c c . c 

1 ' d d2 d3 

show that at least ttt~ of the numbers . lo b. c. d· ·fii~St be 

equal to eac.h other. 

15 0 Show that the determinant I au • xl of order n 1s of the 

form E + Fx where E, F are· independent Of x. 

16. Show that one root of the equation 
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11-x -6 2 

-6 1·0-x -4 

2 -4 6-x. . ' 
is 6, and find the other two roots~ 

1s 6, and .. find the other two roots. 

= 0 

17. If .. nEN, show that {b-~){c-a)(a-b) is a factor of 

1 . 

18. If, C1+8+y 

1 cosy 

2s, prove 

cos a 

c 
n+2 c 

cosy COSC1 ·4 sin s Sif"!(S-Cl) sin{s-S) 
cosB, COSCl 

19. Show th.a t 

1 cosx - sinx·cosx + sinx' cosx sinx 
cosy - siny cosy + siny = 2 1 cosy siny 
cosz - sinz cosz + sinz cosz sinz 

20. Evaluate the following dete1·mi nants: 

a) 0 0 2 3 b) 0 0 a t) 

0 0 4 5. 6 0 0 c d 

-1 .-4 0 7 s· 
I~:· 

-c o' 0 
I 

-2 -!' -7 0 

~I 
-d 0 0; 

-3 -6 -8 -9 

(See EXample 7 and 8. ) 

ANSWERS TO EVEN NU!1P.ERED EXERCiSES 

2. a)· adf + 2bc·e- ae2 - dc 2 - fb . 
l''· 

4 • a } (a 
3 - 1 i·2 • b ) · -57 5 

8. 0· 

10. (a-b} 2 ,(2x-a-h)(a+b-2x) 

sin(s-y) 



16. 3; 18 
2 20. 0; (be - cd) . 
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. 3, 2. SYSTEMS oF· LINEAR EQUATIONS 

A. DEFINITIONS •. 

A relation of ·-the ·form 

al~l + ••• + anxn = b ( 1 ) 

between. n unknowni xi , ••• , xn is.ca11•d a tineaP equation 

where a1 •• ···• , an are· coefficients and b is the constant 

term. 

( 1) is ca 11 ed homogeneous LineaP equaticn'l if b = _0, and 

non homogeneous otherwise. 

Some number of linear equations is ca 11 ed a system of 

LineaP equations: 

all xl + ••• + aln X = bl n 
( 2) . . . 

aml. x1 + ••• + a . xn = bm mn 

(2) is a system of-linear equations involving, n unknowns. 

and m equations; 

If all b's are zero, the system is said .to be a homo­

geneous linear.system of equations (HLS), and ~oh homoge~~ous 

linear system of ~qu~tions (NHL~) otherwise. 

The system (2) is r~ctangular and includes the case m=n 

corresponding to a squaP• system. Every square system is rectan­

gular, but not every rectangular system is a square one. 

A solution of a single linear equation (1) is a point 

.(s,. s.2' ... ,sn) 
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.in ~". whose coordinates satisfy·the equation. Therefore 

a1s1 + a2s2 + •• ·.+ ansn ... b. 

If a point is a solution of every equati~n of:the syste~ 

(2) it is a solution poi"t of the system. 

As we shall see~ sorne.systems have no solution, som• have 

a·unique ~olution and some others have infinitely many solutions~ 

The system having no solOtion is said to-be i~con~ist~nt6 other~ 

·wise oonaistent. 

· E-very HLS has the zero solutiof'! point, called the tPiv'iat 

3oZ.Ution. 

B. SOLUTJON BY DETERMINANTS(~) 

. bG a 

Square NHLS: 

let 

square 

&11 xl + ••• + ai~xj + ••• + 

•. 

anlxl .;. ••• + anjxj +. ~. + 

NHLS • The determinant 

all 

0 "' 0coeff.. · 

anl 

alnxn 

a· x nn n 

of the 

• bl 

{m • n} ( 1) .. 
' 

a: bn 

coeff1 c1 en ts. h. 

~l~ . \ 
• I 

• i • 

Theore~. (CRAMES's Rule) The squar~ system (1) has the 

unique solution 

fx 1 I. 

point. 
01 

·" 1r • 
. if D_/ o, drid hac; no 

. D: 0 1 
... )· = ---J. -- . o" . -. • • ' "' u • • • • , xn 

solution or infinAtely many solution 

i r :; - rr, ;:l:"re n.: ~ s the c!etl'!rminant obtained f"rom 0 

r~qld~i~g it~ jtn cclu~n by' the column of const~~ts. 
-··--·-·-'·--------·-. 
'"' 1 Solut~or. ~Y ma:rirc ··,ill tie given 1n Book ·u. 

points 
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~~ To find the unknown xj, one multiplies. the _equa.,. 

~lons (first, secondi ••• ) by the cotactors Alj' A2j , .~. of 

the jth column· respectively, ·and then a_dds them side by side: 

... blAlj '+ ••• +· bi'IAnj = 
! 

Ox. = J 

.. 
Dj 

Dj 

+ ••• + (a 1 .A1 • + ••• +a jA .)x. +· 
._}._.~·- . ._. __ !!..__!!~. J 

. J) . • 

+ (a.lE~~··. ~~- annAnj)xn ., 

(by the Theorem 6) 

D •. 
. -=> xj =·-f. ·(D ~ 0). (unique sol.) 

. / 

Examples. Solve the NH systems of linear equations: 

a) 2x-y = 3 b) x+2y-z = 2 . c) X+2y-z_= 2 

X+y = 3 X+Y+Z = 6 X+y+Z = 6· 

2x·-y+Z = 3 _2x+3y = 5 
\ . 

Solution. 

I~ -:I = 1: -11 
= I~ 3r a} D "' 

3, 
ox ::i = 6, ·o = 3 

1 . y 3 .. 

6 2, y· = 3 (2. 1) x.=J" .. l = 

1 2 -1 2 ·',2 -1 
b) D .. 1 1 1 ... 7, o = 6 1 ) = 7, X 

2 -1 3 -1 

1 '2 -1 l 2 •2 

D "' y 6 1 ::r 14, Dz = 1 1 . 6 = 21 
2 3 l 2 ~t 3 

(1 2 3) 

2 -11 I! 2 -:-1 
c) D • l ~I a 0, D .. 1 1 • -9. 1- 0 . 1 

2 3 JS 3. 0 

(continue to evaluate if 01 • 0) 
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The 
1
system is inconsistent (·no solution}. 

An e~ample for the case ·with infinitely many sol~tions js 

x+y-z = 

?x + 2y- 2z 

3x '- y·+ i. = 3 

2 

It is ~lear thai any scalar t satisfies the e~uation 

0 x,'=Dj(O .-xj=O}. This conclusion leads us to a solution 

point involving a parameter t. Jhis means t~at one of the u~­

:knowns can b~ taken as paramet~r (one degree of frtedom)~ say 

1. ~ t. 

In this ex~mple, ~he first two equations being identic~l. 
' taking the fi~st and the last o~e. we have 

x+y 
I 

3x -· y = 3 - t 

Then the solution, point _is 

D - :-4 • 

(1, t, t.}, for all ttR. 

Nrite: The solution shows t~at, x cannot be.taken as 

parameter, since it has a unique valu~. , 

If for· a square:tiHLS, 

D = 0; r:,=c·, ... , o =o• , . n 

we have, in'gene~al, on~ deg~ee of freedom as giv~n in the ~bove 

e~ample. After takjng bne of the u~known as parameter· t 1 , we 

obtain a sy~tem of n equations with n-1 unknowns. Consider­

ing any n-1 of these n equations we have a sq·ua're system (the 

first' reduced" system). lf this system has a solution pc.int 'in-

. vo)ving t 1 , this may b~· a solution ppint of the original system 
f 

if it satisfies the non considered equation (one degree o{ free-

(lom). 
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If it does not satisfy, there is no solution ·of the origin~l 

system . 

. If, for the ~irst reduc~d system, 

0=0; o1_.=0, ..• , Dn~l=O, 

we have one degree of freedom for·the reduced system and two 

degree of fr~edom for the original system. One of th• n-1 un-

knowns cari· be taken as p~rameter t 2: Then considering n-2 of 

the n equations of the origiQal system (or n-2 of the ·n-1 

equations of. t~e first reduted system) one may find a· solution 

point involving t 1• t 2 (xj = xj (t1• ·t2)). If this solut"ion 

satisfies the two non consider~d equations it is the solution of 

the original system, otherwise it is not, and 5o on. 

If any one of the reduced system has n6 solution, t~e 

system has n~ s~lut1on .. 

Sqtia~e homogeneous linear syst~m (SHLS): 

Let 

be a SHLS, wtlere all constant terms are zero. 

From CRAMER's Rule, we have D . xj :: 0;,. since in the 

determinant D.' J 
the ~lements of jth column are zero. 

If D I o. we have the unique solution point (0, 0 ••••• 0) 

which is ttie trivial solutions of the ·HLS. 

Theorem~ The necessary condition for a square HLS to hi~~ 

a non trivial solution is 0 .. 0. 

~· Sup~ose on the contrary that 0 1 o. Then by the . 
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CRAMER's .Rule the system bas unique trivial solution, ~ontradict-_ 

ing ~hat the system has a non trivial solution. 
1n1s means that the system has one degree of freedom, 

since D.=O forall J I . 
j. To find a non trivial solution, if any, 

continu~ in the way done in NH case. 

Example. Solve ~he HS: 

·xl· + 2x 2 + 4x4 = 0 

3x 1 - xz + Sx3 - ;2x 4 0 

4x1 + x;. + Sx 3 + 2x 4 = 0 
(. 

-2x 1 + 3x 2 - 5x 3 :1- 6x 4 = 0 

Solution. Since· 0 = 0, the system may have a non trivial 

solution, and 

obtain 

we. have one degr:::e of freedom. 

xi + 2x2 = -4t 

3x 1 - X 2 + 5x3 = 2t 

4x1 + x2 ·+ Sx3 - -2t 

-2x1 • 3x2 - Sx3 = -6t 

Taking x4 = t, we 

(1) 

Leaving the last equation out of consideration we have a reduced 

system: . x, + 2x-. = -4t 
' 

Jx_l.,. x2 + Sx3 = 2t 

4x, 
; 

+ x2 + 5x3 = -2t· 

of which 

o .. o, o1(t)=O, p2Ct)=O. n3(t)=O. 

Then we have 9ne more degree of freedom. Taking x3= s in 

the first reduced form, we h•ve 
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xl + 2x2 • -4t 

3x1 ~ x2 • 2t - Ss (~) 

4x1 + x2 .. -2t - ss· 

Discarding one of thes~ equations, say the last one. we ~ave 

. x1 + 2x2_ .. -4t 

3x 1 - x2 • 2t - Ss 

whose sol~tion point ~s 

( ro . ~1 .. - T s, 

If this is a ~ol~tion of the re~uced form (2), it must 

satisfy the. d·isca rded equation:· 

4.(-¥-s)+ lj s - 2t) • -2t-5s (satisfied!) 

-The_n 
( 10-
- T s •.. 5 ~ 

7 - 2t, sJ 

is a solution of ( 2). for this to .be a solution of (lj it must 

satisfy the discarded last equation: 

-2(~ J.?. s) + 3(j s - 2t) - Ss • -6t (satisfied!) 

Then the point 

(- ¥ s. j s - 2t. s. t) 
is the solution ·point of the given system for all s, t£R. 

~square case: 

We disthquish two cases as m > n and m < n: 

1) ~ •. The number of equations· 1 s. greater than the num­

ber of unknowns: 
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allxl + ••• + a1 x . . n n bl 

anlxl ·+ .••• + a· x nn n 
(')• 

n {1) . .. 
aml.xl + ••• + a· x . mn n "'m 

. ' 
Consider the system (1') of as many equations as there 

are un~nowns {n). iay the first n equations. Solv~ this squa~e 

syste~ by, the previous.method. Obvio~sly if (1') has no _solutionA 

the give:1 ·system (1) has no solutio-n. 

If (1') has a solution. po.int S, ·then substitute the 

c~ordinates of S in the ~em~ining equation(s} success~vely. I~ 

~11 satisfied. then s· i~ the solution of (1). otherwise (1) 

has no sol-e.t..ion. 

Example. Solve 

a) 2x - y 7 

Solution. 

2 

2 

b) 2x - y = 7 

X + 2y 

2 

1 

X - 3y :. 6 

a) The ,,_umber of !.lnknowns i.s two. Con'sider the system !)f 

two equation~._say of the first two. It has the solution (3, -1) 

which when substituted. in the remaining third equation~ we have 

3.+2(-1)=2 

Hence t"~e system has no sol uti on. 

(not satisfied). 

b) The number·of unk~owns is again 2. Co~sidering again .. 
the system (1') of the first two equations, we get 13~ -1) ~s 

solution. and the remairiing equations are seen to be sltisf1ed: 

3 + 2{-1). = 1, . 3- 3(-1) = 6 
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Hen_ce the sy'stem b) ha_s {3, -1) as solution: 

2) m < n. The numl;ler of equations is .less than the number 

of unknowns: 
allxl + ••• + almxm + ••• + alnxn = bl· . ( 1) . 
aml xl + ••• + amm~m + ••• + amnxn = bm 

Take the unknowns xm+ 1 , .••• x0 as para~eters 1 t 1 • 

• • . , t and transpose the .related terms to. the second ·side 
n-m 

obtaing a square system 
a11 x1 + ••• + ·a 1mxni .. b' 1 

. ( ,. ) 

. ~ 

where b'l •..•• b' m are functions of parameters t,, ••• , tn~lli 

This square system is solved by the method gi~en earli-er. 
. . . 

If it has solution, the system .has solution point involving n-m 

parameters- or more. 

If_-(1') has no solution(*), try anothe-r square system.1n· 

a similar·~anner, a~d so on. If no one has a solution the system 

has no solution. 

Example. Solve 

a} x. •· 3y ~ i = 2 

x - 2y + 2z = 6 

Solution. 

b) 2x ·- •· z • 4 

-2y + 3v a 3 

4x - 2y + 2z +_ 3v • 2 

a) Setting z = t we have 

)( - Jy = 2 - t 

X, - · J y "' 6 - 2 t 
/ 

(•) 'There are two reasons: lj Sc:ne of the unlcnowns taken asparameters m3y 
have a fixed Value, 2) tht> $yStem may have no SOlution. 
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which"has no unique solution since o· .. 0. This gives z = t = 4 

which, being a fixed v&lue, ~~~no~ be taken as paramete~. 

Let . x • .t. Then 

-:3y+z;•2-t 

.~ 
-3y •. 2z' ... 6 - ·t 

b) Let v .. t. Then 

z .. 4 

2x + z .. 4 
·-2y • 3-t· 

4x - 2y + 2z '"' 2-3t 

where .D • 0, 01 It 0. No sol uti on with this parameter. 

Let z = t: 
2x· = 4 - t 

-2y· + 3v = 3 

4x - 2y + 3v =· 2 - 2t 

where D .. 0»· ·o1 = 0, 02 ~ 0. Again no solution with t~is para­

meter. See· that there is no sol uti on. when y = t or x = t. 
This system is inconsistent, because the left hand slde 

of the last e9uation is equal to twice the first plus ihe second 
l . -

equation, ilut the right side is .not. 

EXERCISES <3. 2) 

21. S~J~e the follo~ing line~~ equations: 

a) 2x - 3y • 5 b) x + 3y - 5z "'· · 2 
\ 

22. So1~e the system by C~AMER's Rulei 

2x - .Y - i c 4 
-x + 2y - z • -5 

·· x - y + 2z .. 1 

21. Show that the system 
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X + 2y ·- Z = 0, X + Y - 2z, " -1. 
is consistent, and sol.ve it. 

-x + 4y + 7z = 6· 

24. Examine the consist~ncy of the systemi 

25. Solve the system 

x ·• y + z = a 
ax + by + z ·,. b 

ax + b2y + z = 1 

of linear equations: 

3x1 - 2x2 + 2x 3 = 10 

xl + zx 2-- 3x3 = -1 

4x1 + x2 + 2x 3 = 3 

26. ·Solve 
(c2 a 2 )~ - be z + ba x = 0 

(a 2 - b2)z - ca x ~ cb y = 0 

27. Solve and discuss 
>.x + y + z + u • a 
X.+ >.y + z + u = b 

X + y + >.z + u ... c 
~ X + y + z + ).U .. d 

28. If a~ b, c ·are not all zero, ~how that the system 

bz - cy .= a •. ex - az "' b •, ay- bx ,. c • 

is consistent-o·r inconsistent according as aa'+bb'-+cc' 

is zero or non zero. 

- 29. For what valUes C!f >. the system 

a) has. no solution 

x + 2y + (>. + 2)z • 10 

2x + 3y + (>. + 3)z • 16 
lx + (6~-l)y· + 7z • 26. 

~) has one solution 

c) 1has infinitely many solutions. 
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30. Check the .consistency of the· system, and solve (if possible.): 

a} 3x 1 +?x 2 +x3 = 7 

2x 1 + x2 - 2x3 = 4 

4x 1 + _3x 2 + 4x 3 ."' 

31. Solve 

a) x + 2y = 3 

2x ... .Y = 0 

3x- y = 5 

32. Solve 

a) J(
2 

+ sl- z 2 
= o 

2 2 3 2 z2 . ·2 X + y - = 

x
2 - J2 + 2z

2 
= 21 

33.- Solve 

a) 3x - y - 1 = 2 . 

olx + y + 2z ., 7 . 

X +_ 2y of; 3:z = 4 

20 

b) zx 1 +7x
3 

= 4 

b) 

n) 

b) 

x 1 + x 2 + 2x3 = 1 

2x1 + 2x2 + 4x3 = 2 

X+ 2y = 3 

2x + y = 0 

X+y = 2. 

" 1 3 c. 1 + + = 
X y z 
6 2 6-

3 + .. 
)( y z 
1. +· 1 3 0 -- z .. 
X .ry 

s + t 2 

t - IJ "' 3 

u - z = 2 
S - I "' 7 

34. If the following systems have the same solution. what fs th~ 

relatlon between a, b, ~? 

2x - 3y + 7. = ~· 5x - y <- 2.7! ,. 4 

ax + y - bz 
,, 
< X + ·cy - l .. 0 

X - y ... ., ·~ 
'-"' ~· 0 

35. Discuss ~he solution ~f 

= a 

)( b'\t b 4 i b ... = 
. ' < .. .. ,, 

~- ( y ·' c !. = c 
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24. 

26. 

30. 

32. 

34. 
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ANSWERS TO EYEN NUMBERED EXERCISES 

(o •. -3. -lJ 
a f. 1 • b f.. l • a f. b consi.stency 

(:\a • :\b •. :\c) 

a·) No so1uti{)n, b) (2 - 7t/2, -1 + 3t/2, t) 

a) (±2. . i 1. ±3) (a 11 combinations of signs·) b) 

Sa+ 6b = 17, c.= 1_1 17 

A SUMMARY 

·· {CHAPTER 3} 

Expansion of a cieterminant of order n: 
n 

,o = ja:·.r = I a,.J. c,.J. by the jth column 
lJ n i=l -

n 
'"I a .. c .. · by the ith row. 
j:l ·lJ lJ I 

CRAMER's Rule: For a SNHLS, 

0. 
. J if 

XJ" lJ D I- O. where · 

(2. -1 •· 

0 is the determinant of coefficients. Dj is the determinant 

obta.ined from ·o _ret>lacing its jth co~umn by the column of 

constants. 

For SHLS,. 

when D:, 0 system may have non trivial solution. 

MISf.ELLANEOUS EXERCISES 

:f6. Show that x + 1 is a factor of 

X+ 1 2 3 

1 X+ 1 3 

3 -6 X+ 1 

3) 
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and factorize it compl~tely. 

37. If a. b. c are 

a 

b 

c 

38. Prove that 

39. Show that 

dis.tinc real 

a2 ~3-1 

.b2 b3-1 
3 c -1 

X 
3· .x2 X 

3x2 · 2x· 1 

i y2 y 

3y2 2y 1 . 

numbers, show 

= 0 a be = 1 

~1 I 
o,' 4 = ( x-y) -
1 

0 

1 A B 'AB 

1 a B aB (A-a) 2 (B-b) 2 = 
l A b Ab 
1 - a b ab 

49. Show that 
cos (x+y) sin (x+y) -cos{x+y) 
sin (x-y) cos (x-y) · sin(x-y) =-sin 
sin 2x 0 sin 2y 

41. Prove Dn =an 0 "1 +D Nhere n- · n-2' 

al 1 0 0 

,.1 a2 
on = .. , ' 

. 
0 -1 . 0 

' . . 
' 1 . . 

0 •• -0 . -1 an 
(Hint: Expand by the last row or col.umn) 

42. If Dn denotes the determinant 

2(x+y) 
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a 1 0 ... 0 

a . 
0 0 

' 
.... 

0 . . . 0 a. n 

then ~how 

and prove that 

., 
where p and q are the roots of x'-ax+ 1 = 0. 

43. Evaiuate 

44. 

2 (ab+cd) 

Show 

a2-b2-c2•d2 

-2(ab-cd) 
2.( ac • bd) 

2 b. 2 c2 d2 a - + -

-2(ac-bd) 
2(ad+bc) =(a 2.b2+cl+d 2)3 

45. 

46. 

2(ad-bc) 

The roots of 
4-

x -3px-q = 0 

n 
xl 

x" 
An 

2 
1 n 

·XJ 

1 x" 4 

Find the ~alues of A4/Al 

Characterize 

such that 

quadrilateral 

D • 
a 
b 
c 
d 

a2+b2-c2-d2 

are X 1 , x2, x3 • xn • ant' 
n+l 

xl 
n+2 

xl 
xn•l 

2 
x"•2 

2 
xn+l n+2 

3 x3 
xn•l 

4 
xn•2 

4 

and As/Al in terms of 

with consectutive 

c 
d 
a 
b 

d . 

a • 0 
b 
c 

sides 

p. 

a, 

q. 

b .• c •. 
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47. Prove th3t the iystem · 

.x- y.+ z = 0 

2X: + y - z = 0 

x + 5y - 5z = 0· 

i s ~on s i s tent a n d s o·l v e i t • 

48. Solve 

49. Solve 

50. Solve 

3x + 5y - 7z 13 

4x + y - 12z = 6 

2x + 9y ~ 3z = 20 

xl + 2x 2 + 3x 3 + 4x4 

2xl + x2 + 4x 3 + X 4 

. 3x
1 + 4x 2 + x3 + 5x 4 

.. 2~1 + 3x 2 + sx 3 + 2x 4 

xl + x2 + x3 + x4 + 

xl - x2 + x3 + x4 + 

= 

= 

= 

= 

xs 

xs 

2x 1 + 3x 2 + x3 - x4 + 2x 5 

x1 + 3x3 +.xs = 6 

x2 + .2x3 .+ 3x 4 - xs 

5. 

2 

6 

3 

.= 1 

= l 

= -4 

10 

ANSWERS TO.EVEN NUMBERED EXERCISES 

36. (x+l)(x2 +2x+8) 

46~ D.; (a+b+c+d)(a-b+c-d) (<a-c) 2
+ {b-d) 2) = 0 

a+c = b+d (cir~umscibed);· a=c~ b=d (paralle1ogran 

48. (1 • 2. o.) 

50. ·(-2, 0, 3, 1, -1) 



CHAPTER 4 

P.NALYTIC GEOf1ETRY IN IR2 
- . . 

4. 1. A REV-IE~ OF LINE, CIRCLE AND CONICS (in standard forms} 

A 2-space (two dimen~ional space)· R2 i~ the set 

·R 2 = R x R = {(x, y): x, yeR} 

of ordered pairs of real numbers x, y where x i~ the abscissa 
. 

(the first coordinate) and y is the oPdinate(the second c'oor-:-

dinate) of a point in R2 . ~he~e is one-to-orie coirespondance 

betweerr the poi~ts and the ordered pairs. 

let . A ( X l • y l r • B ( x 2 , y 2
1 

)_ be two g i v en poi n t s • Then the 

distance d(A, B)·=-IABI between A ~nd B is: 

. /. 2 . 2 
d(A, B) = IABI = r'(x 1-x 2 ) .+ (yl-y2) 

The coordinates x, y of the point C dividinq the seg-

the division ratio r = ~/tll" (inner division when 

1· • .: o. outer division when r > 0) are 

l r, e r. the midpoint . It of ( AB) 

x, + x2 
X 2 

.. 

A. LINES. We have the 

lin£>: 
L y ,_ yl m(x X 1 ) 

2. y = mx 4 n 

is 

Y1 - ry2 
Y = 1 - r 

yl + y2 
y = ·2 (r=~l) 

following forms of equations 

Point-slope form 

Slope-intercept form 

of a 
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3.: a} 
x - xl y - yl 

= ----
x2 - xl . Y2 - Yl 

·symmetric form 

Two-point forms 

b) = 0 Determinant form 

In (a) x=x
1 

if x2 -x1 =0 (or y=y1 if .y 2 -y 1 =0) 

4~ ! • l = 1 Intercept form u v 

5. Ax+ By+ C = 0 (A~+ B2·_Jl 0} General form . 

(General. linear equation) 

6. a) xcosw + ~ sinw - p = 0 Norma~ form~ 
[
.Hess equition l 
Euler's equation 

b) ax+ by+ c = o· (a 2 + t> 2 
= 1) 

Jn (a) ~ is the distance of the origin from the line 

~nd is the oriented angle from positive x-axis to the ray 

through the origi'n intersectjng the line perpendicularly. 

Derivation of normal form: 

tntercepts of the line 1 in ter~s of p and w being 

u = p/cosw, v = p/s i nw, . · 

the intercept form (4) gives 

x cosw + y sinw - p = 0 

whe~ ·w ~ kn or w I (2k+l)n/2 (k=O, 1) 

x- p =· 0 i s a v e r t i c a 1 1 i n e when w = k n , 

y-p = 0 is a horizontal line when w = (2k+l )n/2 

Example. Write the equation'of- the family of lines 

a) h~ving the constant distance 3 units from the origin, 

b) having the constant slop~ angle a. 
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Solution. 

a) By the use of n~rmal form: x cosw + y sinw - 3 = 0 

b} By the use of slope-intercept form: y = x tana + n or 

by riormal form · x cos_ (a ~ i> + y sin (a - ! -}-p = 0, 

since 1T w=a- 1 .-

·The equation of a line in any form can obviously be written 
.. 

as the general form but the converse may not be true. 

Example. Transform the general equation 11'3x+y-4 = 0 into 

other forms. 

Now 

Normal 

Solution. Slope: m = -13 

Since 

form: 

x1 = ·13 ~ y 1 = =9 A(ll'3, 1)· 

x2 .. -I'J => y 2 = 1 =) B c -13. n 
Point-slope form: y-·1 = -3(x-3) 

x-~ y·1· Two-p(li nt form: = -2 ~"3 -

xcQ" -q y=-v•4 
y = 0 =) X • U . :a 4/ IJ", 

· Intercept farm: u;/7r -t: { = ·1 

Slope-intercept form: y • -/3 X + 4. 

A2 + B2 "' 4, ~~2. 2 and C • -4 < 0, we have 
13" 1 2 ., o· --'2' X + "2' y - Oi" 

. 1T i 'IT x cos 0 y y s n i - 2 • 0 

Linear family of lines: 

Let 
Ax + By + C .. 0 n nd . A' x + B 'y + C' .. 0 

be the equ~tions of two. lin~s. Th~n for ~. l'£R, ·the equation 
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.A(Ax,.By+C) +.4'(A'x+B'y+C')=O _(1) 

'r~presen~s lin~ar famil~ of.lines (passing thr~ugh·the point of 

~ntersection ol the original lines wh~n they are intersectin~, 

since the coefficients of 1 ~nd 1' vanish for ~he coordinates 

of:the common point)~ 

·If the lines are pa.rallel ·the same ·equation re~resent~ a 

family o( lines parallel to these. Why? 

For what values of )., 1' the e(Juation (1) .represents 

the first or second line? 

Division by one of the param~ters. say i.. .• gives 

(Ax+ By+ C) + u(A'x+B'y+C') 0 
\ 

i nvol vi ng .a singl'e parameter ·u. representing the sarne family 

except A' x + B 'y· + C' = o·. 

Distance of a ~oint from a line: d{P0 ~ !) 

let P0 (x~, y0 ) .. b~ a point and 1: Ax+By+C = 0 be a 

line. Then the distanc~ of the point P
0 

from 1 is 

IAxo+BYo•CI 
d < Po • 1 ) = lA t + at 

: and 

In the case of normal form: 

xo 

The 

d{P0 , .1!.) = lx
0 

cosw + y
0 

sinw - pi ., 

[ '." . 
when Po and o"ri gf n are on 

cosw·+ y
0 

sinw - p same side of 1i 
> 0 other wise 
' 

c.tistance between two lines is given by 

~ntersect. 
d(R.; 1') 

[
0 when 1 • .II.' 

. d ( P, t' ) ·when P£1 and t//1. • . 

the 
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Example. Given the points A(t~ 3), 8(4., 5) and C(4.8) 

a) find.t ii A. B~ Care collinear (Poin~s of the same line) 

b) Setting t=-2 find t~e equations of the lines AB and Bt 

. c) Firid the equati~n of-the line through Band P(l, -1) 

d) Find d(~. BC), d(P. AB)' 

Solution. 

a) Setting the coordinates of the point in Ax+ By+ c ·o 

we have the HLS 
tA + 38 + C = 0 

4A + 58+ C = 0 

4A + 8B + C = 0 

To have a non"trivial solution we get 

1: 
3 1 

5 ·1 =P giving· t=4. 
8 

Thi~ is one of the ways of solution. The others are: 

1)· By the use of distance: For the col linearity, one of JABJ, 

JBCJ, JCAJ must be the sum of the other two. 

2) By the use of slope~ For the collinearity. the slopes of AB 

&nd BC must be equa 1'.-

3) By the use of equation: For the collineartty, the coo~dinate 

of one 6f the p~ints, sa~ of A, must satisfy the equation of 

the line through the other two points B, C. (This mean that 

d,(A, BC) ,. 0) 

X - X y - yl 
b) 1 -~ xz - xl Yz - yl 

AB: X + 2 y- 3 
=)X - 3y f. 11 o • y+Z y-3 .. 
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c.) Since B is the common point of the line P.S anrl 

· BC, the l.ines 

A.(x-4) + }, ' (X - 3y + ll ) .. 0 

through B, ~nd p must sat ·: iy 

A.(l-:-4) + A1 (1+3+ll) = 0 ).=).' 

-=7 
' 

). ' ( 5 (X- 4) + (X - 3y + .11}) = 0 ().' .. 0) • 
9 . 2x ..;. y - 3 = 0 . 

0 

d) Since BC is a vertical 1 i ne, d{P, · BC) 3' 

d(P, AB) ll +3+111 = 15/llo. 
II + 9 

Angle·between two lines: 

The angle e between two lines with slopes. m1 ,·m2 is 

given by 

where 0 1s the positively otiented angle fro~ the first to the 

second line. 

It follows that the line~ are parallel iff (if and only 

if) m1 = m2 and perpendicular iff m1m2 = -1 

Example. Given the line 

R.: 2x+3y-5 = 0, 

a). Find th'e equation of.the line 9.'//1 and.threugh A(-2,1)~ 

b) Find the ec:uation.of the line 2. 11 .19. and through i\(-2~1). 

c) Show that the sum of the products of the c~rresponding 

coeff~cierits in the equations of l and 1" is zero. 

Generalize. 

Solution. 

a) Any line. //1.. can be wr·itten as 
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2x + 3y + c :: 0, 

~ z.·(-2)+3.1+C 0 ~) c = 1 

·=) .2.1: 2x + Jy + 1 = 0-

b} The slope of 1 being m • -2/3 that of t• will be 

m• • -1/m • 3/2. Hence by the point slope form we have 

3' 
y - 1 • '2' (X + 2) 1 

1" Jx - 2y + 8 • 0 

c) For the mertioned.product we have
1
indeed. 

2'·. 3 ··3(-2). 0 

To gen~ralize, let the lines 

1 : Ax • ~y·+ C • o. 
1': A1 X + B'y + C1 

a 0 

be perpendicular. Having 

m • -A/8, m 1 
• -A 1 /8; a.nd mm 1

. • -1 , 
. . . 

it follows that (-A/B}(-A 1 /8 1
) .. -1 or AA' :.. BB 1 

• 0 

B. CONICS 

Conics are defined in various ways. Here it is preferred 

to define them by a fixed li~e D; a fixed point F with 

d(F, D)·. p {t 0, a fixed ratio e, called respectively diros~trti::::, 

·focus. and eccentricity: 

'Definition. The s~t 

, {P: d(P, F}/d(P, D). e} 

of points is ca11ed 

cl. Zipsq wh'en 
parabola when 
hyperbola when 

e < 1, 
e • 1, 

e > 1. 
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1>' 

Central Conics 

Standard equations: 

a) Circle 2 . 2 2 l x + y = r Center at the origin, 

b) Ellipse 

c) Hyperbola 

d) Parabola 

b1 2· 1 2 a2b2 i ·x+ay=_ 

1 

ax~s are on the coordi~~t' 

±b2x2 ±a2/ = a2l2 ' 

[ 

Vertex at the origin, 
/ = 2px (or x2=2ny) 

axis on. a coordinate' a:d':. 

If the vertex of the pa ~abo 1 a·, and centers of t,1'e othe ··:. 

are Pt the point (h, k) with the same orientations of the axes, 

the abn\~ equations become: 

a) (x - h)2 + (y - k)2 = r2 

b) b2(x h)2 ~ (a2(y k)2 2 ~· - - a b 
' 

. 
c) ±b2 (x - h)2 ~-a2(y - k)2 = a2b2 

d-) (y - ~)2 = 4p(x ~ h) (or (x - h)2 = 4p(y - k)) 

where r is the radius ~f.the circle, max {a, b}, min {a,~} 

are the semi majo'I' and semi minor a:cee .of the ellipse, and in 

b2x2 - a2l =· ab2 the el,ements a, b (in a2l - .b2x2 ,. a2b2) 

the elements b, a} are semi transverse and semi conjugate a:ces 

of the hyperbola. 

The two hyperbolas given in (c) are called conjugate hy­

perbolas having the same pair of asymptotes given by 
2 2 • 2 • 2 

b ( x - h) - a (y - k j 0 
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An ellipse becomes a circle, and a. hyperbola becom~s a 

rectanguLar (equi'Late'l'al') hype'l'bo'La when ·a= b. 

Linear famil~ of conics: 

;_et F(J(, y) = 0 and G{x, y) = 0 be standard equations 

of two conics. The~ for \, ucR, the equation 

\F(x, y) + ~.>G(x, y) = 0 (at_ least one of A, ll 1 0) 

reprPsents t~e linear family of conics (passin~ through the point~ 

of intersecting cr the origin~l cn"~cs ~hen they ari intersect-

in g) . 

. ). = 0 G(x, y) = 0, and lJ=O --~F(x, y)=O. 

If >. l·b, then the family ca~ be represented by the use 

of single pa,rameter: 

F(x, y) + k(G(x. y}.= o (k =: 11/\) 

What happens when r = 0, G = 0 r€present any two curve? 

Examrle. Given t1~o conics C, ·c• defined by their direct-

rices, f6ci and eccentrisities 

find 

D:x=6, F(l,2), e=2/3 
D : y =-.;. 3 , F ( - l , 2 ) . e = 3 I 2 , 

a) the standard equations and deter~ine 

p, a, c, o for C ~nd C' 

b) the equatjon of the conic which is a me~ber of the 

linear family of c, c· and passin~ through th~ point 

(-3, 0), 

c) does thi~ fdmily ·contain a ~arabola' D1"sr ,, . . . ,_us s .. 

Solution. ) ·. 

a) C: d ( P_, F)/ d ( P, 0) = 2/3 ~ 
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2 2 4 ~x+3} 2 2 (x-1) + (y-2J 
-~ + ~ = -g 36 = 

(x-6}£ 

~ P. = 5, a .. 6, c=ae=4, b = 2-15. 

2 . 2 . 2 2 
c•: Cx+l) +(r2) = c~> 2 => <Y;p - <x4p =- 1 

. (y+3} . 

p: 5 I a = 6 (semi transverse. axi.s), 

c = ae = 9, b = 3/S 

b) ).(s(x-~3)~ :+ 9(y-2} 2 -lao).+ p(5(y+7) 2 - 4(x+l)
2 

--lao) = o 

. Setting the point (~3, 0) ~e have 

and 

. ll = 

' 

144 ). 
"1i9' 

49 ( 5(x+3 ) 2 +.9(y~2)2 - 1so). +. 144.(s(y+7 )
2

- 4(X+ 1) 2
- 1ao) = o 

X
2 (or of y2 ) 1 c} Coefficient of is to be zero: 

5). - 4p = 0 or 9). + Sp = D . .' 

Yes, the family contains two ~arabolas, one having axis U to 

x-axis. 

Exame.l e 2. Discuss the following equations: 

1. a} b2x2 + a?y2 = -a 2b2 (ab;iO) b} b2x 2 
+ a

2i = 0 (ab=O} 

2. b2x 2 2 2' 
a Y = 0 (ab ., 0} 

3. x2 = a (o.r l = b) 

Solution. 

1. a·) Since the left hand sioe 1s non negative and the 

righ't hand side is negative, no point in R2 satis­

fies this equation (Imaginary ellipse, no graph) 
' . 

b) The only soluti()n is ·co. f)) which is the origin. 

fdege~ePate e!Zipse}~ the qraph is a point}: 
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. (bx-ay){bx+ay} = 0 bx-ay = o, or 

bx + ay = 0 (dd2er.ezoate hypel'bola;} the graph .is two· 

intersecting lines which are the asymptotes of the 

hyperbolas ± b 2 x 2 ·~ a~y 2 ·= a2b2 ) 

3 •. No real point · . 'lj ·[<.0 
Two coincident ·lines when a (or b) =0 

Two parallel lines . · >0 

imagenary pa~abol~ 

degenerate parabo~a 

lhe disculsion is also valid.when x and y are replace~ by 
• 

) - h .and y ~. k. 

EXERCISES <4. I> 
•. Find the.projections on the coordinate axes and the l~ngth 

. 
. of the line segment joining the following poirits: 

a} (-4, -4) and (1, 3) b) (-/2, /3) and ,(13, 12') 

2. ~ifld the midpoint of the line segment with the following and 
I 

points: 

a) (a-b, d-e) and (a•b, c+d) b) (-4, ') and (2, ~) 

3. Find the coordinates of t~e point which divides ~nternally 

the line segment joining {-1. 4) and (-5; -8) in t~e 

ratio 1/3. 

4. Find the locus of the points equidistant from' A(3, -4) and 

B(-1, 6). , . 

· 5. One end of a ·line .segment whose. length,i!> 13 is the point 

(-4, 8), the ordinate of the other end is -3. Wha~ is its 

abscissa? 

6. Sh,lw that· the diagonals of a r·ectangle are equal. 
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7. Show that. the points 

a) (3, 0), (6, 4), (-1, 3) are the vertices of a right 

triang1~ (1) by means of slope, (2) by the use of 

Pythagorean theorem, 

b) (2, 2), (-2, -2), (213, -213) are th·e vertices of an 

equilateral triangle. 

8. Prove by means of slope th~t the points (10, 0), (5, 5), 

(5, -5) and (:-5, 5) are t.he vertices of a trapezoid. 

9. Prove that.the points 

a) {2, 3), .(1, -3), (3, 9) are collinear: (1) by means of 

slope, (2) by•means of distance, (3) by the use of equa­

tions, (4) by&determinants. 
I 

b) (1, -2), (2, 3) and (-2, ~17) are tollinear. 

10. If the points (a, 3), (3, -6) and (4, 7) are collinear, 

find a. 

11. Show that the 1 i ne 

t(2x-y-9) + k(x-3~-17):;: 0 

passes through a fjxed point for ~11 values of t and k. 

What is this fixed point? 

12. Show that y 

3 

5 

l : 0 

1 

is the eq~ation 6f the line· through 1-1, j) and (3, 5). 

1.! If the vertices of a tr.iannle ar" A(2, 3), 8(5 7) C(3 9) 
.:J '" r ' • ' 

show that the area of the triangle is 
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2 1 
1 

A = '"2"· 5 7 
3 9 1 

14~ Prove that the points (6, 6), (7, -1), _(0, -2), (-2, 2) 

lie on a circle whose center is (3, 2.). 

15. Find the centers and radii of the following circles: 

a) x2 +2y-3x+/=o b) x
2
+/+4y = 5 

16~ Write the equat1on of the circle ,whose center and radius are: · 

a)(2~5), r=7 b;) ( 3 , -4) , r = 3 

l7. Classify th~ following curves: 
.2 . 2 

a) X · - 2X + y + 4y + i "' "Q 
2 . 2 . . 

b} X + y . - 4y + 5 ,= 0 

2 2 
C) X + 2 X + y - 2y. + 2 = 0 d) (x•2y)(2x+3y-5) = 0 

18. Write the standard equ~tion of the parabola whose ~ertex A 

and directrix 0 are: 

·ar A(2, 5), o: y = 3 b) A(3, -4), 0: y = -2 

19. Write the standard equation of the ellipse whose center, 

eccentricity and . a are: 

a ) ( 1, -2) , e = 2/3. a =,6 b)(~3,0). e""4/5, a=S 

20. Same questi~n ''the given curve is a hyperbola: 

a) (2, 3), e = 5/3, a=3 b)(-2,.1), e-=5/4, a=S 

'· 
ANSWERS TO EVEN NUMBERED EXERCISES 

?··a) (a, d), 

4.2x-5y+J .. o 
10. 4 

b)· (-1, 5) 

16. a) (x-2) 2 
+ (y-5) 2 = 49, 
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18. a)·8(y~5)=,(x-2) 2 , b) B(y+4)=(x-3)2. 

20. a) 16(x-2)
2

-9(y-3)
2 

= 144, b) 36(x+2) 2 -64cY-1) 2 =2324. 

4, 2. SECOND DEGREE CURVES (SDC): 

A', DEFINITIONS AND CLASSIFICATION: 

The equation of·a co~fi C in the general case is obtain-
' ' 

ed by t~king the directrix D and focus F. arbitrarily in the 

analytic p)ane as 

From 
C = { P ( x, y) : d tP, F) I d ( P, D) = e} 

we have 

(<x-xo)2+ (y-yo>2) I !ax+by+cl2 = e2 

w~ich when expanded and arranged gives the- general ~ec~n~ degree 

.equation (SDE): 
2 ' ? ' 

Ax + Bxy + Cy- .. Ox + Ey 4 F = 0
1 

(A 2 
+ s2 

+ C 2 # 0) ( 1 ) 

as the equation of C where the coefficient A, B, ••• , F are 

functions of constants a. b; c, x
0

, y
0 

and e. It follows tt.at 

the equation of any conic is of second degree, since A 2 +B 2 .c 2~o 

B11t the equation {1) may represent curves other than the conics 

(ellipse, hyperbola. parabola) as seen from 

{2x-y.,.l)(x--y-3} = 0· 

which is of second ~egree an& represents two intersecting line~ 

~~ ~egen~rate conic}. 

~ cu~ve represented by secQnd degree equation (1) in 
' 

the variables· x, y 'is called a second degree curve. 

The following are ,second degret: curves: 



The ntimbe·r 

281 

2x2 - 4xy + x + Jy- 1 = 0 

2x2 
+ xy- 4i - 6x + Y = 0 

. 2 
tJ. = B -:- 4AC, 

c~ 11 ed the discriminant of ( 1,). permits to .classify the second 

degree c~rves as elliptic, hyperbolic .and parabolic by asympto­

ti .. c- directions •. The equation y = mx + n of an as.ymptote of a 

s:econd degre~ curve can be determined as fo.llows. (See Part. I_, 

;k~tching the graph of an algebra.ic function) 
2 • . 2 . . 

-Ax +Bx(mx+n)+C(mx+n) +Dx+E(mx+n)+F = 0 

2 2 2 (A+Bm+Cm )x +(Bn+2Cmm+D+Em)'X+Cn +En+F- 0 

2 Cm + Bm +A = 0 gives the slope· m (the asymptotic direc· 

'tion). We have the cases: 

E 11 i p t.i c case l [. < 0 
Parabolic case . when4 = 0 
Hyperbolic case . > 0 

(nq real m) 

(Two equal real . m} 

(Two distinct real m) 

The discriminant 4 does not give apy inform~~ion about 

~e~eneracy of a second d~gree curv~. The foll-owing theorem state 

under' what conditions a seconci deg1·ee curve is degenerate (non 

desenPrate): 

Theorem. A second ~egree ~urVe, real or imaginary, given 

.Ax
2 

+ Bxy + c/ ~Ox+ Ey + F = 0. (A2 
+ s2 • c2 ,_ 0) ( 1 ) 

'r·qenerate or non degenerate according as T" 0 or. T ; 0 

~ I 
r = I 

I 

2A B 0 

B 2C E 

D E · 2F 
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--
When A= o. T .becomes: 2(BbE- co2

- FB
2

) i and (1) reduc-

es to 2 . 
Bxy + Cy + Ox + Ey + f = 0 

Multi~lyi~g it by 4C a~d completing to square we have:· 

' . 2 ( 2 ) ( 2 C y + B ~ + E } - ( B x + E ) - 4 C o·x - 4 C F .·· = 0 

where bracket is to be a perfect square implying T = 0. 

The proof can be ~one considering the coefficient C. in­

stead of A, in a similar manner. 

Th~ frillowing theorem states the cases where the second 

degree curv·e is real· or imaginary. 

Theorem. A second degree curve given by 

Ax
2

+Bxy+Ci+Dx+Ey+F 0 (A 2 +B 2 +c2 I 0) (l) 

is imaginary (has no graph) iff 

(1} (Elliptic ~ase) 

(2} (Parabolic case; 

A < 0 and ' HT > 0 ( H = A + C) 

A"'O and lji<O (1ji=6' +6".; 

D2 ·- 4AF.+ E2 - 4CF) 

Proof. If the curve is reai it contains at least one 

point. in R2 . Therefore the. family y = k ( kciR) intersects it, 

at one or more point. Setting y, k. in (1) one obtains th~: equa-
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Ax 2 +(8k+O)x+ (Ck
2

+Ek+F) 0 (2) 

·with discr~minant 

6 =· (8 2 - 4AC)k 2 - 2(BD- 2Af~k + (0
2 4AF)~ ·. ( 3) 

Hence the curve has no real point only when o < 0 (fo-r all ke:R) 

implying 

( 1 ) ~ ;, 8 2 - 4 A C < 0 and cS • = ..:. 2 AT < 0 { 6' i s the· d i scrim i­

nan t o.f. ( 3 } ) 

If one considers the family x = h instead of y = k, one 

obtains 6" = -2CT. Combin·ing ,:• and o" we have HT > 0. 

( 2) for L = 0, .S becomes 

-2(80- 2fl.E}k + (0
2

- 4AF) 

and o<O (for ali k) =9 

B.D-2/l.E "0 1 b,' 2 0 · - 4AF < C. 

S1mi larly · 

BE ·· 2CO = 0
1 

. 2 
E - 4CF < 0 

Comhining these ""e qet :;. ~~ ·+ o." < 0. 

The convers~ of the theor~m is true since it depends on 

the discussion ot the nature of the robts of the a~adratic equa­

tion. 

In all other cases the curve is a real one. 

1
-----:;. < 0 : 

Elliptic 
i 

T. = 0, De9enerate 

1f HT < 0 

imaginary ellipse if HT>O 

A point (HT : n) j . case 
!----·---+-------·------r-~,--....;...-_,;.~----1 

tc. = 0 

Parabolic 

T I 0. Non degenerate 

T "' p·. Degenerate 

Real parabola 

Two polra11e1 lines if <JJ > 0 

Two co·ir.cient Hnes if ~. 0 

lmaginal"y parabola H ·p < 0 
.-----·· ---------.....L..----------~-----1 
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B. TRANSLATION OF CopRDINATE AxEs AND ns APPLICATION 
. . 

A transformation. which moves all points of a figure thro-

ugh tha same dintance in the ·same direction and the same sense 

is cal~ed a'transZatio~. 

A translation which moves the origin 0(0, 0) to the 

point O'(h, k) tt·anslates the coordinate system. Oxy- to the 

coordinate system O'x 1 y'. 
'. 

From the Fig~re one can obvtpus1y obtains .. 
~I 

. f> -- -· 
the followirg transforming formulas: 

From old to new 'From new to old 

X I X - h X "' ·xI + h 
y' y - k y = yl + h 11f, 

I 
I 
I 

., 

Apelication to SDE: 0 "' 
-~?( 

I 

L e t f { x , y ) = 0 be a n e qua ~ i on . The n f. ( x ' + h , yl + k) =0 

is the equation in·the new system OX 1 Y1 under the translation 

0(~. 0} ~ O'{h, k). 

If 
2 ' 2 f{x, y)=Ax •Bxy+Cy +.Ox+Ey+F = 0 ( 1 ) 

after the same translation, (1) becomes 
2 . ' 2 . 

A (X I + h) + B ( X I + h) ( y I + k ) + c ( y I + k) + D {X I + h.> + E ( y 1+ k } + F = 0 ' 

which is in the form 

A 1 x 12 
+ B'x'y 1 + C1 y' 2 + D'x' + E 1 y' + F 1 = 0 · 

where 
A' =· A, B I = B. C' = C 

D1 = 2Ah+Bk+D, E1 = Bh-2Ch+E, F'= f(h, k). 

To e.iminate the ·liriear terms. one ~ets . 

h· = 2CO • BE 
·ll 

JAF- BD 
fl. 

( 1 ' ) 
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Examples. 

1. Given y = x~Z find the new equation after the· translation 

0(0, 0) ~ 0'(2, 1). 

2; Given 2x + 3y = 4 (!nd 3x- y = :..5, translate 0(0, 0). to their 

point.of intersection 0' an~ find the new equations of the 

lines. 

3. Given 2 '2 . 
x - 3xy. + y . - y = 0 

a) C1as~ify the conic~ 
' b) elemtn•te the linear term by a convenie~t translation. 

Solution. 

1. Setting x = x'~ 2J y 

x'+ 2 
=~ 

y'+ 1, we ·have 

y' ; ~ (x'y'= 2) 

2. Simultaneous solution gives 0'(-·l, 2) and setting x•x'-], . . . 

y = y • + 2, one gets 2x' + 3y' = 0, 3x' -y' =:' o.· 

3. a) ll = 5 > 0 (hyperbolic case) 

2 -3 0 

T = -3 2 -1 c -2 -1 0 (non dege~erate: .. nyperbola) 
0 -1 0 

b) S'etting x = x' + h, y = y•~ k, we have 
I 2 • 2 

(x'+h}. -3(x'+h}(y'+k)+(y'+k) -(y'+k) ""0 
' ~ . . . -

D'=2n-_3k=O, E'=-3h+2k-l=O 

h = -3/5. k = -2/5 •. 

Since the coefficients- of second degree terms sre unchang­

ed under-a translation and F' = f(h. k). we have 

12 3 I o 12 ( 3}2 3( 3 c' 2) { • 2)2 ( • 2} 0 . 0 
X - X y + y ~ - '5 .~ - '5) - '5' + - "5" . - - '5 

. ·'7 
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·C. RoTATION OF CooRDINAT~.AXES AND APPLICATION: 

A transformati6n which rotates (turns) all. points of a 

figure. through the sa~e angle a-about·~ given point 0 is called 

a rotation . 

. The point 0 is the center of rotatian and 0 the angle of 

rotation. 0 is considered positive (negative) when"measured coun­

,terclockwise (clockwise). 

A rotation with c~nter at the origin and with angle B 

rotates. tlie coordinate system Oxy into 

a new coordiriate system O~'y' .,. 
I 

To obtain the transforming formulas ----- - {-- ~ ~ 
:t' ,'r'fl 

for coordinates X li . - -... ar.u X •·, y' of.the ~· • I\ 
I \ 
I·'_/ 

same point P in the systems Oxy and· 

Ox'y', consider the lines d and e 

through r ai ~·perpendicular to Ox and 

Oy respettiveiy. 

0 

I 'f.' 

:-x .. 
The· or~al equatipns of d and e in Oxy system are 

{

d: x' cos(-0} + y' sin(-8}- x = 0 

• I 1 '1f ) 1 o (lf ) e. x cos\2 -e +Y s1n'2'-e -y 
or 

{ x·~os El- y'sin e -· x = 0 ·. 

x'sin B+y'cos0- y = 0 

from which we hav~ the transforming fo~mul3s: 

From new to old 

x=x'cosEl- y'sin e 

y=x'sine+y'cos e 

Application t~ SDE: 

From old to new 

~·. X cos 0.+Y sin El 

y '=- .. x s i n El + y cos El 

0 

Let f(x, y) = 0 be an equation. Then f(x'cos e-y'sin e, 
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x'sin9+y'cos 0) =,0 ·is the equation. in the new syste1n under the 

rotation of ,axes with center 0(0, 0) ·and angle e. 

If 
f (.X • y} ~ Ax 2 + Bxy + c.? + Ox + Ey + F = 0 

after the .rotation {1 ). becomes_ 

( 1 ) 

A(x'cos a- y'sine)~+ B(x'cos e ~ y'~ine)(x'sine~y'cos e) 

+ C(x'sin a+y'cose)+D(x'cos a-y'sina)+E(x'sin8+y'co's0)+F=O 

which is in the form. 

where 

8 I X I yo • 

A'x' 2 
+ B'x'y' ~ C'y' 2 + 0 1 X' + E1 y' + F' = 0 

A ' A c··os2e · · · · C • '2 .. + B cosa s1n. e + s1n_e 

· B • = - 2 A co s e + B( cos 2 e - s i n 2 e) + 

+2C sinecos .e=B cos 2a- (A-C) cos:·:· 

C' = A s.in 2e - B cose sin a+ C cos
2

e 

o· = o cos e + E sin a 

t•. -0 sin e.E cos e 

F' F 
.... 

A rota.t ion· R( ef· can be determined such that cross 

vanishes ( 8 I: 0) ~hen B ~ 0·: 

B 20 (.'\-C) sin 28 0 tan B if cos - .. ~ 20 = r-r 

(2} 

terrr. 

A ¢. c 

If A. c. then 
, 

B'=Bcos20c09cos28=0 ~0s~ whichis. 

the same.result obtained from tan 2a=B/(A-C) when A:C; 

Hence the angle of rotation, to eleminate the· cross tprm, 

-can be determined by 

which gives 
' 2t --'Z. k -~- t .. 

1-t 

1 ± vr:?· 
( t " tan 0) 
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After having ~ne of the.valu~s of t ~ tane (preferably 

the positive on~) the_values ~f iose and sin~ can be obtain-
. . 

ed by the use of a'right triangl~ with legs t and 1~ 

To obtain ·cose and sine one ~ay proceed in ~ different 

.way as follows: r·e Jl .cos 
2 

1 2 
cos 29 = /1 2 ~ . 

+tan 2e sine= /"1 - czs 2 

where posithe signs are taken.f..or·convenience. 

Examples. 

l. Given the line y = /Jx + 2. rotate the coordinate ·axes by the 

angle n/3 and obtain the new equation of the line. 

2. Given the parabola 
. 2 

yo:: X and the line Y=X.-3. fin~ the 

new equation of the parabola after the rotation of the coor­

dfnat~ axes such that·~·~axis be parallel to the'giv~n )ine • 
. 2 . 2 

. 3. Given x - 3xy + y - y = 0,: ap·ply rotation to eliminate the 

cross term and obtain the new equation of the conic. 

Solution. 

1. The transforming formulas being 

x·= x'cos .-j- y'"sin j =} x• fl. y' 

y =·x·.stn l + y'cos j .. {/. x' +} y•. 

we have 

'1 =./3x+2 9 !{x•+iY' = /3.(~x·.·-t;.y•)+2 ~Y'• 1. 

2. The angl~ of rotation is n/4. Thin the tran~forming formulas are 

1 X = 72' (X' - y') 

1 
'1 = ~ 
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Y:;: xi·~ -J.z (x'+ y') = t (x' -y')2 

x• 2 - 2x'y' + y• 2 - 2x'- 2y' = 0. 

-3 3. tan, 2e = r.:T = m ~ e = 1r /4. and 
2 2 . 

x - 3xy + y - y = 0 · 

=> 4 ( X I - y I ) 2 - ~ ( X • - y . H X I + y • ) .. + 

i (x' +y')2- t'(x'+ y') = 0 

• 
_,. x· 2 -2x'y' ~y· 2 -3(x· 2 -y• 2 )~(x' 2 + 2x'.y' +.y• 2 ) 

-2(x•:y')=O 

""") -x• 2• sy• 2 - 12x' ":" /2.y' = 0 

Example •. Tra~sla~e the coordinate axes to:el~minate the 

linear term~ in (1} ~nd compute 6, H, T before and after the 

translation. 

f (X 1 y) = / + 4xy + 2/ + X - y - 5 = 0 ( 1) 

Solution .. Setting x=x'+ h, y=y'+ k in (1) .we have 

x'~+4x'y'+2y' 2 +(2h+4k+l)x'+(4h_+4k-l)y'+f(h, k) = 0 

Then (1) becomes 

Now 
H 

6 

2 

. T .. 4 
1 

2h+4k =--1, 4h+4k=l h=l •. k = -3/4 

.. 
= 

.x'
2

+4x'y'+2y' 2 -¥ 0. 

A + c = 

B2 - 4AC 

4 

4 -1 
-1· -10 

3. 

= s. 

= 66, 

H' = A'+ C' = 3 

6 I ~ B' 2 - 4A; c I .. 8 

2 

T' = 4 
0 

4 0 

4 0 = 66. 
' 33 

0 -, 

~he.eq~al}ties H .. H', 6a6' and TzT' observed above 

are general as jro,:ed in the second of.the fo~l:>wing two theorem 
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Example. Obtain the standard form of the equation 
2 .·2 

2x +3xy-2y +8 = 0 (l.~ 

and compute H. A and . ~ before and after the rotation. 

Solution. The angle of rotation is obtaine~ from 

B · 3 3 
tan. 20 = 1\-C' _= '2+2' = 4 

wt;lich gives 

cos 20 = 1 ' 1 
-T""1 .-+=t=a=n""'2'""'2.-e = 1 1 + 911 6 = 4/5 

sin e. _ 11="7os 20 -/1 - 4/'5. _-1 ~z_ - 2 1//lo 

Then substituting 

X : ~ ( JX 
1 

- Y 1 ) 

y 1 ( 3 ) 7T'U X'+ y' 

into (1)-we have 

fa (3x'- y' )
2 +fa (3x'- y')(x'+ 3y') -.J (X'+ 3y' ) 2 + 8 = _ _Q, 

or 

2 ( Jx 
1 

- Y 1 ) 

2 
+ 3 ( Jx 1 

- Y 1 ) \X' + Jy') - 2 (X'+ Jy') 2 
+ 80 0 

. 2 •' ' 2 
.::::;) ( 18 + 9 - 2) X~ + ( 2 - 9 - 18) Y 1 + 80 = 0 

' ·Y I 2 X I 2 4 
0 7 liTf770 - "Sn775' = l d) a = b = 'S' ,./5. 

Note that 

H=A+C:O, H'= A'+ C'=·o 

fj = B
2

- 4AC = 2~. !!.'= B'
2

- 4A'C'= -4 ~ ~ (- fg·J = 25 

(Since F = F'= 8 for a rotatidnj 
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14 3 01 12 25. 0 O! 
13 

•1Q 

T -4 0 -400, T' 0 -2.}5 0 - -400 . 

lo 0 16; 0 0 16 

The equalities H = H', 6 = 6~ and ·T = T' ol>ser\'ed above 

are general ones as prov~d in the se~ond of the .foilowing two 

theorems. 

D. INVARIANTS- UNDER ·TRANSLATION AND ROTATION: 

Translation and rotation_are am6ng Euclidean transfo~ma­

t;,.Jr,,.. Under these- Euclidean transformation-s distance and angle­

are invariant (unaltered}. These type of transform~iions are 
I 

called.distdn~c FPeo~r~i~g and angl~ rre2er~~~g :rc~s:ormation$. 

Theorem. Translation dnd rota~ion are ~istancE a~d c~rl~ 

preser·•ing transformations. 

point-s with 

If P P d t P' ,. ' ' I . 1 , 2 are rna p p e • u 1 • x ,1 • .v 1 • 

under the translatio_n x··= x-h, y'= y-k of axes we have 

P,) .:.. -

showing that tr~nslati~n of axe~ ~rpsrrve distances. 

If p 1 • p2 a rf- l'"l:lp j,{' d tu p. 1 • P' 
2 under the rotation 

!. = X cosn + ':t sin 0 
....... 

y' =--X sinO + y cos 0 
of a"es, we hii•:t> 

' ·--
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showing that rotation of ixes preserves distance. 

Invariance of angles is a consequence of that of the dis­

tances~ since a triangle is mapped into a congruent tria~gle un­

d~r a translation or rotitton. 

Other invariants to be mentioned are ones in connection 

with second ·degr_ee equat·ions used in the classification. 

Theorem. Given the second degree e~uation 
2 ft - . 

Ax + Bxy + Cy'" + Dx + Ey + F = 0, 

the quanti ti.es 
2A B 

2• 
~ = B - -4AC. T "" ·a - 2c 

0 

E 

0 E 2F 

are invaPiant undeP tPansZation and Pot~tion. 

A"i::cord.ing to this theorem, orie may classify the conics 

g~ven by a.second_degre~ equation before or after the transforma­

tion. 

Proof .. Under _a translation. the coefficients A, B~ C 

being invariant, the quantities H and ~ are obviously invariant. 

In the transformed equation, having 

D'= 2Ah+Bk+D, [':: Bh+2Ck<·f., F'= f(n, ~). 

the determin~nt T' is 

2A B 2Ah + Bk + 0 
T' = 8 2C Bh + 2Ck + E 

2Ah-+ Bk + l Bh + 2Ck + E 2f(h, lc) 
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by 

Now 

and 
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. -

prove T = T I' multiplying the first row by 

-k and adding to_ ·ttte last rpw, we have 

2A B 2Ah + Bk + D 
T'= B 2C Bh + 2Ch + E 

D E 2f(h. k)-D 

multiplying the first -column. by ~h . and 

adding to the last column. we _get 
' 

2A 
T ~... ~ 

D 

E 

-h and the 

;1.:.E I k 
, 

the second by 

D 

8 

2C 

E 2f(h, k)-D 1 ~-~·k~Dh-Ek 

where the· element a33 is simplified to 2F. H~nce · T' s T. 

second 

-k 

Recalling that the coefficients of. the transformed 'equa­

tion under a rotation are 

Ac2 -
Cs~ A' = + Bcs + o· = De + Es. 

B' = B(c 2 -s 2 );2(A-C)~~ E' = -Ds + 'Ec, 
c· • As 2 - Bcs + Cc 2 F' = F_, 

~ . I 

where c, s stand for cos o. sin e. we have 

To 

terms of 

2 s i n_2e • 

we have 

. I . 2 - 2 2 2 . 
H I = A I + c = "A ( c + 5 ) + c ( s + c ) = A + c = H • 

prove the invariance of !J., we write A' • B', 

cos 20, 

1 - cos 

sin 20 by the use of .2 cos 2e = 1 .. cos 

2e: 

2A' s B sin 20+ (A-:C) cos 20+A+C. 
8 1 -= 8 cos 20- (A-:-_C) sin 20 

2C' .. B sin 20- (A-C) cos 29 +A+ C,. 

c· in 

2e, 

!. 1 = 8 12 - 4A'C' 
=(B cos 20- (A-C) sin 2e.l

2
- (<A+C) 2 -(8 sin __ 2e+(A-C)cos ·ze) 2J 

• 82 
+ (A-C) 1

2 - (A+ C) 2 • 1!2 -·4AC 2 • tJ. · . · 

-The invariance of T is or·oved as follows: 
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" 

iu,~. B. Dl 
rl 2C I I 12A 

1 b I I . 2A I . Bll 
T. =I 6

1 2C 1 £. o~ -E~ ... 2F I I 
Dl E I 2F 1 

. D' E' 0' E I •· B I 2C • 1 

·.;here the last term, b.ei ng equal to F, is invariant. 

The first two terms when expanded give 

2(B1 0 1 E1 
- D'~C 1 - E I ~A. J ' 

which is obvious to be eq~a·l ·to . 2( BDE - o2c ·."' £::A) . ~ 

Example. Apply translation of axes to e1eminate the linear 

,terms in 
2 2 . 

f(x, y)=2x ·~·xy+y -J(+y-2 = o· ( 1 ) 

and then apply rotatton of axes ~o the transformed equation to 

eliminate the cro~s term (B 1 X1 Y'). Also veri!y inv~riance of H, 

6 and T under the transformation. 

and 

Solution .. Setting~ x.; X 1 + ti, · y = Y 1 + k into (i ), we have 

2 X 
1 2 

... /J X 
1 y; ... ~' 2 

+ ( 4h ... 3 k - 1 ) X 1 + {.IJh + 2 k + 1 ) y 1 + f ( h , k ) = 0 

4h·+ 13k = 1 \2 ... /3 -9 h = 
l3h+2k= -1 -~-

"7 F ' .= f ( h , k ) 
13 + I!. 
----s-. 

So the transformed equation is 

4 + l3 
--s-

2x 12 +/3x'y' 1 +Y 12
,;, i· (.13 ... -13) = .0 ( 1 . ) 

The angle of rotat'ion being given by tan 2e =· B1/(A 1 -C 1 
), 

we have 28 = w/3, ~ = w/6 and transfor~ating relations are 

X I i ( X II /3.- y" ) ' y I : i (X II+ y" /3) 

which when substituted in ,(1') give 

0 . ( 1 ") 
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.Evaluatinq .H, t:. and T for (l}, (1') and (1") we have 

4 I! -r 
H = 2+1 = 3. 6 ;:: 3-8·=-5. T ;. If 2 . 1 = -2(13+13) 

-1 1 -4 

4 /3 0 

H·=2+1=3, fl 1 =3-8=-5, T 1 = -./3 1 0 = -2(13+/3) 

0 .~ 0 2(13+/3) 

5 0 0 

H"= 
5 1 b."=0-4 

5 1 T"- 0 1 0 =-2(13·/3) '2'- + '2' = 3 • ·-z·-z=-5. . -
2 -0 0 .:.-;(,13+13) 

He n c e · H. = Jl 1 = H " , b. = b. ' = b." a nd · T = T 1 
•· = T " 

E. DETERMINANTAL EQUATitiNS OF SECOND DE~REE CURVES: 

A second. -degree curve has the .equat.ion 
2 2 ' 

·f ( x, · y) = Ax + Bxy + Cy + Ox + Ey + F = 0, 

where at 1ea~t one of A, B, C is n9t zero. Dividing every term 

by t~at npn zero coefficient, the equation will involve in gene­

ral 5 parameterS. So a second degree ·curve is completely det-er­

mined, in general, by five conditions. 
. . 

Let the equation of a second degree curve passing throu~h 

the 'five di.stinct points A1(xi,·y1 ), i = 1, 2. 3, 4. 5 be 

determined. Since (1) is satisfied by a general point P(x, y} 

o~nd· A1 (x 1 , yi) • .i = 1, ... , 5, 'we have six homoqeneous linr."r 

equations (correspo~ding to given fivi conditions): 

f (X 1 y) = 0, f (X 1 1 y l ) ~= 0, . . • ~ f (X 5_ • .V 5 ; •- (l 

in the six unkno\~n coeffi_cients A, 8, C, D, E, F .. Tht? Ill"';·., enL"· 

ous system to have a non trivial solution it is necessat··; · ···· t 

the determinant of the coeffici_ents of . unknowns vani·sto: 
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X .. xy !!' X y 1 
. 2 
x1 xly1 

2 . 
:Y 1 . . x1 yl 1 

= 0 . . 
2 

.XsYs i xs Ys 1 xs· 5 

and this i!: the determ~nantaZ. equation of the se.cond degree cu,r\1 

through five ·disti~ct poirits. 

Example. Find the equation of ~he·second degree curve pas 

ing through the five points { 0 •. 0) • ( 1. 1 ) • ( 1 • 0) • ( 0. 1 )'. ·. 
(-1, 2) and expand it. 

Solution. For the given points.the·determinantal equation 

is 
x2 y2 xy X y 1 

0 0 o. ·o 0 1 

1 1 l . 1 1 1 ·"" 0 

1 0 0 1 ·o t 

0 0 1 0 1 1 

1 -2 4 -1 2 1 

which when expanded gives. 
2 2 

x -y -x•r=o or (x-y)(x+y-1) z 0. 
~~ 

deterll'inarital Example. Obtain the equation of the curve 

passing through the points (0. 1), (2, -1). ( 4 9 2) and having . . 

the equat~'ln of the forin: 
. 2 ' 

0 Ax + Bxy + Cx + D .. 
Solution. The required equation is 

2 
X. xy X 

.0 .o 0 1 0. 
4 -2 2 1 

16 8 4 1 
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EXE,CISES ( •• 2l 

21 .. Show that, 1n the equation 
I 

Ax 2 + Bx¥ + Cy 2 +.Ox+ Ey + F = 0 
. \ . -

of the conic C = {P(x, N): d{P, F)/d(P, D)"' e} where. 
! 

0: ax+ b_v +c .. 0 (a 2 • bf .. 1) is the directrix and F(x 0 , Yt:;> 

is the focus a~d e th~ eccentricty, the relation 

A2 .s2 .c2 =1 ~(1 1-e 2 ) 2 +2e4 a 2 b2 

nolds, hence A. B. C cannot vanish simultaneously. 

22. Sketch the degenerate clnics: · 

a) (x-y+l)(x+y}=O b) (.2x • y - 2) ( x - 2y + 2) = 0 

23. Show that each of the~f'l)llowing se:s is a point: 

a) {(x, y): (~-y+3)"+ (x+3y-1) =0} 
2 2 . 

b) {(x, y): 2x -4xy.+4~y +8x-16y+16=0} 

i¥. Are the curves of the~~~llawl~g equation• degenerate or non 

degenerate? ! 

) 2 2 . 2 2 l :0 a x - xy + y - y - =: 
. I 

c) x~· + x - y ,. l. ·.· U ; d) xy + 2 x - y - 2 = G 

25 • :: ~~0:::. :::::: :::i • ::\d :~ e:::. ::: ch the cu rveo of the 

2 I " I . .2 2 
a) kx •(;'1-k)y'-(!a+k) 0, b) xy+k(x -y )•0 . ( . . ! 

26. For whai values of 1 the 
/ I . 

- 2 I 2 I 
-. (x 1>'2xy + 4_v - li:<. + 1} 

. cor res p· onds to /- ' 
. \ 

2 2 . 
b) X +. 2xy + y + X + y - 2 " 0 

i;;ear family 

,q ~1( 2 + 3xy·- i + 2y- 2) • 0 
'\ 

a) elfliptic case. t•} parabo\\lic case. 
~ \ 

c) hyperbolic case? 

27. Sh?~! that the following sets are\empty: 

\ 



/ 

2 - · -z .. } 
.a) {(x,,y):.Sx -lOxy+lOy •5.=0"\ 

b) {(x, y): 2~ 2 + 2xy + / ·---2~ + 6= O·l 

28. After the .transla:tion of coordina\te axes by indicated· h arid 

r. otit~in the new equation cf the followin~ curv~s: 

a} xy:2x-2y'-2=0, · t\:2, k=-2·) b) x2 +.4y=0, h=O, k=-4 

29. After the translatT-cn of coordinate axes by indicated h and 

· k, obtain the new equations of the following curves: 

a)/-- 4x- 4y -8 =0,' h=-3; k:o2 i)b) x2
+ 9/.; 30y=·0, h=O, k=S, 

:30. Translate the coordinate axes by h= -4, k= 0 followed by 

the rotation with ari angle -n/2; ~ind the riew equation of 
2 . -

f ( x, y) = y - 4x + 16 = 0 •. 

31. Transform the followi_ng equ.ations when the axes are rotated 

through the indicated angle: 

l \2 . 2 b l 
1
x + 4xy + y = 16,, n /4 
: \ -

. ii \ . 
2 2 \ . ' 

b) x + 2xy + ";y ·,~ 4x- 4y = 0, -n/4. 

-- 2 '2 
a ) x . + 2·xy + y = 8 , n/4, 

32. s~me question for 
. . . 2 '2 - 2 
a;~ +y--.,r, 0 

- ' \ 
i \ 

3,3. Determine the condit~on on A-,. B, jC !'iuch tha.t the second 

2 2 /' \ . 
Ax + Bxy + Cy +; Ox + l~y + F = 0 

\ 

degree equation 

\ 
\ 

! \ \ 
a} a Circle, bJ an(equila·~eral hype\rbola. 

. · 2 2. I \ _ \-

34. ::
0

: .:~·: :0 C/ ~:d:: a) ro:: ~ ::. ;,::·:::•:o!:d:::,: l:~~e es. 

35. Find the e_quation of the cclic -pa·ssing throuqh ~he~ ive ; I . -
co. 0), (2, o}. co. 2). <r, ~'· (2. 4). 

represents . 

points 

36. Same question for (1,1, (C5, 0), (2, 2), (-6, 0) 
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'I 

I 

. I 
\ i 
i I 

(-2, -2)· and expand .. ·, 

37. Same question f{)r (0, 0),\ (i~ l), (-2, 4), (•4~ -2"), ·(2, .-4)., 
I 

38. Find·the equation of the cC.1nic pas~ing through (0,.4), {5; 0), 
. \ 

. \ 
and symmetrical with respec~ to both axes~ 

I 

. \ . . 
39. Same question for (0, 5)~ ('.10, Oj 

I 
I 
I 

· 40. Find the equation of the conik passing through 
. \ . . 2 . 

(-4, 0), (0, 4).: (0, -4), (~. '.6) if ll = B - 4AC = 0. 
\ 
I 
\ 

ANSWERS TO EVEN NUMBERED EXERCISES 

22. 

. {a) 

24. a} Non-degenerate. 

c) .. Non-degenerate, 

26. a) Ai(-1. 12/5}. 

28. a) >·'y' = 6,. 

30 • Ji.· 0 2 - 4y I ': 0 • 

32 ) ,.: ,2 2 
.•• <:~ x •y =r, 

(b) 

b) Degenerate 

d) Degenerate~ 

b)). =-1; 12/5,· c) ).cR- (-1, 12/5). 

2 'I 2 4 I b) y + x.=O 

36 .. 
'·: 2 

12x~•lly +4Bx-108y-60=0 

38. 16x
2 

• 25/ = 400 

40 . .Y 2 •4x-16=0 
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L 3. · PoLAR CooRDINATES . . · i 

A. DEFiNITIONS AND Dl STANC.Ej .. 

One takes on .a plane a fixe ·poi~t o. -c-alled the pole, . . . I 
tnd a fixed ray with initial point/ 0·; .called the polar ray (PR}. 

I . 
. A point P(~ 0) in the plane will be det·ermined ~Y two· 
. . . . . I 

.:oordi nates e and r as· follows.: . 
j 

Pass. through 0 and p an axis with origin at the po.!..e. 
. . . / ' 

rhere are t~ri such axes which· are oppositel~ di~ected. Let Or. 
i 

le one of these axes .. / 

The oriented angle a between 
: • • : ~ : ! . 

the polar ray and the positiv~ sida 

:>f Or .is called the _p·olaz> ang.le of P. 
. ·- . . . . . 

It is posi~ive when measured couriter-

·:lockwise and ~egativ• other~ise. 

The abscissa ~ of ~ on the axis Or· is ialled (•mpro-

Jerly) the radius vectoz> of P (r .is ·not .a· vector) ... 

The nu~bers b and r thus ~efiried determine uniquely a 

Joint P and called.the polaP cool'dinates of .. ~:P anCI one writes(.l) 

;»(9i r) or P(9+'2k1Ti r)~ 

If the oppositely· directed axis through 0 and P. were 

taken. the polar angle wil) be B+n and the radius vector -r, 

;o that a second representation of 

P ·will b~ P(e + n , -r) or 

P(e +.n + 2kn. -r). r· 

Thus ~~·have esse~tially two representations of the same 

point·. P{Jl 0). na;nely-
·• ' 

( 1) Many eauthors write F(r, 9) inst~ad of F(e. r). lhe reason for adopting 
P(e, r) will become clear in the text. 
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P(e. r) t P(e + 2kw~ ~) 1 and 
P ( e + n • - r } .. P ( e ·• 1r + 2 k 1r • - r ) 

and one is obtained from the other by increasing the polar angle 

by n and changing the sign of the radius vector. 

If P is the pol~. the polar angle-is indetermihate and· 

r "'0, that is,_ ihP. pole has no definite polar angle and is give11~ 

onlyby r=O, oras 0(9,0). 

Transf~rming Relations: 

In a polar coordinate system, one· sometimes uses a p-olar 

axis (PA) instead of the polar ray,· and also for convenience the 

axis witn origin 0 an~ perpendicular to polar axis is taken into 

consideration and called the copolar a~is (CPA}. 

Taking the'pol-ar axis as x-axis and the copo1ar axis as 

' y-axi~ we may esteblish relation~ between the cartesian toordinh 

ates x, y and p~lar coordinates 9, r ·of the same point. 

If P is taken ·in the first CfA 

quadrant with x ~-o. y }.0 and /1-

r) 0, 0~9~1T/2, we have the 

relations 
p 

cos(:) 2 2 2 x • r r a X + y 
I* A 

or p ')( 

y•r sine e" arctan ! 
. . X 

One ~ay check the valfdty of t~es~ relations for any pos1-

t1oh of P in the plane and for any determiriation in polar coor~ 

dinates • 

. These relations are called the transfol'mirzg l'elatioYJs 

which. may be used to transform ~n equation in one system to the 

oth~>r. 

-~ 
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F.xurnple 1. Transform the cartesian equation to -~1olar (•r:·: 
. 2 2' . . 

3) ax+by+c=O {line) b) x +y -2ax=O (ciro:le:i 

so 1 u t i on • S e t.t in g . x = r ' co s e , y = r s i n 0, we h a v e 

a) c.os ·0 + br sin 0+C=0 ~ 
c 

ar r = - a cos a+ b s1n 0 
b) r

2 
- 2ar cos a·= o ~ r( r ":' 2a cos e) = o 9 

r = 0 {pole) or r = 2a cos e. But r = 0 is contoined 

in _the second for 9=n/2: Hen~e the transf6rme~ equa~ 

tion is r = 2a cos a~ 

Exa~ole 2. Transf~rm the polar ~quatiori into carte~1an: 

a) r =a {1 +cos 9) {cardioid} b) r 2 ... a 2 cos' 2e 
(lemniscate) 

Solution. 

a) We express first cos a in terms .of X :and, r, an9 

then replace r2 by·. ·~ 2 + ;2 

r =a { 1 + cos e) ) . 

. 2' 2 ·. 
x +y =ar+ax 

· . X 2 ... r = a { 1 + r} q r· = a ( r + X ) 

2 2 2 2 2- 2 q_{x +y -ax} =a (x +Y ). 

b) x 2 ~ a 2 cos 20, '9- x2 + ;z = a 2{cos2e - s.in 2e) 

2- 2 . 2 x.2 2 2 · 2 
x +y =a{-:-z-.l_z) 9 (x +y

2
) =a 2 (x 2 -i). 

r r 

Ixamp1~·3 .. Write two representations of points· A, B, c. 
D, .E, F in the given figuie, where OAB, OCD are equilateral 

trianqies, and OHA is, a. square· (IOAI = 2, IODI = 3) 

Solution. Since IOA!=IOBI = 2, 

from the Figure, 

A(O, 2) ~ A{w! -2) 
n 

.8(3+- 1T •• -2) B (·J· 2) 

c(1f n .. 
, 3) = C(- ~ , -~) 

. . .) 

D ( " , 3 ) :- D (0 , - 3 ) 

IOCI=I'ODI=3,_ we have 

!\.. _,-\·· 
I 7, '. •' '. 

"l~~~rA .i) 

E F 
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E(-1J/2, 2) - jT -2) •. = L(~ . 
F(- II 212) F { -:-· 1! - 2.'2) 4 ' 4 + 1T. 

Exam p l e 4 • P 1 o t the poi n t s · A ( - * , 1 ) , B( ~ -2). C( Tf. 2)·. 

Solution. Since the polar ang-le of A is -TJ/2, we drJw·. 

th! axis Or maki~g the oriented angle -n/2 with the PA, and · 

mark ~n this axis Dr the point A with abscissa 1. 

Similarly, .to plot B, one 

draws the axis making the angle 

r:/2 with· polar axis, and on it 

one takes B- ~ith abscissa 

The point. C is plotted 

in similar manner. 

Bip~)_ar· coor·dir.ates: 

Besides the polar syitem, we mention sho~tly an~ther coor­

dinate .syst'~m. called b,:polar syster; in which· a point_ P in th~ 

plane is determined by the pair (r 1 , r 2 ) where 1· 1 , r 2 are 

distance (> 0) cf P from two given disti~ct fi\ed pbint F1 , 

.r.,- called the roi..cs or -j'oe1:. 
(. 

. It is to be noted thft a 

l'·lir (r 1 , r 2 ) in bipolar~system 

determines- two point's' that are 

syrnmetri ca i ly p l a~ed with respec't 

to the .f o c a·l 1 i n e F 1 F 2 . 

J_ 

,F, 

\ 

The representation is unique if tl:c point is restricted to one 

of the half pl·anes. Srly, upper half plane. -

Some curves hJ~e vPry simple equations i~ bipolar system, 

Thus the s~ts {I), {2) and· {4) belnw 
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1. { ( rl!~ r2): r 1 +r2 =:2a} 2 .. {(r1, r2): jr1 -r2 j;=2a} 

3. _{(r,., ~2): 
2 r 1 • r 2 = 2. } 4. {( rl' r2): r 1 : r 1 = k I 1}-

repres~nt respectively an ellipse, a hyperbola and a circle 

(circl• of APOLLONIUS)~ as·to (3), it repr~se~ts a curve called· 

ova~ to CASSINI including' the curve named ~emniseate of BERNOULLI. 

\ Oistance'between two points. 

ThP. distance d.;, d{P 1 ,_ P2) between two give·n points 

P1 (e1 , r 1 ), P 2 (e~r_r2 ). is obtained by the use of cosine law 

applied to the triangle OP 1P2: 

2 2 . 2 d =r1 +r2 -2r1r 2 cos{a2 -a1) 

where cos{e2.- a1 ) = cos(a1 .;. e2). 

It_ is· val i"d for any dete~inations of P1 ,· P2, since the 

right hand side ~~mains unaltered when e1 is replaced by e1 • w 

arid r i by -ri 

points: 

Example. Find .the_ distance between the given pair of 

a) A(-j , -2), ~ ) C( - l. , 3 ) • 

Solution. 

a) d
2 

;:_ jABI 2 
= 4 + 16.- 2(-2)(4) cos(j - i> 

= 20·+ 1.6 cos i = 20 + Br'3 

d =lAB I ... 12o+ s/3 
b >' d 

2 
= 1 co 12 

= 9 + 9 - 2 ( 3 )( - 3 l cos < ¥ + i > 
-

=· i 8 + 1 B cos n = 0 

d = 0 (explain this result!) 

D{3n/4, ··3} 
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B. RoTATION AND TRANSLATION IN PoLAR SYSTEM.· 
\ 

ln pola~ system rotation is more easier and mo~e usefull 

than the translation. 

Rotation of polar axis: 

A rotation with center ~t the pole and angle w~ rotates 

the polar axis PA to a hew pola~ axis (PA) 
p 
I'. 

I 

" 

From the Figure one obtains the· 

following transformirig formula~: 

From pld to new From new to old 

G I & • e --w 9 .. 9'+. Ill 

.. ~' , e' . "(I'AJ' 
. ,' e . . 

I . 
I W . 
-~fjt· 

r' m r r • r' 

Translation of polaf axis: 

1when the pole is translated to £he 
', 

point O'(a~ p) th' transforming relation 

-~are obtai~ed by the use of sine and cosine 

J~ws applied to the tr~angle 00 1 P: 

0 . 

cPA) 

. r I . r ,2· r2 + P.2- 2pr . (0 ) 
S i n ( fJ - a ) c S 1 0 ( 9 I - a j · '. r 10 

CO 5 . ~ a 

To get rel~tion betwee~ e, e· (befwee~ r, r:>· one has to 

· elem1nate r, r' ·ca, e')~ Res~lts being very involv~d one·does 

not expect any usefullness of translation in general. 

Transforming a polar relation ~nde~ a rotation: 

let F(e, rfa 0 be a relation in a polar system o. P.~. 

If one rotates the pol~r axis PA by an·angle w about the pol~ 

0, one obtains the relation F(.e' +.w. r'),• 0 upon the applica· 
. ( 

tion of the t~~nsforming formulas given above. 

I 
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C.· tlilcL~S AND LINES: 
. I 

1. Circles. 

The equation~ of ihe following circles with speci•l posi­

iions are i~mediately obtainable; 

.Q ., FA 0 
PA 

0 
Center. at the pole. Center on'PA, Center at CPA, 

radius a> 0 radius a>O 
r =a or r = -a r= 2a. cose 

The equation of the cfrcle centered at 

radiU!j "a" is obtained from a = d (.P 
0

, P) where 

point on the circle: 

In parti~ular, if the circle passes o 

tht·ough the pole (r
0 

=a_) t.he equati?n becomes 

r(r- 2a cos(e- 0 0 )) = o 

radius · a>O 
r = 2a • sine 

Po(~o' r r 0 . 

P(e, r) 

'P 

r=O or. r-2a cos(0-0
0
}=0 

and 

is any 

where the first equation (the pole) is contained in the second, 

hence 

is the required 

by 'a rotation of 

r = 2a cos(e.:.a
0

) 

equation which could 

PA with ·angle -0 
. 0 

be obtained from rz:2a cose 

The three eQuations given below the Figure, can be obtain­

~d from (1) for centers (0, 0)~ (0, ~) and (n/2, a) respectively. 

Lxaruple ~. u~~ain th~ polar cqu~t1un ui ths .circle, 
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/ 

radius 3, tangent to PA and CPA lying in· the fourth quadra~~­
·11cPA 

Solution. Since 
I 

and: a= 3, (1) gives 
., 
·, 

I· 

2 · n 
r -2.312 r cos(0+q)+18~9.=0 

r 2 -6n r cos(8+i)+9=0. 

2. Lines. 

The equation of the line 1 pas~ing through the pole an~ 

maktng an angle ~0 
s = e (or 

Q 

with PA is 
• e·=e +n), 0 . 

since it holds true for any r on 

the axis corresponding to 0 
0 

p 

The following are two special cases for a line: 
I 

0 P.A 

r.cos e =a .(r=a sec.:;) 

I 

. :era, ") 
·~ &j>-., 

Q i , ,. . 
I _.. 

----:.--.:;.1....._9 _____ ~> PA 
·o, 

. I • 
I 

' 
r sine= a (r=a cscc') 

. Normal forni of the eguati_~n of a ·1 ine: 

The normal form of the equation ~fa line £ is one in 

involving the cooroinates of the (vertical) projection of the 

\

Q 

fe~;,,.) 

',/· \\ .. II c.-, p J 

I /'.,.. _.,.. 

.~& .... • f..1 . . ;\,oe l.. 
----!"'"- ' - .. . \ --

(.. 

poh· on · L 

H(a. p) is the projection of 

0 on 1, ·we have the normal form 

r cos(O - .'l ) > p 
or ( 1 ) 

F(O, r) = r cos(e-u)-r = 0 

·which can be shown to be: va I i d for the . 
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second determination [a A • , -p}. 

The above three·equatiorii.for lines in speci~l· position~. 

can be obtained from .(1} by taking (a, p) as· (e
0

_ + i ,_o). 

(0, a) and. <i , a) respectively. 

The -equation ( 1) can be obtafned from r cos e =.a by 

rotation of PA with angle -a, and also from the nc.rin~l. cartesJan 

form x cosa + y sina- p = 0 by transformirig formul~ as.iollows: 

x cosa+y sina_- p=O ~ r(cosa c:osa+sine sina)-p=O 

* . r cos ( e-a) - p = 0_. 

General form: Transforming the general form Ax+ By+ C = 0 

to polar, we ha~e. 

r(A cosEl+B si'ne)+C=O (2) 

where A2 
+ s2 ~ 1 . in general. If A. 2 + B2 ~ 1., ·then (2} becomes 

a norma} form, and a general form·can be normalized by dividing 

every term by IA2 + s2 • 

. . 
Distance of a point from a line: 

Normal equation of a line per~its u~ to express its dist­

ance d(P0 , I) fr~m a point P6 in • simple from~ 

I d ( P 
0 

, I ) ·= j r 
0 

cos ( e 
0 

.. a) ·- p 1 
Indee:d, consider 'the point 

H' (a, p ±d) and the 1 ine· 9. 'i/£ and 

through H', 111here d is- the distance 

d(R., 1').·-Then: 

1': r cos(e-a) =.p:td. 

Since P
0

(e
0
,·r

0
) .is on R.', we-have 

. r 
0 

co~ ( e 
0 

- a) = p ± d· 

for which we get 



309 

d .. ±(r
0 

cos(e
0

- a)~ p). 

which is '(3). The sign 'of the expression in. the paranthe-ses, givert 

information on the position of P0 ~ 

F(B
0

, r
0
)=r

0
.cos(e1 -a)-p 

[>0 when Po and 0 are on opposite sides of R.,. 

= 0 when Po is an R. •· 

< 0 when p and 0 are on the same side of R.. 
0 

Example 1. Find the equation of the tangent line 1 to the 

circle· r= 6 co~ e· at its 1.,oint A{1rl6, 3tl{/!!..___ 
. ......... 

S.olution. From the Figure 

PA. OH = PA, CA a= 1T/3 
. I 

and 

p=.trn'=U1f cos.(a-i> =9/2. 
Then 

. 1T 9 
t: r cos(e - !) - I = ~ 

Example 2. Given the eq!Jation .r(cos e - 13 sine)= 3 of 

a line 1, 

is 

a)· n~rmalize the equation,. get H{as pj, 

b) find the distance of A(1T/2, 2) from R.. 

Solution. 

a) Since A·= 1. · B = -13. 2 2 A + B = 2, the norma 1 equa t f on 

• r.<i cos e ~ 'i sfn e). 3/2 or rcos(~•i>·i.;.o. 
and H(-w/3, l/2). 

b) d(Po•. 1.) = IF(eo• ro>l·l~o cos(e0 + j> - ~~ 

I . 1T 1T 
• 2 cos (1 + !) - ~I . 3. }13 

Sfnce F(i , 2) < 0, the points A and 0 are on the same 
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.side of Jl.. 

D. CURVES. 
Cir~le ~nd line are some curves having polar equations 

. 2 .· . . 2 2 
r=a, r=a cos0, r -2r

0
r cos(0-0

0
)+r0 -a = 0 

9=0, r=a·sece, r(Ac_osE>+Bsin0)+C=0 
0 

whichareintheform r=f(El), or F(E>,r)=O. 

An. equation r = f(El), 0 = g(r) or F(e, r)= 0 represents 

a curve in general, where f may be a p~riodi~ function. 

Sketching:.· 

A gen~ral procedure may be outlined as follows: 

1) Detei'mination of the domain D of · r = f( 0) or. of 

F(0, r} = 0. 

If f is not periodic, vary_El in D. If .f has period 

T, vary 0 in (o' T) and complete the curve by rotations through 

multi r 1 es of T about 0. 

2) Detei'mination of symmeti'ies with respect to PA, CPA 

and the pole. 

If a symmetry exists the domain is reduced. Conditions 

for symmetries with respec~ to polar, copolar axes and the pole 

are given in following table: 
PA CPA 

F(-0, r) = F(0, r) 

or 
F(-E>,-f) = F(e, r) 

or 
F(r.-0, .;.r) = F(e, r) . F(n-El, r) = F(El, r) 

(-ti, r) ·.,_ ___ ::---.., f lli,r J 
(,r.a,r) : r 

{i}, r) 

r'4 
(-0. , J 
iiT-t]J .,.; 

"-119 
\ 

i'4 

Pole 
F(e, -r) = F(El, r) 

or 
F(&+"IT,_.r)=F(El, r) 

,. ftJ r) · 
. 

PA 
. 

(CI, -r) . · · 
. Wrlr~ r J 
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3) If necessary .• detetmine the interval of increase· and 

decrease for r. 

4) Dete~mination of asympt6tes: In polar coor&inate~ one 

d~stingu~s~es two kinds of asymptotes as ci~cZe-asymptote (in 

particular a point~asymptote as a degener~te case) and a Zine-

asymptot.e. · 

Circle-a~ymptote: It exists when· r +a as B.+=. 

Line-asymptote: (When necessary): 

.T~e direttion of a line asymptote exists when r + = as 

e + e
0

• If 1 is such an asymptote 

(See Fig.), its norma] ~quation will 

r cos{e.-a) -p,. 0 

where 
a = e + 1r/Z 

0 

p = 11m ·( r s i n ( e - 0 
0

)) • 
e + e , · . · 
( r-+.., }o , . 

Note that e
0 

.. kTr ·arid e
0

" (2k +'1 )n/2 correspond to horizonta 1 

and v~rtical ~symptotes respectively. 

5) Inter·cepts t>ther than the pole. For PA-intercepts one 

sets' 8 = k1r arid for CPA-intercepts e = {2k + 1 )n/2 in the equa­

tion. The curve passes through the pole w~en r = 0. 

Example. Sketch the curve of r = 2 tane~ 

Sol uti en. 

1) D•(-mo c:o)- {El,. {2k;.l);; k£:Z} 

T·n -9 o1 • (o. nJ- {Tr/2} 
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2) e + -0 ~ r + -r: Symmetry with respect to PA 

0 ~ w -0 ~ ~-+ -r: Symmetry with r~spect· to PA 
\ . . 

0 + w + ~~ r + r: Symmetry with .respect to the pole .. 

lt is the.refore sufficient to sketch· the curve for 

ee:(o, lT/2) instead• F fa~~ ee:o since th~re ar~ symmet~ies. 

3)
1
No-circle asymptote, sin~e no limit exists fQt r as 

· 0 .... "". Line-asymptote: .r .... ""when 0 + lT/2 (= 8
0

).a=0
0

+n/2 = n 

p = lim r sin(0-w./2' = ·lim ,;,(2-tane(--cos0)) = -2 
.0-+rr/2 · 0-+.n/2 '. . 

5) r = 2 tan kn = 0 (pole)s r = 2 ,tan(2k.+ l) I 
(No CPA-inte~cept) 

The whole curve is obtaJned by 

the use of symm~tries from the 

dark curve. 

CONICS, 

~ . 
'• •• 

I 
I i . ,, 
II ,, 
~ 

, 
I 

I 
I I 

• • • .,. 
-~ 

Let the conic be defined by a focus F, ~ directrix 6, 

and the e~centricity e, or by the set· 

C {P: d(P, F)/d{P, 6) = e} 

Taki~g F as pole and focal axis a polar axis and setting 

p=d(F, 6) ·we have·from 

d(P, F) e d(P, !l) /(. 

i.r I ejDH! 

I r I = el p + r cos el. 
r = ±e(p ... r cos0) .D PA 

· r ( 1 ~ e cos0} = ± ep 



[ 

. . ep 
. 1 - e cos a 

± e p r = ... 1-:±,...;;;e~c~o~s:---· .= .. 
ep. 

1 + e cos a 

( 1 ) 

( 1 I ) 

The equations (1).and'(1') represent·the same conic, sin~ 

ce they correspond t,o two determinations of P. 

Hence the·desireq equation of C fs given b'y 

r = - e cos e 
ep 

[

an ellipse (E) if 
a parabola (P) if 
a hyperbola·{~) ~f 

e <. 1 

e = 1 

e > 1 

The e qua f i o n (1 ) i n whi c h t h e d en o II! i n a t o r co nt a i n s t h e 

constant term "1" is called the standaPd aquatio" of a conic, 

with directrix 13. perpendic~lar to ·pol~r axis, and focus at the 

pole'. In the standard equaHon (1) the coefficient, in absofute 

value, of cose is the' eccentricity 'of the ·conic. 

Rotating the figure about ·f(pole} with angle n/2, n, 
. ' 

and 3n/2, we hav~ the. fqllowing equations of ionics 

r " 
ep 

l-es1ne• 
r = ep 

1 + e . cos e • r = ep~ 
l+es1n0 

respectively. 

In a standard equation, the presence of cosc (sinO) in­

dicates that the directrix is perpendicular to PRtCPR) and th~ 

presence ~f + sign (~sign) shows that the di~ectrix intersects 

(does not intersect} the corresponding ray. 

~hen the numeritor a~d denominator of thj right hand s1de 

in a.sta~dardequation, say (1)'. is rnultiplied'by a constant 

A(,t 0) we have 
Ape D · 

r • A- Ae cos e {r " A+ 8
1 

c.os o> • (A ;. O) 

·,representing the same curve. In this. case, identification is 
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done, ·dividing all the terms of the fraction, by A. 

If thP poiar axis is rotated by an angle a, tha last 

equation becomes (dr.opping the primes): 

r = 0 . 
A+B 1 cos(S-a} 

whi~h is of the form· 

where 

r 0 
A+ B cose +:. s1nS (A -I 0) 

B = B 1 cos a, C ·=OS 1 ·Sin a 

/s2 + c~' 

s2 
+ c2 = B~ , tan ci = C/B 

e = A 

Example. Identity and sketch.the follo\'ling conics: 

a) r = 6 b) 10 
· .:-cose r=2+3slnS 

Solution. 
1 ' 

a} e = '2" < 1 :·Ellipse. 

ep=6/2 ~·p=6. 

Intercepts.: 

A(O, 6), B(7T/2,. 3) 

C(n, 2), D(- ~, 3) 

2a = I CA I = 8 ~ a = 4 

tA 
I 
I 
I 
I 
I 
t 
IH 

I 
I 

l 

IMHI = a/e = 8, 

b = 16-4 = 2/3 

IMFI =ae=~ 

b) e = ~ >.1: Hyperbola. 

ep-= 5 9 · p = 10/3 

Intertepts: 

A(O, 5), . 8(7T/2, 2) 

' 

' _::;:. ______ ~ 
B ' 

C ( 11 , 5 } , D ( -1r I 2 , - 1 0 ),-"7'~~----t........,.......-~~-:---"Ji;. 
/')( 

Asymptotes: r + ~ 
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'7 

.....:) 

2 + 3 sin 0.= 0 . ~ . rs 
tan e = ± 2 

2a= IBB'I =8 -=.> a:=4, 

c = ae= 6 b = .. :36..f6 =215 

IMHI = a/e ~ 8/3, IMF.I = a.e = 6 

·The foll oy.ri ng two subjects ( lima~ons of PAS(AL and curve.s 

of CASSIN!) are given in some detail, but f6r the reader riot in-­

terested in the det~ils, their eq~ations and shape of the curves 

may be impo~tant. 

L ima~o·ns of PASCAL 

These cui~es are defined as fo11ows: 
•,. 

Consider a circle (center at-C) of diameter 6 and ft fiied 

point. 0 on it, and consider a line ~hrough the fixed point 0 

meeting the circle agai~ ~t a point M. 

On this line lay-off segments (MP), 

(MP') of constant l~ngth 1. 

When the point M. _. describes the 

circle, the points· P..· describe a 

c 1 osed curve ca 11 ed a lima.~on of PASCAL 

or simply a_limaqo~. 

To obtain the polar equation of. this lima~on; we choose 

the fixed point 0 . as pole and the line oc as polar axis. 

The equation of the locus of P(e, r') is 

r = 1 + 6 cos e ( 1 ) 

while that of P' (0, r) is 

r = -1 + 6 cos e . (1') 

Since {1'·) can be obtained from (1) by changing 0 to e + 'n and r 
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to -r, the lima~on has theri t~e equation 

r = a + o cos 0 

where lal = l. 

( 1" ) 

Rotating'th~ limason about the pole by the angles ~;2, ~ 

3n/2 we have the following equati~ns: 

r=a·•o sin·e, r=a-6 cos 0,, r=a-c sin oJ. 

Hence an e~tiation of the. for~ 

r_=a+b1 cos 0 or r=a+b1 sir. 0 

represents a lima~on of PASCAL with.R.= lal and 6= lb 1 !. 
Now rotating the PA, by an angle a, the equation 

r=a,+bl cos(e-a) or r=a+b1 sin(0-a) 

is obtained w'flich .is in the form (pri.mes·being dropped):' 

r = a + b cos 0 + c sin 0 (.2) 

where 2. = I a I· and o = lb2 + c2• 

A limacon tan be tr~ted continuously a~ follows: Drawing 

a circle and markJng on a ruler three points P', M, P such that 

IP'MI=IMPI, and moving the ruler in sue~ a ~ay that it rlways 

pa-sses througha.fixed point· 0 of the circle .and M lyfng 

alway~~~ the circle {do it!) 

For various values of ~and • 1, 1i~ai6ns. appear to be of 

thre~ types shown below: 

,,./ 

I ,Z • 
Parabolic. .case 

(a cardioid) 

'. 

I J>l 
l evf->1 

t I 

f. I •l'z4 I 1 I 
Hyperbolic case 
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~hey differ f~om :each other b¥ the values cif ~hi rati~ 

e. 6/1 as in the ~ase of conics:·rhe li~~i~~ is ~1i1ptic~ ~ara­
bolic or hyperbolic actording as e is less than, equal to~~-

. greater _than· 1_ 

These types are also dist~nquished by the numbers of tan~· 
/ 

~ent lines at th~·pole. 0. This numbe~ is 0 in ell~pti~ c~se. 

since the pol~ is not on the curve, and"l and 2 fo~ parabo~ic 

and hyper~oli: ~ase respectively. 

The typ.e cQrrespondi"ng t~ e .. 1 
1 

is called a aardi'. id, 
' ' 

because.of its ressemblance to heart and its equltions appear in 

the forms:. 

with Jal·· . .s,;; R .. : 

r = a ( 1 + cos 'e). r = a ( 1 - cos e) 

r=a(l +sin 0), ·r-:a(l-sin.0) 

Comp~ring th~ g'neral equation of conics and li~a~ons bne 
• 

may observe that if r = f(ef is the equation of a conic, then 

r,.. a/f(0) is the equation of a· 1 ima~on. 

Example 1. Plot the lima~on 

Solution. !=(-2(=2, 6=3, 

r•--2+ 3 sin 0 • .. 
e = 6 /r. = 3/2 > .1 

(hyperbolic ~ase). lt passes through the'pole having two tangent 

.lines there • 

. Intercepts: 

A({}, -2), a{~ • n 
'II' D(- 1 , -5) 

PA 
·:C('II'·, -2), 

Example 2. Plot the lima~on ,. "' 2 -cos 0 
' . 

Solution. 1•2, o•l-lJ•i, esfJ/r=l/2 (Elliptic case)· 

It does ·not pass through the pol e. 
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A{O, 1), B(I, 2) 

C(~, 3), D(- i ~ 2) 

Curves of CASSINl 
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c 

A curve of CASSIN! is the .locu~· of po~nts 
F 

P whose pr'o-

tluct ~f distances from.tw6 distinct points F1 , F2 is constant. 

F~, F2 are said to Le the foci of the curve. 

The equati_on of a ·curve of CASSIN! in bipolar co.ordinates 

p 

·~ 

We obtain the polar ~quatibn by 

taking th~ midpoint 0 of (F1F2) as 

pole and OF 1 as polar axis, with ·. f"'1.. 0 F, 

only 

c = !OF1 i=IOF 2 !: 

r~r~ = R.
4 "* (r~ + c2 - 2cr cos0)(r· 2 

+ c
2+ 2cr case)= .2. 4 

:::? (r 2 +c 2)2 -4c 2r 2 co~ 2 0-.2.4 = o· 
4 • 2 .. 2 4 4'·. . 

r -i.e {cos 29)r +c -:R.· = o •. ( l) 

Case 1. .i.=c:.The curve passes through the pole {r=-0) 
I 

when i=c -yielC:ing the equation 
2 ,., 2 r · = ~::c cos 29 or r 2 = a2 cos 29 ( 2) 

and this pa~ticular cur~e is called th~ Zem~ecate of BermoutZ 

or.simply. Zemriiscate.· 

P4 
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Since in {2), r = 0 when e = ± i · it follows that. the. 

tangents to lenniscate ~t the pole a~e_tncli~ed :t6 PA· b~ an~~ 

1 es _ n /.4. 

Case 2~ R. ~ c: PA-intercepts: Setting: a .. o ·in (2), ·we 

have 

CP~-intercepts: Setting e = I .in ( 1), we . have 

4 2' 2 4 .· 4 0 r + c +C -1· = ·· 
2· 2 2 .... I 

1
·· r2 · 2 h · . · . 

~ · . r · = -c ± 1 o+ r = fl. - c . w en 1 >e. 

~ 
. ·. ·. 

As to. the closed curve corresponding to .. 1 > c, it can be 

shown using calculu.s that when c < 1$-c/2'. the curve is ·a~ oval 

(any· intersecting l_ine meetS the 'curve at 2 point :~t:itost} •. 
- . 2 . 

Example •. Sketch the lemniscate r =-4 sh ia·~ 
,. 

;s ·maximum when sin 2e .. :.1 · implying 

28·31rl2, e • 3n/4. The line e .. Jn/4 is the 

tr:-ansverse axis of symmetry. The directions 

· along·which r + Oa are e.-o,: fi.=n/2• 

·e • 'If • and e a Jn/2. 

Spirals. 

'A srir·al in a rhne.is a curve "';inding (c1rcHn·]~ ~ounc a .. 
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circl~ (or a ~e~ter) and-gradually r!ceding from or approaching 

it .. 

Two examples of spirals are 

1) r=ae _(ARCHIMEDES' Spiral)· 

2) e 1 o r = eae (log a rithmi.c Spira 1 )(See Chapter . a = _n r r _G) • 

. 1. An ARCHIMEDES' Spiral is the trajectory of a point P 
. . 

moving uniformly on a lin~ w.hich in turn rotating uniformly about 

about a point. 

Ta~ing. the center 0 of-rotation 

as pole and "that line· when P is at 0 

as_ polar axis, we have. 

r = bt (linear motion on Or) 

G=wt (uniform rotation) 

b b 
e b . 

r = t = • - = -.. e = as 
. •. W. W , 

'P) 

If a >_0; having r +co as e +co, the curve is a spiral 

admitting CPA as axis of symmetry (sin~e r + -r when e +-e). 

with PA · as tangent at 0. (When a< 0, the motion takes place 

in clockwise sense~ . 

. In the h~story of mathematics this curve is ~he first 

curve other than the circle to which tangent line has been cons­

tructe~. Also Archimedes used this curve to trisect an angle and 

s_quar1 ng a circle. 

2. The curve . ae r=e (a > 0) is another 

spiral nnce r +CD. as e + m. Furthermore· since. 

r + 0 as a + -co, he pole is a point-asymptote. 

Among other spirals we mention the -followin~ .. . 
3,. re =a (hyperbolic or ,reciprocal spiral)-
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· 4.~ r e 

, n 
5. r • a9 

Roses~ 
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(lituus) 

(FERMAT's sptr~l) 

A rose 1s a f1 gure co·mposed o.f some number of. 1 oops ( 1 ea "'"' 

es) arran~ed r~gularly around a point~ 

The curves given by the. equation . 
. ' 

r • a cos n9 (or r~a sin nE>) 
. + .. 

(.n£N ) 

are examples of roses: 

n • 1: r•a cos e .( circle) 1-1eaved rose 

n • 2: r •·a. cos 29 ~~ > 0) 

T 21r .' •T • 'If 

'ff/4 'W/.2 · ·· 3w/4 

o: -a 0 a 

The c~mplete ~urve is then obtained by r~tatio~ through 

w about 0. The curve.ts a 4-leaved rose. 

n•3:.r•acos39 (a>O) 

2w 
T •T 

9 I 0 'ff/4 'ff/3 
"·? 

r a 0 .. .-a 

I 

fl/2 _2rr/3 

0 a 

r" • a" cos n9 (or r" .. a" sin nE>) 

~tre n-leaved ~o••• (n•l· ghes a cirCle and· n;,.2 a lemniscate). 
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-E. I~TERSECTION OF CURVES: 

Let r=f(e), r=g(e) 

be the polar equations of ~wo curvei . 

. To find their points of· i-ntersection one first examines­

the pole as·possible ~oint of intersection. If f~~). ~(9) both 

vanish for any. e 1 , e2 res,.oectively, equal or distinct, the 

pole is a point of inte_rs~cdon, otnerwise it -is not .. 

~The other intersection poi nets· are. obtain-ed frequently by 

solving. f(e) = g(e) for. f). If 9·1· _e2 •... _are the_roots, then. 

· (e1• r 1), (e2 , r 2 ), ... are the required points o~_inters.ection 

which may include~the ~ole a)~o. It may not give the all noints 1 

since 

. To cover· all, one has to solve also 

f(e) = -g(~ + {2k + 1 )rr), 

(e. r) is the s~me as (e (2k+1}_-rr, -i-) 
. 

Exam~le. Find the points of i nte.rsecti on of._ 

r =cos e (circle) and _r = 1- cos e (cardioid) 

Solution. r's yanishfore=n/2 and 9=0 .respectively_. 

Hence the pole is a point of intersection. The other points are 

obtained from 

co~e = 1 - c·ose 

2 cose =. =) cose 1T' ! + 2k1r 

e 1 = n/3, e2 = ~n/3 
. '1T 1 •. . 1T 1 

r 1 =:cos'!= 'Z, r 2 =cos{-!) .. 'Z · _, 

A {n .. 1) A { . n l) 
1:!~'2'· ·2-3''2'' 

Example 2. Find the poi-nts of _intersection of 
I 2 . . 
·r _ = 1 6 cos ~ e, r = 2 + .S i nB 

Solution. Both r do not vanish. Pole is not a point of· 
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intersection. 

1'6 2 ( 2. . . 2 1 6 2 4 4 . - • 2 
COS 0= .•-SlnO) ~ COS e·= + SlnQ+Sln0 

' . 2 . 2 
16 { I ... 2 s. i n . 0) = s i n 0 + 4 . s in 0 .._ 4 

33 sin 2 ~-. 4. sinO:.. 12 = .0 

sinO -2±14+396 
33 . = 

- 2 .± 20 . 
33 

r 1 = 4/3 

r 2 = 28!11-

Hence the points of" intersection are:· 

A(e 1 , 4/3)~ B(0'p_4/3), C(02 ~ 28,/11), ~(0' 2 , 28/11}. 
' . . . 

To see whether or not t,hese are a11 points of intersec­

tion it w.ill be convenient to ~sketch the gi~en curves. (Sketch 

the curves and o .. ,;e.rve that these are all the p.oints of inter­

section). 

Example. Find .the ~oints ~f:intersection of the curves 

r = 1 , · r = 2 cos 20 

Soluiicin. The curver·are ~ ~ircle and a 4-leaved rose 

given· in the Figure, showing 8 p() in ts of fntersection. 

2 cos 29 = .1 => cos 29 1 
= '2' 

=>· 01 
1T 

02 
Sn 

El3 ·= 
71T 

04;. lh 
= b = l) , T , -r 

giving A, D, A'·~ D' only. 

Then we must solve 

:..2 cos 2(El + n) =: l, 

cos 20 

implying 
1 

·= ~ ! and 
ir .47T 

E>s = "! • 96 = T ·~ 

giving B, 6'~ Ct C'. 

·21f 97 = T' 
51T e8 = ""'3-. · ( r = 1 ) 

''. 

PA 
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l:XERCISES]4. 3> 
. 

41. Show that the two determinations of a point P in polar 

coordinates can b~ expresse~ ih the for~ 

/ P(e + mn~ (-l)m r}, m&l 

42. Plot the follow~ng points in the polar sys·tem of coordinates': 

B(n/6,· 0), C(O, 1),~-D(n/2, 2), E(-n/2, 2}, a} A(n/3, 0)~ 

F(0,-3),_ G(-~. -1), H(-n, 3), J(n~ -2}~ K(n/2, -2}. 
/ --

_b} Write thehi second determin_atio_ns with 0< e <2n·. 
- - - ! . . . 

43. Verifi·th_e relations x .. r cos e, y·= r _sin e for any P 

in-the polar system and for any determinatiori (e. r). 

44. Transform the given cartesian equation to polar one.: 
' / . - . 

a·) ly .. 4a 2 (2a- y) (!.)itch of A·GNESt) . . . 

b) (x2 
+ y 2)(x- a) 2 = b2x2' 

45. transform the given polar equati6ns into cartesian ones: 

-=a) r 2 
= a2 sin 2e 

c) r = sin 2e 

b) r=a(l+sin e) 
d) r =.cos 2e 

46. Find the distance between the given points: 

a) A(n, 4}c B(~/6, 2/3), 
c) E(-.n/4,· 3),. F(3n/4~ -3) 

b) C(O, 4), D(n/4~ -4), 
d) O(e, O), P(e, r). 

47. Obtain the new equation of the curve r·=.ep/{1- e cose} when 

the polar equation is rotated by an angle ,. 

48. Show that a rotation about the pole preserves 

a} distance ~~tween t~o points b) angle 

49. Write the equa~ion of the cifcle: 

a) Center: 0, radius: -2 b)' Center: {1r/4, 2), radius: 2. 

50. Sketch the set of points: 
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a) {(e. r}: r=2 or r•-3} .b) {(e. r): r 2+r-2 = 0} ·. 
I / 

c) {(e, r) :S='IT/4 or e ='II":+ :r;i4} d)· {(e~ ~): (9..;'1T/3){r+'IT/3)=0}1 

51. G~ve~ the equat~ons 

a} r 2 -10.r cos(S-lT/3)+9=0. _b) r 2 +8.r cos(0+1T/4)+2=0 

• of circles. fin~ tbe centers and radii~ and then sketch them. 

52. Find the distance between tte given point and line: 

a).A(O, 4).· R.: r cos (0- lT/3)-2=0 

b) A('IT/6, i/3). 1: r=2/(cos0+sJn0) 

53. S~ow that th~ equation of line·p~ssin9 through the given 
/ 

= 

Hint: Use"determinantal equation o·f the line in cartesian 

coordinates and transform it into polar c6ordirlates~.and 

then exparid the determinant. 

54. D~rive th~ polar equatio~ ~f the conic with.focus at the 

pole. eccentricity and directrix· A as stipulated: 

a} e··2. AJ.PA ~and through ('IT, 4) 

b) e • 6, All PA and through (3'1T/2, ·1} 

55; Same qu~stion, if. 

a) e • ll3. . U/ PA. and through . {n/2, 2). 

b)e•.l. A.LPA andthrough (0,4). 

5~. ~how that the equation. 

e c 0 s 0 + . s i n' e ·r u -a- - -r-
represents the asymptotes of the hyperbola r"' ep/( 1-e cosfl) 

where 2a, 2b are the lengths of the transverse and. 
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con_J'u·gate diameters (e > 1) H1' t· R .. 11 th t th . _n_.. _eca a e asymp-

totes of 
are 

·57. Plot and discuss the_ follo~ing curves. ~ind e, p aod d~aw 

the cord cs; 

a) r 5 
: 2 2 e. - cos 

.3 
b)-r =- 3- cos e 

sa·. Same question for: 

a) 6 r = .2 3- cos e - \ 
r = 3 -- 4 cos e 

12 

59. Same q~estion .for: 

al 6 r -- 1 s.1n e ' -
5 

· · · - ' b ) r ,. 3 - s 1 n e· 

· 60. Plot th~ conics: 

a•) 2 -
r = l- cos e 

' 
b)· r ( 2 + 4 s i il ·e·) . = o 

c) r(3. -. 2 -sine) = .2- . 5 
d) .r = 2 ..: 3 s1n .e_ 

61 ~.A .. ~_hard. (oP 1) of·th_e circle r = 2a ~ose is extended a dist-
,. 

a nee I P1 ~P: I = 2a. Find the. 1ocus ot: . P .• 

62. Plot the _cardioids: 
. 
a) 

. 2 e b) 2 sin 2 e r = 2 cos ·'£ r = -"2' 

63-. Find. the intersection of the curves: r = si~e + -1, r·= ·case- 1. 

64._Sketch and--find_th.e po_ints of intersection_: . . ·-· ·. 

--r-=.3 sir1 30, r·cos{~_-_TT/6)-·3-=_o:: 

65. Si~e question for: r = 2 cos 20, r : 2 cos 0. 
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ANS.WERS TO EVEN NUMBERED EXERCISES 
·tt''PA 

42. a) J<~ 
. I 

. I· 
I - r 
I 

'B C 
11 OiA c; 

I 
I • ' I 

e~.( 
I 

'IT 'IT . 
b) A(!* n, 0), B(~ ~ n, 

E(; ," .. 2), . F(n, -3), 

44. ) 3 . 2 a . .:rs1ne cose = 4a 2(2a 

b) r=O or r cose ;:: a + b 

. 
46. a~ 2/13, b) 4/2 +" 

· SO. a). 

52. a) 0, 

54. r • 12/(1- 2 ·COS 0) 

58. a) 

O)t r.(;r, wl}, 0(-! 0 -2) 

G(O~ 1),. ~tO, -3), J(O, 2),K.(-~,2) 

- r cos. 9) 

sfne or r cose "' a-: b sin·e 

I'! c) 0 d) I r l 

b) 

d) 

b) ,2_13 cos ,; - 121 
b ) r • 7 /-{f - 6 s 1 n e) 

I 
I 

I 
I 

b) . I 

d) 
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[)'·'-t' 
; / 
i . I 

/ 
64 • ('lf/6. 3}_ 

. 4. 4 I CoMPLEX NUMBERS (Polar form) 

A. DEFINITIONS:. 

b) 

A coinp 1 ex number·· z = x + iy_, when den.oted by the ordered 

pair (~. y), ~epresents a point in the.analytic plane. ·Then the 

equa ·1 i t.y 
-z = X + i y· ,; (X, y) 

esteblishes a one to one ~orrespond~nce ~etween complex num-
. 2 

bers and points of R • 

The analytic plane in which comple)( numbers are represe-nt­

ed is called the comple:c plane (ARGAND plane. or a-plane). The 

x-axts.contains the real numbers X+"O.i .. (~. 0},. while y-axiS 

contains only zero and only pure imagin.ary numbers 0 + iy ~ (O,y) 

~nd actordingly ar~ called the ~eal a:cis and ima~ina~y azis 

respectiv'ely. r 
12 . -l+3_/, 

The _distance· -fx + y2 > 0 . :-··-----· 3C. 
• • . 

of the point z = x + iy from the : 

·origin is ~-defined :to be the 
I 

- J 
I 
I • • 

Modulus (or· the- absolute value) : : 
~··~-~~~~-L~------~·------------· of z, written .~ 

mod z = · f z I .. r 

which becom~s the absolute value of a real number when y .. 0. 
' 

rwtt·,J<iucillg "i.r•e ang'1e d h iri iJOiar ~oocn:uHtol.es lSt!~ r·ig.) 
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·we obtain 
X = r COS 9~ y=rsine (r~OJ_ 

which when substituted in X+ iy gives 
' r(cose + i· sine ) . 

called the polazi form of z. ' 

The angle e such that o,e,2lr . .' ·is ca~led· the principal 

argument of z, written Ar~ z. Any other argument of z is given 
' .. 

by A_rg, i + 2br~ and 
·a • .arcta~ { 

I 

which is satisfied by.two principal values of argumen.t, one of 
·. 

which corresponds to i. · 

. Example. Transf~~m 

a)z=fl-i. 

into polar form. 

Solution. 

b) z = -l + i 

a) r = Iii =-2, e"' arctan?.}. The solution fore as 

princ{pal values ate e1 Sn/6 and e2 c lln/6. Then 

lies in the ~ourth ~Uadrant. Hence Arg z = lh/6 since z .. 

· z "_2(cos lf! + i sin' 1 !~). 

b) r ;../2, e=arctan (-1) ~ e1 = 3tr/4, e2 • 7n/4. 

Arg z • 3tr/4 since z lies in the second quadrant~ and we.have · 

i ,; lf(cos ¥ + 1 sin ~) 

·Example. Write t~e carte~ian form of the complex numbe~ 
. I . 

with mod~l~s 3 and· principal argument 4n/3. ' 

Solution. From r • 3 . a"d 0 • 4n/3, we nave 

.3 { 4r; ;· .. 4-i}· 3 ~ 3/3 
1 "' co~ T + s 1 n T • - ! ~ , ---r-



B.- MULTIPLICATION AND DIVISION. . . 

Polar form of ~omplex nu~bers is very suitable for ~he· 

. operations "rif multiplication and dhis~on. 

Multiplicatton: Le~ 

a= r'(c.osa + i s_i!Ja), b = s(cosa +.i sinB) 

be two comple~·numbers. Then 

where 

·ab·::' rs(cosa + i sina)(cosa + ·i sinB) 

.. rs((cosa·~-osa ~ sina sinB) + i(sina cosB+ cosa sinB)) 

,;; rs (cos(a·+ B) ; i s'in(.a + BJ) · 

rs= lallbl=labl, a+B = ar~ a+arg b=.'arg(ab) (1) 

Stating (1) i.n words, the modulus of the product of.t!JJO 

compZez numbers is the product of their moduZ·i~ and _the. argument 

is. the sum of the,ir arguments. 

-~The gener~liza~ion to n numbe~s is immediate:~If 

z1-, ••• , zn are n -complex numbers. with ·. r 1 , ••• , r
0 

as 

their moduli and· e1 '· .. ~ , en as -arguments; one has 

~ 1 ••• z
0 

= r_1· ••• rn_(cos(e1 + ••• + en)+ i sin(e1 + ••• + en)) 

whi~h can· be proved by induction. 

In particular, for z1 _ =· .. = zn • z = r(co~e + i sine ) the, 

· above equality reduces 

(r.(cose ~ 1 

and for r •J 0, to 

to 
n . 

si·n~)) • rn(_c:os ne_+ _i sin ne) · · 

{co.se•i _sine)"•c.os nB+-i ·s.fn ne, n£N 
.. 

which is known as De MOIVRE's ~ormuZa. 

-Division. 

lf.for complex numbers ~a .and b one ~ets 
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E = c or a = be, 

in view of (1)) orie gets 

I a I = I bl I c I , a r g a = a r g b + a r g c 
or 

~~~ = -:-6-t' and ( 2) 

' 

ln'words, th~ modulus of the rati~ of two aomplez numbers 

is the rat.io of their moduli, and argument is the difference of 

their argume_nts. 

Example. Given the complex numbers 

u~6+2i, v = 4 + 2i 

fino the polar form of their product 

a) by the property (1) 

b) first finding the. cartesian_ product, and then trans­

f~rming to polar form~ 

Solution. ---·-
a) 

b) 

I uv I - I u llv I luvl 14ol2o = 2012, 

arg !UV) arg u ·• arg v arctan 1 arctan = = j + 

tan(arctan j + arctan i> = l { 3_ i I i I 2 = 1 

1T . 
9 arg (uv) = i + kn 

9 Arg.(uv) =:n/4, since Im (uv)>O. 

7 u v = 2 0 rz ( c 0 s i t,' i s i n i) . 
uv .. 20 + 20i ~ . J u v 1 ~ 2 o 12, 
arg (uv) • arctan 1 

1 
'2'· 

~ arg (uv) 1T .. ~if + kn 1T since = if • Re(uv) > 0, Im (uv) > 0. 

:9 . u v . .; 2 0 .,'t (cos ·l + 1 sin i) . 
Example. Giyen the com~lex numbers 
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· u = 2 • 2/i ; , . · v = /3"- ; 

find the pol~r form of their rati~ u/v 

a) by t~e property (2) . 
b) first finding the cartesian ratio, and then transform-

ing to polar form. 

Solution. 
4'" 
'2" = 2, 

1T (1T 'If = "l - - -g)·= '2" 

u arg v = arg u·- arg v 

...J; ~ = 2(~os J + f sin I)· 
b) u 

v 
2 + 2131 
. 13-i 

. u 1T 
Arg v .. -z. 

~ ~=2(cos!+i_sini>· 

Example. By the us~_of De Moirve~s f~rm~la, compute cosse, 

sin sa -in term~ of· cose and .sine. 

Solution. 

cos 59+ i siri sa= (cose + i sine) 5 

.. cos5e .·s cos 4e(i sins)+ 10 cos3e(i. sine) 2 

+ 10 cos2e{i sine) 3+5 cos~(i sine) 4+(1 sine) 5 

5. 3 2 . 4 
={cos e- 10 cos as in a+ 5 case sin e) 

+ (5 cos4e sine -·10 cos2e ~in3e + sin5e}i 

[
cos. 59= cos's a- 10 cos3e si n2e + 5 cose si n4e 

sin SS =_Sin 5e- 10 sin39 Cos 2e + 5 sine cos 4e 

C. Roors OF NuMBERs 

By an ~ th roo~ of a co~p1ex number is meant.a complex 

number whose nth power is equal to the given number. If 
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E; • f(cos'f+ i sin'f) 

; s an nth -root of the cbmJ> 1 elt"'number 

z = r(cose + i sfne}. 

it satisfies the equation 

De Moivre's formula, gives 

t:" 
> 

z ~hich, by the use of 

and ther 

f<cos n1+ i sin n'f) = r cos(e + 2kn)···i sin(9+ 2kn) 

f .. r, 

f = nrr. 
n'f e + 2kn-

u __ ~ + k 2 '~~_ , k .. z· 1 n n "" • 

Hence z ·has n di sti net ntti roots given by 

~ zk•"rr(cos(* + k 2;)+i sin(*.• k ~n~.-k=l, 2, ...• n. 

S,ince ~zkl "'- n_-rr, ~11 these roots zl' z2 , ••. , z
0 

lie 

on the circle.with center at the o~igin and radius n;r as 

vertjces of a regular n-gon. 

In particular, the nth roots of 1 {unity) are 

Ek • cos k 2n'~~ + i sin k 2; _ ~- k=1. • • • , n 

one of which, namely 

- number 1 (Note -that E = . n -

is the 

If one of the nth roots of z is z~, then all the nth 

roots of z are obtained multip1ying z1 by c1 • -••• * £
0

• 

The roots of the polynomial equadon z"- 1 .. 0 being 
___/ 

£ 1 , -~· , En• the following, properties are the consequence of 

the relatioris between the r~ots and ~oefficients: 

ol • L £k • cl +. ·--•En .. 0, 

0 2 • L~k£1•-cl ~2 + • • ··~lt·n +. • .+En-1 £~ • 0• 

OJ • f Ek £1 Em • 0., 
- : - k<R.<m 

on-1 ·- 0, 
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...:.. on =- r. 1 . . . • e: = L. ·. . . n. 
~ 

Example .. Prcve! the nth roots of unity can be represent-ed 

.as· powers of e: ( = } .l ) as 
2 

·., 

Proof .. 

t, · E ' ~ ' ... -n 
.,. £· ·-

• k 2n. . . k 2n d S1nce ·e:k = ~os n-• 1 s1n n an 
2r. . 

e: = cos n. + 1 sit} 2; • from De Moi·vr:e's formula, we have 

k e: .• k = 1' •... ,_n • 

. EXERCISES (4. 4) 

66: find 1~1 and Arg z for the foll~wing complex numbers: 

a) -3 + i ·b) 1 -/3i c;) -3i d) 7 

67. Show that . n • r--
1 = 1 if• ·n = r · (mod. 4) 

68. Writ~·the polar form of: 

a) 3 - Ji b) 2 + 2/Ji . ·. c) 313- 3i dr-s 

69. Find :the polar form of the product of the complex numbers 

Z]·;. 2 + i_ and z2 = 3 + i wi thoui finding their product. 

70. Fi~d the p6lar f~rm of the ratio ~(3-i)/(l-31) of two 
- .. -

COIJ!PlH numbers w1thout perforf!l_ing the divisi-on. 
\ .. 

11. Sket~h the foflow~~g loci of points: 

b>h=M=l, 
·•. 

a){z:lz1=2, ze:t}, 

· 72~ Same question fer: 

a) {_z: I z.l > 3, :l£th _ :· I z - ·11 · 1 
b) {z: jz 21 = "2'- _Z£tl 

73. Sketch the fo~lowing sets in Arg and plane: · 

a) {z: ._1 < lzl <·4, zd}, · .. b} (z: l:.-.ll•lz•ll=3; zr.:£} 

• 
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74. Sketch the following loci of points- in z-plane:· 

Re z b) 1Re-3zl. = -~-a} I z-11 = 1 ' , c. 

75 .. $ame question for: 

Re z 1 
a) lz-31="2"• b > ·I z - 21 . ..; 1 z + 21 = 2 

76. ~arne question for: 

a) {z: i <Arg t < j.; ze:CL b) {z: 1< 1z1 <2~ ~<Arg z 2-., •·· 
zd:} 

77. Find the roots of z3 
+ i = 0 

78. Find 5~; and plot these five roots in the complex plane. 

79. Find. 7/-128. 

80. I~ the ~oots oi the polynomial equation 

z 1 , z~, z 3 sh~w that. 

a) z1 .z2..-z3 =·0 

C) ZjZ?ZJ = -7. 

3 z + 7 = 0 

ANSWERS TO EVEN NUMBERED EXERCISES 

74. a)_ b) 

0 

are 
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b) 

A SUMMARY / 

((HAPTER.4) 
4. 2 For a second degree e~uation 

2 . 2 
Ax + bxy + Cy + Ox + Ey + F = 0 

·we have the.table>of classification: .. --
' 6 0 T 

"' 
0 Non d~g. Real ellipse if I'IT < 0 

Elliptic Imag.elHpse H HT > 0 
case r -= ·o Degen. A point'( real )if .HT = 0 

6=0 T I 0 'Non deg. Real parabola 

Pa raboli·c ·Two parallel line ffljl> ( . 
case T = 0 Degen. A double line if w=o· 

I mag. parabola if!p<O 

1:!.>0 T f. 0 Non deg. Real hyperbo'l a 
Hyperboli 

case T = 0 Degen. · Two intersecting 1 i nes 

where 2-A B 0 H =·A c + 

6 -:: 2 T B 2C E 
' 2 2 B = 4AC • = 1jl = (D -4AF)+(E -4CF 

0 ·E 2F 

which are invariant under translation and rotation. 

4. 3. Some curves and their equations in polar coordinates: 
2 . 2 2 

__.. Circles: r - 2r
0

r cos(e- e
0

) + r
0

- a = 0 

Center at (e
0

• r
0
), radius a. 

I 
Lin~s: r cos(e- «} ~ p = o (Norn.ai form) 

' " 
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·where (a, p) is the foot of the perpen~icular 

from the pole to the line. 

Conics: r = ep/(l- e cos(e --a}} 

e is theJccentricity, p is th~ distance of 

the pole from the directrix 

limacons: r=a+b cos_(e-a),,(cardio-id if a=b) 

lemniscate: r 2 =a 2 cos 2{8-a) 

Spirals: r = ae (Ar~himedes spiral) 

r ~ a9 (Logarithmic spiral) 

4. 4. Complex numbers in polar form: z = r{cose + i sine} 

.where ·r = lzl.=mod z, 9=arg z. 

·oe Moivre's'formuh: (ccsS+i sine}n=cos nS+i sin n0< 

MISCELLANEOUS EXERCISES 

--81. Find the point - which divides th(:' line segment joining the 
' 

following pa·; rs of the points in the given ratio: 

a) ( 2. 6) and ( -4 .• 8). - 4 b) ( ---3. 4), (5, 2); 2 .. '3 - j. 

82. Prove that the points _(a, b•c). (b,'c•a) and (c. a•b) 

are collinear . 
. 

a} by means of ~lope, 
c) by tise of equation. 

b) ·by means .of distance 
d} by determi na_nt. 

83. Find the point (x'
0

, y•
0

) which is symmetric of the point 

(x~, y
0

) with respect to the line F(x, y) .. Ax+By+C • 0. 

84. Obtain the equ~tion of the conic with the following data: 

a)A:2x-y+3 .. Q; F(l, 3),· e•3/4 

b) A: X+2y-3•0, F(l, 3), e~S/3 

c) A: 2x+3y-4•0, F(2, ~l).earl 
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85. If a= 5, b = 3, find: c, ~· p. 

a) fo~ an ellips~. b) for a hyperbola 

86. If p=4, find a, b, c­

a), when e = 3/5 b) when e = 5/3 

87: Show that the c~r~le which is Drt~ogona1 to the circles: 
2 2 . 

x + y + 4x + 6y- 5 = ·Q, 
2 2 

X +Y +8X+y-20, 
- . . 

x.2 +i+6x+2y..:..14=0 is orthogon:al to the circle: 

· x ~ .+ y 2 - 6x + 16y + 90 ·= 0. 

·as. Find the equation of the circle which/is orthogona~ to the 

circles: 
x2 '!'·Y 2 + 3x- 6y- 5 = 0, x2 + /- 7x- Y = 0 

-and"passing through the point .{-3, 0). 

89. If 
2 . 2 . 

ax + 3xy- 2y - Sx + Sy + c = b represe~ts two perpendi-

·cular lines; find a ·and c: 

90. Transform 2x 2 - 3xy- 2/ t 2x + lly- 12 = 0, first translating 

0 to 0'(1, 2)~ and~then rotati~g the axes through the 

acute angle e =arctan 3. 

91. Show that each of the equations 

and 

2 . 2 
3x + 2xy - y + 1 Ox + 6y + 7 = 0 

2x 2 
+ 7xy-15/ ;x- 44y- 21 = o 

represents. a pair of lines; prove that these four lines are 

concurrent. 

- .. 2 2 . . 
92. Tr.ansform· 12x - 7xy- 12y_ - 32x- 24y = 0, rotating the-axes 

·through the acute angle ·e=arctan 3/4~ 

93. Find the points. of inters~ction of the following cu~ves: 
I 

r=4.cos30, r=2 
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gq_ Find the pQiar equat1on ~f the follo~inp turves whose,o~ra-

metric equations are gi·ven: 

aj x = 2t 3 .. b)" :X -.a :CQS t'. 

y = 3t - ·1 . ·•· y = 6 si.ri :t. · 

95. Transfoim the cartesian equatiori intc ~oi~~form: 
2 2 2~ 2 

a ) -: + y "' 1 b.) ,X · ~ y . ., 1 · 

2 2 C) X + y - 4y .: 0 
2 22·-.[.-·2 

d ) { x + y ) . -:- . (x . - y ) 
2 . 2 2 '2 2 2 ·. 

e) ( x .+ y - a)_(). = a ( x •.y ) 
. ' . 

., 
u. 

:96. Find the ·cartesian rr;,ation of the .l.o.cus of tt.e l'lid..:pcints 

Of the Se9~1ents bet.I•Jt~('J1 the COOrdinate axeS 'tht"OUqh {2, 3} 

and then transfot"m it into polar coordinates. 

97. S~etch the gral'hs of. tlie _following function: 

'2 ·when 

Ieos·"- .when 

. . ·. · . ·r.secE• wh_en 
b} r = · 
. . csco when 

a j r = 

98. A circle. passin•l ttn-· ::'J'' 1.he foci.of the 'conic 

9_9. 

100. 

- --·· 
l. 

1 - e cos e 

cuts the eo·nic i11 po'ir: ,· :.11ose radius vectors are r 1 • r
2

• 

r 3 and r
4

• Show that 

1 I r 
1 

·• li r :· • t.- ,. 
3 

~. l I r - 2 
_ . • 4 -:- ep 

Fine:! ,the eccentri,ity ,. Gf th~ CC't1i C 
.. 

r ~ 
27·s 'sTr. .•. ; 

'>.' 

if it _passes throu·!:Jh t.h•'! roin(s {·:I 2, - z) dOd <-~,f6, l ) ·. 

Identify and sketch the c l')ni c ~-• deter:-1 in i!l':; ._a_, b~ c. 

a) r·( 2 - s ;·nO) = 3 b) r(3 f- 4 f\1 <;i:; = tt 

101. Show that a focal .ll"t· ,iutenects a coni.: at t1~o ooints· 

·. P.l~ P2 such tha t 1 

1 
n:-p-T 
I r 1.'-

. ·. 2' 
ep 
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102. Ske~th the~graph and determine the asym~totes if any of the 

following turve: 10 
r = '2 + 3 cos.O 

103. Find th~ polar ftirm of 1 + 2 i without pe_rforming the divi~ · z.;;- . .. 
sion. 

104. Compute (13 .- i )6 

105. Express the following in a si~pler for~: 

· 1+ cose + ... + cos ne, sine+ .•• + sin ne. 

ANS\'iERS. TO EVEN NUMBERED 'EXERCISES 

84: 
. 2 2 .. . . 

a} ·44x +36xy + 7ly ~ 26·8x- 426y + 719 = 0 
-2 . . 2 .· 

b} 4x ~ 2~xy ~ 11 y . + 12x + 6y + 45 = 0 
. 2 ' 2 

.·c) 9x ~ l!xy + 4y - 36x + SOy+ 49 = 0 

86-. a} a = 15/4, · ~ 
b = 3. c = 9/4 b ) a ;;. 15/4 , b ~ 5 , · c .:~ 7_5 !1 2 

88. 3x2.+3i+4x+2y-15 = 0 

90. X~ - y 2 -:: 0 

92. 5xy + 8x = 0 

9.4. a} r(3 cos e '~ 2 sin. e)-9 = 0 

96. ixy-3x_•2y =.0; r=O, r sin,2e=3 cos0+2 sine. 

100. a) an ellipse e = 1/2 

b = .13 
a) ~) 

p = 3_, a = 2 ~ 

b) a hypP.rbola. e = 4/3 

24 b· s/7 .PA 
p = z. a =T =~ 

102. 

104. 
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CHAPTER 5 

INTEGRATiotl 

5. I. INDEFINITE lNTE(;RAL (PRIMITIVE FUNCTION): . ' 
' 

A. DEFINITIONs:· 

F(xf is called a prim-itive ft-tnction or simply a prit'litive 

of ·the function -f(x) if· f(x) is ~he-derivative of. F{x) 

According to the definition, one ca~ w~tt~ 
1 . 

D F ( X ) = f ( X ) ~ F ( x-) = 1i f ( X ) 

where 1 -1 ·y; ( = D ) is the inverse of the derivative otorator 0 

and:accordingly F{x) is said to be an antider~vative of f(x). 

In terms of differentials ~e have 
l D F(x} .. f(x) =P dF{x) .. f(x)dx :t F(x}.; iJ (f(x)dx) 

wnere l (• d-l} ·is· the inverse. of _the differential o·perator d, 

denoted by the symbol f "'hich is called integral. sign. ·rhe·n 

F(x) • /f(x)dx · (Re~d: indefinite integral. of f(x)dx) 
' . . 

The following ~heorem justifies the term hindefinite·~ _ 

Theorem. Any two primitives of a given function differ by 

a constant. 

Proof. Le~ F(x), G(~) be any two primitives of the 

given function f(x). 

· D F{x) • D _G(x) • f(x) ~ D(F(x) - G(x)) _. 0 

::!j>. · -F(x}- G(x) • c (c 1s an arbitrary constant) . 

. Corollary •. If F{x) is a primftive of f(x), then any 

· primitive is in the form F(x) + c where CER, namely 

J f(x)dx + c 

where t· is calleithe aon~tant of integration~ and f(x) the 



:>-~--··:,•.7-r::i, and dx ,indicates that the integral'" is to bt?. taken 

with respect to the va~1able _ x.· 

t:xam~.· Complete the table where· F(-x} is a primitive 

of f(x): 
- . 1 . :::: l 4

xd., ~3~tan x f'"' x ~·~~.··· 
3 ·. 2 2 ,. 

Solution: .D x = 3x , 0 tan x = sec x, and since 

0(2/ + .3x) = 4x + 3, 0 sinx "'cosx, 0 arctan x 1_ 2 , 
+ X i D cos 2x = sin 2x, we- have 

f{x) 

F(x) 

F(i) 

4x + 3 

2 -; 
.2X +3X+C 

2 3x 

3 
X 

.. cosx 

- . 1 :---z -1 + X 

tan x ·sinx + c arctanx + c 

sin 2x 

i cos 2x+C 

Example 2. Find t.he. primitive of _f(.x)= -n , if 
o. 
Solution. F(x-) ~- f dx - arcsin x + c - /1 ~ xZ 

"'1 . . . l . 1T 

. F(!} = arcsin "2' + c = 0 . ::1 c = - 6 

F(x)·= arcsin X 
1T 

- b 

Proparties. 

1. fdu(x) = t,~(x} + c 2. D/·f(x)dx = f(x) 
. . 

3./(f(x) + g~x))dx = /f(x)dx + Jg(x)dx 

~-flf(x)dx = 1/f(x)dx i~ and only if l~ls a scalar. 

Proof • 

.. ·J du(~) fu'(x)dx = u(x) + c, 

2 • l e t F ( X } = f f( X ) d x • • Then - D.f f ( X ) d x = 0 F ( x ) = . f { x ) , 

3. Let ¢(x} =/(f(x} + g(x))dx. Then D<f!(x) = f(x) + g(x). 

If F(x), G(x) are any pr1mitives of . f(x), ~(x) respectiiely: 
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~ . . . 

DcHx)_'= P.F(x).+ DG(x)- 4-(X) 7''F·(x) + G(x). 

l(x) ~ f(x)= J. • {xJ I f(x)d~ + J.(x)- f(x} - -- - -'(il )':_-

>.'(x) I f(x)dx:= 0 ~ A'(x) = ~-· .. - A(x) = ·const\, · 

If l is a constant {4) is trtie from (a).-~ 

Example L Evaluate~ the fol~u~ing·-indefi.-nite integrals·: 

--a) j sec x tan·x dx• 'b)' j (4~3 +.1_+ Scos 2x)dx· 

Solution. 

a) /_.ec ~·tna x dx =I d sec x =sec x + c,, 
,-

b J I< 4x 3 
+ ( + Scos 2x )dx =I 4x 3dx + fdx + IS cos2x Ax 

- -
-, -4 5 .: 
= x + x + :2' _s 1_ n· ·_2x + c. 

-Example; 2~ Deri~~ a formula for I xa dx (atR)· and 

discuss the restil~. 

- a+l - a Solution. -We have .o x - = (a+ 1 )x inip.lying 
- - .. ~. 1 

xtt•l = (a+l) J .xadx -~ r xadx ·=. ~+1 if' a-~ -1.' 

I - 1 I a- · dx -' -f. a = ..__ , x dx = - = R.n x -• c . - X - -
wh_ere .tn x iS the_ 

·natural_logarithm.ot _x that we 'diScuss in the next. Chapter: 

- _- {' ~a~l - __ _ -~ if, a·l-1, 
J xadx .. - . -

. - _ .tn x - 1 f a ... -1 • 

Example 3. Usjng the result in Example 2, evaluate .. 

a)J3fx"2dx 'b.}/ dx_ - -"l7x' 
Solution. 

a) J /3R dx -~ f x_~ 13_dx • -f:i + c-,. -~ 
• -I 

5/2-X. + C 1 

f- dx .
1 

-2/3 - x l/J xl/3. 
b) 3;;'2 •• x .,_ dx • '"'TJ!" + c .. 3 + c. 
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B. METHODS OF INTEGRATION • 

. 1~ ~alcuius t~ere are ess~ntially two methods of integra-
... . . 

t.ion: "change of variable" and. "b.y parts" 

Integration by change of_variable (substitution) 

Let th~ indefinite integral 

I = .J f{x)dx 

to be evaluated. 

One makes {tries) the substitution -, 
• . . -1 . . - .. 

x = u{t} or t.= u {x) = v(~): 
I {f(x)dx = /f(u{t}).u'(t)dt = fg(t}dt. 

If ':he substitution t·s properly selected the new_ integral is 

. more easily integrable than the original one, getting G(t) + c 

arid replact~g ·t by v(x) one ha~ .. 

I= G(t)+c = G(v(x)}+c 

Example 1. Evaluate 

I = I dx .. 
(1- x2)J/2 

F( X) + ,C 

Solution. Since square root is involved, . 1- x2 > 0 

folfows arid the substitution x =sine may work: 

I = f ccfs.EJ d9 = J cos a dS = Jsec2e d9 = tanS + c. 
(1-sin2e> 372 cos3a 

The resul-t is to be written in terms of _ x· •. L]i •. 'lC 

Usin~ th~ relation x ~ sine we have . e . 
I = tane + c = x + c · . r--: 

~ VJ-~1 

Example2 .• Evaluate I= J(x 3 -2x+.3) 15 (3~2 -.2}dx 

-Solution. Observing that D(x 3 ~ 2x + 3) ~ 3~ 2 - 2 the 

·prop•r substitutibn is 
3 u = x - 2x + 3, . du 

2 . 
{3x - 2)dx, 
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. 16 . J "15 . u 1 .. 3- . 16 
I • " du ~-""T"b + c-: 10 (x -2x+3)_ .. • c_ •. · 

Example 3. Evaluate 
.. 2 .· .... ·· 

I = /sec x ·tan x dx · 

Solution. Since sec2x = D tan x~.the sub~titution 

. u • tan x ·· w·orks: 
2 .· .. l 2. 1 2 

. _I:'7·Jtan~·x sec X dx =·Ju·du=z U +C-="2" taJ'l·X+C 

lntegr.ation. b¥ parts. 

This method is based on the equa 1 i ty 

d(uv) = udv + ydu 

wh~re u and v are functions.of x."Writing this as 

· -udv • d(uv) - vdu 

~rid i~tegrating eich side. we ~ave the ~ethod. namely 

fudv ~ uv--·fvdu (*) 

where /uctvc·isthe·given integral in th_e form Jf(x)dx; At the 

right h~nd .side, for the properly sel_ected u and dv~ thE!. 
' ·, 

.. evaluation of .the integral J vdu is .more ·easier than·the given 
. ~ 

integ,.al. 

·This meihod fs g~nerally applied when the 1nt~~rand con­

tains one or more·transcendental functions like sin- x; (x2 -x). 

arcsin x.·· . ·' ' 

;· _. 

If the selection-of u and dv 

tegral o~e· tries ariothcr selection. 

gives a complicat~d in-
. . 

Ex~m~li 1. Integrate I•J arcsin x dx. 

·solution. Setting 
u•arcsin x .. dv•dx 

one has · 
du • dx 

~· 
v .•. x·. 

Then· 
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·x dx 
I"" uv- fvdu =X arcsin x-I(, 2 

. 1 - X 

The new integral is easily· evaluated by the subsqtut-ion. 
. 2 . 

t=1--x .• dt=-2x dx:. 

f .. - -~ I t -112 dt 
. l/2 . 

= -i -\n-•c==-lt+c, 

. ·. ~ 
I = x arcsin x.- /1 - x .. + c. 

Examp1e· 2. Evaluate 

Solution. The setting 

I(x)~Jx2 sinx_dx with 1(})=3. 

4. = sinx~ dv.:: x2dx- obvi-ous1y do~s 
'3 not work, since v =·x /3 leads to a~more co.mplica~ed integral. 

Trying· 
2 

U. = X , dv = sin x ·dx 

du =. 2x <!x; v = -cos.~. 

I{~)" :;: .,.x2 -~OSX + 2 f X COSX _ dx 

~here for new integral "by parts" is· needed again: 

u = x. /dv = cosx dx 
du = ·dx, v = sinx 

I(~) = -x2cosx + 2 (x sinx - Jsinx dx) 
2 . 

=_--x. cosx + 2 x. sinx + 2 cosx + c, 

'l{'lr/2) = 3 .,. 0+'1T+0+c "'3 :+c=3-'IT 
and . . 2 .. 

l(x) =--X cosx + 2x sinx + 2 cosx + 3- 1r. 

The next example differs from prevfous ~nes by arrival at 

the origi"nal integral- during process of integration: 

·Example 3. I =fcos4x dx· 

Solutiorr. 

u = cos 3x~ dv = cosx dx 

d·u = ""3cos~x sinx dx. v sinx 
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. . . 2 .. 2-:,; 
I-,;; :cos3x sinx + 3 J cos x -sin x_ dx 

~- ~os 3 x simi~ 3"-(~~s 2x(l--_~t,~ 2x).dx, 
- -_ 3 : _- 0 2 0-- -· --4 . 
:=cos x sinx + 3 f cos x dx-·3Jcos x.:dx. . . -. - . - . . _. I 

41 ~- ~os3 x s i nx ~ ~ ((1 :tcps 2x) d/ · 

--~ --c_os 3x' sinx.+~ {x_·. sin2 2xr:.cl 

· I · 1 - ·- 3 s · x- 3 s 1' n ''x- 3 -x- +_ c; .• . '='ifCOS X _ln :4-ll)- _-t.. +-g 
.. 

Properties: {Indefinite i~tegral~ of even, odd functi~ns) 
. . . . 

Let e 1 (~), w_1.(x)- be ev~n, odd _fun~tions res_pectively. 
. r • . . 

Then recalling the properties D e1(x) ;.,,;Jl(x),- O-w2 (x} =_e 2 {x). 

__ (§2. ·1, ~xerdse _20} we may have the: r:onv·erse·: Indeed the fol.low~- · 

1ng- propertie·s hold!-

~·· -Je 1 C»)dx-=· w 1 (~)_+c, 
Proof. 

1~ h~t F(~) ~- Je 1(x)dx ~ithout constant· of integration~ 

Then· 
F{-x) = Jei(~x·)~(-x) = -Je1(-x)dx = -Je 1{x)dx -F(x), 

• / I 

_Showing t_11a t F(Jt) is an odd fllnction, ·namely wi (x) 

?·. Proved siniilar.ly. • 

Di.scuss _peri odi c"ity of the i ntegr~,l of a· pe·ri odic func-
_·L 

ti on.-

I , 

EXERCISES <S. l). 

l. Simpl_ify the follo-wing 

a) /df(x) b) djf(x)dx c} 
d- ·_ -- -. 

crxJarccos xdx 

d) r.£, artCOS X dx e) 
.. -. 7 ·. . 7 
/~(X;+X+7) ·.· f) d d 

dx f 'di arcse>c x 

2~ -If -F1 (x). _F2 (x) are two primitives of 'f(x), th:!n show 

that, c1F1 (x) +. c 2F2(x) is a primiti_ve of · f(x) when c
1

, c
2 

I j 
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are ar~itrary ~onstants. 

J:· -Solve· for y: -. 
a) Dy = Tx, y ( 0) := l, b) Oy = l 2 • y(2) = 2 

2 .3,... . . . 
c) 0-y~IX+ rx+2,,y{0)=1, 

( x•l) -
. . 
y'(O) = 2-. 

d) •. 03y .,; 1/ :3fi., y( i j = 1: 

4. Eval~~te the following by the ~~e of d~finiti~n: 
21 . 2 .· 

a) Jtan x sec x dx b) /sin x. (1 + cosx)dx 

c) /f'(~) f"(u)uidx 
· · · dx 

d) Ja•·ctan X·.·~-
. l+X 

5.,Eva1uate the foll owi'ng by the use of. defini t1 on: 

a) /sinx·dx b) /sin 
5 cosx dx X 

c) f ( x.3 ~2~)7 ( 3x 2+2 Jdx, . d} Jf(u) f' (u} Jl I 

. . 

6. find the function 

a) x3 
+ 5x2 - ix + 3 

~hose primitive is: 

c) 1 + x.,.. 2 J -.X . 

b) x
2

- sec2
x·+ x

1
'

2 

d) sini co~x ~·1 

dx 

· 7. Find the primitive- of the .giv~ri function which satisfies the 
,. 

given condition: 

a ) f (X) .= sin X . c 0 s X • F ( n'/4} = 'j b) f (X) = r:... J rx t F ( 8) • 1 0 

c}.f{r.)= arctan2x ~ F(~)=O d) f(x) = sin3x cosx, F{'IT/2) •-1. 
·1 .;. X 

--§- E11aluate the following integrals: 

·~) Jsinx cos2x d~ ·• /sin 2~ cosx dx 

b)/. dx ··Jx'dx - J·dx ·x2dx 
!+X + l+X , c) r:x - J ,.-:x 

· 9. -Evaluate ih~ follo~~ng integrals 

a} Jcosx (-sinx +1 )dx bl ,JCco~2x- sin2x}ox 

d) Jsec·x (~ecx tanx + cersx)dll. 
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. . ., . 

a)/~ {- ~jdx 
, X 'X 

. ~) Jtanx"sec~x dx 

c) Jarcsin x 
! 

. 1 
(\11 . z>dx 

1 - X 

. d)J.l+x. -2x ·dx. 
· ,-:::-:x (l-x) 2 · 

11 •. Integrilte by _substitu.tio'!: 

a ) f 6 ( x 2 
+ 3 x ) 3 ~ 2 x . + -~ ) d x 

. ' r.: 
b)/ CQStX dX . --rx--

) 
,1 . 1 .. . c J-z Slr. X c. ... 
X.. . 

.12. lntegrat~ by parts 
. X 

;.q Jx sin -z dx 

c) fx cos2x. dx 

·13. ·verify 

. ' ... 2 . ' .. 
d) /(3x ~ 1) c_os(3x + 2x)dx 

. b ) f x s i n 2'x d x 
' . 2 
d:) .Jx cosx dx 

without iritegrating, ~nd ·explain distinct appearance of 

results. 

14. Given F(x)=/G(x)dx, G(x)=/H(x)dx, and H(x)=/F(x)dx_ 

find a relatiOil between one of these functions and its 

derivatives. 

15. Find a condition betwe~n · f(x}, g(x), f'(~). g~(x), f"(x), 

g" ( x) such that 
. . 
·· J f(x) g(x)dx = jf(x)dx. /g(x)dx 

ANSWERS TO EVEN NUMBERED_EXERCISES 

· 4. a) (~an22x)/22 + c, 

:c>. ~ ( f' l u} ) 2 ~ c. 
. 2 . 

6. a) 3,r; + l_Ox ~ 7,. 

dJ co~.e~ 

b) -cos~+ (sin2x)/2 + c 

d) i arctan2x +_c 

b) 2x- tanx + 1/(Zii) c) 2!{1Qx) 2 
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e. il.) 
l 3K - 3 CC5 + c' b) x•c,· 

.·. 1 ?. 
_C!z·x+X+C, d) 2 s,n2x+c 

1 0. a j 1 I ( 2 X 
2) .+ c·' 

I i' 
b ) 2 tan · x • . c. 

c) 1 ·ar..:sin I X + c' d) (l • x)/(1 -~) 2 • c 

x · · x .· b) x2 x · . cos 'zx 12; .~) -2x ·sin .I~ 4_ sin 2 + c 4 .. 4 c;·,n. 2x·- 0 + c 

. ·x2 .x2 
c) 

4 
+ T s1n 2x +··cosB 2 X +c,d) xzs"inx + 2x cosx -.£-·sinx + c 

14. F(x)·~ -F"'l~)-

s.·2~ THE DEFINITE INTEGRAL 

A. DEFINITIONS: 

Historically the definite integral arcse in ~n effort to 

formulate ~he area under a curve of a positive functio~ over .a 

c 1 o sed i n t e r v a 1·~ 

The· definite integral is defined by RIEMANN as follpws: 

Let: f(xJs"C(a, ·b) 
. ' . 

which may be positive, zer~ or nega-

·-------~ i y e on (a , b) , and let (a , b) be p a r t i't i one d ( sub d i vi de d ) i n to 

n sub~ntervals by point~·Q( the_ set 

t' = {xo(= a); .x1; ··· .,xi-l'_ . .x;•···~xn-1' xn(= b)} 

\ 
S h th t . < b h . p . '· 11 d . . ( 1 ) .uc a · a< x1 .< •.. < "n-l -.. were lS ca e a partz.tt.cn 

0 

. : /i, 
·uP..._ . 

I . 

~---T----1....----:---r--T--': ~" __., 'X. 
h 

1'.· 
. (1} A'partition. is called ~egula"ro if it pa~titions the ~iven 1ntervaJ into 

subintervals in equa11ength. In case of a rer,ula.r putition the equality 
(1 ) beco;nes n · · · · · 

In."' ,~xi .. iil f(t;) 
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Let 

t.x1 =X;- xi-1' 

and constder th~.sum 
n 

I = ·I f_( t; ) 6x; . 
n i = 1 

called the RIEMANN Sum (OARBOUX sum} 

( l } 

·Let m; =min f(x), Mi =max f.(x) on (x 1_1·,, xi) so that 

.we have 

and 

where we call the left hand and right hand summuations the loveP 

sum and uppeP sum respectiv.Jy for the"given partitio~ P, that 

we denote by ln and Un: 

Ln ~ I ..: U : n" n 
If ln and un have the some I imi t for all partitions 

as n- and mex faX; .... 0, then I~ tends to this COl'linOn 1 imi t, 

and this common limit is denoted by 

b 
I f(x)dx (Read~ integral from a to b of f(x~dx) 

a 
As to the existenc~ of limit we have the following theo-

rem whose proof is given in Advanced Calcului: 
b 

Theorem. f(x)EC(a, b) "" I f(x)dx exists·. 
iS 

This definite integral is th'e RIENA!lli ir.+..~g~·.::l of. f(x) 

over ttae cl'osed 'interval (a, b), and f(x) is sa1d to be 3Ii:7~·!AN•~' 

integrable function, where a and b. are ·the '::n.·ep z.:.,..it and 

uppP.r Zirdte of the integral, respectively. 
b 

[xampiP 1. Eval~ate J dx 
d 
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So i u ti on • The i n t e g r a n d i s · f ( x) = 1 • F 0 r any p a r tit ; 0 n • 

having 

= ( X 1 ·- X 0 ) +. ( X 2 - X 1 } + • • • + ( Xn - X n- 1 ) 

= X - X =· b- a, n o . 
and 

,b 
· I dx = lim .. fb-a) b-a (fo~ any partition) 
a n + c:a 

maxt~x ... o 
1 " 

.whi~h is the area of the-rectangle with boundarie~ 

y=f(x)=l, y=O, x=a, ·X=b, sin.ce f(x}_-=1>0. 

·This and some other simple prope_rties of definite integ-
-

ral are listed tJelow whose .pr.oofs can be',done by .. the·use of the 

definition of definite integral and some prriperties of limits~ 

P'roE!erties. f(x), g{x)e::C(a, b) , ... 
b a 

1. f dx = b -·a -2. J- f(x)dx = 0 
a a 

b. b 
3. f f{x)dx ·= J f( t}dt 

a a 
b t••min f(x) 

4. m(b-a·) ~ f f(x)dx' M{b-a} h (a • b) 
a ·. , M =max f{x) 

b( . ) b b 
5. / f(x) + g{x) dx = a/ f(x)dx • I. g{x}dx· 

a 
•b b 

6. 1 H(x)dx = .,. I f{x)dx p.· . 1 s a.constant) 
a .a 

b a 
7. I f(x)dx = - I .f(x}dx 

a b 
B. y y 

'8. .f f(x)'dx + f f(x)dx "' I f(x)dx 
a B a 
for any a, s. y in (a • bl .. 

b b b 
9 . I . -~(x)dx.;S If f(x)dxl ~- /-lf(x}ldx 

a a a 



b 
1_0.· I f(xfdx ~ 

a 
b 

a 

b 
f g(x)dx · if f{:x) ~·g(x) 

11. I f(.x-)dx is the •rea bounded by th~curves of 
a - . - ' 

y-=f(x), y=O·.and x =a, if f(x)>O .an.(a,b) 

Example l .. Find the volume of the solid.with·circular 

base of rad.ius 5 m, and tfach cross- section perpendicular to ·a 

definite diameter is a square. 

Solution._ Let us take the definite 

d-iameter as ·x:..axis and the one perpendic!Jlar 

to it as ·y-~xis. Then the equation of ·the 

circle i.s x2 
+ y2 

= 25. From the symmetry 

of the solid with respect to the cross 

~ection through y~axis. the volu~e V will 

be twice as that'.for 0~ x~ 5. 
/ 

For a regular partitioo of (0~ 5) we have congruent 

subintervals of lengths 5/n. The area of the cros.s section 

through the poin~ (xk~ yk) 

the slice with thickness 5/~ 

b~i~g (2yk)~ the volume 
2 . 

.is . 4yk 5/n: 
l 

~llo- (25- (k i>2)_ = s.~o (1 
n k2 500 

n t (1--..)= 
k;l n'" 

v::2 lim 
n-."" 

• 1000 (1 - }J : (2000/3)m3 . 
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B. THE FUNDAMENTAL THEOREMS 

~e state here two fundamental theorems {F.T.) the proofs. 

cf which are based on the followin~ mean value theorem for inteq-

rals; 

Theorem. (MVT for integral}. If·· f(x)&C(a. b), then there 

cxisfs an interior ·point ce:(a, b) such that 
b· 

f f(x)dx=(b-a)f(c) 
a 

Proof. If the f·unction_iS constant, say f(x} = y
0

, then 
b b b 

J f(x)dx .. f y
0 

dx = y~ J dx = lb:a)y0 .= {b-a) f{c) 
a · a a 

for any c&{a• "6). 

Le+ then f(x) be a non constant function. By its contin-

uity 1.t attains m=.min f(x),· Mcmax f(x) on (a, 

b b b 
f m dx ~ f f(x)ch. ~ f. M dx 

·a a· a 
b 

m ( b - a ) ~ f f ( x) d x ~ M ("b - a ) 
b a 

alf(x)dx 
m ~ 6-a ~ M. 

b) 

Again from con~inuity of f(x) the intermediate value 
.b 

1~ atta1ned at a 

so that 

·
8
Jf{x)dx 

Y • b-a 
point c 

b 

·which is certainly between a 

f f(x)dx 
:_ ·a 
Y ·• --.:~=--- "' f(c.}. b-a (a) 

The valu,.e y defined by {a) or by 
b 

f f(x)dx 
a 

y .. 6 
f dx 

a 

so that 

and· b, 
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is called the average value of f(x) on (a, b) with'res~ect 

to x. 

Geometric Inierpretation of the MVT for Integral; 

The definite integral 
b 

I f( x )dx 
a 

is equa 1 to the len!)th of interval tjmes 

the average value of the function. 
-In particular when f(x) > 0, the 

area giveR by the integral is equal to 

the area o~ the rect~n~le with base b-a 

and altitude y = f{i). 

} 

·~ 
I ,!I, , I . . .. 

--,4----1.__--.!..., ---4-~ lu 
C I . ;< ,0 0 

E~ampl~. Find the avera~e value ~f y 
,-2-2 

va - x in 

(o, a) with respect ~o X; 

Solution. Jb la2 - x2 .= i a2 , ~ 
o· 

since it is the area of the quarter of 

the circle with radius a. 

Tne length of the interval 

being· a. we have 

y 

0 4 

When f(x) is interpret~d as a physicai qua~tity such 

as density. ener9y, force, etc. y will mean averages of these 

quantities. 

Theorem.-(F.T._of Calculus). If f(x)rC(a. b} 

f(t)dt is differentiable function, and 

d 
Ox a 

); 

f. f(t}dt = f(x) 

then 
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X 
Proof. Let F(x) = f «(t}at. Then 

a 
X+h-

F(x+h)-F(x) • f f(t)dt·-
a 

X+h 

1 
a 

-"' r f(t}dt + J 
a X 

· x+h 
: f . f( t)d.t 

X 

X 
f' { t)dt 

a 
f(t)dt 

· = . ( (_x + h) - x) f (c) , x < c < x + h·, 

. by" the HVT for 1 ntegr:-a 1. Hence 

and 

1 im 
h ... 0 

~-h )h- F (X) ·., f (c) = f ( x + Sh) , 0 < 8 < 1 , 

F(x+h)-F{x) 
h = lim fl~ ~ Sh) = f(x). • 

h .. 0 

Thecrem. (F.T. of integral calculus). If ft.xf£C(a, b) 

F(x) ; s a pdmitive .of f(x), then 

b 
f f(x)dx = F(b) - F( a) · 

a X 

Proof. Since D f f(t)dt =- f(x) by previous theorem, 
a x 

and DF(x) = f(x), then f f(t)dt differs from F·(x) by a: 

constant: 

Now 

a 

X 
f f{t)dt F(x) + c 

a 

x .= a .:::> 0 = F(a) + c ,. c .. -F{a), 
b . 

x = b ao f f(t)dt: F{b) +C=; F(b)-F(a). 
a 

Notations. / f(t)dt = F(b}-F(a) = F{xfl x'" b =. F{x)lb 
a · x "'a a 

In view of this theorem, evaluation of a definite integ­

ral reduces to that of an ind~finite int~gral. lt is to be notea 

that if the evaluation is done by !>ubstitution, the new limits. 
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. of 1ntegration are eta be written in th~ 1nteg~als in whith th• 

~ew variable is used_ or ind~fin1te integral'is· computea 1n. ori-

ginal variable. and then F(b) - F(a) is·computed. 

is done by parts~ one ~h~uld note 
b b. 

f- d u(x)v(x) ·r v(x-}du(x) • 
a a -

and hence use the equality 
b· 

1 udv .. uv 
a 

b . b 
f . vdu 

a · a 
· · a '2 2· 

Example 1. Evaluate A • f va - x dx 
0 

ca > o) 

Solu'tion~ Substituting x = a sine with x.= 0 • e ... o. 

and x· • a + e • rr/2,. we have 

Tr/2 .12 2 2" A • f va ~ a • sin_e . a cose de 
0 Tr/2 

.. a
2 f Ieos e lcose de 

0 
2 rr/2 2 ~ 

.. a 
0

/ ~os e de, ((cosel • cose 1n (o. rr/2)) · · 

1 2 rr"/ z-
··1 a ·b (1 +cos 2e}de 

l 2 .( sin 2e)w/2 
'"Ia e~ z-

. . 0 

rr}2 
Example 2. Evalu•te B· (· 

.· w/a . 

1 l 2 ,. 4 . rra • 

x sinx dx 

Soluti~n. u • ~. dv • sinx ·dx 

du• dx. v • -cos· x 

8 • ( )
rr/2 w/2 

- x cosx + f~ c~sx dx 
1f/4 Tr/4 
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An extension ·of the F .T. of calculus is the following 

~here limits of jnt~grations are differentiable functions. 
. "·- --

Corol~ . .If f(x)e::c(a. b), and a(x), b(x} are differ­

entiable.functions, then 
d · b(x)' . . 

. dx f f{t}dt = f(b(x)) b' (x)-f(a(x}) a' (x). 
a ( x·1 

Proof. Let F(t) = /f{t)dt. Then 

b(x)r ·. 
f f(t)dt = F(blxJ)-F(atx)), 

a (x) . 

and by chain rule· 

·d 
dx 

b(x) 
f f(t)dt = f'{b(x)}.b'(x}-F'(a(x)}.a"{x) 

a(x) 
= f(b(x)J b'(x}-f(a(xJ) a·(x). · 

When a function. tJI(x) 1s _defined by _an integral as: 

. b \X) . 

•<x) = f ·f(t)dt. 
a ( x) · 

one ca·n obtain all properties related ·to derivative of any 

~rd~r without· evaluting the integral . 

of· 

. Examp)e. Find ~nd identify the critical points, if any; 

. arctan x 
u(x) = f tant dt. 

arcsin x 

Solution. One does not need to integrate to obtair. u'(x) 
~. 
f 

Applying the corollary, we have r 

u' (~) = tan(arctan x) 0 arctan x- tan(arcsinx) D arcsinx 

= X 
1 X 

:----2' - J:='[ 
l+x · 11-x. 

1 

717• 
u'(x)·= 0 when x"' 0, u'(x)>o· when x<O and, 

: f 
. u'(x} < 0 when x > 0 if x is near 0. u(O) is a ma,~~fium . 

. In evaluating a definite int~gral examination of~the 
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.~a~ty of the integi~nd may reduce the·w~rk ~ greai deal as a 

result of the properties. stated in the following co.rollary~ 

Corollary. lf e(x} and (I)(X} · are even'.and odd ;func:. 

tior1S respectively, ·then; 
.. · a .. a · · a· 

1. f e()qdx = 2 .. "! e(lt)dx, . 2 • . I ~ w t X ld X~ = 0 
-,a-.. 0 .-a .· . 

Proof. -s; nee a pdmHiYe ~;~~out. arbitra~y constant of 

an even (~dd) funct~on 1~ an odd (~ven) f~rictio~, setti~g 

e(x}dx . .., w1(x) +c, .·(I)(X}~x =· e1(x)+c 

we have· 

1. 

2. 

a· r e(x)dx 
-~ 

. a 
f w(x)dx 

-a .. · 

= w
1
(x)l·a = ~~;~ 1 (a).:w 1 (.:.a) = 2w 1 ~a)· . . .. a 

~ 2(w1(a} -·w1Co>) - 2 ~fa e(x}dx, 

Example. Evaluate th~.f~llow1~g 
1T 11". ' 

a} A = I x sinx dx, b} H = r arcsin3)( dx 

a) 

"'1T .. 

The integrand x sinx 1s an even function 

1T 
J-x s1nx 

-1T· 

U ·'"' X, . 

du • dx .• · 

1T 

dX = 2 I ·x 
0 

dv:·.: sinx dx 
v c -cosx 

A a 2(- X co~x)~; 2 I1T COSX dx 
. 0· .· 0 

sinx dx 

and 

"' z(.-c~·~-o>) + 2 /1T cosx dx .. 2n + 2 sinxl: .. 211. 

b) .Since .the "integrand 1s an odd fu.nction, than B .. o. 
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C. EVALUATION OF sor>lE LIMI rs sv DEFINITE lrnEGP.ALS: 

Evaluation of the limit of a sum 

. a 1 t n) • • .'. + _an Cn) 

which 1s in the form or which can be p~t 1n the form of a RIEMANN. 

sum gf a- f.uncti on in ·an i nterva 1 can be done by the use of a . 

definite integral applying tlie following corollary: 

_Corollary. If f-(x)e:C(a, b), and (b-a)/n=h~ then 

. -b-a- ( ( ) • · )-
n 1 ! m.., . -n- f. a: + h + f ( a + 2 h . + ••• + ) 

b . 
f(a + nh) = af f(x)dx·. 

. si-nx 

ExaJilple 1: Evaluate 

~in~+ Sin 2w •···• Si~ nw · S = · 1 i m . --.--· .,...n ___ -::-'n _____ '---:--n-'--
n 

·Solution. The given expression is_ the RIEMANN. sum for 

in (o·, n) Then 

S:; 1 -lim 
1T .,.. + .... 

n (sin 1T sfn ·n;r) (where 1T; b-a) 
n ii + •• ·• ~J = n n 

> l 
=-

.1T 
J1T stnx dx = ! 

o· n ( -cosx) 1T = 2 Jr:. · 
- 0 . 

Solutio~ can •lso-be obtained by taking f(x~ = sin nx 

.instead of sinx, and the interval-(0, l): 

sfn 1T sin 2n sin n-rr I + + ••• + 
s 1 im n n n 

J c, i n~1 x dx 2/n. = = = 
n +·m n 0 

ExamEle 2. Evaluate 

Solution. Writing the denominator as n/0, and combinin!:' 

rn with numerator, \'le have 

s = 

so that f{x} x ·and the interval is (0, 1): 
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~~·· . 

. EXERCISES <5. · 2>· .. 
-' .. · b 

16. Firid the smaile~t interval in which f, f{x)dx 
·a 

l1es for 

the following cases: '· 

a) In (-1 , 6) · m ., ·- 2, M-= 5. b) In (-2/3, 7/2) f!!.~ lf2, M=4/3 

where m =min f(x)~ · M = max f(x) ·in the given closed in­

terva 1. 

17. Fin~ the are~ un~er the parabola 
. 2 . 

y ~ x· abo..Ye x-axis in 

· (1. 2) by using HIEMANN sum fof ~ regul~r part~tion and: 

ffnd; ng. the'"' 1 i mit. 

18. Evaluate the follo\tdng -jntegra1 by use of geometric inter-. 

pretation~of the 

3 

definite _i nteqral. . . . 

a) / ( 2 x + 1 } dx 
.· 2 2/2 :--2· 

b) f x dx + f l'a-x / dx 
0 ·2 

c) /..(2-::7 dx -a -
b a. f2 2 

d)a f.'l/a •xd.x 
0. 

19. Sh~w the fol1ow~ng 
-r/4 

a) f · cosx dx 

inequality without intecration: 
r./4 n/3 2 . • '1/3 . 2. 

). f. sinx dx. b) f ·tan .x dx~ J sec x dx 
0 o o _ · 

1 
. o_ 

5 x2+l · 5 x+l -1/3 . . -1/3 · . 
c) f -- dx > I dx d) I (x3+2xjdx > f · (x 2 +4x)dx 

2 X 2 X -2/3 .. ··. -2/J 

20. Same question for 
. 2 2 

a} 0 < of x~2 dx <·.2. 
w/3 

b} 0 < -f tanx dx < l ~ 
0 

Tr/2 
C ) ~- < . f ( S 1 n X + C 0 S X ) d X < I J2, 

0 

9/5 . 
d) to;< I !xl[x]dx<~ 

3/2 ' 



21. 

22. 

b 
Let H{x) I f(t)dt. 

X 

Show that H(x)e:C(a, b). 

Find c or the equatio~ 

the MVT~for the following 
3. 

a) J. (x
3

-2x}dx 
-13 . 

c) f · .. ~ dx· 
0 

a.~x~b ·with f (X) e:C (a·, b) 

' satisfied by c . a·s requ1 red by 

integrals: 
: 9 . 

b) f (x
312 

+ 3x
1

'
2 )dx 

0 ia 
d) f xA •· x

2 
dx . 0 

23. Find the.average value of the given function on the give~ 

i nterva 1: 

a·) y = sinx, ( 0. n) b) y sinx. (0. n/2} 

c) y . 2 
(o • 7!) ' d) 

. 2 
(o • n/2) cos x, y = COS X,_ 

24. For the foll·ow1ng function given by integrals, find and 

25. 

26. 

27. 

28. 

29. 

identify the critical points: 
x2•x 

a) ¢{x) = f 
5 

t t+T dt 
x2 

b) lf>(x) = f · !N- dt 
X t 

Evafua te (wi t"hout integration) 
cosx ,--, 

a ) ddx . f . . · 11 ~ t- d t d 
~) dx 

,COSX 

.I 
1/2 51 nx , 

Evaluate the given fntegral 
1 r--'J 2 z 

. a) I vl ·x-x dx, l•x =u 
0 

Evaluate by parts: 
n/2 

a) 
0 
f ·x sinx dx 

sec{arcsint}dt 

by the given substitution: 
. l 

b) f dx x • { 
-1 x/x 2 - 1 

n/2 
x2 ·b) I cosx dx 

0 

Check the integrands for evennes, oddness, and then evaluatf:l-

the integrals: 
3 2 

(3x2 a) I sinx·dx b > I - 5)dx 
. ' -3 . -2 

Same question for: 
1f 

x3 
rr/2 

x2 s1n3x a) I cos zx dx b) f dx 
-n -TT /2 . 
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2 '2 
sin5

t 
2n 

sec 20 c) J cos t dt d) I tane dO 
0 0 

30. Evaluate by a definite integral 

a} lim [ 1 ·1 t ] 
n + co . Zn+T + '2'ii7! , •... + 4ii'+T 

b) lim 
17+ 27 + ••• + n7 

n + CD ns 

·c) 1 im [ 1 1 . 1 ) pe:fl .. + . + + 
n + CD 

m _ii:'+Z • :. p+n • 
2 . 2 . 2 

1 d) ( 1 2 n 
11m . 3 3 + 43 + n3 

+ •.• + 3 J n+ ... 2.+n (2n) . + n 
I 

ANSWERS TO EVEN NUMBERED EXERCISES 

16. a) "(-14, 35). . b) (25112. 50/9) 

18, a) 12. b) 1 2 
d) i n ab 'IT, c) '2' 1r a , 

22. a) 
. 3 ~ 

0, b) c3 .·6c2 
+ 9c- 84 2125 .c - 2c- 3 = 0 

c) 115/81. d) 1(-3,+ 347)/6 

24. ~) At ·x =. 0. an.d )t = -1 mi-n; at X :..1;2 max, -
b) At X ·= 1. mal(. 

26. a) (212 - f) /31 b) -'IT 

28. a) 0 •. b) -4 

30. a} 1/8, b) (R.n 3)/12, c) ( R.n 2)/2, d) i.n p. 

·5. 3. AREA. AND NuMERICAL EvA.UJA.TION OF DEFINITE INTEGRALS 

A. AREA OF A PLANE REGION 

~sa first application of de~inite.integral we ~ormu1ate 

the area of a plane region bountie<i by ceri.a in· n~;:-:t;'::r of curvl!s .. 
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. . _· 

Theorem~·The ~rea J~J of t~e plane r•gion R· bounded .by · 

th~ c~rvfi! y .• f(x:). x-ax is ari.d the· _-vert1 c~ l 1i nes x • a. x .. b. 

is .given by 
'b 

1~1 • J 'Jf(x)fdx ·(.f(x)£C(a, b)) 
a 

·Proof. The-statement is·tr~ivi~lly true if f(x) >.0 on 

.ta. b), sin~~ the RIEHANfi suin . · 

n 
i·!l f( ~1 )Ax;-

is an approximation of: the ~rea under the curve and -the limit is 
. . 

. the irea !Rl~ (S~e left.Ffg.J 

JT 1 
1 

·. ~ 

't ~-0 
-~ ,., 

.0 

f { x }· >' 0 ~ f(x) < . f (X) ?< 0 

If f{x) .< 0 .·on -.(a, b). we have 
b b . 

·IRI·= /· (~f(x))dx .; f jf{x.)jdx 
a a 

If f(x} is positive an~ negativ~ .on (a, b), say positive 
. . 

co~.( a, . x0-) ·and n~ga t ive on x (x
0 

•. b),'. t~en one. gets 
. . ... 0. . b 

IRI ·= f f(x)dx + f (•f(x))dx 
. .a "o . -

b . b 
/. I f (x> I d x = f jf(x)ldx.a 

- a xo ~ a 

.Corollary~ The area of a. pfane reg ton twl;,:ded by 'the' . 

!.urYe x = f(y),' the ·y-ax1s--and·the.horizonta11ines y=c,.y=d 

:::; given by 
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. d. . . 
1~1· I lt<ylldy. 

c 

In evil~ating an area it will .be useful 

to ·sketch the regi'on· in the first step and also 

draw an (lement~ry area as a horizorital or 

ver.tical stri·p of width dy or dx respectively.; 

0 

Example· 1. Find th~ area of the plane region bounded 6y 
z . 

the.parabo1a · Y."" 4-x. y-axis and ver.ti.cal Hne-s x=-1, x=3. 

So.lution. The parabola intersects x-axis at x =~2 ·and . 

x • ·2, .and y-axis at y = 4. Tha region is then the sha.ded one .• 

Hence · 
3 . . 2 

I R I • f 14 • x I dx . 
-1 ·.· .• 

2 . 2. 
• J (ot-x )dx + 

-1 

3 . 2 
f .(x -4)dx · 

2 

(~X x3) 2 (~ 3 . 1 3 
.. - T + T . 4xj. 

-1·. . 2 
. 8 ' I 8 • (~ -l)- (..;4 "J) + (9-12)-(3-8) 

;. 17 16 . 1 . 
T .· ! . 34!3. 

3 . ,c 

Ex~mple 2. Find the are~ of i~uarter an ~li~pse_·with 

~emi majot axis a ind semi major ·axis b. 

Solution 1;- The standard equation ~f the el~ipie {cente~ 

at the orig.in) .is 

~ 
b 

a l. 

. Ta~ing a vertical strip as elementary 

area {or .differer.ti~l or the a!"ea) 



= b~-- ~ b~2 'r 
dA = y dx dx "' - a - x dx 

6 a a 
a·nd integrating from ·0 to a we get . .,. 

a 
fa2- X 2 A b I dx b n a2 n ab:o =- = q_ 

a 0 a 4 .. 4 

If instead oi a vertical strip,. a horizontal one were 

taken, we have similarly• 

a. b 
A "' D I 

0 

/b2 - 2 d a . n b2 ~ b 
vb - Y Y = o . 4 = 4 a • 

" 

Note~ The_above integral~ are evaluated b~ the use geo-

metric interpretation as area of a quarter of circle. 
. / 

Sol uti o·n 2. If parametric equations 

X = a cose,; y = b sirie 

of the ell ipse are used. we have 
0 0 2 . 

A = I b sine d(a c·ose)= -ab I ·sin ede 
11"/2 . . · n/2 

=-ab (~ _+ 
§in 20] 0 = 
. 4 Tr/2 

n ab 4 

Theorem. The area R of ·-a plane region R bounded by 

the curves Of y = f(x), y = g(X). and the Vertica.l tine X= a, 

X= b is given by 
b 

R = J 1 f < x r- g < x > 1 dx (a < b} 
a 

Proof. Consider a vertical strip· d 
as eleme~tary area (or differential of 

area) of width dx and ending on the 

given curves. The~ 

and. 

. Corollary. The area of a plane region· bCI_Unded by the 
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curves of x=f(y), x=g(y),and the horizontal line y-=-c, y=d 

·; s given by d 
I R I = f If ( y) - g ( y) I dy (c.<·d). 

c 
The reg-ions defined by 

R. = ·{(x,~y}: a~ x~ b, L(x}~y~U{x)} =(a; b; Llx),U(x)) 
xy . . . . , . 

R = -{ (X , y) : C ~ y ~ d , 9. { y) ~X~ r( y) = (.c; d.; .2. (y) , r ( Y lJ yx 
are called nfll'ma"l Pegio.ns in xy-plane ~here L(x), U{x) are 

th~ lower Jnd upper curves~ and t(y), ~(y) left and right 

curves.of the boundary 

. -~ 

0 

c1 ·::r-_-- !""' . .-14-) "' -:.-: . . . .. 

c- ~ - . 

0 
AJ~ 

Normal regions in xy-plane. 

For the area~ we have 
b 

IRxyl = I (u(x)- L(x-))dx, 
a 

d 
IRyxl "'/. (r(y)-R.{y))'dy. 

Any plani regi~n can be s~li~ up int9 some nu~ber of ~or~ 

mal regions any two of which have no common area. 

Example. Find the area ot t~e region inside th~ parabola 

y2 • 4x and circre x2 
+ l- 6x = 0 and under the Hne 

y • -x . 2 ( 1 + 12). 

Sol~tion. The figure show• the sk~tching of the regi~n. 

From the simultaneous solutions ·we have A(2, 212), . 8{2, -2.12), 

_C(3 • 2tft, -1 ). 
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Observe that the shaded ~egiont~ _ 

i ::. n o t n o rm a 1. I f i t i s s p 1i t u p i n to I 
. . . ! 

R~Y normal regions we get (at least) I. 
two such ~egions (AODB, ABEC). If it ' 

is split up into Ryx normal regions 

we get (at- least) three such regions 

(Apoc, DBEC, BFE) • 

. It is reasonable to use the 
• first s-plitting for this problem _-since the number of su~regions 

is ·less than that of the other case. But i~ some problems such 

a selection may arise difficulty fn. integration. 

1 
Rxy 

Then our regions AODB, and ABEC ar~ respectively: 

2 
Rxy = 

H x , y > : o $. x ~ 2 • - 2 rx < y < 2 .rx 1 = ( o, 2 ; - 2lx , ~ rx) 

{ ( X ~ y) : 2 ~ X -~ 3 + 2 /Z, . - h X - X 
2 ~ y ·~ -X + 2.( 1 + /2) 

(2-, 3 ~ 212"; -/C7, -x + 2( 1 + 12>) 

-= I R 
1 I + I R2 I xy xy 

2 . ~ 3 + 2 lZ _ l----"2 . 
= r/ (2/X- (;.2/X})dx + 

2
} -X_+2 (1 + /2)~(-{bX-X )}dx 

16 •. 7 3+212/..· ··2 
= T /2 + -~ + J ~6x - x dx 

2 . 

Writing 6x- x2 
= 9- (x- 3) 2 and ·setting x -·3 = 3 s·int we have 

J .l6x-x2dx = J /g- 9 sin2t 3 cost dt 

= 9Jcos 2t_dt =·J (t ~ si~ 2tj + c 

9\ . 272 t . . 1 412 
= ~ arcs1n_~1 + arcs1n.~ + -g-

' \ 



B. APPROXIMATION oF-:DEFINUE INTE'GRAts BY Nu~ERICAL. 

EVALUATION 

In one,of the foll~wi.ng cases numerital ev~luation of a 

·definite integral may be nee~ed: 

.1. One may not be able to evaluate by any_method, 

2. Evaluation·by the method is possible, but numerical 

value is desire·d,. 

3. The integrand ~s give~ emprically in a tabular form • 
. · 

We give three methods for evaluating ntimerica~ly a given 
.b 

definite integral f f(x)dx for. f(x) > 0. 
a 

Rectangular rule: 

When we use a regular partion ~ 0 (= a), x1 , •••• xn_ 1 ~ 

~n<= b) b] in a RlEMANN sum we have 

f(xn-1)), 

or 

where 

Trapezoidal rule_: 

For ·the same regular partior •. ~rrect pe~pendiculars to 

x-axis at Xi to meet the curve at Po' pl • ... • p n-1 • Pn. 

rA B 
~ 

~ 
I 
I 

I 
I I 

')o I 

:.y'l. I . I. .. • 'JJ a .,J,., i. 
I 1.. II· "1. I 

-+---....&...-L I I 

oj 'ro 21 'Y1. . l);'ll 
I 

~ . - 1<..'2. '%11-t ... .. 
a: b 



Then one replaces the arcs of the cur_ves corresponding to sub- . 

. intervals by.th~ir respective cho.~ds (P_0 P1) •... ,b(Pn-1 Pn) so 

. that the area ·under the curve which is integral · J f(x}dx will 
. - a 

be approximated by the sum of the areas of the ·trapezoi~s thus 

formed. 

Setting yi = f(xi) we have 

h . . . 
A. = ~ (y. ·'1 + y.) • 1. L 1- . 1 

~as the areas of the.~rapezoids whose/sum from to n giyes the 

required approximation for the .. integral: 

a·/f(x)dx ': ~ (Y~+2y1 ,~2y2 ·-~~+ 2yn-l +Yn) 

where h = (b-a)/n .. It is the arithmetic mean of the two ·appro­

·ximations given"i.n Rectangular rule. 

SIMPSIN"s rule: 

This approximation differs from the trapezoid rule in 

that the arcs are replaced by parabolic arc~ ~nstead of chords 

and regula~ 'partition is done for an even number·n. 

Th~ rule is.obtain~d by·the use of the following lemma: 

Leriu~- {SA.RRUS) Let y = ·f,(x). = Clx 2
·= ex+ y be a parabola 

defined on· (a, b)~ and let (a; b) be subdivided regularl,y ii'Jto 

.two s.ubintervals by X ( = 
0 a) • x,. x2 <= b). Then 

b 2 h 
(Yo+ 4yl + Yz) A = I (ax + ex+ y) dx = J 

a 
where y~ . = f{x 1 ), i = 0. 1 • 2; and h "' (b-a)/2 

1 . 
Proof. The integral'doe_s not change 

. -. . . 

if t~,e parabola is translated parallel. to 
. . ' . 

the X.:.~ xis:~ If under trans 1 ati 01'1 x, is moved-f, .::;.D.&.,: Y_o_~h _ _._;...._;_,.,:.____.i.::;. 
to the origin the int~:rval of integraticn · a ._1 6 · 



. .371.' 

will be -h. h so that 
h r -2- . + yl dx·= ( ~- x3_ + . ~ 2 ') h A I ax + sx x +.yx 

-h . -h 

2 ah 3 2yh h ( 2.ah2 + 6y). = '! + j 

Since,· 

Yo = ah 2 - sh ... y 

4yl = 4y 

Yz = . h2 
(l • + sh + y 

. 4 2 
Yo+ Yl+Y2=2nh~ + 6y 

we have our result. 

Now partitioning (a,·'b) r~gularl~ for an even numb~r n 

and applying the above lemma for conse~tive pairs of strips and 

adding the results o~ each pair, we have 
. . . . . 

~ [l.Yo+4yl ~Yz) + lYz+4YJ+Y4) ....... (y~-2·-4yn-1 •YnJ).• 

and 
b . . 

/ f(x)dx ~~[Yo+ 4y 1 + 2y2 +.4y3 + .... 2yn~z + 4y 0 _ 1+ Yn). 

wh~re h = (b-a)/n and n ia an even n~mber. 

Observe that the ·coefficients of. yi are for 0 

and 1 = n; fo~ oth~rs, 4 for odd and. 2 for even i. 

Example 1. Evaluate the de~inite integral 

3 dx 3. . 
A = ,J x = ( R.n x) 

1 
. = tn 3 

y 

approximately (numerically) using the three ·rules, taking n = 6. 
3-1 I Solution. We have h = o- = j .and 

xi I 
4 5 2 7 8 3 l '! ! ! 

Y; 
3 3 1 3 3 1 

! 
l· "5' 1 7 0 '! 
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1. By rectangular rule: . _ ~~ .· 

A "' h (3 3 1 . 3 3 1 )· 1 'J. ~ _ . · 
= 4 ... '5" ... '2" ... 7 ·:+ -g ... J . 0. •; :r.: ~ . 

. j [ o, 750. 0~ 60o • o, soo • o, }2• ."o, J ;'; ;;~~i~) ·---;-, "t-';. 

= :~ x 2,987 =.0.996~- ·(lower sum) 

A=· h(l,OOb ... o.75o ... -o~6oo ... o,soo· ... 0,429 

= i x 3,654 = 1,218_ .. (upper !:urr;) 

0 ,·3751 + ) 

The 've~age of these two. r~sults is 1,107 

' 2. A ~("1 ... 2xo,75o ... -2xo,6oo+.2xo,so~- ... 2xo,429+2xo,J7s+o,3p} 

1 . 
= 0 X 6,641 = 1,107 

··-
3. By Simpso~·s rule: It 1s appli~able since n is even. , 

A ~ [ l + 4 X 0 : 7 5.0 ~ 2 X 0 , 6 0 ~ + 4 ~ 0 , 50 0 + 2 X 0 , 4 2 9 + 4 X 0 , 3 7 5 + ~ • 3 3 3) 
l x 9,191 = 1 ,088. Then r.n 3 ~ 1,088. 

In the same way be computed and one gets 

2 d ~ 
,tn 2 = I ~ ~-o.69 

1 X ,__ 

Example 2. For the function given in ~abular fdrm 

- l/4 1/2 3/4 

17/16 '5/4 25/16 2 

evaluate the definite i'ntegral 
. 1 

B = f f{x)dx 
0 

appro~imdtelY ~Y SIMPSON's rule with n necessarily equal to 2 

· or 4. 

Soluticn. Tal<:ing n = 4. we have h = 1/4, and 

. ( 1 . . 17 5 25 . ] 
B = T2" 1 .OGO + 4 X Tb + 2 X 4 ... 4 X Tb + 2 

= fz x 16.000 = I ,333 

Note: When a function is given in tabular form and x
1
-x

1
. i 
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i~ not constant for all i, by inte~p~lation or extrapolation 

we can obtain a regula~ partition . 

. EXERCISES (5. 3Y 

31·. Writ~ ~he shaded region as union 

of Rxy normal regions,· andafso · 

as union ofRyx regions. 

32. Sketch the normal region Rxy and 

2. 

I 

write it·~s Ryx region: 

a) (1, 4; -1 1 3-x), 
0 . 2. 'lr. 

b) (-1, 0; ·x+ 1. /l-7) 

J3. Compute the area ~f the 
. 1/3 y =X 1/5 ,.a)y=x • 

region .e~closed by the given curves: 
. . 2 1 4- . 
b) y = -x , y ==· x - 20 

. . 1 •. 
c)y=li, y=rx·andnormaltoy=lx 

3 d) y = x -x· and the tangent to it.at 

34. Same question for:· 

a) y2 4x, 2 12-8x b) x3 • = y. = y = 
~c) 

2 • 2 2 d) 2 y = X , y = 4- ?<-X y = X • l 

at 

X • 

i 

< 1. n 
-1. 

8x 

X- y + 6 0~ 

35. Evaluate the areas of the regions bounded by: 
. 2 

. a) y = Jx -2x, x:O, x:3 'b) 4 2 8 4 Y= x,_y = x- __ . 

X:2 

. c ) · y .. x - 2 ; · x = i· d) y = sfnx, y = cosx over {O·;"T) · 

e ) ~ rx -t ly . Ia . (a > 0) • X = 0 • . y = 0 

36. Compu.te the area of the regions enc_l.osed ~Y the_parametric 

curves: 
and - x 

J7. Same que~tion for~ 
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x = ·1 3 cost - 2, y = 5 sin t· + 3 

38. Compute the area P.ncl.1sed by tr.e c~rve . 3 "t . t . t y. =- x_,. ·1 s -. angen. 

at x -:: and its normal at x = -1. 

39~ Compute the are~ of the_region bounded ~Y the curves 
2 y· = 20 ~ 2x a~d ~-axi~ .• 

40. Compute--th-e giVen .integrals approximately: 
- 0,2 'i . - - 0,3_ 2 

a) f x dx b) f {1-x )d~ 
0.1 0 ,_2 

2 
y =X ' 

2x 2x+T dx 

7 
41. Evaluate f (2J< 3 

+ x2 
+ 3x..+ 2)dx by the use of SARRUS's rule. 

-7 5 
42.· Evaluate I dx by SIMPSON's rule by taking 

1 X 

a)n = 4,_ b} n = 8 

7 
43. Evaluate I f(xfdx if f(x} is !JiVen emprically as 

1 

X 

I 
. 1 2 3 4 5 6 7 

f(x) T 5 2 3 3 4 5 

a) b,y the trapezoidal rule {n 6) 
-

b) by the SIMPSON's rule {n 6) 

. 44. Compute the foL~o\'ling integra 1 using _the .trapezoidal rule 

for n = 4. 
q 

dx 1r 2 J~.dx a) a' -:--z • b) / sinx dx c) r ·--r-:dx d) 
1 +X • 0 X + 2 1 

45. Same question as in Exer~ise (3 for 

X 

I 
0 2 3 5 6 

·f(x) 1 5 7 8 g· 

{Hint: Obtain a regular partition introducing the point X ., 1 

and X = 4 6nd finding corresponding values by interpol at ion}. · 

•· 



ANSWERS TO EVEN NUMBERED EXERCISES 

-32. a} ... :~ .... 
~ 

b) 

-~·· 

~~· 

34. a) ·4_, b) 4/3, c) 9, d) 56/3 

3·6. 4{5 2 .tn (2 -i /5) 

38. 

40. By trapezoidal rule for n = 3, a} 0,00235; 0~002Y· 

b) 0,09364; 0,0930", c) 1 "' ' . 
0~65; 1. ~ ~ 1n 2 = 0,655 

42. a> 1,622,. b) ·1,609 

44. a) 5323/6800, b)* (/2~ 1), c) 329/612, 

d) 1 (12' ... {41 /52 /65 ,-5) 
'8 •-z•-r•-z• 

5. !4. It·1PROPER lNlEGRALS 

So ~dr·W~ have discussed t~e definite integrals of fnuc­

tions that are contiri~ous on a close~ interval. Now we co~sider 

the cases ~here the integra~d ~s di~iontinuous at finite num~er 

of points on the intervbl, or the conttnuou~ integrand is defin­

ed en an. unbounded 'interval~ In the former case the .definite in-

tea,.al is called an improper integT'aZ. of the first kind~ and in 

the second "an "iinpr.cper i'ntegral of the seccind kind. 

Im~roper integral of the "first kind: 

This was the case where ~he integr~nd has a discontinoity 

.at a point on a clcsed interval (a, b). The following are of 

this kind: 
5/2 

-I//. xjx~ dx, / 
n/2 

dx 
S'fil'X • / 

2 dx 
x-:-z 

l 1 dx 
-1 ~ 



\•/h.ere the first int~gral has finite. jump discontinuiti~s at 0, 

1 • 2, the r.emaining ones have infinite jump discontinuities at 

a ( =- 0}. .b {= 2) and at the interior point X = 0 respectively 

If the integrand has a finite jump discontinuity at a 

pbint, say x
0

, the integr~1 is defined as 

es at 

b xo- b 
I f{x)dx = J f(x}dx + I f(x)dx 

a a xo+ 

Example. Evaluate the impro~er integral 

5/2 
A = . I · x(x) dx.­

-1/2 
Solution~ The integrand. having finite jump discon~inuiti-

0. 1 and 2 we _have 
1- 2- . 5/.2 

A = 
0--lA x(x) dx +' I x(x) 

0+ 
dx + I x (xJ dx + I x(x~dx 

2+ 

finite 

1+ 

= 
0 1 2 5/2 

lJ X;:...} dx + · I x.O dx + / x.l dx + f. X. z··dx 
- 1 

·o . 2 . 

x~J 0 
x2] 2. 2Js12 

-T + 0 +T + X 
-1/2 1 .2 

1 1 c¥- 4) = 15/4-. ('!} + (2 - 1} + ·= 

The improper integrals where the integrand f{x) has in-

jump discontinuities on a, b 
b 

1. lf(a}l =·"":*I f{x)dx = 
a 

are defined by 
- b 

lim ... I f(x)dx 
a + a a 

.b 
2. lf(b)l :m~J 

a 

8 
f(x}dx = lim I 

8 • b- a 
f(x}dx 

3. lf(x
0
)l =.., 

b 
~ f f{x)dx 

a 
f(?t)dx. 
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If limit exists in each case the improper integral is 
. . 

said to be convergent~ otherwise d~verge.nt. 

Example. Test conver9ence of th• imp~oper in~egr~l 
b 

I = J . 
a 

dx 

Solution. The case p"' 1 is related to logarithmic func-
~---

t1~n that will be take~ up in the next Chapter and in that case 

,we have divergence. 

If 

I = 

p 1 1, we have 
b 

lim -J (x-a)-Pdx = 
n + a+ tt 

( 
. 1 ') b lj_m (x-a) __ -p 

·_a + a+ · - a 

= (b-a) l-p - lim (tt- a)l-p. 
1 • P. . ·a ... a+ 

If the exponent 1-p is positive the limit is zero and th~re 

is convergence for p < 1. Otherwise limit does not exist· and 

there is divergence for . p > 1. 

Thus we have obtained the following whi c"h we ca 11 p-test~ 

namely "b 

f 
converg.ent when . p < 1 dx f 

tx-a)P 
is 

a divergent when p > 1 

The same test holds for the other end b. 

According to ~his test th~ improper integrals 
3 

-/ 
dx · 

3 -· i 
lx-- 2 

/L dx j 1 dx 
0 . . 77! . 0 . . .rr-=x 

are convergent, while the following ones are divergent: 
2 dx - 3 d f f . X 

. -1 mI. 0 ~I 

b 
Comparisoritest:-let f f(x')dx 

2 dx 
of (x-2)3/2 

be an improper 

o{ .the fir!>t kind, alld lel 
a­
g(x) be such "that : 

integral 



. 378 
/ 

llit:n" 
b b 

f f(x)dx converges if J g{x)dx converges. 
a a 

but there is no informati~n when the latter diverges. 

Proof. The result follows fro~ the inequalities 
b b . . . b 

o ~ r , c lS > d ~ ·~ 1 1 , c x , 1 d x ~ - 1 . g < x > d x • 
a a a · 

E 1 2 T t 01~/2 clxxsx dx f xamp e • es or convergence. 

Solution. 

I I 1 I Tr /2 

1 
1r 12 d x· 

cosx " . I c. osx dx -~ J ·-,.,.::x ( p = 1/2 < 1) 
~ .... 7X. =>-lo "7'r o vx 

Since the list integral co~yerges, the given iniegral is conver­

gent. 

Impropei integrals o~ the second k~nd~ 

·This is the case where the continuous integrand is defin­

ed o~~n unbounded interval:· 
Q) b 

1. ( f(x)dx = 1 im 1 f(x)dx .J 

a b.-+ .... a 
b b 

2. I f(x)dx = 1 im r f(x)dx . '·. 
-as a .. _.., a : 

Q) t ... 
3. I f( x )dx = 1 f(x}dx + f f{x)dx ·Or _.., -"" t 

b 
1 i m · I f ( x) dx . 

. a.-+ __ .., a 
b + CD ,• 

If lfmit ~xists the-improper integral is said to be 

_ co~vergent, otherwise divergent.~ 

Example-3.-Test the_convergence of 
Q). 

1 dx 
1 . 1:7 
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Solution • 

... dx /b · dx . · · (arctan b.- arctan 1) . f :--z = lim :--z = 11m 
1 l•x b +ao 1 .l+x b+oo 

= (lim arctan b) ~ i =;- i =;. (co~vergeht.) 
b .... a> 

- ' 

EXERCISES ·<s. 4) 

46. !valuate the· f~llowi~g definite 
3 

a) f f(x)dx_·- where f{,x) = 
-2 

b) 
5_ 2 . 

f lx -.4jdx 
-3 . 2 

47. Evaluate f ~f(~)dx where 

integrals: . · · 

{

·-X · · when. , x < 0 

x2+1 when x>Q 

-1 
( 3 '2 l'f 2 2 f{x) = JX.+ X - ~X~ 
l 3 . if '-3"SX<::-2 

48. Evaluate 
2 

a) . f x Ux D dx 
-3/2 

49. Evaluate when 
1 

a) f dx 
· '0 /1-xZ 

convergent: 
1 

'b) 'J 
0' 

dx 
m 

-IX . 

. 00 2 
, C) J arctan X 

0 x2..: 1 

50. Test the improper integrals for convergence: 
a ) / d X . b ) ~ f 1 d X . . C ) / ·c: 0 S 2 X d X 

0 /1-x 2 0 -;:zT'J 0. -rx:-. 
oo dx · 

d) / Tx. 

' 00 

h) f ~d.x 
' 0 l +X T 

·. 
51. Same question for: 

a)./ x2-4 dx b) (' dx c) / dx 2 d).J"'~in ~:dd) 
1 --x=T' 1 .l+x2 · ·-c.. (x+.l) . -oo 

52, Di~cu~s the conve~gent~ cif the followin~ imprope~- integra)s, 

and ·find .the vafue. when co-nvergent: 



1
3 dx··· 

a) 0 · 7 
6 dx -r"'· .. dx 

b) J c) ~ 
0 · (6-x)z · 2' x~'' 

. f.m·. /l +Sin X 53 Test · .. dx · fo· r co· nvergence. 
. 0 . . cos ~ 

d J I dx 
-O> 

5.4. Prove:_
1

"",dx r· tonve~gent.wher 
is. ~ . 

p > .1 

p $ 1 
(a > Q) 

·. ·.a · xP· l'diVergent ~hen 
.. 
55. Discuss the· fo)lo~ing improper integrals for convergence, 

and find-values when convergent: 
1 4 dx ·. dx b) I a): J ·7f'XT (2x+l)~: . -1 . -1 . 

... 
dx 

./'l. dx 
c) I X d) I X 

0 <x·l> 3 0 (x2 _. 1 1475 

'ANSWERS TO EVEN NUMBERED EXERCISES 

46. a) 14, 

48. 13/4> ·.· 

50. a) conv, 
•. 

e) conv., 

b) 36 

n/2, 

52. a) Di v ··• ·-

.b) 

",f) 

b) 

conv., 3, 

·conv .• , .. 

div., c) 

A Su~RY· 
(CHAPTER . 5) 

c) ' d) cor.v., 

g) c;onv., h) 

conv., {2.!6, . d) 

div~. 

conv •• 

div. 

~~~~~~------~---
5: 1. ·F(x) =·I f(x)dx .::p. DF(x) -~ i(x) •. f(x) .is a primitive 

. o_r indefinite, integral. of f(.J<). 

· P_roperties! · 

Jdu(xJ .. u(x) + c, .' 0 /f(x).dx = f(x) __ 

./(fCx)+g(x))dx = /ftx)dx···jg(x·)~x·, . . . 

/lf(x)dx~ = A/f(~Jd~ ~(1 'is a const) 
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Methods of integration: 

/ftx)dx .. /f\u.(t)) u'(t)dt (substitutiori or change of 
· ·va r.) 

/_udx .. uv - Ivdu (by parts) 

If fe:C (a, b) and x
0

(= a), 
n 

x1, .•• ,xn{=b) is.a 

partiation then I f{t;}-lx 1 Xi ;, Xi - X _i -1 • ti £{Xi -1 ~Xi) ), 
.. i .. ] . 

h a RIEMANN sum, 
b n 

I f(x)dx "' "'im r 
a n ... .., i = l 

·the RIEMANN 
. . l ~ 0 
integral. 

MVT for integral: If 
b 

fe~(a. b), then for so~e c£(a, b) 

f f(x)dx = (b-a) f(c) b 
· _ f f(x)dx a 

Average of f(x) on (a, b): y = 1TiT =a b _a 

· · b(x) ·. d b{x) 
Differentiation: fx · f f(f}dt=f(b(x)) 4-f-- -

a(x) . · . . x 

_ f(a(x)J d a(xl 
dx 

E~aluation of a limit by inte~ral: ~f h = (b-a)/n, 
h ( ) .. b lim ii f(a+h) + f(a+2h) + ... + f{a+nh) = f f_(x)dx. 

n + ~ a 
Areas. of normal regions:· 

(a. b; y ~ L(x(, y = U(lq) 
b 

IR I = f IU(x)-L(x)ldx . xy a . 
d c 

= ( C , d i X :i: R. (y) , X = r ( Y) l IRyxl· = I lr(,Y)-1(y)ldy 
c t 

Approximate 'integration of f f(xJdx 
a 

for h " b-a : 
' n 

~ectangular rule: h (Yo + Y 1 + • • • + Y n ... I ) 0 r. h ( Y 1 + Y 2 + • • • + Y n) 

Trapezoidal rule: ~[Yo+ 2Y1 + 2Y2 •• • .+ 2Yn-l•·Yn) 

~(Yo+ 4y 1 + 2y2 + 4y3 +.· •• +· 2y 0 ~/ 
-

SIMPSON's rule: 

• 4Yn-l•Yn) (even n }' , 



MISCELLANEOUS EXERCiSES. 

56. Finc!ca ~rirnitive 'that vanishes at x-= -2 of the :function 

·(x2 + lf/x2. 

5?. 

sa. 

Determine the function F(x) with the following cond.i t ions· 

FlO) = 1 • F(l) :: 7/12 ·. and F"(x) :: x2 - Jx. 

P•·ove or disprove that a -~~imitive. fi~ction of a positive 
. ' 

function ~efined in an inteival has at most one root. What 

if we replace ih~ w~rd "pos1tive" by "non negative", by 

_ ··negat~ve··? 

59. Evaiuate ·the fa1lowing integral using intearation by parts 
. . 

. . ? 
a ) f x- s i nx d x b}·,J cost d sint 

60.-·Evaluate the followin-g indefinite integrals:. 

'aLJf(x) dg(x)+g(~) df(x), b)l~rc __ sin x . dx z.· 
'J. ll ~ )( . 

c) far~-t-an._ 2 x A d} /f'(u) u'(t) t'(x)dx 
· . · 1 +X 

61. Find th~ polynomial function of the.second degree with 

(":1, .3) as a maximum point·: 

"62. Show that the f~ll~wing ~qualities are correct: 

aJ.[f(x) cosx dx = f(x) sinx + f'(x) ~osx - /f"("x) cosx dx 

b) farcsinx sinx dx ~- -arcsinx cosx .+ f ~ dx_ 
2 . . · II - x-

c) I+._ ·~· _dx. = ~- :. arctan X (by ordinary divis_ion). 
X + . . . 

d)_ftar:0 x dx =-~~l tann~1 ·x- tann- 2x dx· ·(m:N2 ) 

63. Evaluate the folll)wing indef_inhe integrals by the use of 

give~ sub~titu~ion:. 

a) J lf7X dx, · 1 +x =: \i2 

._ .. ·.· . 2 
··_c· __ )_f-(X+l} X 1 t .r . 4 - = 

· (:x-: l) . 

b)J/
1 

_d:x 2 ,2x=sinu 

d) f x;x:;-1 dx;: x +.f ·= -t2 
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64. Same que~tion fo.r . 2 
·a) f x dx · .x3 + l = u . 3 2 • ·ex +1) · 

. 5 ·b' 1 < rx + 1' -ax 2/"x • 

., . 

X = t" 

. c)" 1 dx 
· xlx2 - a2 • 

X = 1ft . 

J A":0 >I + t 2 
+ II- t 2 

65. Evaluate 7f dx (EULER) H-int: Set· x =, .. tll2 
·. 1 '" X 't. 

66. If F(x) is a primitive .of 

a) 'g(x) = f(~n)xn~l with ne:Z 

f•(x); find a primitiv~ of 

b) g{x)·= F0 (x) f(x} with OE.l, 
n 'f l.. 

67. If F(x), G(x) a·re _primitives of' f{x), g(x) respectively, 

·find a primitive of f(x) G(x) + F(x) .g(x) 
• . . X 

68:. If x3 
+ 2x'"'.= · f f(y)dy what is f(4J? 

g(x) ,, ·0 4 
69. If / . (Y:t:lJ dy = J (x

10 
- l). what is ·g(2J? 

70. Prove the following~ 
· b · -a 

. -a 
.a) . J f(x)dx - J· 

a b · --b 
f(x)dx . if f(x) is even 

b) J f{x}d~ = - ,·f f( x )dx 1 f f(x) is odd. 
a . -b 

11: Evaluate ~he follo~<ring d'e-finite integral using the _giver.. 

substitution: 
. 9_ ·--) I ·11 rx dx,·· l•IX = t~ . a + x 

0 .. b) 
· J 1 . ( x 1 I 3 _ 1 )6 3 - - dx, x = t 
0. .xZ/3 

2 2 . 
x. +y·<'l. ·Each crossec-

-
72. The base of a solid is the region 

tiorr_perpendicul~~ t~ the x-axis is a square •. co~pute the 

volume of the solid. 

73. The fi,gure represents a parabola with F ·as. focus and _d ·as 

directrix. If ~.a·· are the Area~ 
. ·' 

arbitrary point~ P1 , P2 on the 

of th~· shaded r~gions for 

parab-ola prove 'k~-if':f~ . 
f.':~V:·-

. j {'i '( 

..• ; .. 1"':. 



"14. Prove 
dx • 

-without integration. (p. q>O) 

75. Tlle p~rametric equationsof the cycloid genE!rateci as the 

locus of a. fixed point P ~f a.circl~ of radi~s a rolling on 

x-axis without sliding are: 

76. 

71. 

78. 

x· '". a(e 

. y • a(l 

Show tha·t the 

.shaded region 

Given: 

sine) 

cos e) 

area of the '· 

is equal to (lX. 

ftx) a Jx·sin~t cos2t dt 
0 

fi~d the slope at the origi~. and points of inflections. 

Prove thdt if 
/b (A ·t_(x) + 8 g(x)J

2 
dx 

exists· (A. B . are consta~ts). theri 
b 

f 2(x)dx 
b 

g2(x)dx J J 
a a 

If f{x). g(x)EC(a. b), g{x) > 0 and 

that there exists CE(a, b) SUCh that 

Jb f(x) g(x)dx • g(c) 
a 

-

b 
~ f f(x) g(x)dx 

a 
decre_asi ng. then 

b J f{x)dx 
a 

prove 

79. Sketc:h the normal regions Ryx and wr:i te them as Rxy norm·a 1 

80. 

regions: 

a)" R · • yx ( 0. 3; -1. . 2) -1-y ~ b) R . • yx 
Let y "' fcx> be a concave up . ,. 
function defined on the clo.sed 

fnterval (a. b) •. Locate the point 

P on the curve such ~hat the area 
'\ 0 

I 

(o. 3i li3. y. 1) 
s 



385. 

· bounded by y f(x), th·e tangent line ati P and the vertical 

··lines x "" a,. x .. b b.e an ·ex.tremum. 

Bl. If a<b<c, show· that the area bounded by the. ·c,urve_~ of 

(x-2a) 2, 
. 2 

and 
. . 2 

fs equal to y:. _yc·(x-2b) 'y=(x-2c). 

2(c - a)(c - b)(b,- a) .• 

82. Fhtd the area under the. curve of f(x) ~ 0 · ove.r. th'e: given 

interva 1:. 

I. 2 · ) s1n 2x · · ) a) f(x) • x.-2·x + 1, (o, 2 , b} f(x) ... 2 , (o, 1r/6 · 
·cos 2x 

83. Find a.reli!tion for). such that th'e vert~cal segme_nt_ ·(PQ) 

.. 

~
c.t . 

bilects the shaded area.underJ t 

the ·quarter af u~it circle. . . 
·. '1 1 - . 3'. 2 

S"lJ · Find the area of the region ·bounded by the curve y = x -6x , 

the tangent line at its. inflection point ar:td the ·lines x=O,x.;,6. · 

·85. ·Given- the parabola "'y = x2 and ·a point . P = (t, .t2 ) on ;t;. 

f1nd t )-·o such that the area between the parabol.a and the 

normal lin~ at R b~ mi~imum. 

86. The curve .is -a qua_rter of an. eilipse. 

De.termi ne tane for wh.'f ch the shaded 

ireas be equal to each other. 

87. Compute' the a~ea of the t~gion: encro.sed by the cur.ve of · 

y ;. (x3'-S)/x2 , and its tangent 1 ine at x =·2 and the join­

ing the points (-2, -4), (2,_0}. 

88. Compute the ar~a of the region defined by ... y-x 3 > o·, 
. 2 . . ·. 
y -32x < 0 ·and 6x + y- 7 > .0. 

89. Compute· the ~rea· of t,ne region:-bo'unded ~Y 
3. . . . .. · .. 

a} y '*·(x-1}/X, x•20, x-axis . b) y"''l/{i'+'), ic•O, x=·l, x=6 
. -z-:· 

C: ) y "' X/ /x + 9 , . · y " 0 , X = 4 
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9U. Evaluate b_y the ··use of defi.~i te integra 1·: 

.a) .1im.(·2·n·2+ 2n 2+ •.• + 2n ·2]· 
n•.co n +1 ·n_+2 n.+·n 

·1 n · k ~ · 
b ) I i m n I. c 0 s ( n· . '2') . 

n + CD k=l · 

91. Fiild· the unbounded area between y;.l/(x+1) 2
, x~O-and x-axis. 

92. Test for conv·ergence the following improper integrals: 
· . ·. 1 .· dx · . 1 dx Il · dx 
a) I X+7r b) . J. r.==='l c) . 2 ·. o .. x+ . · 0 . rl-x -1 · (1- 4x) 

.. 
-93. By comparison, test' the for convergence: 

a).
0

/"'·s;xz ~ dx .. b) 
1
{x;l dx ·.c) . 1 /~ -Jx dx 

CD 2 
94. Evaluate J Arc~an x dx 

0 X +1 

d) 
"'· dx 

I x+rx 
1 

95.-Discuss the converqence ~f the following improper integr~ls;. 

if convergent find the value: 
CD 

a> r A 
1 · 1 +X . 

2'. . .. 
) ( . x + 1 dx 

c. o· . "(;"Z- 4·)473 

1 
b·) I. 

0 

dx 
'X+?X•. 

1 dx 
d} r . 

l/4 (X -. 1)
2 

96. tvaluat~ the fo1lo~ing definite integral. 
. . 3 :-I X ] .. 

. a} ._,J .rz + 1 dx. 
. 1 . 

b) I -sin(nx) dx 
-l . 

97. Evaluate 
5 3 2 . 

a} I x +X -4x·-4 .dx 
.. -2 X +· l 

4 . . . r X if. X ~ -2· 
b) · J.f(.x}dx where f(x)=· 2 . · · 

..:3 lx -3 if x>-2 

j8. Given the functi~n in a table find by interpolation (o~·ex­

tr~~olation} ribtain the value of the function for a regular 

par.tition and apply the trapezoidal and the SIMPSON's rule 
J • 2 

to compute. the definite integral I y dx 
0 

' X I 10 0,2 0,4 0,'6 0,8 1 • 0 

y .. 2 5 8 12 17 21 



99. Compute approximately the given ·definite. integral by the 

use of lo~er su~ and up~e~ ~urn for the regular partiticin· 

takin~ n=-4 

a)' J A 
0 1 +X 

and give maximum error: 
2 . . . 

b) J (~ 2 -3.x}dx 
1 

TOO. ·Compute approximate-ly the following definite· integral by. 
. ' 

trapezoidal and SIMPSON's ~ula taking n = 4. 
2 1 26-x·2 

a) J x + d 1:>} f dx 
1 

. . :---l X 1 . X"""+f. 
6 - X 

ANSWERS TO EVEN NUMBERED EXERCISES 

56. X - 1 /x + 3/2 

60. a) f(x) g(xY + b) 1 . 2 
i:: c, l arcs1n.x + 

c) l/arctan X + c, d) f(u(f(X'))) + c 

1 64. a) b) 1 rx 6 . c·) l . - 2 +c. b (X+l)+c, - a ar.esln 
. 3(x + 1) 

66 .•. a) i F(xn) + c, b) (F(x)) 0 
... 

1/(n+l) + c 

68~ 50 

.72. 16/3 

76: Slope is o. points of inflections at X= 0, X= Tr/4. 

80. t = (a .+ b)/2 

82. a) 7/3, -b) 1/2 

84. 1048 

86. b/a 

88. 533/16 . 

· 90. a) 1/2, b) 2/n 

92. a) Div., b) conv., n/2, c) conv. -2/15. 

98. 153/2,;22~/3. 
3 ·. 94. n /24 .. 96. a) 4, b)O 

HIO. a} ·3,1018, b) 3,582 

a + c 
X 
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CHAPTER 6 

LOGARITHMIC AND ns· RELATED FUNCTIONS 
In this ~hapter we define· one of the important functions. 

namel the natural logarithmic. fu.nction R.n X and from which 

~e·d~duce some oth~i important functions. namelj the e~ponential 

functions. hypPr'"..,lic and inverse hyperbofic functions. Thi's way 

we complete the discussion of all elementary functions th.at are 

ento~ntered in ~alculus. 

' 

6. I .. LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

A~ THE NATURAL LOGARITHMIC FUNCTION AND lTS INVERSE 

C~n~ider the positive function ~ = f(x) = 1/x defin~d 

on the open interval (~ •. ""h Then the natural logarithmic func:-. 
' 

tion, denoted·by .f.n x, is defined by 
· x.dt. 

R.n x = J T • ( x > 0) 
. 1 

AS a result of the Fundamenta 1 Theorem of ca 1 cul us we g_et 

the derivativ~ of tn x: 
d ax R.n x 

. 1 
=-.X. (> 0), 

tnj consequently 

d 1 du ~' 
1. ax' R.n u(x) • iiTXT ax = u (bj chain.ru1e). 

2. 4: in lxJ""c - 1- • ill ., l 
u,X. . . I_X I ~ . X 

(since. Dfxl • lx(/x) 

~- fdxx • inJ~I + c __ (Fr~m_ Z) 

Ex~mple. Differentiate tn sin x 

Solution.~Applring chain rule we havi 

1 COS X 
0. tn Si!lX • SJii'"X. Dsinx • Sfi1i •cotx 

' Propert-ies. -If 

- . 1. t.n ·1 • 0 
a, b£R•, ihen 

2. tn .! • - tn a a . 



3. ~n(,ab) = tn a ··tn b · 

5. lri a" =.nina, (n~Z}_ 

Proof . 

. 4. ln.~ = 1n a - In b. 
; 

6. R.n a r = r. .tn a. ( r£-Q l 

l.' tn l = 

1 i. R.n- • a 

= 

. /. dt = 0 t 
1 -.t 

1 ia d . 
J -;- _dt (Set 

1 . . \·' ~ . . 
t .. 1/s) 

a. 2 a d 

1
J s{-ds/sl .. 

1
j -f-=-·i.na.. 

3. £n(ab) ab dt - -~·a dt + J.a_b Tdt .. Jab • · f - R.n a + · 
1 T. "'·:,1 T a a 

dt/t 

4. R.n 

. Setting , t .. as \with 

i.n(ab) =-ln a+ 

. 1 a 
1~(a a li 

.. . li) =-tn + 
\ 

t .. 

11 
_, 

R.n 
• 

= a *· s = 1 , and t-=ab 
b ads --. 

= tn a + f.n b. 
as 

1 in .b • 1). .. R.n a -
\ 

::;. s = b, 

5. .tn n a .. n 1n a .can be proveci by;.induction when . ne:N. If ncz-. 

a~ 

setting r\ • -m with mcfi9 we have 

.tn a" R.n -m R.n 1 -tn am • a • 
am 

• 

Setting r .. p/q with·,p., qe:L, q ; 0 

have uq .. · aP .::;~ q tn· u = p tn a -~ 

tn u· .. £. 1n a z> · tn a r .. r 1n a. 
q, 

Graph of .y· • tn x: 

.. (-m)£n_ a = n 

. a·nd u ·.= 8 D/G, 

The domain of.tn x i_sby definition the inter·val 

f:n a. 

we 

,. 
{0, ... )' . 

Since· D 

!.12 n x 

.R.n x • 1/x > o. the curve is a.n hicreasinq one. Fr-om. . . .:·.~: . 

' 1 . • - ·-z <0, it follows that the curve is concave do;,o~nward 
X 

it every point of . (0, m), 

To· show that tn x increa~es ind~finitely"wh~n -~ + ~ 

;:!:;serve that 2.n + ... when n..! m,· and 
I . . 

lim tn 2n L· lim (n ·tn 2) •. "' 
n .. •D n ... m 

I 
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showing also non e~istence of. HA. 

Non existence of oblique· asymptote y .= ax+ b · is seen 

from 

a = 1 im 
.X + CD 

Y.. • 
X 

1 im · R.n x 
X =[~) = 1 im 

X + CD 

1/lC = 0 --r-

··b = 1 im (y ~ ax) = lim .·In x ~CD. 
.X+ a> X -+ cr 

These also_show non exisfenc~ of- HA. 

As to a ,vertfcal asymptote, it will" suffice to e_xamine it 

at · x = 0, _since differentiability of In x- implies continuity 

at every point of (0, CD) : 

l.im +R.n X lim In 2-n lim {-ll:)~n 2 
X -+ 0 n -+ CD n + Q) 

~-
Hence y-axis is the only vertical asymptote. 

The graph passes through the point 

(1, 0) having slope 1 there, and_the function 
0 

·y = · 2.n x 

is one to one onto and consequently we have the corollary: 

Cor_ollary. For a, b > 0, 

1. R.n a = In b -:.;:;. a = b, 

2. In a < R.n b · ~ a < b 

The nu~ber e: Since In: R+ + R i$ onto, there is a posi-

tiv~ number e ~uch that· R.n e 
2 

R.n 2 = J d: ~ 0,69, 
1 

1, and 

tn 3 

since 
3 

= "I 
1 

dx "' x = 1,01 

from computitions in §5. 3 B Exampl• 1, it follows that 

R.nz'<-1<1n3:i::; 2<·e<3. 

Indeed the accurate value of e up to five decimal places is 
'\. e E 2,71828 
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This number e will be ctlled the base of the_natural 

(NAPIERian) ~ogarithm. 

Example. Show that the tangent line to. y ::. .in_ x at the 

p6int (e, 1) passes through~th~ origin. 

So-lution. "y' = 1/x :;.. y' {e.) = 1/e :9 

,Y - 1 = i ( x- e) ::~ y .= x/e.~ 

The e.xp6nentiaJ function ·ex as inverse of R.n x 

Si~ce y = !n·x is an increasfng function 6n (~, m), i~­

ddmits an-inverse function denoted by y = exp x,'so -that 

y exp_x <.9 X = R.n y 

where the second holds true ifl y is taken ex for any rat.i ona 1 

·x by the prope-rty !n er. = r for a ·= e, since R.n e 1. 

Since- y exp 
. X 

holds true for all xd) we .assL•me .. x. =. e . 

it to be trtie for all x£R without-proof. Thus 
X . 

y = e- .... ~. x = !n y or 

The number e is also called the base of the exponential 

function ex. 
. X . 

The graph of· y-= e • exp x is then th~ symmetric of. 

the graph of ·y =·1n x wit.h respect to the line y = ·x, and 

passes t~rough the point (0~ 1) having 

slope 1 there. 

It is an increasing, concave up 

and positi~e function on (-~~ =) with 

the x-axis as horizontal asymptote. 

Properties of ex: 

1. e0 
.. 1 

3. eUe\1·. eU+V 

2. e1" u •.U· 

. 4 . {eu)v ~ euv • (ev)u 
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Pr.oof. rn view of y =ex~· -x =·R.n y"\these equalities 

are.equi·valent to the equali.ties 0=-R.n l;.·2.n u=R.n.u, u+v=u+v 

ind uv = uv respectively. 
. . d X X 

Theorem. ax e = e. , . 
. -... - -

I exdx -= ·ex + c . 

Proof. let y = ex~ Then 2.n y = x holds, implying 

y 
y' ·= 1 ·-or y' 

Example. Evaluate the follo~ing 
- -· 2 - x2 . CD . 

a ) A.·= l2 - . 3 D + D ) e '- b) 8 = lim 
- -/.xi-+ "" 

_c) C =I x_e-xd~ 
. 0 

·Solutio!!., 
2 2 x2 x2 ·2 I 2 2 

a) A = 2ex 3(Dex ) + D e :: 2e 3(2xex } + Q(2xex ) .. 
. / 2 2 2 . 2 

(4x2 2 . X 5xex (lex + 4x 2ex ) 6x ¢)ex =· 2e + = - + 

b) B 1 im -x 1 im X (;;) 1 im 1 0 = xe · = ex 
= = 

X .... ... x·+"" x· -+ ..,. ex 

c) With u ·= x, dv = e-x; du dx, · v -x we have = = -e • 
co 

~(xe-x)co 
... 

-(0-0)-.(e-x): ~ 1 I xe-xdx = + I. e-xdx = from (b) 
0 -. . 0 •. 0 

B.· THE EXPONENTIAL FUNCTION ax AND ITS INVERSE 

If ··a". is any _positive rei3l number, instead of e, .we 

have' the expo_nential funa~ion 

vieK of the identity· a~ = e1 " 

:.: ax _y 

Y· = 
ax , 

= ~X 

coinciding with ex when .a = e •. 
) 

ax with base "a" which, 

is defined by 
2.n'a 

Corollarl. ·D a~ = D ex In a = ex R.n a R.n a = ax 2.n a. 

i_n 

Siqce ~he de~i~ative Gf . ax is positive (negative) when 

a> l {a< 1). this f1•nc:tion 1s increasing (dP<rea!d~_g} on (-m,m). 
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and admits an inverse functiori denoted by 

y .. loga x · 

so that we·have 
. I 

. y • ~x <=> .x = _logay or y = logax <._~. • ~-- • aY . J 
The number •a• is the base of the exponential function a' . . . 

also written e:r:p a:r:~ arid the base of the _1 ogari thmi c -function 

y = logax. 
1 

Corollary. D lo~ax .. = x_R.n a 

Proof. Setting-y = logax• 

1 - (aY.e.n a)y! ::, 1 = (x f.n a)y' 

we have X ,. aY .. implying 

~ y· = 1/(x R.n a}. 

We get the-graphs of ax· arid 
I · d 

logax . for .various varues 

Figure representing graphs 

·qf· ax foi ~arious values. 

of the base •a• 

Figuie repres~nii~g graphs· 

of .loga:x for various 

values of the bases ua• 

From the prev1ous Section on logarithm~c.~nd expon~ntial 
. 

function~we have the following prQperties: 

1. 0 l (a > o·> '1. 1 ogc·l = 0 (·~ > 0) ~ .. • 
2. ~-u 1 2. loge l -l_og,u (• colog,u} • • 

·"'-.au u 



3. a 1 og au · = u 

/ U V U+V 
4. a a =·a 

s. (au}v = auv = (av)u 

G. ax = bx logba 
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3. logaaa ~ a 

4; Jogcab = ldgca + l~gcb· 

. 5. loge ~ = logca- logcb 

6. logac logcb = logab 

(~hain rule for logarithm) 

w~~re the equality (6J for exponential function is verifiable by 

t_iiki"lg logarithms of each si_de in. the base b, and .the last one 

is derived below. 

C. CHANGE OF ~Ase-

Set·tin~, ·for ·a, b > 0, 

a =ba, b =.a 6 ·or' ·.a= logba' 8 = logab · 

we have~ from· 

• 
the identity 

fogab logba = 1 

Now w~ solve the foJlowing problem: 

(a) 

Problem. Knowing.the logarithms of numbers x· and b in 

··the base ~a.:.·, find the .logarithm of x in the base "b". 

Solution. Star~ing with the jdentity 
logax · 

x a 

and taking the logarithms~ of both sides in the :.;ase b and using 

"{a) we_ have 

logbx = logax .logba·.; logax: __ logab. 

which is the desired result. 

If we adopt the notation 

log x = ~ , a · a 
the above transfo~ming equality ~ake~ the form 
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which we may call the:chain Pule for change of bases. 

The most cbmmonly used base~ are the numbe~s 10 and ~. 

a~d log~ log 10 , 1n =_loge are called.th~ common ZogaPithm, 

NAPIER'ian (natuPal) ZogaPithms respectively. 

By the ~~ove chain_rule we have 

·--1~ = ~ 1~- :;"> log X = "!n x log e e 
~- = 1~ 1.9 -·, 1n X = log X 1n 10 e e 

. ., 

where setting. 

"' 1 "' M = log e.= ~,4343, N = 2,3026 
we get 

. 1 og x . = M 1n x ~ 

and th~ relation (a) gives ~ 

1n b 

1 . 
.tn x =, M ~ og· x • 

D. SoME ExA~PJ,.Es oN THE SoLuTioN oF EouAnoN ANn· 

INEQUATIONS 

Exampl~ 1. F1nd the solutions of the following equations: 

a) 3x- 2_.3x-l- 3x-3 = -~- b) 2x+4x-8x-l_ax.-2 = 0 

·c) log(x-2) + log(X+3)=log{X+30), 

d) log2(>C•2f + 21og4(x+8) · .. log 24o. 

Solution. 

a) .3x 2.3x-l 3x-3 ~ 3x - 2.3~.J-1. 3x~3-3 

• 3x(l - j 1 > 8 3x . 8 ·3x 8 
TT • TT · 9 V· • _l 

•.y 3x " 9 =?> x "' 2 • 

. b) 2x +·4x- ax-1- ax-2 ~-- 2x + 22x- 23(x-l)- 23{x-2)_23(x-2}.o 
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- u + 
. 2 
U· - u3 2-3 - u3 . 2-6 :. 0 (with u = 2x) 

(~ 1 ) u 3 - + 
b4' 

+ u2 + Lo = 0 
5 2 0 u1 = 0. 8 8 ~ u(u ,-, 1>4 U +U+l) = u2 ::. - '9" • u3 = 

x = ·3 since the 

first two have no solutions. 

c) log(x-2) + log(x+3) log(x+30)t (x-2, x+3, x+30>0) 

~ log(x~2)(x+~) = log(x•30) 

and x • 6 is the:onlj s~lution. 

(from log4a = 

J_og
2 

( x+2) ( x+S) 

l + 1 Ox+ 16 .. 

~ log240 

40 :,. x
1 

= -12, 

x = 2 is the only solution. 

x2 = .2. 

Ex~mple 2. Solve the following 

a) 2x -·4Y ;_ 4, 4x + 2Y = 66 for x and y~ 

b) .log(X+y) + lof(x-y) = 1•. log x + log y = log-~ 
·c) ~og 2 x -. log8 (x - lj < 1. 

Solution. 

a) 2x - .4Y 4, 4x + zY = 66 

~ z~·- 22y 4. 22x + 2Y = 66 
. 2 4, 2 65 (~ith u=:2x :> 0, v"" ly > 0) -='> u - v = u .• v = 

9 (l~.4} 2 +v = ,66 :::> v4 +BV 2 +v-50 = 0 
• - 3 i . => (.v-2)(v +2V +12v+25) = 0 ~ v=2 as the only posi-

·tive root .. 
u = 4 + v2 = 8. Then 

u = 8 , V ,. 2 :!!!f X . • 3 , .Y ., l. 
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b) log(x+y').·+ log(x-y} -~ 1, log· X+ log y "' log (/li/2) 

l - / = 1 0 1 xy ': -121 I 2 • 
. 2 2 2 100 + 2l 121 -~ 

2 2 ll (.x + Y ) = X + y = 
2 2 2 . 2 2 . 2 

X -y =101 x +Y =11 '=1 2x = 21 1 2y ... 1 
. ---

:::;, X = ±121/21 y = ±/1/2 ~ X = /21/21 y = /1/2 

·c) 1og 2x - log 8 (x-l )_< 1 

X 
:t> 1og2· 3; 

3 .x ... 1 

7 . :_, < 8 . ..;'> 

2 ~ < · X < .2 
< 1 0 g 2 -: 0 3 /)(- 1 

x3 - ax + 8 · 
X - l < O. 

x3 - Sx ~ 8 = 0 has a sin~le real root a which is io (-4, -!j. 

Then the solution set·is the interval (a, 1). 
-

Exdmple 1. Sketch the relation: 

tog6 (?.x - _3y) + 1og6 (2x + 3y) < 2. 

, Solution. 
. 2 2 2 2 2 
1 0 g 6 ( 4 X _ - 9 y ) < 1 0 g 6 6_ :::,·. 4 X - 9 y < 3 6 . 

x2 2 _ 
'9 T -l,f-<1 and 2x-3y:.O,. 2x+3,y>O. 

2 . 2 
-~- L_ .. Since ~ ~ 1 is a 

and (0, 0) satisfies the given inequality, 
. ---+--~~~y---~~ the graph is the shaded· region: 

E. FUNCTIONS av{x). 1og
8 

u(x) 

These are the fi~st generalizati~n~·of the exponentia~ 

function ax and logarithmic function 

basis they are.idehtical with ev{x}!na 

respe.cthcly. 

1og~x4 By a change of 

and. (1og8 e)~n u(x) 

~ The domain of av(x) is certainly the domain of v(x) 

and- that-of loga u{l<) '1s the set {x: ·u(x) > O}. 
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Example. Find fhe dcmain~ of 
X 

a) f(x) = 3 i+1 

Solution. 

b) g(x) = in x-l i+2" .. 

a} of=~- {-ll 

Theorem. 

b) 0
9 

= IR- (~~. 1)_=·(-.;.,,-2)U{l."") 

1.' d av(x) a·v.( x} V' (X} in a·, 
dx = . 

2. d =·~ logae dx logau(x) U X 

Proof. • 
1. av(x) e v ( x) in a :9 = 

D a v (x) =D e v ( x) R._n a~= ev{x)R.n av'(x)R.n a = a v { x) v · ( x) R.n a • 

. 2~ logau(x) = (in u(.x)..)lo~ae ~ 

D logau(x) =Din u(x~ logae = uu'((xxf logae. ll 

where the ratio u'(x)/u(x-) is called the 1-!Jgadtnmia dePivative 

of u(x). 

c6rol1ary. The logarithmic derivati~~ of a product (ratio) 

of·t.wo functions is the sum (differ'ence) of logarithmic. deriva­

tives of tbe functioni. 

Proof. 

L. U 1 V+UV' 
y uv 

For y 
' 

·More generally 

Let y =, U (X f v(x). Then y' .. u'v 

u' VI 
= + u v 

·- ~ . . . • we have yv "' u an.d 

d 
dx 

L.+~=~ 
y v u 

• u. 
·-=? L =·- -y u 

v' 
.v 

+ uv •• and 

• 

to diffirentiate a function in the form of product or 

ratio, involving po~er and rciots, logarithmic differentiation is 

very us~ful one. 

: 
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Example. Differentiate y 3 ;-'{x 2 
+ ~ )(x -1) 2 

\ . X -. 2 . 

Solution. We have 
- . 2' l/3 2/3 1/3 y = (x +l) (x-l}. (x-'2)-

which can be di~ferentiated directly. But for such a ftinction. 

the process of l~garithmic differentiation i~ mo~e easier with 

the necessary assumption 1 > 0: 

lx 2 7:1 +J 
which gJ ves y'. 

Exam~le. Sk~t~h th~ curves of 

a) f(x} .. 1n ~:~ b) g(x) 

Solution~-' 

a} o, + (~~. -2)U(l. ~> 

1 1 
3 x-2 

We make a table of varfation of the ~unct~on x-1 -
u(x) = X+'2, 

and tnen obtaln values of f(x) corresponding to some values 

of u(x) given in the table 

X -CD -2 CD 

u(x){> 0) 1 ~ ~ 0 -~ •1 

R.n u 
,_.., _____ 0 

. bJ Dg • Dv • R -_{-1} 

Proceedlng ~s above we arrange a table Qf ~ariatirin for. 

the exponent (power) function v(x), and then obtain values of 

g(x) corresponding to the ones obtained for v(x)._ 

X _.., -2 -1 0 .., 

~ -4--... CD 

~0 -~ .,........ CD _.., v(x) 

0 _......3-4 ........ 0 CD -,.1 ,..,.. .., 

The graphs are: 

' ! 

J 

- l 
j 



• I 
·t 
I 
I 

) ! 
I . 
I 
I 
i 
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i~(·· ~ .. .. 
. I .. 

I 

Note •. v(x) has' the inclined asymptote y • X..: 1 fmply­

ing that y .. ~x-l is the c_urv-ilinear asymptote of "9£-x-)·· 

F. THE' GENERALEXJ:»ONENTIAL FUNCTION ~u ( x} v ( x) 

AND lND~TERMINATE FoRMS 0°~-,;,.o, 1"" 

The function fJx) .., u(x)v(x) .is an exponential fun"ction 

with a variable base. _The particular cases ·of constant)' of u{x) 

or· v(x) . _were· examined prev'iously. 

The dt•main of the funct':ton- f(x) • u(x)~(x) / 

1s certainly 

Df •• {x:. u{x) > 0}(\Dv. 

is of this type, and y • xxx is defined to be 
\ 

Example. Find the-domains of 
X+ 1 

a) F(x") "'x--~- b) G(x) .. (x2--4x-+3)x, c) ·H(xJ ~ (l+x)l/x 

Answer. 

a) Df ···R+. b)-DG• (~ ... -. "l}U(3, •), c) DH• (-l.O)U(o',C..J 

Cdro11ary •. fx u(x)v(x) .• uv(v·tn u·-+ v·uu'] 
' .. 

Proof. ·since uv ev f.n u we have .. • 
I 

u ( v· u+v £] .·uv(v· u+v uu') D uv -= 0 ev ln u • ev tn 1n !.n 
. u ' 
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v' u·· 
tn y !" v R.n u ..:.- >~-- 'a v · !n u + v. -u 

7 y 

which is the logarithmic der1Vative of uv giving the required 

result. ll 

If uv is differentiable 1n its domain of definition, it 

is a continuous function in the same domain. 

forms . 

Exampie. Find the critical point(s) of y 
X Solution. y = x ~· R.n y = x tn x .:? 

y'/y = R.n x+l ~ y' .. xx (1 +in x}. 

x· 
X • 

_y· .. o,. y{:O :i!t 1 +in X=O 
. -1 

~ tn x = -1 ~ x .. e "' 1 I e. 

The indeterminate forms: 0°, 0 .., . l''". 

Some fundion·s y .. u{x)v(x) lead to the indeterminate 

oo. 0 ,.., 
when - and they co • x -+ a or X + ~. are 

reducible to the familiar ind!i!termina.te form 0,= observed from· 

tn y • v(x)tn u(x). 

So the proble~ of evaluating limy is reduced to that of 

lim· R.n y, and from the continuity of tn y we have 

Then. 

lim(.R.; y) • .tn(lim.y) 

Example 1. Prove 

a) lim .,. xx z 1 
X -+ 0 

Solution. 

) 
. X a y • x ~ tn y • x 

R.n (1 i m y) "' 
X+O 

• 

1 i m (x 
X + 0 

1 i m 
X -+ 0 

-111 (11m y) • tn 
X + 0 

R.n X 

!n ;) 
tn X 
"Tli- "' 

==:-

b) l"i m 
X -+ .., 

( 1 + _!_)X x ·= e 

., (o . ... ) 

lim 1 /x -., 0 tn 
-l!x 2 "' 

X + 0 

1 im y .. 1. 
X + 0 



b) y. {1 1 ) .( +-
X 

4Ci2 

1 
~ 1n. y. a X R.n. (I + X ) 

"· 
• "lim- ("x _1n (1 + ~>)_· • (=. 0) 

X + .., . -
1n (I im y) 

. . X+ 00 
. ' 

= 1 im 
X + CD 

1n(1 + !) 
X 

1/.x 

~- tim· y ··e. 
X + . .., .• 

= 11m . 
X + .., 

. 2 
Ex~mple ~. £valuate lim _(cos 2~)l/x 

.:11x2 

I + 1/x 
-rtxl 

_x + 2 / 
Solution. y = (cos 2x)l/x-~ __ .tn y = -!.z R.n cos 2x 

. X 
-2 s1n 2x 

R.n (1 im y) • I im . 1n cos 2x .: ~(0) =. lim· . 
X+ 0 X +-0 <Xz U _ X + 0 

-cos· 2x 
2.x 

• -z- lim (si2/x 
x ... 6 

1 ) .. -2 = in- e - 2 
cos 2x · 

~ 1 i m y ., · -e--2 
X + 0 

Sketch-:.!!.9_. The proc'edu-re for· sketching the curve of 

y = u(~)v(x) is the same as that given for the case u~x) i• a· 

constant function. One determines first the domain •. and makes a 

table of variation for u(x) and v(x} and ge~ the values or 
' . 

limits·of y correspondi~g to the specific vatu~s obtained-for 

x _in ihe table.-

Exampte. Sketch the_curves of 

a) Y·• f{X) • XX 

Solution. 

a) Df .. (O. co) 

b) f(x) • (1 •· x)l/x 

X . 
y • • X ( 1 + f.n X) "' 0 ~ X " 1/ e 
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u = 

" = 

X 0 1/e 

X 
X 

0 1 /e· 1 

y' _.., 0 + + 1 

X 
X (0°} '-..,.(1/e) 11? 1 

b) nf = ou. Dv = (~1.=) 

... 

+ 

c, Jl 

((-..,, O)U(O, a~}) =--(-1. O)U(O,- ... ). 

2.n y = x J'.n(l+x) 
· L _ l 1 ·1 
·y-- ~ 2.n(l+x)+ il+X'"u __ 

X 

x.n(l+x) =·A 
· I +X 

X -1 

.X = 0. 

1\ 

u 
1 

0 ... 
I 

U = 1 + X 0 ,. ..... 
CX> -· - -. ·- --0 ., 

-co 
v = 1/x -1 

lC (oo-c:o) .. ,, ;; 

0 y' 

EXERCISES .. _ (6, I> 

·1. Simplify the following 

) o 1n 1 e1n 2,_ e-.tn 3, · e1n x
2 e-.tn xl a. e • e . · , 

b) u{ ex, .tn 
-2 . 

e • J.n explx, ex'p .tnlx 

2. Prove by induction: 

p{ n): 1n a" .. _ n .tn a (a>O), n£N . 

3. Find the ~omains o~J~~f1n1tion o: the following function!:. 

a} Y. eul b) e X+l _ c) Y .. e/s1n x d) Y = etan x 

4. Same qu~stio~ fo~: 

. a) y .. 1n(l+x 2 ) b) y ~ ln- ln(x-1) 

d) y ~ tn arctan x e} y • arctan .tn x f) y = ·1 rr s in ·r r. ·"' 

/ 



5. Find 
d 

a) dt R.n arctan t d bJ-- dt arctan R.n t 

6. Prove_ 

a) am~ a n when -a > 1 ~ m < n 

b) am, an :::} m<n when -a< 1 -, 

(m, n£1i)-

7. Given 
- 2 

y = exp fP{x)dx, expre_ss :Oy, D y in terms of 

8. Find the intervals of concavity oJ y = e2x - 6ex + 4x 

p (X} • 

_ 9. Determine the constant >. for which (o3 - 202 - 0 + l)e},x = 0 

·lo"E\'aluate[ 
1 

a} lim x(l+X) 
X -+ 0 -

c) lim (1rx-l + 
X+ 0 "7· 

ll.Evnluate 

_ R.n ( 1+ x >]-2 . 
.X 

2-:r ) 
x(e2x.:.l} ' 

a) 1 im 
X-:+ 0 

R.n(x+2) - 2ex _ 
R.n{~+l) 

c) lim -R.n sin·x 
X + 1T/ 2 SlnX - l 

b) 

d) 

b} 

d) 

12.Sketch the graphs of 

a)_ y = 2 R.n x 2• -b) y = .tn x 

. d) I y I = R.n x e) IYI = ?..nlxl 
• 

13.Sketch the graphs of: 

1 im (x x - a) R.n --
X .., "' 

x·+ a 

_lim (tnl2 -~~-cot ~xr 
x + a 

x-l 
lim e - x 

X + 1 R.n(x2+1)- R.n2 

I im R.n tan x -----
X :.... 1T/2 sec x 

c) y = tnlxl (-

a) y • R.n tan:x b) y=R.n (x+l)_ c) y•exp x2 d) y.esin x 

14.Find the equatio~ of the tang~nt and normal to the c~rve of 

the giyen function at t~e given point: x2 

.a) y ~ R.n x~l , .(-2, .R.n 2). b) y "' e X+T, (0. l) 

lS.ierify t~e following equalities: 

:} f s.H x dx i.niseL x + i.an ~j + ... 



b)fcscxdx 

' f 3 c) sec·-x dx 

405 

:-tnlcsc x + c_ot xl + c = P.n ian~-+ c 

~ tnlsec x tan_xl +sec .x tan.·x +c. 

16. Eval~ate the following indefinite integrals: 

a} f x ~~ x b)- 1tn x dx c) 1 x~lR.nP.n(x--1 )~x 

e)/~ (use integrat~on f } f x 3£n r' x d x 
- cos x by parts) 

17. Eva 1 uate 

a) fu eu
2 

du 

18. Sketth the graph of the function 

X -t2 
f(x} c 1 e dt 

1 
19. Evaluate 

a) Jx eX 
2 

dx b) 

c) fsin x· ex dx d) 

Jx ex dx (by 

Jexp R.n .X'+ 

x2 + 

20. Find-the func~ion with the given conditions:· 

. 9 
d). f 

1 

parts) 
1 dx 
2x 

a> f ' ( x) = j f ( x } • f(0)=2. b) f' (x) = Sf(x), f(2) 

2L Find the area ~f the. region enclosed by: 
I 

dt 
t+r't 

e 

X .. 
a} yae, X=O, X=R.n 5, y=O. b) YrR.n x, y=-x+-e+l, y:O 

22: Find the area of the unbounded region between 

y = ex/[1 ~(ex) 2) and x-axis, if finite. 

2~. Suppos~ a radioactive material has the half life of 1 year. 

How long it takes for 10 gr of this material to decay to ~r? 

~4. Firid the family of curves·such that y-intercepi of any 

tangent line is constant. 

25. Find th~ family of curves having subnotmal ot constant lenqth. 
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26. Find the do~ain of definition and derivatiie of the 

following functions: 

a) .v = log 6 (x + I) 

27. Sketch the graphs -of: 
x+2 

a) y = g? 

28. Eval'u.ate! 
ux . 

a) f DX·.dx 

29. a) log 103 "' 0,477 and 10 "' = R.n 

b) ·1 ogax = y 9 1 og . 2x ·= 1 

.loga2 X 
a .. c) a = 1 

30. Solve the following equations: 

a) log 2x + 2 lo~4 x _= 8, · 

31 .. Same question fo~: 

b) y = 
X+ 2 

log 5 x:-T 

vr-rr 
b) 

X'='T y .. 5 

b) J. 5x sin 5~ dx 

2·o 301 1 _ R.n 3 ;. ? 

d) log x = a y ~ log
8
y 

a). 5.5x- 2.5x+l + 3.5X+2 - 5X+3 = -11 b} 3x + gX - 6 .. 0 

32.· Solve ·the equatio~s: 

··a} 1n(x-.1)+1n(x+4)=R.n 14 b) R.r.(x+2}+R.nlx+2 • 6 

33. Solve the following systems of equations:_. 

a} R.n x + R.n y = 8 b) 2x - 4Y • 0 

R.n x2 - tn-y = 4 4x. 2Y. 18 

34. -Solve the inequations: 
- . 2 .. 
a) logl 0(x .1.5x+4)<1, 

35. S6lve the system for x and 1: 

· 36; Solve the '"equations:_ 

a) ex/( x·~) < 1 

-

.. 7 
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37. Sketch the graph of the relation: 

·a) 3x gY < 1. 

38· •. Evaluate 

a} J.(2x + x2 
+ 22)dx 

39. Find the domain of definition and derivative of the. 

following functions~ 
3x 

m a) .y = x 

40. Evaluate 

a) lim b) 
x· ..... "' 

X e_-x) 1/x d) 1 im (e -
x .... o• 2 

41. Evaluate 
sin ! 

a) 1 im· ~(!) X 

X + "' 
X 

c) lim R.n xarc;sin X 

X + 0 

42. Find 

a) D X 
XX 

b) o2 XX c) 

f)· o2 2x 

43. Sketch: 

a) y " 
-x 

X . 
-, 

44. Evaluate 
X esi n x 

a) lim·\ -- Sln X X +· 0 

qs. Sketch the curve 
. 
of y "' 

/4 .. 
b ( ' ) x-=-"iJ. ) y = R.n x . 

- f . . ~ ·y • n x - .:. 
c) 11m ...,. --:r . 

X + 3 '"'\X .. 

e). lim > .. 1/in X 

X + 0 

b) lim (arccos ·x)t.n X 

X + 1 

. d) 1 im (!)arctan x 
X + 0 

X .. 

o:-2sinx d) 02_ 2sinx e) 0 2x 

b) y • xrx 

~x+a}x ax • b) lim 
x2 X :+ 0 

X x
2 - 4 
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ANSWERS TO .EVEfl NUMBERED EXERCISES 

4. a) -R, b) (2, co), c)(e+1,co), d) (0, ~) 

e) (0, co),. f) [e·1• e) 
6. Hint: Take· logarithm of b~th sides 

8. (3/2. co) upwa~d. (-ro, 3/2) downward 

10. a) :.112. b) -2a,. ~) no limit, d) -1/n. 

12. 

,. 
l4. a) -x + 2y = 1 + tn 2; 2X+j = .:4+R.n 2, b) y .: 1 I • 

16. a) tnltn xl + ·c • "b) X tn X - X+ C 1 c) rt 

c) (in R.n(x-1)-~)R.n(x-1) + c d) tan R.n X + C 

e) X tan X+R.nlcos xl + c f). x4 (a tn;x -1)/32 

18. 

20.'a) f(x) = 2ex13 , 

22. n/2. 

b) f(x) = e 5x-9 

24. lf y-i~lercept is k,· y = mx + k. 

X = 0 

n(x-1 )-1 

+ c 

26. a) (:-1. "")> y' "'(x+_l)ltn 6 • b·) (-co,-2)U(l, ... ); y"=- {x-31)2 

.1og 5e 
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. X . 
b) -cos 5 . 1~g 5 e + c 

30. a) 16, b) 9 

32. a). 3, b) e4 - 2 

34. ·a) ( -1 • 6). b) (-2; -5 +· lf7) 

36. a) (-2t 0), b) No sol utio_n. 

38. a) zx 1og2e X 
J. 

•.,- + 4x · + c, . b) 6x 1og6e + c 
r 

40. a) .a e , b) 1 c) l/2, d) 1 e)- e 

X 
x+l/x), 

-z 
42. a) x·x . xX ( ( R.n x+l)R.n b) x~((in x + 1) + 1/~). 

c) zSin X COS X in 2, d) zsin x (co s 2 x in 2 - ·s Ji n x) in 2 

e) 2x in 2, f) zx £n 22 

44. a) 1 • b) f/a, C) e/2 

6. 2. HYPERBOLIC FUNCTIONS 

A. DEFINITIONS AND IDENTIFIES: 

We define below six functions 1nvolving the expo~ential 

functions e0 and e-e ~~ving similar properties as those o; 

trigonometric o~es. As the trigonometric fu~ctions ar~.called 

circular f~nctions by their relations to the unit circle, 
2 2 x + y = 1, the new ones are· ca 11 ed hyperbolic functions by the-ir 

relations to the unit hyperbola< 1 ) of equation >_c
2 - / "' 1. 

1. CoshB = 
eB + e-e 

( co·s i ne hyperbo 1 i c 0 ) , even 2 
B -e 

2. Si nhB .. e - e (sine hyperbolic 0), odd 2 
. . . l 2 

(1) The hyperbola ; ..., 5 ., 1 is called an equilateral hyperbola if a .. b 

and unit hyperb~la ifb a"' b • 1. 
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3. Tantie sinh e (tangent hyperbolic e), odd = cosh Q 

4. Cot he = cosh e (cotange~t hyperbrilic 0), odd sinlj e 

5. Sec he 1 (secant hyperbolic 9), even __ cosh e 
6. Cosh9.= 1 (c'"lsecant hyperbolic 9), odd s1nh e 

where e is c~lled a~gument ~nd ~unit of it is r~ferred to as 

hype~boUc ~_adian. Geometric meanj ng of the argument is post­

poned until the ·integrcttton of ~uch. functions and we· establish 

its analogy with the·angle e for .. trigonometric functions. 

·For ~implicity the ftr~t three of above functions will 
. . 

be denoted ·by Ch. 9, Sh e, and Th e. 

Fiom 1 and 2, we have the relations 

-e e 

Some identifies: 

Che + Sh e} (*) 

= Che .,. Sh e · 

Ch(a+b),= Ch_ a Ch b+Sh aSh b, l 
Sh(a+b}";= Sh a Ch b+Ch aSh b, 

Th a+ Th b 
Th(a+b) = 1 + Th a Th 6 

··Proof~ We prove the first one by the use of (*J 

( a~b ~a-b a b ~a ~b . 2Ch a+b) e + e · = e e + e e 

(1) 

• (Cha .+ Sha)(Chb + Shb)+{Cha- Sha)(Chb- Shb). 

2 Cha thb + 2 Sha Shb. 

The second one can be proved similarly, and the third one 

is a consequence o~ Th e = s~ 9/Ch e. 

The reader may obtain for~ulas for the same functions 

with argument a-b corisidering evenness or ~ddness of the 
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related funttions. 

Taking b a in {lJ we have 
I 

Ch la =. Ch 2a +.Sh 2a 

Sh 2a :: 2 Sh· a Ch a double argument f~rmulas (2} 

Th za 2 Th' a. 
= 

1 + Th2a 

and taking b = -a 

1 = ch2a - Sh2a· (ChO~l)) The fundamental identil11 , 

Sh 0 :. 0. (3} 

Th 0 0 

By the use of th~ fundamental identit~ we have 

Ch 2a = th2a- Sh 2a·. 

= 2 Ch2a ~ 1 = 1 + 2 Sh 2a 
( 3 I ) 

which when solved for Ch2.a . and Sh2a, and 2a is replaced by 

a gi ve·s 

Ch 2 a Cha + 1 
-z = 2 

--Sh~ ·Cha 1 a 
-z = 2 The half-argument.fo1'muZ.111 (4) 

Th2 ·.a Cha 1 
-~ Cha + 1 

'Start~ng with the fundamental identity Ch 2a- s~ 2 a 1, 
. 2 2 dividing it by £h a or Sh a we obt~in 

1 - Tan~2 a = Sech
2al 

Coth2'a - 1 .. Csch2a (S} 

From the fundamental identity, wa ~bserve that · 

X = Ch 0 

y = Sh e 

are the parametric equations 
2 2 of 'Lhe unit hyperbola x - y .. 1 , Graph 

. i 

i 
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One can also obtain formulas for Ch p ± Ch q and 

Sh p ± Sh q in product form, from Ch(p+q), Ch(p-q), Sh(p+~) 

and Sh(p-q): 

Ch p + Ch q 2 Ch 9- C'h JTl 
Ch p - Ch q 2 Sh p+q Sh JTl -r (6) 

Sh p + Sh q 2 Sh p+q . JTl T Ch 

Sh p - Sh q = 2 Ch 9 Sh y. 
Now w~obtain the multipl~ argument formulas t7) by the 

use of 
e9 = Ch e • Sh e. e-e Che- she 

Example J. Find the values of other hyperbolic functions 

at e =a when Sha = .5/3. 

we have 

Then 

Solution. From the fundamental identity 2 2 Ch a ,- Sh a 

Cha = -/34/3, since Che > 0 .. 

1:anha = 5/-134, Cotha = -/34/5, Secha = 3;/34, Cscha = 3/5. 

Example 2. Find the value of 

F(a) • Ch 3a·- 2 Sha ~or 
Tha a = in 5 

'2' 

1 • 



Sol uti·on. 

2Sh 5 
R.n. 2 = 

CH(3 5 R.n -z) 

5 
c~ .2.n 7 

F(R.n i> 
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·s 5 . -R.n "Z 5 2 21 e9..n "2" - e 

Ch 125 = R.n -a 
1 (5 . 2) 29 
2 -z•; ="211 

= 

"2" - 5 TO" 

1 <l# 8 ' 
"Z + rrs' 
Sh . 5 . 21 -'­

R.n 2 = "20 7 

29 15689- 4200 29 11489 
n ·2ooo n --zumr 

' 

= 15689 
7000 

Th R.n i 21 -zg , 

Example 3.· Write the sum· (product} as product (~urn) form: 

a} Ch 4 + Ch. 12 b) Sh R.n 3 .. Sh R.n 6 

Solu.tion. 

a) Ch 4 + Ch 12 = 2 Ch 8 Ch.4 
' . 

b) Sh R.n · 3 - Sh R.n 6 1 =.,"2" (Ch(R..n 3+R.n 6)-Ch(R.n 6-R.n 3) 

.,. ~ ( C h £.11 1 8 ·- c h R. n 2) 

-'·Example 4. E)(.press ·ch 30. Sh 30 interms of Ch 0 and 

Sh e. 
Solution. 

Ch 30 

Sh 30 

3 . 2 
Ch 0 + 3 Ch 0 Sh 0 • 

3 Ch 2G Sh 0 + Sh 30. 

B. DERIVATIVES, INTEGRALS AND r,RAPHS . 

We write down the hyperbolic functions in arpument ~ 

t~gether with th~ir domains and ranges: 

.Functions 

x e-x 
t;osh x -.. -=-e-· •....,...;::~ 

2 

· Ooma in 

(- "'• .., ) 

(I) More conveniently obtainable from the ~raphs. · 

( 1 ' "" ) 
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Functions Domain Range 

Sinh 
ex + e-x 

(-co, .D) (-co, co) X .,. 
2 

ex -x 
Tanh X 

e- (-co~ co) ( -1. 1) = 
ex + e-x 

Coth X 
ex .. e-x 

(-co, O)U(O, co) _{ . ..,. .:l)u(l,- ..,) .. 
ex e-x -

-Sech 1 (•co, ..,) (U, 1) X = 
ex + e-x 

Csch X 
1 (-co, O)U(O, "") ( -co_. O)U(O, co) 

ex - e-x 

Derivatives and integrals: 

1. D Sinh X'= Costr x 1. f Cosh X dx Sinh X +,C 

2. D .Cosh X Sinh X 2. f Sinh X dx .. Cosh X+ C 

3. D Tanh x = Sech 2x 3. { Sech2x dx .. Tanh X + C 

4. D Coth X 
- 2 

-Csch x 4.-J Csch 2 ~ dx = -Coth'X+t. 

s·. D. Sech X = -Sech xTanh X s~ Jsech x Tanh x dx = -Sech x + c 

:-6. D Csch X = -Csc-h X Coth X 6. fCsch x Coth x dx., -Csch x + c 

Proof. The proofs of 1. and 2. are direct from their ex­

ponential expressions. The others are proved as in p~oofs for 

trigonometric functions. 

Graphs:. 
ex - e-x- 1 x 1 

1.--y=Sinhx= . 2 •-ze -.ze:x 

Si 1. -x 0 d 1 x 0 ·x n c e - 'Z e __ .,. a s x + co , a n '2'. e + as + _.., • 

the curves y = J ex and y • =i e-x -which_ are ;;yinmetr1c --ah 

re_spect to the origin are curvilinear asy"mptotes. 

y'- = Ch x = ex • 2e-x > G shows that Sh x 1s increa~ing 
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~nd having slope y'(O) = Ch 0 = 1 

at the origin. From its_oddness th~ 

graph_is symm~tric ~ith respect to 

the od gin_. 
1 Since Csch x = "SliX • the 

[. 

graph of Csch x is obtained by 

~aking ~he reciprocal~ of the 

ordJnates ~f· Sh x. 
Graphs of Sinh x. and Cseh x 

2. y.•-Cosh 
ex + e"'x 1 X 1 -x 

X "" 2 =-1 e + I e 
' 

. This time the cu·r_ves y . l ex .and y .1 -x which .. I : 
I e 

are symmetric ~ith respect to y-axis, are cutvilinea~ asymptotes. 

X- -x· e2X - T.. 2x 
y' • Sh x "' e - »Je • .:;...._~~ •.- 0 . ::;> e . = 1 ..::!> 

.. 2ex 
X .; 0 

The function has-critical·point ~t the origirr and inc-

reasing· {decreasing) when X> 0 (X< 0). 

The graphs of Ccsh x ~nd 

Sech x (= 1/cosh x] are shown in 

the Fig. 

3. y .• Tanh 
0 

Graphs of Cosh x and Sech x 

It is an odd-function. We draw the curve for x > 0 and 

complete the curve by symmetry w{th respect to the origin. 

The curve is increasing since y' .. Sech2x > 0, · and has 

slope at the ori~.lin. 
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~hat the horizontal lines 

y = 1 and y = -1 a-re asymptotes 

is seen 

X 

X 

from 

" e-x 
1 im e" -= = 

+ "" e" -+ ·e-x 

--
ex e-x 

1 im -
+ _.., ex + e-x 

Example 1. Given 

l and 

-1 

y. = Ch x 

Graphs of Tanh x and Coth x 

and X y = 5e 

a) Find their acute angle of intersection; 
'* 

b):Find the area of tha region encl~sed by .y-axis, 

negative x~axis and-these curves. 

Solution; 
I 

a} Equating y•s we have i (ex+e-x) =Sex or 

9ex = e-.x ~ 9e2x=l ·::?; e2x=lt9 =7 ex=1/3 ~x=-!n 3 

} and A = (-in 3,- 5/31" is the point of intersection. 
\ -

D l:h X = Sh ·x ~ ml = -4/3 

D Sex = 5 ex -"'> m2 = 5/3 

ml - m2 
tan e ·= 1 + m1m2 

= 27/11 :::!> e = arctan 

-!n3 
ex .dx 

0 
b) A = J 5 + J Ch x dx 3. 

-CD -!n3 

Interpretation of positive arc and positive Arg as areas 

Below we have drawn a un~t circle and a .unit hyperbola 

as locus of points P(c~se, sin~) in the first and P(Che, She) 

1 n the second: 
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r }-
.a 

')( --~llr 

8 

We are going to show that e as arc {angle) on the unit 

circle rept·esent.s the area of the .shaded segme.nt of circle boun 

.li!~- by the line segment (OP) •. (OP') and the arc r'AP, .. -und e as·. 

argument in hyperbolic functions represents the i!_r·ea of the 

shaded region bounded br (oP). [OP') and the arc of hyperbol~ 

P'A.P. 

a) IOP'API ze nr2 (r =.1) =· s = 'ZiT p 
b) lOP I API 2IPOHI -2 IPAH! " Ch e Sh e - 2 · I y dx 

A 
where, having 

p e e 
Sh2t 2 I y 0 ( .. 2 I Sh t dCht = 2 f dt 

A- 0 0 
e 1 ·= 2 /(ch· 2t-1 )dt = - Sh 29 -- e. 

_0 2 

we get 

IOP'P.PI ,., Che Sh e - .~ Sh 20~ + e = e 

c I INVERSE- HYPERBOLIc .fUNCTIONS I 

Obse~ving from t~e graphs of hyperbolic functio~s th; 
- . ' ,· 

all these, except Ch x tnd Sech x. are monotonl tncreasin 

q~ ~onotone de~reasing on their domain, while(l) Ch x (Sech 

(1) Since Ch x (Sech x) is monotone decreasing (increasing)· in t~ •. o): 

also inverse in that interval and -the graphs is Sytlllli!tric of the gh 
one w.r. -to x-axis. - i 
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is monotone i':'creasing (decreas.i.ng) in (0, "'}. Hence they all 

have inverse functions at these intervals. 

We use prefix ~A~gu to name~ inverse f~nctions. 

Below we show the-graphs of inverse function~ obtai~ed 

directly from previous gr~phs. 
,·. 

Grap~s of inverse hyPerbolic functions 

In each graph a- horizontal line is _drown ~u~t1n_g the two 

curves at points whose abscissas ·are certainly reciprocal of 

each other. Th'is means that . 

, Argsinh x ~- Argcsch ~ 

·Argcosh X a Argsech'l. 

Argtanh x.= Argcoth l 
Logarithrui~ expresstons of in~ers~ hyperbolic functions. 

Theorem. 

l. Argsinh x .. R.n{x . ~,. 
v .\ X + 1 1 • XtR 

2. Ar~cosh x .. ~n(x + ~-1 ) .. x{l 
3. Argtanh x 1 R.n 1 + x .. '2" r=x lx' ~ I I 

4. Argcoih X .. Argtanh l 1 R.rl .x + 1 lx} > 1 .. '2 ~ I 
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5. Argsech X. = A 
. · 1 . 1 + A. -· ·x2 ·. 

rgcosh i :<· R.n ...:_----''-:x:--~- • 0. < x < 1 

. . . . 1 . 1 
, 6. Argcsch x· = Argsinh. i. = 'tn(i 

Proof. 

~-
+ /l,;( )~.-X 1.0 

'1 y y 
1. y = Args~nh x · ~ x • Sinh Y' • .'2'-(e ·e.- ) 

-'~ e.Y_.:. e-:Y- 2x·= 0 ~· e2Y- 2x eY • 1 · .. 0 

=~ eY = x .:!: .Vx 2 + l, (·eY > 0) .. eY ·~, x + V~l· 

7 _ y = tn (x .··~). 

2. Proved similarly. 
eY-e-Y .e2Y-1 

3. y =· Argtanh x · ;::-. x = Tanh y = -=----=~ = 
· · · · eY + e -y e2Y + 1 

2y 2y 2y. . 
.e - 1 = X e + X ~ ( 1 - X ) e = 1 + X 

e2y .. l+x, (e~Y>o) ::;>-_?y•.tn ~· ... xx .r:x . 

The proofs of the other three can be proved similarly. 

Derivatives and Integrals 

Theorem •.. 

1. D Argsinh X • ;;ll+l 2.. D Arf}COSh X ,. 
lx" - 1 ... 

3.' DArgtanh x . 1 -
= :-----2"· I X I< I •4. 

1 -X 
0 Argco.th.x .. ~.l·xl>l 

1 -X . 

1 5. D Argsech x .. - ---r.-===v., 
x/1-~' 

6. 0 Argcsch 1 
X = -

lxlll+x4:: 

The others are p~oved similarly. 

Corollary. (lntegrafs leading to inverse hyperbolic 

function). 
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o; Argsinh x + c r-: = R.n(x • lx _+ 1) + c 

J dx ;. Argcosh x + c = R.·n.(x· + l;r:l) 
x2 - 1 

+ c 

[

Argtanh x +_c, lxl <~1] 
J dx ' 1 

1 z= . ~ =! 
-· ~. ·Arycoth x + c, ·lxl > 1 

-~1 +x I R.n . _T=X + .c 

1 -Argcltch lxl + c = -Arqsinh TXT + c 

J dx · = -Argsech I xI + c = -Argcosh .}r- t c · 
x/1-x£ 1""1 

Example. Find the derivatives of the following functions 

at x "' n/3. 

a) f(x)·= Argcoth (Sec x) b) g(x)·= Arg~inh ·(tan x} 

Solution. 

·a) f'(x)_ = , 1 ·· 0 Sec x = · 1 
t~se~ 2 x -tan'x 

Secx. tan>t = .-esc x 

f'(n/3} =-esc n/3 ~ -2/13. 

1 _b)· g'(x) = 2 ./1 +tan x 
1 D tanx = "SeCx 

g'(n/3) :=Sec ir/3 = 2. 

Example 2. Evaluate 

a) A = J· dx . '- 2 
...-9+ X 

Solution. 

b) B -

a) Setting x • 3t, · dx = 3 dt, 

A .,. J . 3 dt = R.n (t + ~) 
311 2 

+ Jt . 

.. R.n (l + ;;;-:-, ) + cl c !.n(x 

3 d'lt I. -__,.., 
2 - X .. 

+ cl 
I 

+ /x2 + 9) + t 
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3 3 
dx 1 ~n- H·: ~-~ 1 4 3 b) B = I ::----7 2" 2 tn 2 - tn T 2 1 - X 2-

1 (in ·2 - £n 3) tn 12/3. z = 

Example 3. Sketch: y. =Tanh (£-n x) 

Solution. 

ein x ~ -? n X X - 1 
x2 ' 1 . 

Tanht£-n X) -e X -y - 1 = -~ • e£n x -~n X +e X + x X + I 

r>O if X > 0 
y' 4x = 0 _if x =- o· . y ( 0) -i 2 I ) 2 

= 
(x + l <0 if )I < 0 

lim 
lxl_. ~-

,1 ~ y =.1_ is a horizontal asymptot.e 

-~ ~ . . . 
~f_ ___ _: _____ _ 

. : y 
I 

-I 

EXERCISES (6. 2) 

(x~> 0).-

46. Compute the values of sh hyperbolic functions at- x,; tn 7. 

47. [)(press Sh 4x, Ch tl_~ 1n terms of- Sh x and Ch x. 

48. Find the domain of ~efin~tiun a~d de~ivat1ve of the 

following functions. 

·a) y·= Sh(x 2 
+ 2x) 

49. Find lim~ .tn Ch x 
x .. o ---n--x 

--

b) y Sech(x
2 - 2x) 

50. Sho~ that the following functions are constant: 

~ /1 + Th-;_ a) y .. Ch ~nx + 5h _tnx - ::. - b) y = in -y-1 _ Th x - x 

--
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c) y • (Cos x) 111n cos x +·sin x 

51. Evaluate 

a) Ch(n Argth X) b) Sh(n Argth x) · c) Th(n Argth ~) 

in terms of x and tell in which_cas~ these functions are·. 

rational. 

52. Evaluate 

a) 0 Argcoth (sec x) b) 0 Argtanh (Cos_x) 

53. Sketch the g~~ph of the follbwing functions: 

a) y., Sinh (x 2 +2x) b) y • Sech (x2 -2x) 

54. Same question for 
-

a) Y .. Cosh (.tn x Y b) y • Tanh {tn x) 

55. Prove that a 11 ne 1 ntersec ts the curve of 

a) y ==· Ch. X at two po1nts at most, 

b) y = ·sh x at three points at most, 

c) y .. Th X at three points at most. 

_56. Verify the identity -

4 ·ch 4x + Ch 3 ~ Sh ){ + Ch x Sh3x + Sh4x .. -e4x :+ 3 

57. Differentiate 

a) y =; ~rgsh (a Sh X + b Ch X) with a2 -
b) y : Argch {a Ch X + b Sh x) with z· 

a --

~8~ Solve the.~quation: 

~) 2 CH2 ~ + 5 Ch x Sh X+ 3 Sh2x a,7 

b) -32 Ch X Sh x - 6 (Ch X + Sh x) - 6:., 0 

S~. Same quest"i on for 

X· 3 ~a} 2 Argsh x + Argth! = Argch • 

b2 
; .. 1 

b2.,; 1 

b) Argsh x + in(a + ~) = Argsh..a + l.n (~ +.fx2 - 1-J. 

50. Sam~ question for: 
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a) (Ch x + ·Sh x)-Argch x (ch -x - Sh .<)Argsh(x - 2) 

, .. · 
, b) Ch 7x ~ Ch 5x + .Ch 3x '= Ch 6)( + Ch 4x + Ch 2.< 

ANSWERS TO EVEN NUMBERED EXERCISES 

6. 24/7. 25/71 , 24/25, .7/25, '1!24, 2~5/ 24. 

48. a) R, (2x +· 2) Ch(x 2 
+ 2), 

-b) R, -(2x - 2) Sech(i _-:-. 2x) Th(x 2 - 2x) 

52. a) -c"Sc x, . b) esc x 

54. a) ·~ v ... !!"'>(~ b) }-

.. ' ..... .. .. 
,. 0 ')c 

?I 

... "" ,.. 

~ 
' _, 

58. a) rn r'3 b) 0 

69. a) 5/4 b) 0 

A SUMriARY 

. 1 .t:n x • J ¥- (x > Oh 1n 1 • 0, in e = l 
1 

ln ab·· tn ~ + ln b, a tn i z tn a - to b 

logbx a logax _logba (change of base) 

d a·u(x} 11 u du •n d 1 du Ox ' • rx .. u. Ox logau(x) • u rx log e 

fx u(x)v4x) ·• ~v(* 1n u + ~ *) 
l' ~~ v' w· Y. • uv ••• w = .. - +- + ••• +-;:; ('logarithmic t1er'iva 

.Y u v " 
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I 
I 

' I 
I 

I 

I 

Ch 
1- x - -x 

X = 2 ~e +e), 

Ch{a ± 8) = Cha chB 

Sh(a :t 8) = Sha cha 

Th(a :!:·8) 
· / Tha ± 

= 1 ± Tha 

D Sinh X Cosh x, 

0 Cosh X = Sinh XI 

D Tanh X = Sech 2 x~ 

Argsinh x. :\ R.n {_x + 

424--:-

--

Sh X =:= i ·(ex- e-x) 1 ·Th x .. Sh x/Ch x 

± Sha Sh81 Ch 2a = Ch2a +-Sh2a 

± Cha Sh6, Sh 2a· = 2 Sha Cha· 

ThB Th 2a 2 Tha 
Tha "' Th2a 1' + 

D csch x = ~csch x toth'x 

D sech x 

0 coth x 

-Secll x Tanh x 
.2 

= -csch x 

~), XER 

Argcosh x := R.n (x + /x2 - 1_) 1 x~ i 
1 P.n 1 + x Argtanh x -z ,---=-x 1 x<l 

Argcoth _x = Argtanh ~ = ~ R.n ~: ~ 1 lxl >'1 

1 1+11-/ Argsech x = Argcosh = Ln .:.,..._;....;.._..:.:.... 1- 0 <_x < I x x ___ ~ 

Argcsch ·;c· = Argsinl'l! = ·1n (~ + l\;1x
2
). x ,1 o 

MI scELLANE"ous Ex eke Ises-

61. Prove ( I'J.EN, a ~ -lJ 

62. Prov;: 

a) ~x 1 x2 R.n(l + x) < x. ·for X > 0 - "2" < 

bJ 1 + x <ex< ( 1 + x)( 1 ·• ~2 ) for X > 0 near o. 
63. Evaluate 

a) 1 im n /n(n+l) .. :. in+mf - mt~ 1 n" • n + co 

. b} lim ( R.n(n: )' R.n n 1 
n) - n - - ·-z R.n n -+ ..,_ e. -

61l. Find the fa-mily of curves having normal lines passing.througll 
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the origin. 

65. Find the function wit~ the given condition: 

a} f'(x} = 3x f(x), f(O}- = e~ b) f'(x}= k f(x_}, f(3) -,.1·-

66. Evaluate f x0 in x dx (n e:IN} 

67. Sketch ·tite graph of the _following functions: 

a) in X y x+l b) y 11'\ 510 X 

.c) i.n 
x2 - 3x y = 1 X+ 

d) y in (x + 1 x-=-z 
68. Sketih the graph of 

a} Y 
. 2 2x = x e-

--
69. Same question for: 

a) y = !n(l + x2 )-arctanx, 

X .tn2x '/0. a) y = .;,:._..;.....,....:~ l + 9:!1 X 

b) y 

b) y 

IJ) ·y 

. in x = ~ 

x2 in X = - . 1 X 

= R.n -;r: 

. 1 ~ 
72. Differentiate· f{x) =- 2 arcslT + .tn- 1 : ~. 

1 X 

73. If f(x) = l!.n(/x-:t:"a + rx-:=a}- evaluate 

a) 0 f(x) 

711.. Eval;Jate 

a) f r..nl x dx . 

7~. Sketch:· 

b) J f(x)qx 

_b) Jtn(r.n x}dx 

- X 

cos 
cos 

X 

X 

a} Y'= x exp (~ 2.0 x
2

) ·b) y = .l'n sin(n ar£_tan x), (nefl+) 

76. Show that the chord of Y =loc; x - • a wlth'end po1nts having 

~bscissas x and 1/x is bisected by x-a~1s. 

71. If f(x), g(x) and h(x) are continuous functfons then 

prove the implications: 

a} f(x} f{y) =_f(x + y) .:..~ f(~) =ax 
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b) g(x) + g(y) = g(xy) =9 g(x) = loga.x. 

h(x) + hfy) --. c:.... ' (H" t· Sh th t 1 + htx)· c) h(x+y} = l+h(x)h YJ .=- •.. 1n . _ow . a 1 _ h X) 
1s exponent1al) . · · 

18. Solve the follo~ing equations: 

a) 42x- 3.4x + 2 ... o b) 2~ •. z-X·-= 15/ 4 
zx- z-x 

7,. Solv~ the 1neq~a11ties: 

a ) J o 9 a ( x 
2 

+ 5 x) ~. 1 o 9 a ( x + 2} ; 0 

80. Same question for: 

a) 9x : 3x + 2 > 0 

81. Sketch the g~aph of the r91ation: 

a) 3X. gY·<·l b) 4X+Y zX·>26 

82. Solve for x: 

a) lo'g.,(x + 2) ± loga(x + 8) =.lo98 7 

b) .log10 (x
2 

+ Sx- 26) +"l09l)lOx = 2- log109 

81. Solve for· x. an·d y: 

a} ·1og2x + log4y = 5, _lbg
4

x -log2y = 1 

¥· b) 2 .. ..4.. 4'.t-.Y .. z 
~- Solve for ·x: 

X 1 ' 5 , 
a) i + .+ :x-:-r+lwO 

2 -
2 ' . . 

b) tn(x + Jx·+ 4) - R.n{x2 ~ 4x + 6) = tn 7 

c) tn(x- 3) + tn(~ +.5). tn(2x + 1) 

8S. Find th~ domain of definition and derivative: 

a ) y "' 1 o g 8 .[x 
2
] b ) y = 1 o g 6 1 o 9 6 . .< x • 2 ) 

86. Evaluate 

. aj I zX cos 2x dx b) J 6x sin -x dx 

- ·a1. Sketch the gra~h of: 
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a) Y b) y .. exp6 

as. Find the domain of defi nUi on of the fo11owinq functions: 

a) y • 3.tn x b) y = 5 fx) 

~/-r-: 
c) y "' -2x d) y .. exp7 

. X - 4 
x+T 

I 

89. Eva1uate 1 

a) · 1 im X 
1:-7 b) lim ( 1 - 2x ):_lx 

X + 1 X +..,. 
. 2 .: 

X - Arsth X 
c) 1 im (sin x}l/J:C d) lim 

X + 0 X X + 0 x-s1n x 

gc. Sketch th~ curve of .Y=(xz:. 4 )1/x · 

91. Evaluate 

[ r'x a} lim -2' ~ arctan ~ _· . ·x +"" 

( ta~ x J 
1Jx2 

c) 1 im 
X + 0 

92. Evaluate 

a) lim {x+l)x 
. X + co ""i""=J . 

xz 
c >. 1 i m ( s i n 2~ x+ 1 ) · 

X + CD 

2 
11m (cos ~x- x sin x) ~/x 

X -+ 0 

93. Evaluate 

a) 1 im XX 

X + 0 

94. Evaluate· 

1 i m 
X ..,. "" 

b) lim 
X -+ 0 

c) lim ~ ln(2+3x) 
X + m 2+3X 

b) lim (-f.n x)" 
X + 0 

d)· lim (tan x)sir. Zx 
'0( + '11/'l 

b) 1 im (tan x}tt\n 2x 

X + Tr/4 

d) 1 i rn (cos x)cot
2

x_ 
.lC + '0 

f) lim ( x-1 } .tn 1f 
cos(! x) 

X -+ 1 

c) llm. 
XX -: 1 

X .. 0 XX 
X .tn X 

b) lim · .!: (t~( X )X) 
X + 0 X . X+T . 

d) lim 1-cos{n arcsin x} 
)( .. 0 .tn ( 1 '\ Xz) 
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95. Sketch- the graph of: 

a) X b) X c) X - 1 og X y = a ~ x y =a /x y = -a 
--

d) y = (1ogax)/x ·e) y = x - in (in ~; f) y = (in {in x))/x 

96. Evaluate lim p +sin 
X+ 0 ( 1 + tan 

97. Sketch t~~ gr~,h.of: 
m a) y- = .x" 

98. Same question for: 

a) Y x2
tn x ~ x 
X .-. l 

.· e 
.99. Settfng. x = e compute 

l/x 
Xl - e 
x)l/x - e 

b) X + .tn X 
y = X-

ch ne interms of u = x + -
X 

and the-n obtain ch ne as a -function of ch e. 

lOQ.t~mpute th-~alue of the other five ~yperbolic function 

if Th x = 2/3. 

·101. Evaluate-
2 2 . . 

· (x D +~D+l} (Sin(R.n ·X}+ cos-(tn xl) ·. 

102. Eva_l uate 
. 4- 4 

a) I x in x-dx 

103. Sketch the gr~ph of: 
.. 2 

a} y = Coth(x -:. 4_x} 

104. Same question fo~ 

b) I x2 ch x .dx 

b) y = Sinh 3~ 2 + 4 X 

a) y = Sh.R.n x~J b') y ""Thxx 

105. Find the dom,in of definition and derivative of the follow-

ing functions:· .. 
. a) Y = Sh X b)- y 

. X 
9..n 'X="'l' = Th_x 

10~.- Evaluate 1 im in Ch{n Argth x} 
X -+ 0 x2 

·101, Prove that f(h} = n(xl_/n_J) is a monotononic function of 
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. n. ~or X > 0 aeouce 1:na t. li.m r ( rl} 

lim · n(xl?n~ ~). then 

'· t:xn;ts. Proye also 

satisfies 
' 

that if <!>( X ) lj>(X) 
: n·"""" "' 

the functional relatioris 

a ) ct> ( xy ) = ¢ ( x ) + ct> ( y ) b) ¢(x) = ~•(i/x) 

lOB. Given n positive n~mbers ·a 1 ., ... then the numbers 

1 0$:. 

llC. 

A, G, Q, n! d_efined by 

Q = ~--~;-~-+_._._._ ... _a __ ~. 
A 

a1 + ••• +an 
n 

n 
1l 

G 
fl· 

.t'=a-
1
---=-,...--::-a-

0
_ , 

r. 

L~. 
-- + ••• + a . 1 . 

' 
are called the ar~thmetic mean, geometric mean, quad~ati~ 

mean (Root· Mean Squar~. RMS), and h~rmonic mean of 

, an resp~ctively. 

In general 'the number· 
aa + ••• + aa 

9 =( 1 n)l/a (a;O) 
a n 

is called"the mean of order a of al , .... , 
has A~ gl·, Q.;. 9c• and H = g_·, ·. Prove that 

G = go = Jim. 0 . 
a· .. 0 -a 

Evaluate 

a) lim . (X .~n x) (<~n~x+l})p- 1) 
X + co in x 

b) lim tn ch X c) I im (exp(~ Th X ln 
X + 0 X + 0 X 

Solve for x: . 

. 1 
a) 2 Argsh x + Argth 2 Argch 3 

an and 

ch X 
cos X 

b) ~rgth x +in( a ~~T::l) = Argsh a+ in(x •• ;;r:-,) 

one 

) - ~) . 

111.So1Ve the system: 

e) Ch x• Ch y=a ch a, Sh• x • Sh y =a _sh a 
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b) Argsh x = Argch y, 
' I 

x R.n x = 3 R.n y. 

ANSWERS -TO EVEN N~MBERED EXE~CISES 

. 64. / + i = c 2 

· n+l 1. · 
6E. ~r {R.n.x ) + c n+ - n+T 

68. a) 

:· ,J •. a) 

0 

72. 2xtarcsin x)/(1 ~· x 2) 

74. a). b), c) a"re im.possib1e. 

78. a) 0; 1./2. b) 1 . 

80. a) xcR, b) X€(-a~, -3) or X&(-1, 3/2) 
82. a) -1 • b) 9 

84. a·) 1 • b) 2; 19/6. c) 4 

86. a) (Si!J zx) 1 og2e + c. b) -. 6x
2 

· (t,tn 6) 
1 + 2.n 6 

88. a) 
.. 

. b} :~. c) ~ • d) ( -2' .;.l·)U (2-.- m) IR • 

··: 
I 
I 
I 
t 

sin x - cos x] + c · 
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90 
I • ~

·~- 2 .... 
• 4 • ·. 

4 ~~- ~~------ -----~- -:-:--~--+ 
: I . ! f 

: ' I l . , • 

-A -Vj -2 0 
It 

92. a) 2 
b) -l c) -'!i

2/32 . d) e -1121 e) -3/2 
e • e • e . • e • 

94. a) o. b) No 1 imit ( "") , c) 0 d) n2/2. 

96. 1. 
Jf '£) l 

98. tU .., 

0 

100. 2/15, 3/~, ~/3, .l5i2, 3/2; 

102. a)~ (tn4x-. ~- R.n 3x +-H--·R.n x- ;ffl)-.. c' 

b) ~ 2Sh X - 2i Ch X + 2 Sh X + C 

104. a) 

2 106. n /2. 

~~ 
I 
j 

I 
I 

·! 

110. a) t.h2 -t- 6/IJ/4,· b) a 

b) 

. 
·' ' 
"I e. 

f) 1 
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CHAPTER 7 

TECHNIQUES OF INTEGRATION 

7. I INTEGRAT!Of~ OF RATIONAL. FUNCTIONS' BY PA~TIAL F"RACTIONS 

As we shall se~ many integrals are reducible, by ~orne sui­

table substitut_ions, to_ the integral of rational functions.•Evalu­

ati~n of such inteirBls is dohe by th~ use ~f a theorem statinq 

the decomposition of a rjtional- function into a sum of some num-. 

ber of simpler ones. 

A. Definitions. 

Let 

_p_ll,_!lx aoxm + ••. + am-lx+arn 
R ( x-) .;, Q{XT = -b..o--x...,.." ___ ___.;."------'-

1" ••• + bl X + b o . n 

( 1 ) 

be· a rational fun-ction where deg P(x) = ~ and d·eg Q(x) = n. 

For n = 0, the ration·al function being a poly'nomial, we suppose 

n~ 1. 

If m ~ n, th-en the fraction. R(x} .is called impror-o?l', 

othe'i"wise proper. We also suppose that. R(x) is· a reduced one, 

that is, P(x) .... and Q(x) have no common factor. 

A proper fraction having the form 

A 
n -(x - a) 

or 
Bx ·+_ C 

2 . n (x +px+q) 

where .. A, B, C are constant and- x 2 + px + q has imaginary con-

jugate roots 
2 -· 

(li = p -4q<O), is called a partial fraction~ 

Thus, ~he p~oper fractions 

2 -4 
x-1 ' rx + 2}3 ; 

2x + 3 

7:1' 
-sx -3 x - 3 

2 3• 2 • 2 7 
(X·+l) X +X+l (X +x+l} 

aTe'pa~tial fractions, while the proper fractions 
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-X 

are not. 

When R(x) is an improper one, we perform divi~ion of 

· P(x) by Q{x) to have 

P(x)~= q(x) Q(x) • r(x) 

where either r(x) = 0 ·or deg r(x) < deg Q(x). If r{x) = 0, R( x·} 

i~ the polynomial q(x). Oth~rwise ~• obtain 

b f~ l = q ( X ) + Q l ~ ~ 
·which i$ sum of a polyncimial ~nd a proper fra~tion. 

Example. Decompose the improper rational fun
1
ction 

-2x4 + 5~ 3 + 2x2 
+ 21 

= - 3 
- x - 2x + 5 

. 
into a polyno~i~l and a proper fraction. 

Solution. Ordin~ry division gives 
.4 3. 2 3. . 2 

2x •5x +2x +21 (2x+5)tx -·2x+5)+6x -4 

or 
. 2 

= 2 5 6x - - 4 
)( + + 3 

x - 2x + 5 

where the new-fraction is a proper one. 

If an improper fraction R(x} = P(x)/Q{x) is ~ecompcsed 

into 

q(x) ~ of~~ 
where q(x) is a polynomial and r(x)/Q(x} is a proper fractiOn, 

then ·the integral f R(x)dx is reduced to that of a polynomial 

and of a proper fraction r(x)/Q(x)~ Thus 

4 3 . 2 
r 2x + sx~ + 2x + 23 

dx,. f (2x+5 )c!.• 1 

x3
- 2x + 5 

6x
2 

- 4 
-~-----. -- c4x 
x - 2x + 5 



The evaluation of the se~ond integral'is based·on t~e de­

composition of a proper fraction into partial fractions-which 

~e discuss below: 

. B. DECOMPOSITION OF A PROPER _FRACT.ION INTO PARTIAL 

1-RACTI ONS I 

Let r(x)/Q(x) be a proper- fraction. If · r(x) = k -d~!xl, 
, then evaluation of f l-{x)d.x/Q{x) is immediate. So we suppose· 

thi·s i~·not the case. 

T~e decomposit~on of a proper fraction r(xr/Q(~) into 

partial fractions, that is, writing .it as the sum of certain num­

ber of partial fractions- is possible only when Q(x) is wrHten 

in the factored form: 

Q(x) = k.(x-a)a (x-b)B 

with a, 8, -~ •• , A, IJ, ••• d4
1

, which is.theQretically p.ossible, 

where a, b, •.• are real roots with multiplicities a, B •••• 

!'es.pecti ve ly, and 
. 2 . 
x +px+p, 

2 . 
x + rx + s, ••. have pairs of 

imaginary foots (a ±.ib, b 1- 0) with multiplicities A,p, ••• 

respectiv~ly, so that the second degree factors have negative 

discriminants .. 

Now we state the theorem on decomposition of a proper 

r'a.ti<1nal .·~unction into partial fractions: 

.Theorem. A proper rational functi.on r(x)/Q(x.). with Q(x) 

~~ving the;fact~riiation (•) above can be written uniquely i~ 

the form 



+(c1x+Dj 

x2+px+q 
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+ .••• + + .~ • • '+ 
El_/ + Fll 

(.~ 2 +rx+s)IJ) + ••• 

of fintte nufuber of partial fractions with· Aa ~ 0, Sa~ o •...• 
C~x + DA ~ 0, Ellx + Fll ~ 0. 

·.Proof. See Appendi; at the end of.fhe book. D 

sy·this theorem. in the-decompo~ition, to a real root of 

multiplicity ".correspond \1 partial fractions (some of. which Play 

be zero), and to a pair of conjugate ima!Jinary roots of common 

multiplicity ~ correspond ~ partial ·fractions (some of 

which may be zero). 

2. 

3. 

For instance 

x6 -2x+S 

3 A 

(x-1)2 
= 

(x- 1) 2 

2x 2 - 7 A1x.+Bl 
2 3 {x -x+l) · x2 - x+ 1 

(~·A=J~ why?) 

A2x + Bz A3x + s3 
+ 2 . 2 + 

c/-x+1) 3 
(X. - X + 1) 

We remark that Js in {2) above. the decomposition ~F a 

partial fra~tion conlists of~ sinQle term which is the o1~en 

fraction. 

Example 1. Decompose the_propef rational function 

x2 
+ ·15 

(x-3)(x 2 ~2x-3) 
into partial fractions. 

2 ' Solution. Since x - 2x- 3 has positive discriminant, it 
2 . 

can be facroted: x - 2x-: 3"' (lt- 3)(x + 1). 

Thus the.given fraction 1~ to be written as 
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. and accdrding to the theore' we have the decomposition 

x2 
+ 15 A B .C 

=X-"!+ (X- 3) 2 + x:;T 

which i~ an identity in x~ 

To deter~ine the constants A, B, C one clears of deno-

minators and set8 the identity: 

X 
2 + lS = A. (X - 3 ) (X + 1 ) ·:. B. ( X + 1 ) +C. ( x -- 3 ) 2· 

The coefficients are u~ualli obtained in two ways: 

1) By arranging the right harid side in powers of x and 

equa~ing the coefficients of like terms. This i~ called the · 

method of undetermined coefficiente leading t(l certain number of 

linear equatioris: 
2 . '2 . 

x +15=(A+C)x +(-2A+B-6C)x-3A•8+5C 
. . 

A+C=1, -2A_+B-6C;O, ~3A+B+5C = 15 

The .so,utior df_this system is A= 0. B = fi; c = 1 and we hitve· 

x2 +15· 6 1· 
(X- 3} ( ~ 2 - 2X - 3) - (;'~. + X + 1 

.2) By substitution: 

s·etting in the _identity 

... X 
2 

+ 1 5. = A ( X - 3 ) { X + l ) + B ( X + 1 } + C ( X - :5 ) 2 -

the values X= 3, X "' -.1 which make zero some term.s WP have 

for X= 3: 24 0 + 4B + 0 B :: 6 

for X= -l: 16 0 + 0 + 16C c = 

and tt;en setting any othar value, say X= 0, we have 

15 .. -3A. + · B __ + 9C A "" 0 

We see that the second method give~ the coefficients 
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.qui ck1y. 

Examk1e 2. Decompose the foll~wing_into·~artia1 f~actt~ns. 

i! -4x +x'-1 
(X z -X){ X 2+ f)f 

So1utirin. It is a proper fraction with ~enominat~r 

X (X - 1 ){ x2 + 1 ) 2 

Hence ~Y the t::;urem it has the decomposition 

-4x2+x-1 A B Cx + D Ex +·F ·. 
X ( X - 1 ) ( X z -+ 1 ) "2" = "i + X --l + X z + 1 + ( X~ + 1 ) z 

which when ~1eared of denominators gives ~he ·identity· 

-4x.2+x-1 = ( (A+B)x-A 1 (x2+ l )2+x(x-1 >[ (Cx+D}{x 2 ~1 )+FX+F) 

Now. 

X 0: -1 ,. -A 
~.:9 A=l. B=-1 

X "' 1: . -4 = B 

" Since 'i,,.r:; (i 2=;.1) isarootif-x2 +1=o.· 

x i: -4i 2 d -1 .. O+i{i-1)(_0+Ei+F) 

~ 4+i-1 = (-1-i);(F+iE} 

3 + .i = { E - F) - . { E + F }_i 

implying E-F•3• E+F=-1 -.::i> E .. l, .F=-l. Then the identity 

identity becomes 
- 2 . ·2 2 ' 
-4x +x-1 = -(x +1} +x(x-1) 

· X • -1 : --6 • -4 + 2 (< ~ C + D) 2 - 3] 

x • 2: -15 • ~25-+ 2(2C + D)S 

·Hence. c. 0, 

(<cx.-tfD}lx 2 
+ t)~(x ~ 2)) 

,~ c·-o-.-1 

~ . 2C + D • 1 

·o·l. and 

-4x 2 
+ x - 1 1 l .· 1 x-2 

·-x·x=r•-z-::-• 2 2 
X +1 (X +1} -

Therefor' the integrals of proper ·rational function~ are 
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reducible to-integrals of the form 

A = I 1 dx, 
(x-a)n 

B "J ax.+b d · 2 . n x 
(1< +pX+q) 

of which the first one (A) i~ easily integrable by the substitu-

tion u=x-a, du=dx. 

The second one (Bl is reducibie to (A) if 
. 2 . 

·ilx+b=D(x +px+q)=2x+p; 

otherwise, writing ax+ b as · 

a X ~ b = ~ ( 2 X + p) + (b - ¥-) 
we have 

B a I 2x + P dx + (b -¥-> f- 2 1 n dx 
"2' (x2 +px+q)n (x +px+·q) 

a f du . I 1 
= ·-z un + c 2 . n dx 

( x + px + ·q) 

wnere 
. 2 

u=x +px+q in the first integral. In the second integ-

ral, writing 

1 2 2 
X +pX+q=(X+~) +(q-~) · 

,; (x + !>2 + (l-<p22_ 4ql) 2 • (lie Pz ~ 4q < 0) 
and setting. 

X + 
i-=-6 -z- u, R dx. = -r du 

we have 

2 
X· + px + q 

and the integra 1 reduces to' 

k I 2 1 n du 
· (u + l) 

which, omittin~ :k and replacing u by x, becomes 

I -. ·L . d"x 
n - - 2 ·n 

(X + 1) 
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·. dx ·· 
11 =I~ =.arctan x + c 

x. + .1 

For values n > 1, one establishes a relatfon bet1-1een _1 0 

and ln-l bY: parts method applied to 1n-l as follows: 

I n-.1 I dx 
= 

(x2+ 1}n-1 

u =· (x2 + 1 )-n+1, dv = dx. 

du 
· • 2 -n 
=·(1-nJ{x +1) 2x dx, V = X 

In. _
1

·= x(x 2 + 1 )n+1 + 2{n-·1) 1x
2 

dx 
{xz+i)n 

- x + 2 ( n-1) ( I x~ + 1 n. dx - j 1 dx) 
... (x2 +1)n-l · (x +1) {x 2+1)" . 

= 2 x n-1 + 2(n-l) I 2 dx n-1- 2(n~1) I~ 
(x +1) (x +1) 

2 ~- n-l + 2(n-1) In-i - 2(n-l) In 
{X + 1} 

( 2n - 1 } In = 2 ( n .- l} I 1 + x 1 n- (x2+l)n-

2n - 2 1 In = 2n - 1 n-1 + 2n -
X 

Such a relation is called a recurrence reZation o~ a reduction 

formui.a which permits to obtain 12 , 13 , seccussively. Thus 

X 2 · 1 
~ = 3 arctan x + j 
X + 1 

X 
+ c. 

R . 4 
• T5" a t·c 1.a rr x + T5" ;w, + 1 

7:-1 5 
y 

+ I. 
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This complete~ the discussion ~f integration of· rattnnal 

functions. 

Example. Evaluate . I = .. f (x:t l}
2 

dx. 
x(x +1)·· 

Solution. The integran~ being a proper fraction we de­

compose it into partial fractions: 

X 

X 

X 

= 0:, 

= 1 : 

x2 +.2X+1 

x(/+1) 

l = A 

A . Bx + C 
= i + x2 + r 

4 = 2A +·a+ c . B + C 
.:::> 

.. 
=-1 : 0 = 2A + B- C B- C = 

~ A = .1 t B .. o. c = 2 

. 

I =· f {~ _+ ~)dx 

= &n x + 2 arctan x + C 

EXERCISES"<?. I)_ 

~ 

-2 

1. Find the parti~l fractions 

a}-----~3~x_2 _-~6~x~-~+_4~ 2 . 

of the given rational functions: 

b) 4x
2 +6X+6 
2 2 (x-3)(x +~+1) (X+l) (X +2X+_3) 

c) 
2 x - 2x + 3 
2 . 2 

(x .-.x + 1-) 

-x3 
+ 5x 2 - x + 7 

d) . 1 2 . 
(x -2x+3J(x +2x+2) 
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Z. Reduce first to prop_er fraction if necessar,Y._. and decompose. 
- -

into partial_f~actions (don't evaluate the coefficients) 

a ) x 5 x+
6 

1 
( x 

5 
+ 1 = ( x + 1 ) ( x 

2 
- !:{! x + 1 H x 

2 
- ¥ x + 1 ) J 

X +X +1 =(X +X+lJ(X -x+l) [
4 2 . 2 ' 2 . J 

3. Evaluate 

f x2 - x + 2 a) 4 dx 
x - 8x + 4 

[ 
. 2 lC 2 10 ) . Q(x) = Cx + T X+2}(x -T X+2) · 

J dx 
c) (x2 :-l){x3 -1) 

. 2 ... 
d.) .1 x - &x+5d ,. -y-- X 

x- - 5x+6 

4. Find a recurrence relation for 

5. Evaluate 

a} I x dx 
·( X - 1 ) l X Z + 1 ) 

6. Evaluate 

7. Evaluate 
2 

a) f. 3 x + 1 dx 
x + Jx + 7 

a·_. Eva 1 uate . 
-2 ..... . 

e.) f ~ -·x + 2 cfy 
· x .. -5x~+4 

n 
1 .. I x dx 

n .,.-:-;z 

b) J x dx 
( X - .1 ){ X z - 1 ) 

A .. f ~X+l)dx 
X (X z .. 1 } 2 

2 
b) I X + 2 d -.- X • 

• J 3 4 X _+ X+ · ( . ·z ) q {_X} .. {X + 1 H X .... ~ + 4} 
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2 
. b) ·I . X . 

·4 2 
X +X - 2 

dx . (Q(x) 2 '2 ) = (x ~ 1 )(x + 2) 

I 

9. Eva 1 ua te 

a) f 
X dx dx [Q(x) =·(x -1)

2 (x + 2)) 3 3 2 X - X-~ 

b) 1 
x2· dx 

c) I .. dx 
(x2 + 1)2 • .-o-:;-

X .. - ;1 

d) I dx 
··(o<x) 

. 2 ·--· -
4 2 = lX .IIB-2x.l2). 

x .2x .2 
2 - 1 (x .;. _'IS- 2x. + 12) 

·10. Evaluate 

I · x + 1; · dx 
3 2 2 · x (x + 1) 

11. Evaluate 

I · 3x 2 + x- 2 · 

12. 

13~ 

14. 

15. 

~ 2 dx 
(x - 1 ) ·{ x + 1 ) 

Evaluate-the follo~tng 

2-
>1. · -4x + x - 1 a · dx 

x(x- l)(x 2 
+ 1) 2 

"' dx Evaluate :1 
~ 

i 
.0 

Evaluate 

a) Jsx-2 d)( 
·~ 

2 
c) r 6x ,.. 5x- 9 dx 3 2 

X - .2X ·- X+ 2 

d) I x2 
+ 5x + 1 ldX 

X(X+l)z 

Evaluate 

integrals·: 

b) f . 2 . "dx 
4x + 2x + 3 

x +l=(x -12x+-l}(x -l2x+1) (
4 ' 2 ·. i! ] 

2 . 
b) .J 3 x dx (See 9a) 

. x - Jx + .2 



f dX a 1 ~-__;:.;.;~~ 

x(x-l)(x-2) 

c) f dx 
x(x

2
+1) 

16. Evaluate the following 
2 2 . 

a) /· x - 6x - dx . 2 
(2x+l}(x +1) 
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b) I dx 
(x-1) 2{x-2) 

d) I dx 
X(x 2 +1)

2 

integrals of rational fu·nctions: 

b) I dx 
4x

2 - 9 

1/. Same question for: 
3x 2 

+ 4 
a) . f 3 dx 

2x + Bx 

18. Evaluate· 
2 

a)_ f 1 - x dx 
0 x 2·+3x+2 

4 2 . 
b) Zx +13x+18 dx 

/ X(X+3)z 

·z , · · 
. 2x + 6x + 2 d. x 

19. Evaluate 
l 

a) f 
0 

3 2 . 
X +6X +11X+6) 

.. • 

20. Find the area of the region bounded by the given curves: 

. X - 1 Y "' 2 , .·x = 4 , x = 6 , y = 0 
X - Sx + 6-

ANSUERS TO EVEN NUMBERED EXERCISES 

) A Bx + C Dx + E z. a X+ -::---TX+ .+ · 2 l-/5 .+ 2 
• X+ 

1 X • --z-- X+ 1 X .. - l +ZI~ X+ l 

b) A 8 · C 0 
'i+! + ,··x + 3)2 + x-:-T + 2 • (X • 1) . 

C
.) Ax+B ex·+ 0 . Ex+ F Gx,.. H IX +"J Kx • l 
~ ~ 2 2 + 2 3 + z 4 +_ 2 - .,., + 2 

. l+ X ( 1+ X ) ( 1 +X } ( l+ X ) X - { t:: X+ 1. X + ,J2' ;< + 

d) A + B ,.. C + D Ex+ F Gx+ H 
x:-1 ( .. - 1 ) 2 .'i""'++ 2 + --:7---:- ... z .. 2 . • 

.., (X + 1 ). X + 1 (X + I ) 
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e) Ax+B ex·· o - - + 
x2 - x + 1 Xz + X + 1· 

.. 
--

4 A- 4 81 3 -·' -C; 3 D; 
f} 

i !1 
1 ' 

Jl . r, .1 
(x-1) 1 + 1· 

+ 
(X : 12) 1 

+ 
(X + t2) 1 , .. (X+l} . 1• 1 = 1 

g) A B c ·o E F 
-: + """7 .. , •m + 2 ... ~ .. )(. X (X + I} 

4. In 
xn-1 - 1n-2 = ;;-:-:r 

6. 2 1 1 2x- 1 X - 1 
+_ c - +--z- .. , 

+ 7:1 + 
(X2+ 1-),2 X 

X X 

1 
2 l X - 1 ... ~ _8. a) ( x+ 1) ( x-za C; b) R.n arc.tan X c J in + 0 X,+ T + , 7!. + 

(ll-1 )(x+2) --

3 x2 
+ 1 3 4 

-
c) "lr tn - arctan x - · x- C 

11 
( X - f/ z 2 ( X - 1 ) l + • 

10 • - 3X3 + 2X2+ 2X + 1- + 1~ ~ - ; arctan- X + C 

2x 2 (x2 +1} X c. 

--. X . I 2 1 X + 1 C 
12. a) R.n "X-T - 0 1n (x + 1) ~ 1 arctan x - -z-:- + 

X + 1 

b) ~ arctan ~ - + C. 

2 3 5 4 1 -14.-a) R.n (x-2) · lx+21 + 6, b) -g R.nj2~1d •-g .tniX+21 - 3 (x-l) + C 

4 1 5 c) .tn (x-1) + 1 1nlx+lj + l (x-1) +C. 

3 
d) 1n I X I - m + c .. 

16. a) i .ln- l2x + i I - 3 arctan x + C, b) +z R.nl~=: ~~ + C. 

18. a) 1n ( 9/8), 

20. R.n (9/2)_ 

b) 3/28 + R.n 16. 
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7 I 2 INTEGRATION OF TRANSCENDENTAL FUNCTION~ BY_ VARIOUS 

TECHNIQUES 

A. .JR(cose, sine}de, fR{ChS, Sh0)d0 

we·treat here the cas~s where the integrand is a rational 

function of its. arguments ~os9, si-ne or ella, stie. 

The foJ'r~ing are of this type: 

. The gene_ral method is the half-angle~ half-arg_ument subs_­

tituti"n r:espectively by which the integrand reduces to a ratio'­

nal function. 

To show that this i~ the case, make in R(cose, sine) the­

nalf-angl_e substitution:. 

Then from 

we get 

_:tan ~ • t 9 e"' 2 arctan t ~ 

tane .. 
2 tan ~ . 2 t 

1- tan 2-f ~- and 

2 1 -- t cose = -
~· 

'2t sine c: 

'1:? 

de = 2dt 
i:? 

(Observe similarity between the expressi~ns for dEl and sin~) 

Then 
2 

fR(cose, sine)de • /R(.!..:.!..r • ..1;.) ldt • fR
1 
(t)dt 

l+t' l+t' -~ 

where R1 (t) is a rational functi~n ~f t. 

'For ~he hyperbolic case R(Che, Sher the half-argumer.t 

Gubstitution i! 



fl 2dt' Th . = t ::~ · e = 2 Aratanh t =? d0 = 
' 1 ]:'t2' 

From 

Th 
_ 2 Th ~ 2t 
0 

= l + Th2 ~ ·_ = ·~ and 
. . I+~ 

-~~DL_j2f 

we get 
. . 2 

· Ch e = 1 • t • . 1=7· 

. , , . 1-f"L 

2t 
Sh e = l=""tz 

(Observe simi lad ty oe1;ween the ex_Pression· for de . and Sh 0, 

·and also between t~igonometric and hyperbolit expressions). 

As in ·trigonometric case the_ new. integrand· is. a rational 

function of t. 

Example 1. Evaluate A = I 2 + s 1 n0 de 

Solution. Since' the integrand is a rational function of 

sine, the half-angle substitution transform 1t into a rational 
. . 

function: 
A = I ____ 1:....,....,_;_ 

2 + 2t 
1""":? 

2 dt _I dt 
~- 2 1+t t +t.+l 

.where 
. t 2 + t ~ 1 = (t 1)2 1 1 -- (t+21)2 + ·- + 2 + -.if 

Se.tting 

t + l /3' 'dt = !/- du, ~ T u. 

we h~ve 

ll du 
A-J "l 2 I du j' arctan u + c. 

- {cu2 .1) 
::tn ~· 

. 2 
arctan 2 (t + 

T + ·c • 'l 'l "l, 

2 arctan i ( 1 + 2 tan ~) + c • 'l 



1 
B = I 2"5h:7 - 3Ch•) + 1 dC 

0 2 dt Solution. Th 1 = t ,.., e = 2 Argth t ·==-- de = 1=tf , and 

B - J 

Sh 0 = 2 t 1-7, 

-4t . --=-z -
l- t 

I d ( 2t) 
= ·. (2t) 2 - 2(2t) .. 2 

I d(ull) 

• (u·-1} 2 +1 

2 dt 

l=tz = dt 
-2/~--

4t - 4t + 2 

I 
·du -

2 u - 2u + 2 

arct~n (u-'1) + C 

(u ... 2tJ 

= - arcfan (2t-l) + C =- ar~tan'-(2Th ~- J) +C. 

· .The·half-_angle (half-a_rgument.) substitutions works always 

for the rational integrands in trigonometric {or hyperbolic) 

func.tions. 

In some cases as the following ones the use of these su~s­

titutions not necessary: 

Integrals reducible to 
, a) ftane de I • 

ftane de : /sine de 
cose 

rd coso = coso = :-R.n!cosol ~ c 

bJ /cote de = fd sinO 
· s 1 n0 

• R.nl ;inOI + c 

[du/u: 

a • J 

= 

b.) 

/The dO 

/The dEl 1she 
roo d0 

fd ch::J 
C'fi0 

;: R.n ch0 + 

fCotha de= fds~~0 

= R.n!Sh01 + c_ 

c. 



c) I sece dB 

_ f seeS( seeS + tanS) de 
~ sece + tane. . 

._I d(Sece + tan0) 
- . sece + tane 

inlsece + tanej + C 

d) . f csce .de 

-1nlcsce + cote! + C 

. fa cos0 + b s1n0 dB 2 • I = A cose + 8 sine • 

. 448 

•c·} I Seche dB 

_I Seche(Seche • Tanh9)de 
-. . . Sechi:l _• Tanh0 

_I d(Sech9 + Tanh0) 
. - seche • Tanhe 

1niSech~ + Tanh01 ~ C 

d') I Csche d0 

-= -1nlCsch0 + Coth01 + C 

1 ,_ I a Che • b She de 
- A Che • 6 She 

lhe method ~onsists of determining constants m, n such that 

a cose • b sine mU~nU' 

where U ~ A cose • 8 sine. 1hen. 

I = J mU ~ .nU' d0 = me ~ ·n !niUI + C 

( 1) ~ 

a.cose+b sine=-m(A cose+B sin0)+n~-A sin9+8 cose) 

a cos0+b Sin0=(Am+8n}cose • {~m- An)Sine 

8m An = b lA 81 2 2 A= .=A+B 
B A · 

; 0 
Am + Bn = a 

Since A I 0 there is a unique solution in m~ n. Slnce 

a, b are not both zero, m, n are not both zero. 

I' is solved similarly. 

E 1 E 1 1 •· f 11 cosa - 2 sine de xamp. e •. va uate 3 COSS + 4 Sln0 

Solution. We determine. ~he constants m, n such that 

11 cose - 2 Sine.= m{3 Cose • 4 Sine)+ n(-3 Sine • 4 Cos0) 
.. 

11 cose .2.Sine ={3m • 4n)Cose • (4m- 3n}Sine 
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; ' 

3m+4n=ll,' 4m-3n=-2. ~ .m='l, n=2 •. 

I= I (I +.2 uu·)de= e +2 1nl3 cose + 4 Sinal+ c. 

-Integrals reducible to [ua du 

1. A = { cosme Sin 11 0 dl:t, 

We distinguish two cases: 

Case 1. At least one of m and_ n is odd: 

Let m be odd with m = 2k + 1 ( ke:fi) • Then 

A = fcos 2ke sinne cose de = /(1-sin.2e)k sinne 
/ 

= j(l- s2k) sn· ds = I P(s)ds ( s ·:" sine) 

Case 2. m and n are both even: 

let m = 2k, n = 2r ( k, 're:fi) 

d sine 

A=/ (cos 2e)k(sin 2e}r de = I (l+cos 
2 

2a)k(l-cos 
. 2 

ze}r de 

=I l- aj cosj -2a de, 

eac·h term being e~aluated by the case 1 if j is odd and by 

case 2 if j is even. 

The integral A' is evaluated in the same way by the 

use of 2 . 1 2 1 
Ch e =I (Ch 20 + 1), She= I (Ch 2e- 1). 

Examvl~s. Evaluate the follo~ing 

a} A z f cos 3a stn 2e ~e b) s~ I cos 2e ~tn 2e deJ 
. 4 2 

c) c = [·Ch e Sh e~de 

Solution. 

a) Havin9 an odd exponent we have 

A =I cos 2e sin 2e .d ~ina "' j(l- sin2e)si~2e d sine. 
. ' 

1 i 36 1 . 5 . ~ 3 s n - 5 ~1n e • c. 

b) The exponents befng equal to each other we have· 

. • /(cose sine) 2 de. { Jsin 22e de_~ -ir 1 -_cz549 de_ .. ·ite.; 51 !f 4c 

... ·. 

• I 
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c) The exponents- being not equal and being both ~ven we 

get 

. C ~ J {Ch 20 + 112 Ch 20- 1 d0 2 2 
1 

= 'g f (Ch 220 + 2Ch 20+ 1){-Ch 20 - l)de 

1 
= 'g f cch 3ze. chlza- Ch 20 - l)d0 

= l J ch32e _de • i,J Ch 40 + 1 de 1 Sh 2e e 
2 . - lJ -z- .- lJ 

-

fo.J Cl-Sh22e)d Sh20.+ (fo ¥+flo> - Sh1j 0 - -~ 
t - . . 

2. A :: I sec me tanne d0, I .. = I Sechme Tanhne de 

8 = I esc me Cotn0 d0, B'= I cschme 

To evaluate the integral 

A = J secme tann0 de 

we distinguish three cases: 

Cothne d0 

Case 1. m · is an even integer; m = 2~ {k£N} ... 
A = ~J se~_Zk- 2 e. tan"e sec 20 d0 

= f (1 + tan2e)k- 1 tan°0'd tan0 

.~-I P(t)dt {t = tane) 

Ca~e 2. n is an odd integer: n 2r ~ 1 (rEN) 

A= [_secm·le tan 2re. sece tane de 

= [ secm·la (sec2e- l)r d ~ece 

f P{s)ds (s ~ seeS) 

If both m and n . are even or both odd we are in case 1 

or case 2. 

Case 3. m =:2k + 1,. n = 2r 
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A = f s~c 2 k•la tan2re de 

= f sec2k+le (s~c 2e ~ l)r de 
=:J sec~e d~ ($ee 4) 

The procudere:is the same for ~he integral B. and fo~ 

hyperbolic. ones with· 1 :. Th~e = Sech2e . instead of 1+tan 2e~sec2e. 

Exam(!le. Evaluate 

a) I = f Sec4e tan2e de b) J = f Sech3e TaQ.he 

: c) K = f Csc4e cot4e de 

·so 1 uti on. 

a) Since ~ ~ 4· is even we have by case 1: 

I =.I sec2e tan 2e se~ 2 e de­

= 1 {l+.tan?e)tan2e d tane 
. . 3 5 

• f {l +t2)t2 dt ,;_ ta3 e + ta; e + c 

·b) Since n = 3 is odd, by case 2 we have 

J "' f Sech2e Tanh 2e Sec he Tan he ~e 
= I Sech2e· (l-Sech2e}d Seche 

de. 

. . . . -~ . 5 
.. I s2(l-s2)ds = Secl_e _ Sec

5
h e + c/ 

c) K = f csc2e tot4e csc2e de 

.. - J(l + cot2e). cot4e d cote 

cot5e ·cot7e • -r-·----r-·+ c •. 

··In case the.integrand involves hyperbolic functions (or 

powers of ex) integration may be easie~. as seen in the ex~mple, 

1f it is transformed to pQwers of ex 1or to_hyperbol~c func­

tions:) 

· Exam~le. Evaluate 
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A = . .} Sh~t dt, 

Solution. 

A·., I (et ~ e-t) 2 . dt = i J (e2t:- 2 + e- 2t)dt. 

= l (ie2 t~.zt-te::- 2 t] +e .. }sh 2t.-.i t + e 

s = 1 ~n:idt.= 1n ch t •e 

Integrals evaluated by recurrence formu.las 
(. 

1 ~ . en = I eos 0 e dE> 1 I • en =· I Chne de· 

s . ::. I s ;·nne dE> s I s·h"e de n n 

We establish the formula fo~ en; the others we ~btained 

similar.ly:' 

· · eos~-le sine - /sine 

= cos"- 1e sine+ (~~1} 

• :eose dEl. (n ~.2} 
. d'v . 

(n-l;eci;n- 2~ (-s1n0)dE> 
.· . 

eos"~ 2e (l~eQs2e)d~ 

· "' n'-1 =cos 0 sin0 + (n-1) e
0

_ 2,,;. (n-l)ln. 

n c
0 

= (n- ~ )c
0

_·2 + eos"-1e sine 

n - i 1 n-1 . . l C0 - - 0 - Cn-2 + n COS 0 Sln0 

·. n - I . 1 . n-1 
- -.-0 - sn_ 2 - ·n ~, n cose sn 

C
. _ n-l·c· 
n ·. n n-~ + ~·C.osh0 - 1 e Sh ·a 

0

]. 

s~ = ·~ n ~ 1 5
0

_ 2 + ~ Sinh 0 -
1e Ch 

. . I. - n 2. t =~ ·tan 0 de . n . . 

. ·~. n. = r cot~EJd0 
2'. T~ ~I Tanhn0 d0 

. T' 0 • J Coth0 e de 
··- .. 

I 
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We esta-blish the formula again for t
0

; the others are 

obtained similarly; 

I 
. n 

I = tan .e de . n (n ~ 2) 

I 
2 . 2 . 

tan"- e tan 0 de 

J tann-20 .( s'ec 2e - 1)~0 

f tan"- 2e. d tans - f tan"- 2e de 

·I n-1 n-=-T tan e - 1
0

_ 2 

t -t 1 tan"- 1 e l + n=r· n n-2 

t' -t· - · 1 cot"- 1e 
. n n-2 · n=T . 

'T T -
1 

Tanh"-
1 a l . n n-2, n=T . 

T' T • ·• 
2 

~ nh cot:hn-l·e 
n n- n- · . 

3. c '·n I sec 0 e de 3'' c· f Sech 0 0 dG ·n 

s. f csc"e d0 S' = f Csch 0
0 dC n n 

Again we o~tain the formula for· c'
0

, the others b~ing 

obtained similarly. 

c'
0 

= f sec 0 e de ~ (n~2) 

=· j sec"~ 2 e sec 2e de 
u dv 

n-2 · · n-3 sec e tane - f tan 0. (n-2)sec _ 0 secGtan0d0 = . 

. ~ / sec0- 2o tanG - (n-2) f sec 0 ':" 2e (sec£0 - 1 )do· 

·I : 
- - n-2 · 
~ec 0 tane - (n-2)c'

0 
+ (n~2)c' 0 ~ 2 

c n 
n-2 = c· ... 'n-T n-2 
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C I · n-2 cl 1 se~"- 2 e tane l = n-T + n-T n n-2 

5 I 
n-2 .1 ~ - 1 csc"- 2e cote :: n-1 .s n-2 n n-T 

c~n :: - n-2 c· + L {S chn- 2e Tanhe l n:T. n~2 n-T e. 

s~ _n-2 s· 1 . n-2 Co the - n=r-Csch e n n_-1 n~2 

Exam(!le. Evaluate -i = f sec 5.a de 

Solution. By the recurrenc-e formula, 

Is 3 
13 

1 sec 3e tane = l + l 

13 
1 

Il + 1 
s~ce tane 'Z '2" 

where 

11 sece de= tnlsece + tane!. 

Then 

1 5 = j (i l:·nlse.ce + tanel •!_sece tane) + { sec 3e tane+c 

3 - . 3 1 3 
= lf R.n I sece +tanel + lJ sece tane + 1 .sec 0 tane + c 

B. INT~GRATION OF MIXED FUNCTIONS: 

The integrals that·we consider here are listed below where · 

P and R are poly·nomial and rational function of their arguments 

respectivelY: 

-1. I P(x)R.n x dx; · 

· .. 2. I P(x)cos ax dx,- I P(x)sin ax dx; fP(x)Chax dx, J P(lc)Shax dx-

3. I eaxcos bx dx-.· .-. I eaxsin bx dx i I eaxChax dx. r P(x)S.hax dx 

4. J cos aX cos b~ dx, I cosax sinbx dx, f sinax sinbx dx 

5. /P(x, tnx-)dx, --1 P(x, ex)dx 
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. 6: f R_(R.n x)dx 

In_tegrals. 1-6-can· be evalua-ted directly, or after some 

~rocess, by parts. 

The integral l7) can be ·transformed into inte.g.ral of a 

rational function after the substituti~n ex= t. 

Examples. Evaluat~ 

. 1n3 
a) A = / e 3xsh 2x dx . b) ·8 = f cos3x cos4x sinSx dx 

"R.n4 
d) / 

Solution. 

R.n3 
a) A : / 

i ( 1 5x xrn3 1 35 
- 3 = "5' e - e = z (-;-

0 . 

.. -io (35 - llJ 

b) 28 = I (2 cos 3x cos ·4x)sin Sx dx 

= I (cos 7x + cos x)si·n ~sx dx 

1 
+ -1 J - "5' 

48 =I 2 cos 7x sin,Sx dx ··J2·cosx sin sx dx 

.. I (sin12x- _sin 2x)dx ·•· I (sin 6x- sin 4x)dx 

,;_1 cos12x + cos 2x _ cos 6x + cos 4x :. C 
. 12 . 2 6 . 4 . l 

8 . - cos 12x cos 6x cos·4x cos 2x 
+ c 48 + 24 16 + 8 

e e 
tn 2x c) c = "1 I R.n x dx + I dx 

1 

e 
(x tnx)~ (x) ~ / tn x dx .. - = · e - ( e -_ 1 J " 1 
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[ 
2 dv dx . e 

£.n 2x 
u = .tn.x, 

f dx ·l 
1 du 2 .tn)( v X 

X 

(x 2 r e 
,.. in x 

1 
2 I R.nx dx 

1 

e ·- 2 . 1 e· - 2 

c + (e - 2} e - 1. 

R.n 4 e3x _ex 4 t2 - 1 with· ex d) 0 f e2x 
dx J ~ dt t 

0 ·+ 
, 1 . t + 1 

4 
. 2 )·d.t ( t- t): J . ( l - 2·arctan 

1 tz-:1 
"Tr . 

3- 2(arctan 4- arctan 1) = ·3 + "2" - 2 ·ar:ctan 4. · 

ln a more general case the integral· 

I f(x, T(x}.)dx · 
I 

where T(x} · is a transcen~ental functi~n. and f is an algebraic 

function of its argu~ents,·may be reduced to previous types of 

integrals after a ·suitable substituti·on. 

Exam~~- Evaluate 

a) A = f rx + x 
3r:; x(l +· .x) 

dx 

c) C = I. 1 + ,t'CO"SX d 
Sln X . X 

Solution. 

b) B I 
X 

+ cos "2" 
X sin 3 

dx 

a) Since x112 , ·x113 can be expressed as power of x1l 6 , 

the substitution x = t 6 gives 
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,· 2 5 
= 6 J t + t dt 

1 + t 2 

= .i x213 - 3 x 1' 3 
+ 6x1' 6 + 3 n(x 113 1)..;6arctan 

3 tn(x 113 +1)-6 .arctan x116 + C 

b) Settin~ x = 6t, we have 

I 3 2 
B _ 6 f 1 + ros 3t dt = 6 r 1 +cos t- 3 cost sin t dt. 

- . sin 2t J sin 2t 

having integrand as a rational function of cos t, ~nd sin t 

it can be interaied by half-angle substitution. 

21. 

22. 

23. 

24 .• 

. \ 

c) Setting cos x =-u2 (u>O), we have 

C = J 2u du 
2 (-1 - u.) ( 1 + u } 

·• .ll +COS X ~ .... n 1 ;r - arctan ... cos x +C •. 
. - COS X · ' 

EXERCISES <7. 2) 
.. 1T 

dx Evaluate J ·( 0 <0~ n/2) 
-1T 

1 - cos0 cosx 
71. d0 Show that f n 

3cos 2e ~ 0· + 1 

Evaluate-

a) 1 2- si nx dx b) I 1 - r cos X d·x 2 + cosx 1 - 2r cosx + r 2 

Evaluate 

a) Jcot3x dx. b) fta~ 3 x dx, c) Jcsc 3x dx, d) 
. 4 

Jcsc x di 
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25. Eva~uate 

al 
J . . 3 . 3 :cos.e sin 0 dEl b) .f 'cos 6El d0 ... 

£va_1 uate ~6. 

f ·dx •b) I dx c) I dx 
· a)· cos. x - cos a •, s 1 n x - s1 n a • tan x- tan . 

·27: Eva 1 uate 

~J fsec33x tan 53x dx · 

28. Evaluate 

a) fcos 5x dx 

29. Evaluate 

_a) I 1-l0S~~ x· dx, 

30. Evaluate 

a) Is~n x Sh x dx 

31. Evaluate·:· 

a) Je,xp -arcsin _x dx 

c )~/co! x- dx ·Isin.x - ---:r -x 

32. Evaluate 

'IT/2 
cos5x a) I dx 

0 

33. Evaluate 

:rtl4 3- . 
a) I tan x dx·-

0 

34. Evaluate 

rr/2 
a> I - s·i n32x dx 

.o 

1 tan x · 
c) · 1 + tan x dx 

b) f Ch X + 1 dx 
. . Ch X ---1 

b·} .I X a rcc;.os 

dx . ·d) I sec2x dx 
X. 

' 

.- rr/2 
sin6x .. b) I 

0 

x2 dx 

I tan x 
-~ 

X 

dx 

.Tf /2 
cos 43i dx b) / 

dx 

35. Find the a~ea ~o~nded by one arc.of the curve y = si~ 3 3x 
and the x-axis~ 

a . 
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ANSWERS TO EVEN NUMBERED EXERCISES 

. . 1 . 1 . 3 
24 a) - ~ cos 2x + - co's 2x + c, 

• I 11 . • 48 . . 

b) fo x ·+ { dn 2x + ~ sin 4x - Jg si.n 32x + c. 

sin-}(x+a) 

sin -z (x-a) 
26. a) ·tsc a 1h ·t 

28. 

30. 

32. 

34. 

b) sec a R.n 

c) cos 2a- n 

a) sin.x 2 
+ "! 

b) ..f,z t~n43x 

a) i. (si-n X 

b) 2 Coth X 
7 

a} 28/J 5, 

1
·. sint (x-a) ·I +c, 

cos 7 (x+a) 

I 
. l 

sin ( x - a ) I -. 7 x sin 

si~ 3 x + stn 5x ---s-- + c 

1 tan 23x· + j R.n.! sec - b 

Ch X - cos X Sh x} + c, 

- X + c, c} 3 arctan 

b) . 5n/256. 

a)-113 •. by 8/15 

2a + c. 

3.xl + c. 

ex 1 . 
+ 7 Tanh X Sech . 

7, 3 INTEGRATION OF fUNCTIONS INVOLVING Ax
2 

+ Bx + C · 

We ;treat here the i ntegt·a1 s 
2 . . 

·If(~, Ax + Bx + C}dx. ·(A ~ 0) 

X + c 

·wher~ the integrand ~nvol~es the quadratic expr~ssion 

The fo11ow1nl are of this type: 

2 . 
Ax +8>-•C 

I dx 
. , 2 • 

Xt'X - 2x 
I. x -. /g + x - x2 dx 

"=2-
1+ f9+X-X 
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We transform · Ax 2 
+ Bx:.. c, as follows: 

Setting· 

we have 

Ax 2 + Bx +.C =A (x2 
.+ l x +_ ·~.) . 

.. ·A [{X + 

• A { (X • 

X . B u 
+ u = 

.Ax2 +Bx+C:..=A(u
2
_ 

4
!2) (A 

If · A> 0, th~n 

2 B · 4AC) . 

- .a 2 ·. when. A > 0-

involves 
+ a 2 when A < 0 • 

and if A< 0, it involves a~- u2 ~ · 

Then we arrange the 

TABLE 

Integrand New integrand 

involving substitution involves du 

u2 + a2 
[" • a tant r sec

2
t. [a sec

2
t. di: 

or or or 

u = a Sht a2 Ch2t a Cht dt 

( u = a sect. r un
2
t [" <ect Unt · dt 

u2 _ ~2 -l or or or 

u = a Cht a2 Sh2t . a Sht dt . 

i·-- u2 · [" • a sint(•) . [a2 c.,z. [a ·cost dt · 
or . i ~~ch2t 

· or 
u.,;aTht. · . a Sech2t d.t 

{*}.The substitution u=a cost works also, but u =a sint is preferred. 
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Aft~r a substitution, the int~Qrand bec~mei a furiction of 

a trigonometric or a hyperbolic function whieh is in turn tan .be 

transformed into a type giv~n in §7. 2, if netessary~ 

Example. 

a) A = J 

Eva 1 ua te · 
2 . 

X A 2 dx, 
.9 - X . 

b) 8 = f lx 2-4x_ dx, c) C=/·0. ~ dx 
X 4x +X-1 

/' 

·Solution 

a) Setting x = 3 sint, we have 

I 9 sin 2t I 2 A = 3 cos t . 3 cost dt = 9 sin t dt 

~pply 

b) x2 

8 

~I (1-cos 2t)dt = i (t 

= i (arcsin ~ sint COSi1:) + C 

the other substitution! 
2 .,.4x=(x·-2) -4 u=x-2 

. I 

J·,{2-:4 du. Set"ting u =. 2 Ch t, 

8 'I {4 Ch 2
t ~ 4 • 2 Sht dt 

we have 

-4 f 5h_2t dt = ~ J(Ch 2t: l)dt = Sh 2t- i:::t + C 

= 2 ~ht Cht ~ 2 ArgCh 4 + ~ 

2 ./~ - 1 ; - 2. Argch 4 + c 

'=· ~ (x- 2) lx 2 .- 4x -:. 2Ar.gch. x 2 2 
+ c 

Apply the ~ther ~ubstitution:. 

C ) C = f . , ·l d X 

x/4x 2 + x - 1 

If thP integrand had no x as a factor on the·denominator. 
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the evaluation could be done by the proces~ used ~n _(b). To 

remove ttie factor x, the rec!ipl"ocal su!:·stftution x· = 1/y is 
- . 

applied as follows: 

I . . I dy I dy 
c = 1 ,~ 4 _I _- "1 (- .-z> = - X - i. . y -z .+ . y . y / 4 + y 

~-

which doe~ not contain a factor in the denominator. 

. . 2 
4+y;-y ·z ) 1>l 1 n, (. 1->2 = 4- ( y . - y + 4 - ( y -1 + 4 = 4 - y -: 2 

Then setting 
1 

u = y - 2' ' du = dy 

we have· 

C I du =· - 'It u2 
VT-

u = Jf sint, 

and- by 

i /i7 cost 
·c =-J dt -! 117. cost 

~ t + c = -arcsin ~ + c 

2 1 arcsin 7r7 (Y- 2") + c =- - arcsin 2· (.!. m x 

EXERCISES (7. 3) 
.. 

36. Evaluate 

a). J · ~4x + 9)dx 
: · · ( x + 1x + 13) 2 

b) f (3x~7)dx 
(x~ + 2x..; 2)(x 2 

+ 4) 

37 .• Evaluate. 

e) f dx· 
Jx2 

+ 4x + 2 

38. Evaluate 
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a) I X+ 1 dx b) I '2 dX . 
hx- x2 lx - 2x- 8 . 

3!:1. EV;~ll u ate 

a) 1 dx b) J li 2 · dx 
ll +.x2)3!2 

- ·X 

40. Evaluate f tan 5x dx by setting tanx = t. 

41. Evaluate 
Tr/4 c . dx a) Of 3 - 5 sin-Zx. 

42. Evaluate 
- R.n2 ex e-x 

a) I ex e-x 
<!x 

0 + 

-43. Evaluate 
I dx a} of 3x2 

+ 4x + 2 

44. If _. Df(x) = x arcsin x 

and g(x). 

45. Evaluate 

a} A = J Ax 2 - 8x + 1 3 dx 

46. ·Eva 1 ua te 

47. Evaluate· 

a) I dx 
x2/x2 + 9 

c) J dx. 
( 4 +x2)3/2 

·.48. Eva 1 ua'te 

a) I 
. 3 

1 ) R.ny dy (y + 

49. Evaluate 

a) Jx arcsin x dx_. 

and 

--TT /2 dx 
b) f 3 + 2. S1nX+COSX 0 

R.n3 
b) J-

R.n2 

R.n2 
b) f 

.u 

dt 
et - ··e -t 

e~ dt 

Dg(x} =· x2 Chx, fi-nd· f(x) 

b) B = J dX 
.f..x 2 

+ 3x - 2 

d) f· dx. 
. -~ . _·.· 2_ . 4x :- x 

b)Jx1n~xdx. 
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51. 

Evaluate by the given substftution: · 
J - . 

1 • 5/3 dx . 
a) f ;.. -~· x=l/sint b) 

5/4 · _,X- - 1 .. 
"I o. 

c) f 
0 

11 sinx dx 
' 2 • 

1 - 2acosx + a 

Evaluate 

-8 · dx a)/ (x2_ 4 )372 

-/3/2 - .. 
c) I x 2~ dx 

12/2 

t = 11 . z 
2a cosx + a . 

6 .. 

b) 4I dx 

8 . . 
d). I (4- ~2/3)dx 

0 

52. Determine convergence or_ di ver!Jence, and find the value when. 

convergent: 
... 

a) I x_ e~x dx 
0 

53.· Evaluate 
. d 

a) J . x2 5/2 • 
( 1 .- .X ) 

54.· Evaluate rx. x A = f 3 dx 
·x(l+IX) 

55. Evaluate 

a} I -IS'i'nX 
•cos x dx 

... 
b) f e~x sinx dx 
. 0 

b I dx > ~;~co~s~x~(~l~-~c~o~s~xr) 

ANSWERS TO EVEN NUMBERED EXERCISES 

36. a) /- 34 + .Jzr. arctan~+ c 
18(x +4x+13) 

. 1 ? '1 1 2 1' , .. 
b) 'Z 1n(x- + 2x + 2) + '2' arctan (X+ 1) - '2' i.n (-x + l)+;r arctan 1• c 

r-? /2 • 
38. a) 2 ar'csin (x-1)- l/2x- x~ + c, b). i.nlx-l+Vx -2x+81 + c 



42. ·a) R.n * 
44 1 (2 2 ·1) . .. 1 r----?. • . a ) 4 x - ·a r.c s 1 n x ._+ 4 x tfl - x ~ + c 

b) (x2_ + 2) Sh x-' 2x Ch x ..: c 

46. -4 fn ~ 

. 5 ( 4 . 3~ 2 - I l 
48. a) ~ . 625 R.n x- 500 ~n x + 300 ,in x: 120~ R.nx + 24J 

1 . 4 . . 1 4 
b) 4 (y + _4y) R.n y_ - n; y - y + c 

.so. a) R.n H1 b) n/6· 

52. a) b) 1/2 

c) 2/a_ 

A SUMMARY 

(CHAPTER 7) 

+ c 

. 1 Decomposition of a proper rational fVnction P(x}/Q(_u: 

·ro each factor {l(-a)r- of' Q(x) corresponds a sum 

r Ak 

k~l ~a? 
of·partial fractions,·and to each factor (x 2 .px+q)r 

with A< 0 corresponds~ the sum 

T Bkx + ck . -
- ). 2 --:-r 

k=l (x +PX+Q) . 

of p~rtial f~actions. 
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7. 2 . ·Half-angle substitutions: tan ,Z = t 

. 2t . 1 - t 2 t 2t s 1 n x = ~ ,. cos x = ~ , an x = -----.,. I 
d 

2dt. 
' X=~ 

7.3 

. l+t' . l~t' 1-t' . 1 +t 

is applied to J R dx· ·where .R is a rational function 

of trigonometric functions . 
. · .... 

ltifl f.:a rgument substitutions: 

2t 1 +t2 
Sh X = ---.s' Ch X = ____,. 

l - t' • 1-t' • 

is applied to· JR dx where 

of hyperbolic functions. 

Th x .. 
"2" 

Th X 

R is 

t 

2t dx 2 dt 
" ~ • 1 - t 2 

a rational function 

In integr-als .invo.lving 

f·ormed to u2 - a 2 . or 

. 2 
Ax + Bx + C, the latter is trans-

2 2 2 2 u +a for A>O, and to a-u 

for A< 0, and then the following ~ubstitutions are 

applied: 

For u2- a2 u = a ch t or L! = a sec t 

FQr 
. 2 . 2 

Sh , u · +a u = a t or u a tan t 

For 2 2 
a - u-. u = a Sh t or u a sin t 

MISCELLANEOUS EXERCISES 

-56. Decompose teh following rational function into partial 

fractions: 

57. Same q_uesti on for 

58. Same qu·estion for 

-rr/2 
59. Evaluate 

n/4 
I' 

5 ' x + 6x 

. 2 2 
{X - 2) (X - 6x + 1 0) 

(x+l){x+2) 2 

4Sinx- 7Cosx d 
3Sl nx- 2Cosx · x 



60. Eva 1 uate 

e 
61. Evaluate I 

1 X ( 1 

62. Evaluate f lj 

a' - 2ab 

63. Evaluate f /{: ~ dx 

64. Evaluate 

a) J X
3 

- 2 dx ;r:;-
65. Evaluate I x dx ,-­

X + 1 

467-

dx 
+ R.n 2x) 

dx 
cosx + b2 

~6. Find the·area of the region enclose~ by the curves: 

X 
Y =·(x+l){x-2)(x-4) 1 lC=-4~ x-=-2~ y=O-

67. Determine the constant a such that 

0
fa x 3~ dx = 

0
/ X r a2 - x2 dX 

68. Evaluate 

a} f cos x dx 
1 + s 1 nx 

69. Evaluat~ 

. ex d~ 
a} f 1 + 4e2x ' 

· f x
2 

dx 70. Evaluate ~-
x + 1 

71. Evaluate 
tri2 

of a2cos 2e 
72. Evaluate 

de 

+ 

b) f 

b) f dx . 
.4 + 9x 2 

b2sin2e 
I (tan 0 .. -t) 
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1-J •. Pfove 

. a) ·i" 1n X dx =· .tn(nri. e-n+l) 
1 

b) R.n:(<n-.1):) ;·/"J!.nx~dx<.tn(n:)· (by lower and uppt.t· s~ui:>· 
on the regular ~artition (1~ 2, • n) 

. c)-(a) and (ti) 

74. Prove 
n l < ni;:· · · 

a). /e e n . (f\·om the right inequality in Example 73c) 

n;n! n - n r- · 1 b) n < fn • ..-e • e (from the left inequality 'in 

Example 73c)· 

c·) (a).. and (b) 

lim "?'! = 1 · · n n 
n -·{using lii+l and li!+l) 

75~ 

76. 

"'n. 

n + co 

Use tile result in Ex·amP.l e 

a) lim "'V{ kn): 
n. -+ "' 

·n 

c) 1 i ni 
3n;;: ., 

n +"" 27 :-'/il 
2 dx Ev.aluate / . :% ~ 

2x + ·• 4 - x 

Evaluate 

~) f 1 + x dx .T+?X 

X 1/3 + XS/6 
78. Ev&l~ate . f xl/J•l dx 

79. Evaluate 1 x ~ dx 

so. -.Evaluate 

74c 

e 

to· evaluate 

b) 1 im 
. n +.,. 

"/('3r0! 
9n 3 

.· "--'( '' . ) I ( 3 ) I 
.d } · 1 i m ...!.., t.rl • ., n • 

n + ca n-

~) f v dx =-3vr:-x ~ 11 + x 

'·· 
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·a) J.x/0dx . ,-:x 
_Iz .rx:l -.1 

·b) dx 
0 ; {x + I + l 

81. Evaluate 
b 

f dx 
'(x~a)(b-x) 

82. lf · _R(x, 

a 
r-:;-­

va x'": + bx + c) is·a rational func~jo~ of its: argu-

,ments, show that it becomes a rational function of t up-on 

the substitu-tion: 

a)t=lix+£"2+bX+C when a>O, 

b) t j-a) :. X- Xr 
when a < 0, where =. x2 - x 

the (rea 1) roots of 
2 . . 

0 ax + bx + c = 

X J • X 2 --are 

(xl < x2) 

83·. App-1 y the s ubst i tuti on 

. a \ f i.:_A x 2 + x - 1 dx 

x + A.x 2 :.. x - 1 

givep ~n ~x~rcise 82 to ~ransform 
. lx 2-

b) f x - x dx · r 2 1 + iX -X 

_ i~to ~nes with integran~ as rational· functicin of t. 
- . 3 

84. Evaluate J ~ -lliX_ dx 

2 
as .. Show that J

11 

x sinr dx .. T­
. 0 1 + COS X .• 

86. Find the area of the region bounded by,the x~axis, the ctirve 

y = x e-x and the _vertical lin.e through the maximum point. 

8 7 . Eva l u a t·e I x' eX c 0 s X d X 

88. Find the area between the t~o ~urves: 

a) y. r.nx, y . tn 1 1 < x < e X .. 
. 'b) y ."s'i n2x ,· y"' secx, 211" . . 511" 

T <X < T 

89. Given In • f cris(n ar~ianx)d~. _show that 

I 2. • I 4 . ( ) n+2 +' 'n + n-2 = n SJn n arctan X + C 

.. ' 
90~ De"termine. the conver'gence or .dhergence, ·and find the value 
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if convergent:. 

a) .(x2 e-3Xdx 
0 . __ ... 

91~ Find ~-relation between the·constants a, b for w~ich a 

primitive of 

be a rational function. 

92. )ind th~ area 
1 

. . of the reg1on bounded by the curve 

y = -...--i<---
.· ·x2(x2 +4) 

a n d the 1 i n e s . x = 2 , x = 2 13 . and 

93. Find the area of the r~gion enclosed ::,y one loop 

y2 = x4(1 . 2 }3 
- X 

94~ Same question for x2 = y4 (.1 - .i) 
95. Find the area enclosed by the curve. of 

x21.3 . 2/3 + y . .. a213 (a> 0). 

ANS~IERS TO EVEN NUMBERED EXERCISES· 

56. X- 4. 4x+24 16x-32 
+ ( 2 2 4)2 - 2 4 3 X + X + (X + 2X + ) 

2 x + 2x + 4 

1 1. :1 
58. X+T - X'+'Z -:. (x + 2)2 

60. -13. 
. ···. . 

2 · · (a+b x . . 62. 2 2 arctan a:D. arctan 1 ) + c •. 
a - b . 

i x2 I . 1 2 . 
64. a) R.n x:i 1 + '2' x . + x + c 

y .. o. 

of the 

. •b) 2 ft I I 1 \ 1 ( 2 1') 3 . 1 X+ 1 - ... n x - x - ::::-:-z + .tn x + - 'Z arctan x- :t --z-:- + c 
2x · · x +1 

curve 



66. ~ in 3 - {t in2. 

68. a} arctan sin x + ~. 
1 x2 

b) 0 ~rctan ;r ~ c 

l'l [·n x2 
- xl2' + 1 7 o,. 1r A, .:.:...-2 -..::.:..=----=-

X· + x/2 + 1 
arcta~ 7] + c 

724 ![.arctan (4 tan 2x) + c 

76 .• To + % :in 2. 

78. j x3/2- ~ x7/6+x+~ x5/6_j.'x2/3+3xl/3_+6x1/6. 

·- 6 in{l + x 1/l} - 6 arctan x 1! 6 + c. 

80. a) -14 arc,tan /l-•- xx :. 5~ - 20~ + 2 (1- x)vr:? r-:x 
b} 4. ·in ~ - 1. 

·. 84. z(IX- i 6fxS·. c 

86. 1 - 2/e 

88. a) 2. 

90. a) 2/27. 

92. ( 12 - n -

94. n/8. 

'11' 
b) If + .tn ( 3 + 2~) 

I)) 2/5 

4n)t96 

CHAPTER·s 
APPLICATIONS OF DEFINITE INTEGRAL 

H. I ~-GEOMETRIC APPLICATIONS 

A. AREA: 

We recall the area formulas 

+ c 
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fof normal regions 

Rxy • (a. b; y1{x), y 2{X')). Ryx = (c, d; x1 (y), xz.(Y)). ·. 

in polar coordihates norm~l re~ibns are sim~larly def~ned; 

one type is denoted by Bar the other be~ng Rf8 : 

The region 

{( e , r 1 : · a ~ e ~ a ; •r 1 { e) ~- r ~ r 2 ( 0 )} 

boundet1 by the rays e.= a, e = S and by the 

curves'"· r .. r~ (8); _r = r 2 (E>) is called a 

normal region denoted by Rar• ~ritten 

shortly 

0 

where I"'= r 1'(0), r = r 2 ('e) are called t.he inner' (fi1'f}tJ i!nd 

~ute1' (secondJ.curv~s respecti~ely. 

The.region 

bou.nded _·by the circles r.= a, r"' !r and 

by the curves 8=S1(r}, 8=S1(r) is 

:called a normal_~egion d~~oted by Rre 

and written 

0 

· Rre = (a~ b; __ e 1 (r), e2(r)J 

where e = e.1 ( r), e .=.e2 ( r) are ca 11 ed the in.itiaZ ( fiPstJ and 

terminal (sec·ond) curve~ respectively .. 

Example l~. Express the given shad~d· reqion as a normal 
. d'.A~ I • 

region Re_r or as union of such reg1ons ;--.......h-r..,_!-
~ , ?; ~e : . ~ 

~hen necessary. . 
' 1 fc 2 r,;.JF> 

Solutfon. The region 1·;.,_, between. 
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the ,rays 9= o, _e = i. The outer curvets th;e circle r• 2, 
' but the inner one. ~onsists of two curves, namely the cfrcle· 

r = Zcose~ and the 1 i ne r·: 1/cose. Then the region is to .be 

written as union 
__ / 

R = R' v R" er er 

-~ (o. l; 2 cose,_ z)u(i, i co-~ e • z)_ 
Example 2. Express the above region as normal region·Rre· 

or as union of such regions. 

Solutions. Th~ region is bounded by the ~frcles _ r ,;, 12 

and r = 2_ and the c.ircle r = 2~ose (the _initlal curve). the-
' -

line r = 1/cose (the terimal curve)·. Hence the region is a 

normal region of type Rre and 

Rre = r~. 2; arccos z , arcsec r). 

The area!of · Rer= 

We first treat the area of a normal region Rer for 

r 1(e)=O,thatis, the area of' a region 'boundedby_two rays and_­

a cur·,e. 

Consider an-element of area in th• 

shape of.wedge ~ith sides r, r + Ar 
- -

having an angle AS between them. For very ; . 

sm~ll AS this w~~ge i~ in the-s~ape of 

triangle (_in a partition of (a, a) for 

large n). Then 
0 

llA '"'~ r(r + t.r) sin be (From S • ~be sin A) 
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M 1 (r+ar) sin ae 
9 dA ., .1 r2 . 

.69 .. "Z r -~ (1'8 '2" 

is 

1 r2 A_ • i Clf 
B r2 

~ dA .. '2" de, 

Corollary. The area of t~e normal region 

"Rer • (a •. Bt r 1 (e) r2 (~)} 

cie 

Examp~e. Compute the are~ of the reqion inside the lemis- · 

cate r 2 • 4~· co:s 2e and outside the circle r = 12 . 

. ~ol~tion. From symmetry of the figure 

~ith re~~ect to polar and ~opolar axes4 the 

required a~ea .1s four times that of the shad-

ed region. 

Fr~~ simultaneous solution we get 

. B(~. tr/6). Jhen 
1 lT/6 

-· A • 4 .• I I (4 cos2e 
0 

- 2)de. 2/J- 2Tr/3. 

The a~n of Rrt: Let 

Rre • [a, b• .. e1 ( r) , 
Then 

. . b . . 
1Rre1 • / (e2(r}- e1 (r))r dr·~ 

.. Ii~e~eed• consider Rre ·as the shaded re!]ion in the !Jiven 

·f1g~re. ~er~ IQ.~lement of area is a·~art of a c1~cular rin~ of 

radi'tts r. ·central ang'le 92(r) - el ('r) 

and width dr. Th~n 

. ' 



475 

implying 

b 81(r). 

A = I . {e2 e1Jr dr. 
a 

Examp 1 e. Find the a rea of the region bounded by ~he 

circles r = l, r = 4, the 1i ne e"' 0 and ~he ARCHEMEDEAN · spi ra 1 

r = ze. 

and 

. ... -
Solution. The region is 

. Rre = (1. 4; e1 =0, e2 =rtz) 

4 
A = 

1
J (~- O)r dr = 21/2. · 

,.-···· 
• , . 

0 i 

Verify this result by interpretina the region as R8r! 

When the two curves enclo!!ing t:he -reg~on are given in 

parametric form, substitute them in the integral. 

Exam(!le. Compute the area of the region under the arc 

the curve x'=t+l/t, y = t- 1/t from. t•l- to t. 2. 

Solution. The area is above the x-axis for t£(1, 2). 

Then 

A .. /·Y dx = /ct --t1)(1 -~)dt= .;..._s- 2-.t.n 2. 
a 1 ~ t' . 0 

B. ARc_t,.ENGTH • 

of 

. Consider a function y .. f(x) differentiable (and hence 

.. continuous) on·a closed i~terv~l (~, b) with graph as shown in 

the figure. 

We wish to express the arc length of this curve between 

its end points A(x a a) and B(x .. b). The met'hod is sililihr to· 

on~ given for evaluating the area urider a curve. It consists of 

part1oning ·(a, b) by points 
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I 

1-.. 
I . I 
I --I 
I .. 1 

I ~ . I I ., I 
I I . f 

~0---a~-.~;~,------~~;-,~~-.~------~~-,~--_,)x 

-and cons~derin~· the corresponding points P~(x 1 )_ on the arc. 

which w~~n ioined suc~essively gi~fng the polygonal lirie 

AP1 P;-..;1 P1 •• .Pn_ 1B whose·l'ength. 

n 
): jP •• P.I 1=1 ,_, l 

is a rough-~ppr~xtmation ·of the required arc ·length. s of the 

curve. Appr(lxift!a.tion gets be~ter and bette-r as. n +... and 

"'·JI!adiP0 P11 ••••• (Pn-lf\ll + o. and· the 

lim. 
n·+..,. 
. + 0 

gives. s by definition~ where 

· . By MVT 

implying 

Then 

- I Pj· .. J pi I ,;. t'<""x-. i-_-x_i ___ l_,) ~--+-. -{,-,-x-i'}..,. . ...,_-,-, x_;_:._l_) )-;.2 • 

s • 1 im 
n .... "' 

+ 0 

• .j +.(f'(~;>)2 {X;- xf-1). 

I A+(f'(~t>]~. AX; 
1•1 

which 1s the RIEMANN inteqral 

s .. . (f) 
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"~hen. f'.(x) is continuous irt the interval. 

Corollary 1-. If y • f(x).. has continuous der"ivative in 

. (a. b),.then fo~ the eiement of arc ds we bave 

a) ds =·~ + f' 2(x) dx (from th~ Fund. theorem of Calculus) 

b) ds = irx2 -~ dl· (since f~(x) • dy/dx) 

c) ds = /c1~> 2 +.1 dy 

When the curve is given-~y the equati~n 

X = g(y) 

where g'(y) is continuous in (c., -d), we have 
d . 

" = ({! + g'2(y)dy 
c 

from Corollary lc. 

( 1 . ) 

Example. Find the arc length tJf y = x2 from x .. 0 to 

X • 2. 

Solution. 

Compute the same arc- length by (1') a,bove! 

Corollary 2. If x•x(t), y=.y(t) . are the parametric 

. eouatio.ns of a curve with continuous derivatives in [tl. td.-
then 

Corollary 3. If r_ • f(a) 1s the polar equation of a curve 

with coQtinuous deriva~ive ln 

a) ds 2 • drf+ r 2 de2 
{ep a2). 
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:Proof. Setting in Corollary 2 b~ 

x = .r(e) cose, y "• T_('e) sine 
I 

we have · 

a) ds 2 = dx 2 • dy2 

= (cose dr- rsine de)? +- (s:ine dr +-rcose de) 2 

= dr2 · • ~2.de2 ~. 

Ob'serve this relation in the infinitely small trhngJe_HP_O./ 

b) ds .. ~r2 
+ r 2de2 

~, vf*i~ 2 . ·..,....r_2_de~= /(.z + r' ~ de 

s = e. I .,/r2- + r' 2 de . 
1 

Show that for the curve 

9= g(r), 

s is given by r2 r----
s = J · .A' + r 2 

( ~) 2 
d r 

rl 

E~ample. find ~he length of curve . 

Element of arc in 

polar coordinates 

X e t Y 1 e2t · t 
= . • = '2"- - 't for ~£(0, 1). 

Example.· Find the· perime~er of the cardioid r • a(l+cose). 

Solution. The'grap~ being symmetric with respect io the 

polar.axis. w~-hi~e 

so. 2 JTr.;;'l + r' 2de= 2a 
0 . . 

Tr .. 
·J--/2 + 2 cose ·..se • 4a 

0 

-rr. e I Cos ,.de • 8~. · 
0 
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Polar slope: 

If we· call. the s~ope 

m ~ ·tan a = ~ dx 

of the tangent line to a curve y = y(x) in cartesian coordinat­

es, the oarotesi.an sLope of. the curve at (x, y), where a is the 

angle that the tarigent·line makes ~it~ positive x-axis, we defi-
. . 

(OP). 

The e.x·pression for polar slope J.l. is eas'ily obtained by 

conside~tng the elementary right triangle PHP' 

with sides rde, dr and ~~: 

p ·a tant = cot(~ - t) 

r de ___r._ 
Q """iJF'" .. trr706 ·. 

·r 
P • tant • -;:-r 

As the reUtfon 

m1m2 = -1 

indicates the orthogonality (perpendicularity) of two interesting 

curves in cartesian coordinates. tije relation 

gives orthogonality of two intersecting cur_ves in polar coor~di­

nates. 

Example 1. Find the points on the lemniscate r 2 .. 9 cos2o 

at which the tangent lines are parall~l to polar axis and find $. 
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Solution. _For a horizontaJ bngent line we have l!lc:n - e. 

(or ljls_e) .. Then 

r tanl!l .. ·-tane --rr -= 

~ - ":'tane r r2 9 cos 29 = - cot 2e = _r=· "' rr' • -9 2a s1n 
--

~ ctane tan 20 = 1 ~ tane =±lllite = ±·Tr(6 

=} 01,2 = ~ ir/6. - 93,4 ::" ± n/6 + n· 
--

and 

1jli;2."' n- 91,2•ir:±-& • -"'3,4_-•± i · 
Exampl-e 2. $ho~ that the circles ro: 2 sin3 1 and 

r = 4 cosa __ inte_rsec_t orthogonally. 

Solution. ·2sine .. 4cos~ 

tan "'1 
2 sine· tan e = 2,. tan 111 2 = 

, 4 .co.sa 
• -cote "' 2 cose· = -4 sine 

Then 

lll . lJ2 .. -1 

c .. SURFACE AREAOF A SURFACE_ OF_ REVOLUTION. 

+ 'r. 

.. ~ll2 

A. surface of revolut-i-on ·;s a stn·face generated when a 

curve i's revolved about a (straight) line. This li.ne_is called 

the_ symetry axis of the surface. 

Sphere·;~ a familiar example of~ ,urface· of r•vo10t1tin. 

let.~ y = f(x} be a function with continuous derivative 

on (a, b)~ When-the curve_is rotated about the x-axis (or y-u:is) 

it-generates a· surface ·or revolution of area ·sox (or S
0
yl· 

:Cons.~er an element of arc ds. After revolution it 

·-generates an element of surface in the shape of a slice of a. 



481 

.cone whose lateral jre~ is 

dS
0
x • 21ry- ds, · dS

0
y c 2nx ds · 

which. bj integration gives· 
b d 0 

s .. 21T I X (y) 
. oy c 

s
0

x=21T · .f y(x)ds, 
. . a 

If the· c~rve is give~ by_parametric equaticn we have· -. - tz tz -
S ""2n I yh2 + / dt, S • 2-rr J. xvirl!~2r-.-_~'""2 dt...:_ 

ox -oy t . tl . . 1 

Example 1.-Compute the surface ~rea bf the surface genJ-· 

rated_when the curve 

. y = l'i, X£(.1, 4) 

is rotated about x-axis: 

Solution. 

4 .. r--f 
.._ 2n · I /Xv'1 + ...J.:: dx ... 

1 - 'tX 

.... ( n /6 > ( n .ti? - s"/5) 

4 
1r f /"1 + 4x dx-

1 

Example 2. Compute the area of the surfaie obtained when 

'the curve 

l( • 3t(t-2), y • at·3/2 tE (0, 1) 

is rotated about X:-axis. 

Solution.· 
1 lx2 + i ~ dt 5ox • 2n'. . 1. y(t) 

0 1 
4"6t- 6') 2 

+ 122 t • Zn of Btw't dt 
1 2304 

a 96'!f I tit {t+.l)dt .. .,-;-- lT • 
0 



D. ·VoLUME of: ·A SoUD oF REVQLUTION:_ 

A solid of revotutio11 is the sol·id g~nerated tiy revolving 

. a ~lane r~gion about a {strai~ht) line. Thij li~e is. called ihe. 

s_xmmetry axis. of t_~e solid. The boundary of. a surface of revoll!-. 

t1on is-certainly a.,surface of revoluiton • 

. Consider first a ·region under· the _curve of a ·continuo-us 
. . . ..· 

post dye furtction y::; f(x) bounded by the.lines · x =•a, · x =b. 

~hen this region 1s revolv~d abou• 

the x-axii (~r y-axis), it generates a 
} 

solid of revoiut.ion'whose volume"'is 

denoted_ by V
0
x (or ·v

0
Y). 

For this regio~f~r convenience 

Vox· will be evalua.ted by.·what we call. disc m~thod~ ·while V
0

Y 

by shezz:method ~s explained below~ 

_Consider an element of .area as a vertical strip in the 

region· R. When R .is rotated about x-ax1s (y-axis) the strip 

generates· ~n •lement of volume in the for~ of a.disc. (a shelt) 

Disc of radius y 
and ·th\chness dx 

-. 

Shell of inner radius ~. 

thickness dx and height Y• · . . . 



The . val ume of tliis 

dVOX = -rri dx 

b 
v~x = 1T I 

a 

disc: 

2 
Y. dx. 
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The volume of this shelrts the · 
differential of the voltim~ of 
inner cylinder (with c~nstant 
height): , 

dV ;, d(-rri) .y = 2nxy dy 
. y ·. 

b 
v. = 211' I xy _dx 
Y a 

These formulas are·for special normal region 

(a, b; 0, f(x)). More gen~rally; if the normal region 

_-Rxy = (a, b; y1 (x), y2(x}) 

is revo~ved about_x~axis (y-axis) they become 

.v = 'IT ox 

It is obtained by taking the· 
difference between the volumes 
of disc rel~tive to upper and 
lower curves 

If the norma 1 region is 

Ryx = [ c t d; 

b 
v - = 21T oy . I 

a 
I~· is obtained_ by taking the 
differ~nce between the volumes 
of shells relative to upper. 
and· lower curves. 

xl(y), x2(y)) 

then voy is obtained more easily b) disc, and '-/
0

-x · by shell 

method. The formulas for this r_egion i~ obtained from the for­

mulas for the .reg'ion. Rxy by interchanging the roles of x 

and y: 

Fcir a given region, one of thes~ methods is ~pplicable 

.nore easier ·tha·n the other in general. 

If the given reg-ion is not normal one, decomposition of 

-it into n~rmal ones i~ necessar), 

' / 
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Example 1~ Compute the volume- of the ~olid generated by 

r.ev.olving an-ellipse about its major axlS, by two methods: 

Solutfon. Let . b2 x~ + a2/ .. a2b2 ~e the equation of the· 

ellipse • 

. ·a) By disc ~ethod~ 

1 .· 
. 'I!' v. 

' . ox 

a·:. . 
= 1r I . ldx 

0·. 

b) By shell method: 

1 a 
'2" vox· .. 2w I yx 

0 

21Tt 
b 

"' J 
0 

.. l>2 a 2 2. 
• 1r ·~ . f (a -x ) dx 

a 0 

dy 
-

ilt17 dy . 

·show tha~ t~e vQlume of the solid 

ellipse.w_hen revolve·d about y-axi_s is 
4 2 v

01 
.. 3 w a b. 

(by·two methods) 

Example 2. Find the volume of the 
' rev~lving·about y~axis the-~egion bounded by 

cx2 
yae · 1 Xx0 0 X=2 1 y=O 

·by the same 

in two ways, and compare the convenience of the methods 

Soluti·on •. 

a) By shell method: 
2 2 2 

voy • 21r I · xy dx ·• 'If J 2x ex. dx 
0 0 
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b) 8y. disc mt!thod: 
1 · e4 

-J (2 2 - O)dy + . f. (22 -f.ny)dy. 
0 . .1 

. . 4 . 
• · 41f + 41f ( e - 1) -

It is~seen that the shett·-nfethod is easier than the other. 

E. VOLUME OF A SoLID WITH GIVEN CROSS SECTIONS 

PERPENDICULAR-TO A GIVEN LINE 

·'. 

We place the cartesian xy~-system in s~c~ way that ~ross 

. ~ections_be perpe~dicu1ar to z-axts. The 

cross· sections of the solid are· all 

parallel to xy-plane. 

let the solid lie between the paralle \ 

planes z•_z 1 and z .. z2 • If the area of" ~ 

any cross sectibn is A(z} as a function 

o~ z. then the volume nf a slice ol base 

A(z) and hig~t dz will be 

:dV • A(z)dz 

which gives the volume of the solid as t"e integral 
Zz 

V • J A(z)dz 
zl . 

Example. Find the volume of ~he 

hemis-phere of radius a. 

Solution. Placing the hemispher~· 

q 
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·as shown in the Fig •• the area ~(z) of the cross sect1on being 

A(z) = ~ r 2 = 1r(a 2 - z2). 

we have 

v = 'If 
3 a3 

= na - n T = 2 3 
l • '!fa 

Now we estabhi~h an inter~sting formula which is called· 

the th..,.ee ZeveZ formula~ 

Coroll~ry. If the parallel cross sections of a solid are 

a quadratic function of z and. if A1 • A2 and A3 are the 

areas of bottom, mid and top_ tress sections and h is the height. 

then the volume 

Proof .. The proof is the same as that of the SARRUS formula.&· 

An immediate application· is the. volume of s~here. The, 

bottom and· t.cp areas are zero and the mid· one is nR 2 • Hence 

V 
_ 2R 
--o 4 3 l nR • 

A slightly modified problem is: 

PROBLEM. Fina the volume of~ solid of given base. and 
.· 

of given parallel cross sections perpendiculaf to the base. 

Let the base be taken as a r~gion R on xy-plane. Let 

·the ~ro~s sectio~i be paralie~ to yz-plane. Since the area of a 
. •· 

variable cross section A is a fu"nction of x the vol,ume ·of a 

slice par:allel toy-axi.s will be 

dV ;. A(x)dx 
xz 

V = f A(x)d~ . 
~1 

Example. Find the volume of the ·solid whose base is a 

q~arter of cifcle wtih radius· a, and cross stction~_perpendi~ular 
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-~9 one of the boun_ding radius are right. triangles with acute 

ingl~ a vertex ~t that radius. (See Ffg~) 

Soluiion. For the seletted coordinate system in t~e-figu-

re the base is 

y~O} 
~ 

The right sides of the ttiangles being 
. 1-z--i . -Ia~ . 
ia - x and . a • x . tana, 

the volume of the ~lice is 
1 2 2 . 

· dV = "2" (a - x )tana dx 

implying ,.. 
(a 2 - x2 )tanJX dx = ~ a 3 ta·na · 

EXERCISES (8, {> 
1. Express the given no.rmal regions in· Rre type 

a) Rer = "(o, 1 ; 2 cose, 2), b) Rer = (o, 'lfi 1 +case, 2). 
2. Find the area of th~ region enclosed by the cur~e~: 

.a) r=4 cos6, r=2 (r~2) 

c) r = 3 cos 30 

b)r=3sin2e 

d) .r = 2 + s i ne, o ~ e ~ 21r 

3. Find the area of the·region bounded by the curves 

r =· 13 sine, r = cose, and e = o. 

4. Compute. the area of the regi'On bounded ~Y 

r = {cos 20 from 0 .. 0 to a= n/4_. 

5. Compute the area "of the polar curve r = 4 ·Cose + 2 sine. 

from 0 • 0 to 0 = w. 

6. Compute the area bounded by the curve r,. 1/(1-cose). and t'h~ 
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rays e = nj4, ~-· n/2 

7. Fin-d the common area en'closed''by the· foll.owing pairs of 

cu-rves: 

a) r • 3 cos e. r "'·1 + cose .brr;.J,.2cos 29, r=2. 

8. Find the. area of the region encl~sed by each of the follow .. 

ing curves: 

a) r = 2 cos 39, · 2 9 2 
b) r ··B sin t .. _c) r = 2-cos9, d)r •4cos 28 • 

. _, '. 

9. Find tniarea of the regi~n bou~ded by t~e given curves: 

a) r,; s1n 29, 0 {9~n/2 b) r = 1.;.. sin_e, 'lf/2{9,5tr/2 

10. Show that the l~mniscates r2 = a2· 29 ~and 
·2 = b2 sin cos r 

intersect orthogo~a lly. -

11. "Find the l'ength of. t.he cur..e of. 

a) f(x) = x
3

'
2
: bet~een x ='- arid X = 2 

b) f(x) =· (x+1)3/2 :between ·x=3 and X=B 

12. Find the length of the arc of the following curves in the 

giv_en interval 

a) y=x3!6~l/2x, l~x~-2 b) y=~-: .o~:x~l 
c·) y::Y'x/3. (3-x/3), O~x~3 •. • d) y=·Cosh· x. O~x~2 

13 •. F~nd the are length of the curve: 

X. ::i fo y4/l ~ -y2/3 for. YE (0, 8) 

14. Find ~tie length of the curve on the giv~n i nterva 1._: 

a) X a 4(2t + 3) 3/ 2 ,. 
2 . 

Y=3(t+l). t& ( -3. 1) 

b) 
- . 2 . . 

Xc)\(t -2t)o. y .. ;t3/2 •. tE(-1, 1) 

1'5. C'OJI!pute the. perhaet.er of the fo11ow4ng regions bounded by 

the given curves:· 

28 
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.. 2 .. 
a} y = x , y. = 4x b) y =- .tn · secx, x = 0, · y = R.n 2 · 

16~ Find the length o~ ctirve for. the fo11b~ing functiQn in the.· 

_given interval: 

_a) y=R.n cos x, O<x<n/3· 

.11. Find the specified arc lengthfor.the-~fo·no~ing curves:. 
· · · a· .· ·. · . 2 e · 

_.a) r=.e ,. ·0~0~R.n.4. b}:r=sln_."2", 0-'e,_,r. 

18~ Find ·the ·_llmgt~ o( the curves in the giVen i_nter~als: 

a).r=~e2 , (o~.2n)'_ b)·r~a-~sio2 ;· •. {o,·n~ 

l9. Fi.~d the ·leng.th .of the following curves in the 9.1ven . . . . 

interval: 
. 3 4~ . 2 

a}: X • Bt y = 6t -: 3t , . - 1"~ t ., l 
. 2 . 3 

. b) • X = t , ' y • t. , . 0 ' t-' 1 

·c) ·x .. co~ 3t, .• y,;, sin3t, · 
. . . 4 2- 6 
d) X • 3t , y = 3t - t • 

.. 
0 ~ t E 1 

20. ·Find the length of each Of t'he following curves: 
· · · .. · ·2 .a · 3. e 

a} I" .. a c?s ~- b) r =a sin- ·1 

21. Find ·v0 ~: for the region 

. a) Rxy • (1. 2; 'y1 • 0, .y2 • R.nx] . 

b) Rx~•·{r. 2;·y1 -o,·. y 2 .. rxe~l:2).~. 
22. Find t~e area oJ the. ·surface of r.evolUtion obtahed ~y· 

·revolving the g·iven··arc about y-axis:. 
3 . - . . . . .. · 

b).y=3 IX; 2~x(8~ 

23~ Find the a~j! of the surface of rev~liti~n obtained.bi 
~ . . . . . . . . . . ,: . . ... 

revolving about the polar axls the giVen arc: . .; 
. 9· 

·.:b) r • e • O~B.(.n/2. 
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.24. Find the area of the surface of revolution obtained by 

revo)vihg ~hout the ~-axfs the given arc: 
. .• I 

·a).y=x3 ;~. (;~ x"2 b) y=cosx, -:-rr/2~x~n/2. 

25. ~ind the volume of the solid of_revol~tion when the given 

region. is .revolyed ·about the ~.oaxis: 

a) !v,_n/2~- y·1 =o, _y2 =.2:_osx) 

b) 0, n; yl = 0, .Y2_.= S1n ·zl 
• 

26. Find the volume of the sol~d of revolution gener~ted when 

the given~region is revolved about ihe x-axis: 

·a)·y-tx{O,· y-1~0. O~x{l 
.· 12 2 . 

b) y-va -x <0, y=-c~o. where O~c~a. lxl ~a. 

27. Find the volume of the solid obtained ·by rritating·each 

28. 

region about y-axis: 

a) y=IX. x=4, y=O 

c) y = 1/x, x=l, x=4, y=O 

Find _the vol unie··of the solid 

region about x-axis: 

a) y:tf4+X 1 X=O, y=O b) 

c) 2 
Y=X -x, Y.= 0 d) 

3 b) y =>1. x=S, y=O 

d) x2 
- i = 1 , . .X "' 3 · 

obtained by rotating each 

Y= 1/x, X = 1 1 X = 3·, y .• 0 
. 3 

Y=l/(x-1), X= -1, X = 0, 

29.· A sector of a. circle having centeral angl~ a is rotated 

a6out'one of its sides. Find the volume of the sol.id 

gener.ated._ 

y = o. 

30. Compute the.-volume_of the solid generated by. revolvinq ·a 

unit circle about one of ifs tangent lines. 
I 

31. Find the vol~me by the method of cylindrical shell~ of the 

solid generated by revolving about y-axis the region bounded by 
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b) yax2 , yc4X 
-

.·c) y::rx, y=.fi d;. y =· 9 .;. ~2 , . y ::t 9.- 3lt. 

32. A solid has in ~y-plane, a base-of circular disc of ~adt~s 

a_, and .any cross section of the soHd by ,a plane perpendi­

cular. to x;..:axis ~s a square. Find the ~olume of the solid. 

33. The base oft certain solid i~.the porti~n of the xy-piane 
2 2 for which X + y ~ 1. If every section of the solid perpen-

dictilar tu y-axis is a square, find the volume of the solid. 

34~ A hole ~f radjus r is ~rilled through the ~enter of a 

-sphe~e of radius R. Find the vol~me of the remaining solid 

35. Applying the three-level-formula. evaluate the vo!ume oF a 

a) cone of height· h and with circular base of radius 'R, 

b) frustum of eone with lower and upp~r base radius R, r. 

ANSWERS TO EVEN NUMBERED EXERCI"SES 

4 9 9 9 
2 • a) 2 h w- 1 ) • b ) "2" 11 • c) l 11 • d) "2' 'II' 

1 
4. 1' 

-- 1 2 
6. "2" + ."3" l'l 

8. a) tr, _!>) 24-ri. c) 9 d) 4 ."Z 1r. 

12. a) H • b) 1fo c) 4, d). Sh 2 

14. a) 30, b) 12 
1 . 

H~. a) tn(2 ~ _13), b) 21i1 + .,. .tn( 4 • /11) 
-· . ·. ' 

18. a); Jaf· (<11 2 
+ nll2 - 1). b) 2Jal 

20. a) 4faJ, b)~~ lal 
2 -22. a)~ n(10(10-l), 
.) 

.. 

b l ,: { nt"i"7 - :' . <!') 



. 24. a) j (17117 - _ 1 ) , 

. 26._ a)-~-,-_ 

28. ~) Bn, 

30. 2n2 -

: 32. 1/ a 3 ·- · 

__ ·34 • j n_(Q2 _ ~2)31:_2. 
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_ b)2·d ~.~c1 • n> • ~) 
c2)3/2 __ 

. ) . 11' 'd_) . 3_, ~0 c ''3U •. 

8. 2-. PH_Y~ICAL,APPqCATIONS 
. · .. A. WORK._·. 

A definite integral / f(x)dx -~ay Ju!- interpreted* a~ 
done against (or by). th! :force f(x). corresponaing to a · work 

' . --:- .... 

di_splaceme~t'from a . _to x, and denoted by. W(x_)= .. 
X 

. W(x).~ f f(x)dx 
a . 

Then the :differential of w·(x)- is 

dW.= f(xrdx 
... 

When one is sol!lng a prtiblem on "work~~ as a first ste~ 

it: is -usual to :Wr:ite the differ_entiC!l of work as the product of 

· ·. •force times differential _or displacement" ·or ~di·splacemeo( 
. . . . . . . ·. ·.. . . 

. .. 

times. diff~rential of- force", as- illustrated· in the·fallow~ng 

examples: 

Example r. Find. the W'ork done to. -stretch a spri'ng from_ · 

··its equilibrum~ position to a dist'ance_ 20 em if th__e spring const-: 

ant 1s · k(> OJ• 

* · · This definit~ integral_can also be interpreted physically giving _ 
different meanings to f(x) and dx, such as fluid pressure. 
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Solution. ·From Hooke's law, the force a~ainst ~hich the 

work do~e being F = ~klxl gr, the force doing the work i·s 

~ ··kl~f and we have 

dW = klxl- dx 
20 

W = 
0

/ klxl· dx = 200 k (gr:=-cm) 

(In the proble111' "'tne weight of the spring has_ been neglected.) 

ExamE!le 2. A cylindrical tank with size.given in the fiq-

ure is fu_ll of water. Find the work done to pump out th'e content. 

Solution. The elementary work 

done by the ·pump against the weight Qf 

elementary rectangular prizm ~ith size 

12 x 2r x dx in decimeters,,is 

dW • dV ~ 24 r dx ~gl 

where 

r .. v"x ( 6 x} • 

120 CIJI _dW • (x+2) .24.-x(6-x)dx 
6 . 

W • 24 f ( x + 2 )~x - x2 dx • 540 ltg-dm 
0 

B. MAss, MoMENTS, CENTER oF MAss, .· 

CENTRQID, MoMENTS OF INERTIA 

MASS: If a mass m is concentrat_ed at a poin~· P we 

have that we calf a partioZe, written P(m). 

Al~ continuous case a mass ~.may be dist~ibuted along 

a curve with dBnsity (mass ,per unit· length) so that we have 
- . 

dm • r ds 
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Another·continuous case is·the distribution ~fa mass m 

over .> :>lane region_. R with densi-ty.~ (mass per unit area) so 

· that 

dm = & dA 

If a curve _{o~·a fegion) is given ~it~ ccirrespondin~ denJ 

~ities, the total·mass is obtained by integrating Jas_or ldA; 

·but in the second case· the evaluation is .possible when I iS func­

tio-n of x .(or:. ·y) 'alone, which ·in ~he fi~st case f!la~ be given 

as· ,f(x, y)· and· red'ucible to '(x). or' to .l(y) sin.ce x, y 

. are related_ by_the equatio~ of the cirv~. 

Then 

region 

Then 

M~ss·or-a wire: let the _wire ·be fn the shape of the curve 

y = f(x)EO(a, b) . or. Y.,; g{y)EO.(c.~ d). 

. ( 

.. m = 

b . • . . . 

/ 'J(x) ~It+ f' 2(x)dx 
a 

·Mass of a plate: l~t the plate be .in the shape of the 

Rxy = (a. b; y1 (.x), y2 (xl) or Ryx =~(c. d; x 1 ~y),x2 ~y)). 

a/b l(x) (y~(x) - y 1(x}Jdx 

m = 

Example. Find the total mass.of'a wire bent to form ~he 

semfci rcl e· 
2 . 2 2 

x +.Y =a, _y ~ 0 with J(y) = 2y. 
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: a 

m = f J ds 
0 
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: -. ifa2 

~ + ( ~;) 2 = v( + 
0 

~·2....---"-;..;.._2 ""71"2 
.a - Y-

a 

y 
2" • 

y 

a /. 2 2 • The_n 
a - Y 

· m = 2a J ~ .dy 
0 Ia -l 

~~a 2 = -2ala .. - y.. = 2a units. 
. . 0 

Example. Find the totaf mass of a plate bounded by 

x > 0, y = 4 with J·= x·. 

2 
Y=X • 

I 

Solution. Since = ( x') = x, consider vertical strips: 

m = 
2 

J x(4-x2 )dx 
0 

From this result we have as the average density l of 

the plate 
.m 
~ 

4 
2 

8- f x2dx 
0 

= i. (from i = x, d = o, cf . = 2 \ .. max m1n · 

Not~. Mass bf a shell~and mass of~ solid can be comput-

ed in/a similar -manner, but wnen Sis a functioo of more than 
I • 

one variable, one needs. multiple integrals for evaluation (a. 

subject of ca·J~ulus II). Therefore the giv~n quantities involved 

in a physical problem are to be functions o~ the same varidble 

for the problem to be solved by definite integrals. 

Same conditions are valid in polar coordinates, i.e., the 
' 

density S must be ~ fu~ct~on of a sihgle variab~~ o or y, ~n 

other words J must be a constant on a ray or on a circle. 
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Under all these restrict~oris on distante End ~ensity, the 

·solution of a physical problem by a definite integral gives cer­

tain diffiLulties which can be eleminated by careful)ness~ 

These·are the reason·s why the subject is treated usually 

.in the simpler way by m~ltiple.inte~rals. 

MOMENTS:· 

.The moment of a particle_ P(m) of ma·ss m located at.P 

with respect to a point 0 (or _a Hne 1. or a plane 1r} is the 

product of m and-its distance from.· 0 (or R.. or 1f). 

-~ M0 = rn I PO I • . M1 = m I P 11 , M1T = m I P1r 1 

where IPO!, jP!I, IPnl denote distances of P from 0, 1, 1T 

respectively~ 

a) Moment and center of mass of a~·arc ~ith ma~s: 

Let. 

y .. f(x)e:D(a_, .b) or X =·g(y)e:D(c, d) 

be an arc charg~d with density J f= dmfds). Then the moments ·of 

the element of arc ds with densit.v S with rt:spect to x- and 

y-axis being 

d. H
0
x = y dm = y .Ids, 

I 
I 
I. 

-0-+------4+-~~---------~,---.~ 

we have, as Moments of arc 
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b 
J'(x) /1 + fi 2_(x)lix ·f · .f(x) 

a 
Mox = 

d 
~- + g_' 2iY)dy, f y $(y) 

c 

b 
J{x) vl..: f• 2(l(}dx J X 

a 
. Hoy = 

d 
i(y) ;A +g• 2(;)dy. J g(y} 

c 

We define the_center of mass (center of gravftyJ of the 

arc with mass as the point G(X, J) such that·the momerits -~·y. 
., 

mx of the particle G(m) are'the same as the moments Mox• 

_Moy of the. ar-c ·"'here 

.m x • 

·m 

M oy 

is the total mass of the-arc: 

These defined •qualities give_ 

x .. ~loy 
m • 

as coordinates of the center of mass ·G. 

Example~ Find the center of mass of a wire bent fn the 

shape of semi circle x2 +y2 "' a2 if th~ 'dP.nsfty-is J .. Zy. 
. . 

Sol~tfon. Since the arc an~ the, density function are sym-
. ) 

metric with respect to y~axis. it follows that G lies on y, 

axis, and x = 0 . 

wire: 

Then 

. To fi~d y, we e~aluate first the total mass 

·, r--:ly'l 2 
2yl/1 . + "'-z :.iy .. 4a 

V . ,X 

) 
m of the 



y 

...,. . 4 98 

2 a 
m· J Y 

0 
2y0 + ~ :dy = i a 

. X 
a n'd · G ( 0 • -i a } 

b} Mo~@rt and center of m~ss of a region with mass (plate}: 

Consider a regi6n wit~ mass, i.e., a pla~e. We ·define 

the moments Mox• M~y .o~ this plat~ with respect to x-an~ y­

axis as the definite'i~t~grals, in related normal regions, 

. . ' 

where. dA is an ~lement of area. jliMits of. integration cannot 

be written at this instant since the variable of .integration is. 

uncertain} 

The cenier of mass G(~. i} of the plate i~ defined in· 

exactly ·the same manner as that of an arc: 

where m is the total mass of the plate. We have then 

~ = 
Hoy 

i = 
Mo~ 

m. • m 

Now let the j)late be in the shape of the normal. region 

Rxy = (~. b; ~1 (x}~ ·y2(x}) or R = (c. 1 i xl (y} ,x2·(y)) yx 

with density J. 
The ~o~ents Mox•_Moy can be evaluated by definite.i~­

tegral when the density is a function of x (oi ~).alone. 

·lei· I=t(x): 

~he d~nsit~ being .constant along each vertical strip~ the 

center of mass·~f such a strip is at its center 

with mass 

yl + y2 
(x, 2 . ) 
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dm = i(x)(y2 - y 1)dx 

and we have 

·"ox = 

b 
HOy = "f 'X {(x)(y2 - Yy)dy 

a 

·"ox 

Moy 

let I'= J(y): 

By similar ii~soning. we have 
d . 

f y f(y) (x2 - x1 )dy. 
c 

d 
=.I 

c 

.~-~~~~--~ 
~- ~-

- J, --·- ~ - I . 

0 1r 

----~ . I 

.· . . i 
I ., I 

I 

0 I)( I 11, .. ~ '.IC"L. 
'l. 

"X 

/ 

~ 

EKample. Find the center of gravity of the plate in.the 

sh~p~ of region bounded.by· y= x 2• x·> o. y= 4 with densi~y· 

= x. 

Solution. 
2 

Iii =. f i(x)(y2 - y 1 )dx = 
0 . 

2 . 1 2 2 ' 
x = m I x A ( x )( y 2 ~ y 1 )d x = if I x • x ( 4 - x ) d x = 1 6 !l 5 , 

0 0 . 

The center of gravity G(x, y)"is the cent~oid of the 

same figure in case the density is constant throughout the fig­

ure. Note that the constant can be taken crut of the integrals 

for m.oment$ and mass. 

Example. Find the centroid (constant density) of the 

triangular region .. r n -· .4. 
12 - ]y) ... - n .. R 
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Solution. The region. is- the triangular reqion bounded by 

the line .x/4 • y/6 = 1 and coordinate axeJ. 

A=12 ~ m=AA=12. 

_4 
Mox J/ ~ (12 2 3x)2 ~x = 241,' 

=) X 

4 
c· f 12 - 3x J ., x. 2 dx.=16 
·o 

16 
T7 

4 
'! ' -y 

24 
TZ 2 

~ G(4/3, 2), 

a well known result. 

c) Moments of inertia 

-0 

In tne integral formulas for moments with respect to a · 

point 0 (or a line R., or-~ plane n), whe_n distance is replac­

ed by its square, one obtai~s what we call the moment of i~ertia 

(second momentJ_of the same figure with mass, wi~h respect to 

a point (or line, or plane): 1
0

, IR., ·I'll. 

Example. Find the-moment of inertia of·a plate in the 

shape of semi~ircle with radius a and constant dinsity, with 

respect to it~ diameter. t 
Solution. 

0 Q 

~-

c. PAPPUS "THEOREMS 

Bt!low we state two theorems expressing a relat_ion between 

ar,ea (voh;n:c) of a surface (solid) of revo1uUon a;,d thc·cen..1.-
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roJd of the generat\ing- arc (region).- They are extremely usefull 

for finding the centroid when surface ~rea (volume) is known, 

and for finding the latter when the cent~oid is known. 

Theorem 1. The area of a surface oi revolution generated 

by revolving' an ·ar.c about a line in its plane riot cutting tt)e 

arc, is equal to .the product of the length _of ar'c and the circum­

. frence of.the circle described by the centroid of the arc: 

S •S._2'1Ty. ox 
Proof. Let the arc of the curve 

y • f(X)ED(a, b), y~O-

be revolved about the ~-axis. ~e have 
b 

S ~ 2'1T f y ~s ox . ·a 

as the area of the su~face, and .. 
b 

s y • Mox • . f y ds ( J = 1} 
- a 

s0x .. 2'1T : sy • s • 2'1Ty. 

Theorem 2. The volu~e of a solid of revblution generat~d 

- by revolving a region about a line in its plane not cutting t~e 

regi~n. is equal io the product of the area of the region and 

the circumferenc• of the circle described by the centroid of 

the region. 

~· Let the region be 

.Rxy • (a, b;· y1(_x), .y2{x)) 

, be revolved about the x-_ax is. !ole have 
: b 2 2 

_vox • 7r 1 (y2- Yl )dx 0 
a 

IS the volume of the solid, and 



b yl + y2 1 b 2 - 2 
(i=l) Ay Mox I 2 _(y2 -·yl }dx ·=! I (Yz - y1 )dx 

a a 

vox = 271 Ay = A • 2ny. 

Example 1. Find the centroid of the quarter of c~rcle 

{arc) of radius a. 

Solution. T~e ce~troid ~ertainly lies 4 

en the radius bisefting the arc. Referring to 

coordi~ate system of the figure· we have i ... -y 
-0-4~~-~~~A~---~~ 

When the arc is revolved about x-axis 

a hemisphere is .obtained ~ith known .area 

PAPPUS T"eorem 1 we have 

2na 2 s. 2ny (s 1 
= = Ina) 

from which- we get 
-- a2 2 2 - -X= y = 

in 
= a ~~G{;r 

a n 

"2 . 
S = 2na . Then by ox 

2 a, n a). 

Example 2. Find the volume of the solid generated_by 

revolving a circle of radiu~_ "a" about a line whe·re .distance 

from the center is d {> a). 

Solution. Referring to coordinate 

system of the figure, {d, 0) is the 

center~ also, t~e ce~troid of the circle. 

When the circular region is revolved 
--~--~~~~~~n 

about y-axis the circu·mference generates a 0 

surface called torus which bounds a solid 

of which the volume is. 
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EXERCISES <8. 2> 
36. A conical cistern is 20 m heiqh and 20 m accross th~ top~ 

and water is now 7 m deep in the cistoerm. Find the work in 

filling the ci·stern· from a source 5 m below the bottom .of 

the cistern. 

· 37. How much wdrk is done in streching the end of art elastic 

spring·. 3 em from its released positi.on if the spring cons­

tant is 15 gr-cm/sec 2 • (F = kx where k is the spring 

constant). 

38. How much work is done in lifting a body whose-mass is 10 qr, 

from a height of 100 em to a height of 200 em? 

39. 

40. 

41. 

How much worlt is done in pumping water from a conical reser-

voir of vertex down with radius 2 m and height 8 m i.f it is 

full of water? (water is pumped f1·om the upper 1 e'J e 1 of 

reservoir). 

F1 nd the amount of. work done in stretching a spring from 

its natural ·length of 6 em to double that length u a force 

of 20 kg is needed to double its natural len9th. 
. 

Water is to be pumped out of a conical tank vertex down, 

r ~2m, h = 8m, to a point 10 m above the c;>p of tha tank. 

Find th~ amo~nt of work req~ired to pump out to a level of 

4 m deep. 

4Z. A conical :ontainer (vertex dow") of radiu~ r ft and ~eight 

h ft . is full af liquid weighi
1

ng J lb/ft3 • Find the work 

done i~ pumping out tb a level of h/2 f~Pt de•p. 
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a) to the top ~f the tank, 

b) to a level k ft above the top·of the t~nk. 

43. A tr~ug~ 20 ft long has a cro~~ .section in the ~hape or an 

isoceles tr.apezoid. with a lot«er base 4 ft long, an .uppe·r 

base 10ft long and an alV:tude of 4ft. How much work is 

done in filling the trough· with ·.·later if the bottom of the 

trough is locited 20 ft above th~ pump and the water is pump­

ed in through a valve in the bottom of the trough. 

44. A fo_rce of 20 kg is requi1·ed to compress a spring 20 t:.m l<H•~~ 

to 19 em. What is the work do~e in skreching the sprinq 
-

from a length of 24 em to 30 em? 

45. A ver~ical cylindrical tank 6 dm in ~iameter an~ 10 dm hei;~ 

is h:7lf full of water. Find the'amount of work done .in pump-' 

ing all the water to the top of the tank. 

- 46. According to NEWTON's law of- universa·l gravitation two ob-

j£:cts of weights w1 •. w2 kg iire attracted to .each other by 

a force of 
w w 1 2 1.- . z- ... g. 

X . 
k 

where x is the distance between the objects and k is a 

constant~. Find the work d6ne in separat1ng the objects from 

a distaJ)Ce of "a mett!rs" to a distance ·of ."b meters~ apart. 

47. Find the amount of work done in skretching a spr.ing from 

.its natur~l length_of 8 ~m to triple tha~ l~ngth if_a. force 
.- ' ' 

·of 15 kg. is needed to triple it natural le~~~h. 

48. Find m~ments of the following arc with respect to x- and y­

axes, and find also the .centroid of the arc if J. = 1. 
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a ) y -~ X ':"' 4 , X = 0·, . X = 4 b ) ( X - 2 ) 2 + ( y· - 3 ) 2 = 1 

49. Find the centroid of the regions bounded by the given cu~ves: 

·a)/= x3 , .y = 2x _b) y = x2 y .. x3 

50. Same question-for 
2 2 a)y=x -4, y·=2x-x 

. 2 . 
b) y+x :0, y.+2=X, y+2=-X, y=2. 

51. F.ind the centroid of each of the regions bounded by the 

following curves: 

b} y = 2x + 1 , X + y = 7, X = 8 
·, 

a) 2x+y=6, x=O, y=O 
2 C} y = ·X , j = X -. 2· d) .V=x3-, y=4x• x~O, Y70 

52. Find Mox• M0Y and 

a} y=x2+x, y=4x, 

G orthe regions given by 

O~x,3· ·b) y=.9-x 2, y=9-3x, O~x'-3 

53. Find Mox• Moy and G for each region: 

a}· Rxy = (o. 1; r 2 ':"' x2). (r9l) b) Rxy = (o. 1; 0, ex) 

54. Same question for 

a} Rxy = ( 0 , 1 ; X 
2 , /X) b) Rxy = (o~ Tl/4; sinx, cos)(). 

55~ Find the centroid of the region bounded, by th~ parabola 
2 . . 

y = x .. and the 1 ine y .. 4. 

56. Find ~he ~entroid of-the region bounded by-the curve~: 
2 a)_. y : ..X 1 y ,. 0 0 X = 4 b) y = X 1 X • 0, X • 2, y = Q 

57. Same question for 
Tl a) y • COS X, X = 0, X = y : 0 "2' - • 

b) y•1nx, x.,.l, x.:e• y•O ,. 

58. Find the center of nravity of ~ach of the following syste~ -

of particles. (m(x, y) denotes particle with mass r. at {ll.·,y)) 
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a) 3 ( 2. 2). 4(2, -2), 5(-2, .2) • 2(-2, -2) 

b) 6{0, 0) ·' 6(8, 0 )_, 6(8, 8)~ 3(4, 4) 

c) 2{1, 3). 7(4, 2), 6(3, -3), 8(-4, 2) • 5 (-3. -4). 

59. Use PAPPus·· lheorem to find the centroid of the region· 6f a 

semicircle of radjus. ·a. 

60. Use PAPPUS'~Theorem to find t~e ~olume of the torus generat; 

ed by revolving the area of a circl~ of rad~us a. ab6ut a~ .. 
• . axis b(> a) units from the cent~r of the.circle • 

\NSWERS TO EVEN NUMBERED EXERCISES. 

36. ~-."!1(12,25 + /3s + 100) 

38. 1000 g gr-cm. 

40. 60. kg-em. 

42-. a) lln S r 2h2 /492", b) nSr2h(ll. hi492 + 7k/24) 

, 44·. 840 kg-·cm. 

46. kw1 w2 ( 1/a - 1/b) ·kg-m 

48. a) Mox = -an, Hoy = alf. G(2, -2) 

b) Max 12n, Hoy Bn, G(2, 3). 
I so. a) (1/2, -3/2)', b) {10, 192/205) 

52. a). 459/20,, 27/4, .(3/2, 51/10) b) 243/10, 27/4, (3/2, 
-

54. a) M · = M = 3/20, ox oy G(9/20, 9/20) 

27/6) 

b) M = 1-/4, M · = (n/212)-li G(l/4 {12-1), ('11'-2r'2)/212(12-1) ox. oy ... . . 
56. ·a) (12/5, .3/4). 

58: a} (0, 2/7), 

·60. 2n2 a2b. 

b) (8/5", -16/7) 

.b} ( 4. 4). ~r.) (1/?R, -1/14) 
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A SUMMARY 
(CHAPTER 8) 

• 1 Rxy ., (a • b; y l (-X)," y 2 (X)) t 

IRxyl= a/(y2 (?t} -y1 (xl}dx. 

Rer =(a. 13;_ r 1e. r 2 (e.)) ._ 

1 ( 2" 2 ) Rf>r ... "2 f r.2(e)- r 1 (e) de 

b 
s =. f vl + ( ¥x) 2 dx. s = 

. a 
t ~-_;.· ___ _ 

s = j 
2 fx 2 ct) + }.2(t)dt 

tl 

. Ryx"' (c. o;_ x1 (y). x2 (y)) 

IRyxl.= /[x2(y)-xl(y)}d 
. . c . 

Rr 0 =·(a. b; -el(r). e2 (r)) 

·b . . -

IRrel =a/ (e2(r)- e1 (r))r dr · 

/If+ (dx)2 .dy 
c Oy 

r ~ c tan ~ = ~ (polar slope) 

k 
S

0
x = 2n J y ds .. 

h 

k 

soy·'" 2n- f x ds .. 
h 

b 
21r f y(x.) 11 + <¥x> 2 dx 
. a 

b i 
<¥x>2 2n I x'l · + dx 

a 

d 11 (dx)2 21r I }((y) + dy 
c Oy 

(disc methoJ) 
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· d ( · . - J I 
V

0
Y •.21t/ . y 2(x) -·y1 (x) x dx. 

(shell metho~) 

V = .~ (A~+ 4A2 + A3), A1, ~ 2 • A3 are lower, mid and 

-
- Hoy 

x m = 

"ox 
Y .. - • . m . 

up~er bases and h is the 

altitude. 

[tx ds 
I Ids 

_u~ 
-I~ 

I Sy ds 
J S ds 

for arcs {wire) 

for regions (plate) · 

for arcs (wire) 

f~r reg~ons (plat~t 

MIS~ELLANEOUS EXERC~SES 

6l. Find the area whi~h :is inside the first and out-side the 

second curve: 
-

a} r = 5 s irl e,; r .. 2 + sine, b) r 2 .: 2 cos 2e, r .. 1 

62. Changing to polar coordinate~ find the area of the region 

enclosed by th~ curve· (x2 + l>3 .. 4a 2x2l .. 
63. Find the ar~a of the ~egion bounded by~ 

2 2 
a) r .. 1 + cose. r .. l - cos a • b) r • tane, 
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.64. Find the· area of the region 

a) b,bunded by 'the circles r = 2a cos~. r = 2a sine 

b) in:side -~ 2 • £a 2 cos 29. outside r =a 

c) inside r=3a.cose, outside r_=a(l+cose} 

65. Find the area ~f the region enclosed by one loop of the 

curve . 2.,, r,. 51 n o and find also the length of one loop of the 

curve. f 

56. Write the given shaded region 

f a) ·as Rer or as union of them, 

b) as Rre or as union· 
0 f 1-'· 

67. Find the area of the smaller loop of th~ limacon r~a(l-2cose) 

6~. Fin-d the area pf a loop of_ the curve r 2 .. a2 cos 2e. 

69. Fi~d the length of the·curve: 

a) x•4(2t+3) 3 1~, 2 y•3(t+l). for -t£( -3. 1) 

b) 
2 . . . 

X•3(t-2t), y = 8t3/2 for t£ ( -1. l) 

70. 'Find the arc length of 

a) r• 2(1- cose) frQm a .. 0 toe. '1'{.• 

b) ra sine+ cose. from e- 0 toe. w/2. 

71. Find the arc length of 
I 

a) 1 
X • "3" (2+y2)3/2 from· yaO to y .. 3. 

b)· y 
. x4 1 from X = 1 to. X • 2. ··T + 

8x2 
-· 

4i . <"'. n 2 c) from· y a 0. to y .. 1. -- . 
d) X 

3 1 ·.Y!-•:rv . y fr.om y u:o to y D 3-o 

72. Find the length of the curv·e 
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X£ (0 t ~) 

where a, b, >.>0, pe:R. 

73. ·Determine y = f(x) passing through the• origin such that arc 

length from (0, 0) ·to (x, '·f(x)J is equal to· ex+y-1. 

74. 

~~. 

Find the arc 1 ength. of tha curve ' f(xl which is 

.tion of the differential equation 

~= /xr-1 
from X= 1 to X .. =, a (> 1). 

Find the arc length of the following 

the qiven interval: 
2 a} x=cost, y=cos t, O<t<'ll'. 

b) x""et cost, :y=etsint, ·O~t~2. 

pararn~tric 

. any solu-

curves in 

76. Find the area of:the surface obtained by revolving the given 

arc about x-axis. 

y-.,x3' 2 -x112/3, l~x~2. b) y=x3t6+l/(Zx), l~x'-2 

7i. Find the a rea of the surface of revolUtion when the curve 

r~: = 2a 2cos 20 is revolved about the ·polar axis. 

78. Find the area of the surface of revolution when the curve 

r = 2a cos0 is revolved about copolar .axis •. 

79. Find the volume of revolution Vox of the following regiQn 

bounded by the following curves: 

a) ·y = 1/cosx, ., = 0, x ~ 0, x = '11'/4. 

b) y = xeX/2 , . y = 0 0 X = 0 0 X a 1. 

80. let b(> 1) be a number. What is v0x for the region 
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Y = e • 
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y = 0, x = 1, x .. b? Does this volume app-

roach a limit as b +~?.If so what is ~he limit? 

81 The region ·bounded by a parabola ~nd Hs latus rectum h. 

rotated about a line throught its vertex and perpendicular­

to the axis. Find· the volume of the solid generated (letting 

p be the distance between the ~ocus and the vertex) 

82. Find Vox• V
0
Y of the solid 6f revolutions for the region 

bounded by the given curve: 
2 a ) y = X. t y 

1
= 4 , X = 0 t . 

. 2 
b) y • 4x, y • 0, x = 9 · 

B) .. If R - (1, ""i xy 0, 1/x) 

a) find Vox b) find lateral sur-face area of the solid of 

revolution. 

84.- Compute the volume of the solid obtained· by rotating the 

region· 

about 

'..'-: a) x-ax.is b) y-axfs 

c) vertical line passing through (2, 0)' 

d) horizont~l line passing th~ou9h {0, 2t 

85. Use the metho~ of cylindrical disc to find the volume of 
,, 

th~ solid obtained by revolving the given region abo~i the 

x-axis. 
. 

a·, 
t Ryx•(o. 2; 2, 21 

y J,; b) Rxy .. ( l, 4; o. x-2 J 
c) R • ( 0, 6; o. ~-fxD) • d) bounded by 2 y .. 4x. xy Y•X +X, 

86. Use t-he .method of cylindri~al shell~ to find the volume of 

the solid obtained by revolving about the y-axts of the 



region bounded by 

'a) Y•lx-21, J-4X-44, 

c) y .. 1/x, y = -x/~ + 3/2·, 
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b) y = -x ·- fxl '· · .0" x ~ 4 
. . . 2 .. .. . 

d).y-=9-x ,. y=-9-3x· 
- -· -. . . ' 

81. Find·the volume of.the. so1ld generated-when the given polar 
- ·~· 

regfa~.is revolyed ~bput the polar axtl~· 
.. 

a) r=cose, e..::o •. e=. 1Tf4 

b) r·cos(e ~~~) - s .. o •. e·• o·, e"' tt/2 

· 88. Use the method of cylindrical shells to find the volume of 

the solid obtain.ed by revolving about the x-axis of the 

given region bounded by:. 
. 2 .· 4 a) x=y, xay., y~O, b) Y. • · 1/ X , y • ~ -,./2 + 3/2. 

c.) x=3y-,2, x .. ::.2y _d)y .. x, y:/X 

89. Find Vox of the ·solid. grner~ted by 'the region boun<!ed· by· 
. . 3 ·. 3 . . 1 . . . 1 

a) x=a cos t,.y•a sin t, a>O b).x=_t+"£ ,_yat-"£, t&(1,2) 

90. The base ~of' a- certa·i.n solid is the p_arafiolic segment enclos~ 

ed.be.tween the parabo_la l•4x and the line' x:i4. Every 

·section of the solid· perpendicular to the.x-axis is an iso~ 

_ celes right triangle with its hypoten~se i~ the plane of 

-the base.: Find -th·e volume of the solid. 

-91. Fir•d. the volume.of the solid whose cross· sectio..n' made b~ a 
2 . . 

plane· perpend~cular to the x-axis has ax + bx t c as 

boundary for each . x& (o .•. h) • 

92. A solid has a base in·the xy-plane which is~ circular disc 

of r.adius a(>_.Ol . and every section of the solid by a plane·· 
\· . 

perpendicula~ to the ·x~axis is a triangle as described. Find 

the volume of the solid.· 
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a) isoceles. altitude 1s twice the base.: 

b) equilater,al._ 

· 93. Let a sphere of radf.us ·r be cut by--a pla-ne·. thereby form­

ing a 'eg~ent of the sphe~e of heigh h. Prove that.the 
2 . 

volume of the segment h h {r-·h/3). 

94. If the current f (t) ·at time · t is given by t + l/t2 find· 

the tota.l charge _ent"ering to a capacitor during the time 

interva 1 n ~ 4). 

95. f'ind the natura 1 length of a metal spri~g, given .. that the 

·work done in stretching it froin a length of 2 ft to a length 

of 3 ft .is one-half the work done in stretching it from a 

length of 3ft to a length of·4 ft. 

96~ A hemi~pheric~l water tfink of rad)os 10 m is being pumped 

out. Find-th~ w6rk done iri lowering the watef level from 2m 

below the top of the tank to 4 m below the top of the tank. 

a) qiven that the pump is placed rihqt~n top of ·the tank. 

b) qiven that the pump i~ placed 3 m ab~ve the tank. 

97. A particle on the x-axis is attr~cted toward !he oriqin by 

a force of maqnitud~ 

F • k X 
(x2 +_a2)3/2 

Find th~ work done by the force if. it moves th~ particle 
. ' 

from a distance 2a to a distance a from· the origin. 

98. The given surfaces are submerged verticall~ in a fluid of 

speci f1 c. weight · Find the force on one side of th.e surta·ce: 

a) an isoceles.rtght triangle with legs'6_ft long and one 

.lytng in the surface· of ltqutd. 
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b) an isoceles trapezoid of· height 4 ft and bases '6 ft. and 

12 ft with the smaller b~se lying on the surface of fluidi 

99. Find the indicated moments of inertia of the area bounded 

by the given curv~s: 

a) y • X o y = 2x •. x+.yz12.· loy;. 

b) 
3 y = 2x • 

. 3. 
Y +X =. Q, 2y: X+ 3. 1ox· 

c) 
. 2 

y =X t :t = 2x .- l, 4x + y"' ~4, · 1x ... l· 

100. Find the center of. gravi_ty:-of the region .bounded· by 

rx + ..ry =- ra. x = o; Y•= 0. 

lOL Prove that the moment of an arc (or of a region} with 

resoect to the center of gravfty h zero. 

102. Sho., that I .. I . ·+ 1
0
"y· 0 ox 

103. Find the moment of the region 

R =(-a. a."y 1 ~-o •.. y2 =a 2 :-x
2
). xy . . .· 

with respect to x- an~ y-axes, ~nd fin~ the centroid of the 

region (J·,. 1). 

104 .. !="1 nd the moments "ox. M0.Y of the arc r ·'" a cose from 

e .. o to e .. tr/6 if the density • shle. 

105. Find the centroid of the regi~n enclosed by 

a} x=2 cost-sint, .Y•2 sint. o,t,2 
b ) X "' t 2 ,; y • t~ , -1 · E t ~ 1 , X • 1 • 

. ' . ' 

-106. Use thr P~PPUS' Theorem to co~pute lateral ~rea of & f~~st-.. - . ,_· 

· um of cone· .with radiu ~6 and 8 and altitude 16 em. 
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ANSWERS TO EVEN NUMBERED EXERCISES 

62 .. 'ira2/2 

64. a) · ( n - 2) a 2/2, b) ( 313 - n} a2 /3 c) na 2 /3 

66. a) {n/6, ~/2; sece. ·1·.) ·b) (112. 1, arcsec r, n/2) 

68. a2/2 · • . 

70. a) 8, b) n-12/2. 

1 a A1+P 
72. I i -,-;:p-

b Al-p 
+ i -,-:p-

74. a) 53/9, b) 47/16. 

78. 4'1T 2 a 2 

80. n(e-2 - e-Zb)/2, yes. n e.;.212 

82. a) 128'11'/5• 8'11', · b) 162'11', 1944'11'/5 

84. a) 2w. b) 1811/3. c) 16..r/15 

86 •. a) 44n/3, b) 26n/3, c}'11/6, d) Zh/2 

88. ar '11'/6, b) 11/12, c) 625~/6; d) w/6 

90. 32 unit3 • 

92. a) 16a3 /3, b) 413 a 3t3 

94. 33/4 

9l. 33750n ton-meter 

98. 368~. 

100. (a/5, a/5) 

2 . 2 2 104. a /24, a /3 - a 13/8 

106. 2Bnl65. 

_ _. .... 

/ 
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APPENDIX -

Pro~"~f of ttte theorem on th~ d~conipositi.on Qf a 

proper rational function into partial fractt,ns 

(See Chapter 7, p. 435) 

Proof. Let r(x)/Q(x) be a proper-rational fun~tion so 

. that ·deg r(x) < deg Q(x). We suppose also that· r(x}/Q(x) is a 

reduced·one, that ii, r(x) and Q(x) have no common factor. 
-

Let Q(x) ··have .the factorization 

( ' • 2 2 Q Q (X} = k. (X .;. a J a .•• (X - b) B • •• l X + _px + q)}. ••• (X + rx + 5) ll 

where k is a constant, a~~ ••.• are ~eal roots with mult1p-

···i "1 d 2 2.: 11c1t es ll• B. • •• respect1ve y, an .x + px + q, x + rx + s •••• 

have pair of imaginary roo~s of common multi~li~ities ~. p,· -· 

respecti ve1y. · 

Set~ing ·Q(x) • (x ~· a} 0 
· Q1 (x} 

wi.ti'>· Q1 (a) -1 0, f-irst we show the decompoS.ition 

..!':.ttl _ A
0 

_ · r 1 ( x) 

QTXT "' ( x - a) a :t- · ( x ~ a) a -l_,~· Q 
1 

( x) 
( 1 ) 

where A
0 

is a constant and r 1(x)/(x--a) 0
-

1 Q1 (x) 1-s.a proper_ 

"fraction. Indeed consider. the difference 

Since deg r(x) < deg Q(x), A
0

£R, deg. Qr(x} < deg Q(x), 

the degree of numerator is less tbanthat of denominator and 

than the fract-i·on h a p-:-op.er one. Now we determine A a such 

tl'tat the nullte-~ator' is di-visible ·by x- a or that 



5·17 

r(a)- A0 • Q1(a) = 0 implying Aa • r(a)/Ql-(a) since Q 1 (a)."O~ 
Also.s1nce r(~)/Q(x) is a reduced one, r(a) I 0 and Aa I 0 

follow; For this ~ , the simplified fraction a 

is again a proper fraction. 

Repeating the process f~r_ this new proper fraction one . 
a-1 · can separate from this the partial fractions Aa_ 1 t(x~a) , -· 

A1t(x-a) successively, all corresponding to the real root ...... 
0 • 

and gets the decompos1tion 

of~~ = 

A A s1(x) a 1 
+ .... + + 1hTXT (x-a)a x- a- ·1 X . 

. Applying the process to tfle prtlper fraction s1 (x )/Q1 (x) 

for the other real roots, at the end'one arrives at a proper 

fraction s(x)/q(x) where q(x) contains only imagina~y roots. 

' 2 ). 
q(x) = (x + px + q) '\1. {x) 

where q 1(x) has ·no further. factor 2 x + px + q. 

Writhg 

(-f. > 0) 

and setting 

"e have 

so that 
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To show. the separ.aHon 

( 2 ). 

with constant cA. 01 , consider the difference 

.fl.!!\ -Cu+D f(u)-(Cu+O)F1(u) 

tT_Ui- ("u2+1) ·= · (u 2 + 1/ F
1

(u) 
(2') 

.. 

where for simplicity C = C>., 0: D>. are taken, is certainly a 

pr:oper fraction. 

Now, in the polynomials f(u), F 1(u) we separate the 

even and odd de~ree terms and put q as a common fa~tor in fhe 

odd de9ree terms, having ~hus 

... 

f(u) = g(u2 ) + u h(u~) · 

F1 (u) G(u2). • u H(u 2 )~ 

~ and setting 2 u = v, the numerator in (2') becomes 

f(uj- (Cu +D) F1 (u) = (g(v)- ~h(v))- (Cu + O}(G(v) + uH(v)) 

= (g(v)- OG(v)- Cv H(v)) 

-(h(v) + C~(v)·• DH(_vJl.u 

We determine the constants C and o· such that this 

numerator .is divisible by u2 +l{= V+ 1). This is possible if. 

each brecket vanishes fo~. v = -l: 

or 

g(-1)- DG(-1) + CH(-1) .. 0 

h ( -1) + CG( -1) + DH ( 1) .... 0 

H ( -1) C - G( -1 ) 0 • -g ( -1) 

G( - 1 } C + H ( - ll 0 • -h. ( - 1 ) 
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The determi.nant· 

H(-1) .-G(-1) 

!:.' = -. H 2 (~1)·+ G2(-1) 

G(-1) H{~l) 

of this system is not zero~ Indeed, if were zero, then H{-1)., 0, 
·. 2 . 

G(-1)=0~ follow,·meaning that v+1_(.= u +l).·divides both 

H(u 2). and. r1 (u
2 ) . or .dhides F1 (u) •. Bu1; this contradicts the· 

hypothesi-s that u2 +1 does not divide F1(u). Since l,' ~ 0, 

the system admits a unique solutiGn for C, D. lhese a~e not 
\ 

both zero, for othe.rwise g(-1)=0, ·h(-1}=0 would follow. But· 

in that case, by ·similar argument, f(li) 
2 . 

is divisible by . u + 1, 

which contradicts the hypothesis that f(u)/F(u) was reducerl. 

So we have prove~ the separation (2). 

R_epeating the process, alJ partial fraction can be sepa..,. 

rated and the proof is completed. '. 
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