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Abstract 
 

A support vector machine  (SVM) is a new, 
powerful classification machine and has been applied 
to many application fields, such as pattern 
recognition and data mining, in the past few years. 
However, there still remain some problems to be 
solved. One of them is that SVMs are very sensitive 
to outliers or noises because of overfitting problem. 
In this paper, a fuzzy support vector machines 
(FSVMs) is proposed to deal with the problem. A 
proper membership model is also proposed to fuzzify 
all the training data of positive/negative class. The 
outliers are detected by the proposed outlier 
detection method (ODM). The ODM is a hybrid 
method based on the fuzzy c-means (FCM) algorithm 
cascaded with an unsupervised neural network, 
called self-organizing map (SOM). Experimental 
results indicate that the proposed FSVMs actually 
reduce the effect of outliers and yield higher 
classification rate than SVMs do. 

 
Keywords: Support Vector Machines (SVMs), Fuzzy 
c-means (FCM), Self-organizing Map (SOM), Outlier 
Detection. 
 

1. Introduction 
 

Support vector machines (SVMs) are based on the 
theoretical learning theory developed by Vapnik 
[2,4,6,16]. The formulation of SVMs embody the 
structural risk minimization (SRM) principle. SVMs 
have been gained wide acceptance due to their high 
generalization ability for a wide range of applications 
and better performance than other traditional learning 
machines [2]. In addition, SVMs have been applied to 
many classification or recognition fields, such as isolated 
handwritten digit recognition, object recognition, speech 
recognition [2], and spatial data analysis [11]. 

In a SVM, the original input space is mapped into a 
high dimensional dot product space via a kernel. The 
new space is called feature space, in which an optimal 
hyperplane is determined to maximize the generalization 
ability. The optimal hyperplane can be determined by 
only few data points that are called support vectors 
(SVs). Accordingly, a SVM can provide a good 
generalization performance for classification problems 
despite that it does not incorporate problem-domain 
knowledge. The attribute is unique to SVMs [6]. 

However, there are two important issues for 
developing SVMs. One is how to extend two-class 
problems to multi-class problems efficiently. Several 
methods have been proposed, such as one-against-one, 
one-against-all, and directed acyclic graph SVM 
(DAGSVM) [8,15]. These methods are based on solving 
several binary classifications. In other words, SVMs are 
originally designed for binary classification [4]. Hence, 
before enhancing the performance of SVMs for 
multi-class classification, the problem of SVMs in 
binary classification should be solved first. The other 
issue of SVMs is to overcome the problem of overfitting 
in two-class classification [2]. As those remarks in [17] 
and [5], the SVMs are very sensitive to outliers and 
noises. This paper deals with the problem. 

Different from SVMs, the proposed FSVMs treat the 
training data points with different importance in the 
training process. Namely, FSVMs fuzzify the penalty 
term of the cost function to be minimized, reformulate 
the constrained optimization problem, and then construct 
the Lagrangian so that the solutions for the optimal 
hyperplane in the primal form can be found in the dual 
form. The other goal of this paper is to provide a 
membership model with the function of outlier detection. 
Based on this membership model, all training data points 
are properly assigned different degrees of importance to 
their own classes so that FSVMs can avoid the 
phenomenon of overfitting due to outliers and noises. 

This paper is organized as follows. Section 2 reviews 
the basic theory of SVMs briefly. Section 3 first states 
the problem of SVMs, then the proposed FSVM is 
formulated. In Section 4, a membership model for the 
FSVM is given, including the proposed outlier detection 
method (ODM). Section 5 conducts several experiments 
to indicate the merit of the FSVM. Finally, we have 
some conclusions in Section 6. 
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2. Basic Theory of SVMs 
 

This section briefly introduces the theory of SVMs, 
including linearly separable case, linearly nonseparable 
case, and nonlinear case through a two-class 
classification problem [2,4,6,16]. Assume that a training 
set S  is given as 

n
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where N
i Rx ∈ , and }1,1{ +−∈iy . The goal of SVMs 

is to find an optimal hyperplane such that  
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where the weight vector NRw∈ , and the bias b  is a 
scalar. If the inequalities in Eq. (2) hold for all training 
data, it is said to be a linearly separable case. In the 
learning of the optimal hyperplane, SVMs maximize the 
margin of separation ρ  between classes, where 

w2=ρ . Therefore, for the linearly separable case, to 
find the optimal hyperplane is to solve the following 
constrained optimization problem 
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The above constrained optimization problem can be 

solved by quadratic programming (QP). However, if the 
inequalities in Eq. (2) do not hold for some data points 
in S , the SVMs become linearly nonseparable. In such a 
case, the margin of separation between classes is said to 
be soft since some data points violate the separation 
conditions in Eq. (2). To set the stage for a formal 
treatment of nonseparable data points, the SVMs 
introduce a set of nonnegative scalar variables, n

ii 1}{ =ξ , 
into the decision surface; i.e.,  
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iξ  are called slack variables. For 10 <≤ iξ , the data 
points fall inside the region of separation but on the right 
side of the decision surface. For 1>iξ , they fall on the 
wrong side of the decision surface. Now the goal of the 
SVM is to find a separation hyperplane for which the 
misclassification error can be minimized while 
maximizing the margin of separation. To find an optimal 
hyperplane for a linearly nonseparable case is to solve 
the following constrained optimization problem 
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where C  is a user-defined positive parameter. It 
controls the tradeoff between complexity of the machine 

and the number of nonseparable points. In particular, it 
is the only free parameter in SVMs. 

For the primal problem (Eqs. (6-8)), it is difficult to 
find the solution by QP when it becomes a large-scale 
problem. Hence, by introducing a set of Lagrange 
multipliers iα  and iβ  for constraints (7) and (8), the 
primal problem becomes the task of finding the saddle 
point of the Lagrangian. Thus, the dual problem 
becomes 
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In the dual problem, the cost function )(αQ  to be 
maximized depends only on the training data in the form 
of a set of dot product, n

jij
T
i xx 1),(}{ = . Furthermore, these 

Lagrange multipliers can be obtained by using the 
constrained nonlinear programming with the equality 
constraint in Eq. (10) and those inequality constraints in 
Eq.(11). The Kuhn-Tucker (KT) condition plays a 
central role in the optimization theory and is defined by 
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where ii C αβ −= . There are two types of iα . If 
Ci ≤< α0 , the corresponding data points are called 

support vectors (SVs). The optimal solution for the 
weight vector is given by 
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where sN  is the number of SVs. Moreover, in the case 
of Ci << α0 , we have 0=iξ  according to the KT 
condition in Eq. (13). Hence, one may determine the 
optimal bias ob  by taking any data point in the set S , 
for which we have Ci << α0  and therefore 0=iξ , and 
using data point in the KT condition in Eq. (12). 
However, from the numerical perspective it is better to 
take the mean value of ob  resulting from such data 
points in the set S . Once the optimal pair ),( oo bw  is 
determined, the decision function is obtained as 
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Also, the optimal hyperplane is 0)( =xg . Another case 
is Ci =α . Then, 0>iξ  and can be computed from Eq. 
(12). If 0=iα , the corresponding data points are 
classified correctly.  

Another merit of SVMs is to map the input vector into 
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a higher dimensional feature and thus can solve the 
nonlinear case. By choosing a nonlinear mapping 
function MRx ∈)(ϕ , where NM > , the SVM can 
construct an optimal hyperplane in this new feature 
space. ),( ixxK  is the inner-product kernel performing 
the nonlinear mapping into feature space 
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T

ii xxxxKxxK ϕϕ==             (16) 

Hence, the dual optimization problem becomes 
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subject to the same constraints as Eqs. (10) and (11). The 
only requirement on the kernel ),( ixxK  is to satisfy the 
Mercer’s theorem [6]. Using Kernel functions, without 
treating the high dimensional data explicitly, unseen data 
are classified as follows 
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where the decision function is 
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In Table 1, we summarize the inner-product kernels for 
three common types of SVMs. The power p  and width 

2σ  are user-specified. For a two-layer perception, 
Mercer’s theorem is satisfied only for some values of 0s  
and 1s . 
 

Table 1. Three common types of kernels used in SVMs 
Kernel’s types            ),( ixxK  

Polynomial learning 
machine 

p
i

T xx )1( +  

Radial-basis function 
network 
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Two-layer perception )tanh( 10 sxxs i
T +  

 
3. FSVMs 

 
A. Problems Occurred in SVMs 

In SVMs, the training process is very sensitive to 
those training data points which are far away from their 
own classes. If there exist two linearly separable classes, 
SVMs can find an optimal hyperplane such that no data 
points would fall into the margin of separation no matter 
how small the compactness of the two classes is. 
However, for two linearly nonseparable classes, how to 
set the free parameter C  to a proper value is very 
significant. Recalling the cost function in Eq.(6), the 
second term on the right hand side is actually a penalty 

term. A larger C  means to assign a higher penalty to 
errors and thus reduces the number of misclassification 
data points. On the contrary, a smaller C  is to ignore 
more plausible misclassification data points and thus get 
wider margins. No matter the value of C  is large or 
small, this parameter is fixed during the training process 
of SVMs. Namely, all training data points are equally 
treated during the training of SVMs. This leads to a high 
sensit ivity to some special cases, such as outliers and 
noises. 
 

 
Figure 1. Equally treating outliers may cause the overfitting in 

the training of SVMs 
 

Figure 1 shows a comparatively, linearly nonseparable 
example in a 2-D space to indicate two different cases. 
The “less important region” means that the training data 
points in this region have no contributions to determine 
the support vectors for which the equality terms in Eq. (2) 
are satisfied. In other words, support vectors that may 
meet the equality conditions fall into the “more 
important region.” Having the same value of C , if there 
exist outliers in class 1, the optimal hyperplane H  
moves toward the side of class 2 with a degree of bias 
due to the overfitting. In addition, the slope of the 
hyperplane changes because the weight vector w  is 
determined by all of the support vectors according to Eq. 
(14). Moreover, the classification error increases for 
class 2 because of the unsuitable overfitting arising from 
outliers.  

 
B. Fuzzify the Training Set 

As mentioned above, equally treating every data 
points may cause unsuitable overfitting in SVMs. Hence, 
the central concept of the proposed FSVM is to assign 
each data point a membership value according to its 
relative importance in the class. Since each data point 

ix  has an assigned membership value iµ , the training 
set becomes a fuzzy training set fS  and is given by 

n
iiiif yxS 1},,{ == µ                        (20) 

For positive class ( 1+=iy ), the set of membership 
values are denoted as +

iµ ; and are denoted as −
iµ  for 

negative class ( 1−=iy ). They are assigned 
independently. 



H. P. Huang et al.: Fuzzy Support Vector Machines for Pattern Recognition and Data Mining 829 

C. Formulate FSVMs 
Suppose that a fuzzy training set is obtained, the next 

step is to formulate the FSVM. Starting with the 
construction of a cost function, the FSVM also wants to 
maximize the margin of separation and minimize the 
classification error such that a good generalization 
ability can be achieved. Unlike the penalty term in 
SVMs, FSVMs fuzzify the penalty term in order to 
reduce the effect of less important data points. The 
penalty term will be a function of membership values, 
and hence the SVM is named FSVM. 

The constrained optimization problem of the FSVM is 
formulated as follows 
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where m  influences the fuzziness of the fuzzified 
penalty term in the cost function. Now let the 
Lagrangian function be 
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where iα  and iβ  are nonnegative Lagrange 
multipliers. Differentiating Q  with respect to w , b , 
and iξ , and setting the results equal to zero, we have the 
following three conditions of optimality 

0),,,,,(

1

=−=
∂

∂ ∑
=

n

i
iii xyw

w
bwQ αµβαξ        (25) 

0),,,,,(

1

=−=
∂

∂ ∑
=

n

i
ii y

b
bwQ αµβαξ           (26) 

0
),,,,,(

=−−=
∂

∂
ii

m
i

i
C

bwQ
βαµ

ξ
µβαξ       (27) 

Substituting Eqs. (25-27) into Eq. (24), the Lagrangian is 
a function of α  only. The dual problem becomes 
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It is clear that the only difference between SVMs and the 
proposed FSVMs is the upper bounds of Lagrange 
multipliers iα  in the dual problem. In SVMs, the upper 
bounds of iα  are bounded by a constant C  while they 
are bounded by dynamical boundaries that are function 
of membership values in FSVMs. The lower the 
membership value of a data point ix  to its own class is, 

the narrower of the feasible region along the iα  axis is. 
Finally, the KT conditions of FSVMs are 

nibxwy ii
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4. Membership Model for FSVMs 

 
The membership model for the FSVMs can be divided 

into two steps and shown in Figure 2. First of all, the 
outlier set is detected from the training set, and the rest is 
called main body set of the training set. Then, the two 
sets are fuzzified by some membership functions. It is 
noted that the membership model is performed on 
positive and negative classes independently. Finally, 
after combining the two fuzzy sets +

fS  and −
fS , the 

fuzzy training set fS  is obtained. In the following, all 
symbols can stand for either positive class or negative 
class. 
 

 
Figure 2. Membership model for the FSVMs 

 
A. Outlier Detection 

Before detecting outlier from a class set, some 
characteristics about outliers should be given first. There 
are two important aspects. First, the outliers should be 
largely separated from the main body. Second, the 
number of outliers should be much fewer than the 
number of elements in the main body [3,12]. According 
to these two aspects, an intelligent outlier detection 
method (ODM), based on several techniques including 
Kohonen’s self-organizing map (SOM), index of 
fuzziness, and fuzzy c-means (FCM) algorithm, is 
proposed. The merit of using the ODM is that it can 
perform the task of outlier detection in 1-D space such 
that one can observe the distribution of training data 
points along an axis. In addition, the outlier partition and 
the main body partition can be determined by the ODM 
automatically. Thus, outliers in the training set can be 
detected. Let p

iic xX 1}{ ==  be the positive class set or 
negative class set in S , and N

i Rx ∈ , the procedures of 
the ODM are given below. 
 
Step 1: Unsupervised feature map. Let the SOM be a 
1-D SOM, i.e., the output nodes are arranged in a 1-D 
array. After using the learning rule of Kohonen’s feature 
map [13] to update the weight vector between input and 
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output layers (fully connected), each training data point 
N

i Rx ∈  is mapped into a scalar called winner. The 
winner can be determined by the similarity matching 
based on the minimum-distance Euclidean criterion 

ljWxy ji
j

i ,...,2,1,minarg =−=            (33) 

The updating rule for the weight vector at time t is 
)]()()[()()()1( tWtxthttWtW jjj −+=+ η      (34) 

where the learning rate η  and neighborhood function 
h  are changed dynamically during learning. l denotes 
the number of output nodes. Through the unsupervised 
feature map, the class set cX  can be represented by the 

winner set p
iic yY 1}{ == , and Ryi ∈ . 

Step 2: Incorporate a virtual set into the class set. Let 

vY  be a virtual set, RYv ∈ , pYY cv == ,and 
φ=∩ cv YY , i.e., they are completely disjoint. Randomly 

search a virtual set such that cY  and vY  satisfy the 
following two conditions: 
 
1. Separation condition: the separation between class 

set cY  and virtual set vY  is sufficiently large. 
2. Compactness condition: the compactness of the 

virtual set vY  is sufficiently large. 
 
For the purpose of quantifying the measure of separation 
between sets and compactness of a virtual set, a 
separation index (SI) and a compactness index (CI) are 
defined. They are based on the measure of index of 
fuzziness [10] to measure the ambiguities of intersets 
and intrasets as 





=∈
=∈

=∑
=

∩ ppandYyelseifCI
ppandYYyifSI

yyd
p vi

vci
p

i
iAA '},{,

2'},,{,
)),((

'
2 '

1

µ  

 (35) 
where y  denotes the center, and A  is the complement 
set of A . The distance d  is defined as the normalized 
distance within [0, 0.5] 
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The membership function of A  is defined as the 
π−semi  membership function  
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Clearly, the higher (lower) of the value of the index SI 
(CI) is, the larger of separation between sets 
(compactness of virtual set). On the contrary, the lower 
(higher) of the value of the index SI (CI), the lower the 
separation between sets (compactness of the virtual set) 
is. 

Hence, as searching the virtual set, the two indices SI 
and CI can be used as a criteria for which the virtual set 
can satisfy the above two conditions. Finally, le t 

},....,,...,{},{ 21 pjcv yyyYYY ==  be a candidate set for 
next step. 
Step 3: Perform fuzzy clustering to partition the set 
Y into fuzzy partitions (clusters). The fuzzy c-mean 
algorithm (FCM) [1] is used here to find the cluster 
centers iv and the membership value }1,0{∈iju , which 
expresses the degree to which the element jy  belongs 
to the ith cluster 
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where e  is called the exponential weight which 
influences the degree of fuzziness of the partition matrix 

][ iju . There are two constraints on the value of iju  
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c is the number of clusters. For finding the most 
plausible number of clusters in the set, the partitioning 
entropy (PE) ),( cUH  gives a global validity measure 
[7,13]. Hence, the best partition number (BPN), bestc , 
can be determined by minimizing the partitioning 
entropy 
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and the partitioning entropy is defined as 
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where cΩ  is the set of all optimal solutions for a given 
c.  
Step 4: Defuzzify the fuzzy partitions to crisp partitions. 
This can be done by the following defuzzification rule  

ij

c

ic uP
best

1
maxarg

=
=•                          (44) 

Regardless the virtual partition vP  that contains the 
whole virtual set vY  only, the class set cY  forms a 
partition set 

}1,...,2,1|{ −== besti ciPP                  (45) 
Step 5: Determination of the largest main body 
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(The largest main body has the most training points).  
IF 2=bestc   

THEN 1
mPP =   

END ODM ←  ELSEIF 2>bestc  THEN 

Discard the largest main partition 1
mP  temporarily. 

Partition set becomes }2,...,2,1|{ −== besti ciPP  

Initialization: 2−=∗
bestcc , 1=q , 0=r . Go to step 6. 

END 

Step 6: Let i

c

ii
T PP

∗

=
=

1
maxarg  ( TP  is a temporary 

partition). Find the main body partitions and outlier 
partitions as 

IF qaPP a
mT ,...,1,1 =⋅≤ γ , THEN 

     1+= rr ; 
     T

r
o PP = ; },....,0|{ rbPP b

oo == ; where ( 00 =oP ) 

  ELSE 
     1+= qq ; 

     T
q

m PP = ; },...,1|{ qaPP a
mm ==  

  END 
Discard the temporary partition TP . 

Reset: 1−= ∗∗ cc , },...,1|{ ∗== ciPP i  

Repeat step 6 until 0=∗c . Then stop the ODM  
 

So far, the main body partitions and outlier partitions 
in a class set cY  are found. Accordingly, those training 
data points in the outlier partitions belong to outliers. 
Some explanations about the ODM are described below.  

In step 1, we use an unsupervised neural network, the 
Kohonen’s 1-D SOM, to reduce the dimension of 
training data points because SOM can convert patterns 
of arbitrary dimensionality (original feature space) into 
the one- or two-dimensional arrays of neurons 
(transformed feature space). One of the major properties 
of the SOM is its topology-preserving map that 
preserves neighborhood relations of the input pattern 
[6,9,13]. Namely, the SOM is capable of mapping 
similar input patterns onto geometrically close output 
nodes [12]. Another property of the SOM is the 
dimensionality reduction [14], and therefore we have 
step 1. In step 3, we use FCM to partition the set Y  
instead of crisp clustering method such as K-means 
algorithm because it is difficult to define outliers with 
crisp boundary. Hence, having the best partition number, 
FCM assigns each element different membership values 
to every clusters such that an element can be properly 
assigned to a partition according to its maximum 
belongingness. Namely, FCM forms fuzzy boundaries 

between clusters, and the defuzzification rule defuzzify 
the fuzzy boundaries to crisp boundaries. As to the 
virtual set, it can be viewed as an auxiliary tool in the 
ODM. Since the number of clusters must be larger or 
equal to two, we have to integrate a virtual set into a new 
set such that the original class set would not be 
partitioned into two or more partitions if there are no 
outliers in the class set and if the class set has only one 
main body partition. In other words, if we perform the 
fuzzy clustering method to partition a class set that has a 
high compactness, the BPN should be larger than one. In 
fact, “a high compactness” means that the class set 
should form only one cluster in the feature space. For 
avoiding the unsuitable partitioning case, it is necessary 
to add a virtual set to the class set, and therefore we have 
step 2. Moreover, in order to avoid the partition set in Eq.  
(45) containing any elements that belong to the virtual 
set, the virtual set and class set should satisfy the 
separation condition in step 2. Furthermore, in order to 
make the virtual partition vP  contain all the elements in 

vY , the compactness condition should be satisfied, too. 
The goal of step 5 is to find the largest main body 
partition which contains the most elements (see Eq. (46)). 
Certainly, the ODM will stop in this step if the BPN 
equals two; otherwise, it will go to step 6 to find another 
main body partitions or outlier partitions. In step 6, the 
positive real number γ  is an inter-cluster weight factor 
which gives a threshold such that the temporary partition 

TP  can be assigned to either a main body partition or an 
outlier partition according to the weight ratio γ1  
between partitions. The IF-THEN rule in step 6 is made 
based on the assumption that the number of outliers 
should be much smaller than the number of elements in 
the main body as we have mentioned in the beginning of 
this section. Finally, those training data points in the 
outlier partition oP  form an outlier set O ; otherwise, 
they belong to the main body set M . 
 
B. Membership Functions  

Basically, the rule to assign membership values 
depends on relative importance of training data points in 
their classes. In order to obtain the fuzzy training set fS , 
we define two membership functions to fuzzify the main 
body set and outliers in a class (posit ive or negative 
class), respectively. If Mxi ∈ , the membership 
functions are defined according to their distances to the 
center of the main body as 

Mx
xx

xx
j

j
j

i
i ∈+

−

−
−= ,

max
1 εµ           (47) 

where ⋅  denotes the Euclidean distance, ε is a 
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sufficiently small positive number, and x  is the center 
of all data points in M . Also, the membership function 

iµ  for the main body set is bounded in [ ε , 1]. For 
outliers, the membership function is 

Oxii ∈∀= ,σµ                         (48) 
where σ , εσ <<0 , is a sufficiently small positive 
value such that the effect of outliers can be reduced 
substantially in the training process of FSVMs.  
 

5. Experimental Results 
 

In experiments, the difference between the SVM and 
the proposed FSVM will be discussed. The proposed 
membership model with the outlier detection method 
(ODM) is used to fuzzify the training set such that the 
FSVM can show good ability against outliers.  

A result of SVMs for two-class classification is shown 
in Figure 3. The value of free parameter C  is 5. In this 
figure, the symbols “+”, and “x” denote the positive 
class and negative class, respectively. The data points 
with square symbols surrounding them are the so-called 
support vectors. The distance between the two dotted 
lines is the margin of separation. The line between the 
two dotted lines is the optimal hyperplane i.e., the 
decision surface. Obviously, the data points no. 5 and no. 
11 can be regarded as outliers of the positive class since 
they are very far away from the rest and they are a small 
number of group. In the following, we will perform the 
ODM to detect outliers from these two class sets. We 
assume that there are no outliers in negative class. Hence, 
we simply detect outliers from positive class by the 
ODM. 

 

 
Figure 3. A result of SVM for a two-class classification 

 
In our experiments, some parameters in 1-D 

Kohonen’s SOM are set as follows 
1) The number of output nodes is 100. Number of input 

nodes is 2. 
2) Neighborhood size: initial value is 100 and is shrunk 

by  

)
)(2

exp()(
2

2
,

, t

d
th c

c

yj
yj σ

−=  

where 
cyjd ,  is the lateral distance between the 

winner cy  and the excited neuron j  in the 1-D 
output space, and )(tσ  is defined as [6] 

)
100log200

exp(100)(
t

t −=σ  

Therefore, as time t increases, the width )(tσ  
decreases exponentially, and the topological 
neighborhood shrinks in a corresponding manner. 

3) Learning rate: initial value is 0.9 and is updated by 

)
200

exp(9.0)(
t

t −=η  

Hereafter, it will decrease gradually, but we set its 
minimum value as 0.01 

All the 20 posit ive training data points are fed into the 
1-D SOM to learn weight vectors. The learning is 
stopped when the mean square error (MSE) almost keeps 
at a small constant. Figure 4 shows the MSE of the 1-D 
SOM for the learning of positive class.  

After learning, all winners along the 1-D output space 
are determined by the similarity matching, and the result 
is shown in Figure 5. Clearly, the data points no.5 and no. 
11 are clustered together. Note that these two data points 
are still far away from the rest in which data points form 
another cluster. As a result, the 1-D SOM shows the 
property of preserving map. Since the dimension of 
input space has been transformed from 2 into 1 by the 
unsupervised feature map, the next step is to find a 
virtual set (step 2). 

 

 
Figure 4. MSE of 1-D SOM for the learning of positive class 

 

 
Figure 5. Winner distribution along the 1-D output space 

 
For searching a virtual set to satisfy the separation 

condition in step 2 of ODM, let all elements in the 
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virtual set have a minimum distance between them and 
the class set. The distance is actually a threshold and is 
set as 20 such that the virtual set and the class set have a 
large separation. On the other hand, for obtaining a high 
compactness, let all the elements in the virtual set have 
the same location. After searching, the locations of the 
virtual elements are at 96 on the output layer of the 1-D 
SOM (see Figure 6). In this case, the value of SI is 
0.7237, and the value of CI is 0.0 (maximum 
compactness).  

 

 
Figure 6. Distributions of positive class set and virtual set on 

the output layer of 1-D SOM. 
 

 
Figure 7. Clustering results of candidate set with 2=e  

 
Since the virtual set, 20},96{ === pYY vv , has been 

found, the candidate set },{ vc YYY =  is formed, where 

cY  is the corresponding winner set of positive training 
data points. In step 3, we perform FCM algorithm to 
partition the candidate set. Before partitioning, the PE is 
used as the validity indicator to find the BPN. The 
searching range of numbers of clusters is from 2 to 10 
and the results are listed in Table 2. As a result, the BPN 

3=bestc  because the value of PE is minimum when 
3=c . Hence, FCM algorithm is performed to partition 

the set Y  with the best partition number. The 
exponential weight e  of FCM is set as 2. Finally, the 
clustering result is obtained and drawn in Figure7. The 
partition centers are 59.12,95.95 21 == vv , and 71.683 =v , 

respectively. One can see that all elements in the virtual 
set have high membership values to partition 1 and have 
low membership values to the other two. The data points 
no. 5 and no. 11 have high membership values to 
partition 3, and the rest belong to partition 2. After 
defuzzifying with the defuzzification rule in Eq. (44), 
there are three crisp partitions. The first is the virtual 
partition vP , the second is the main body of the positive 
class, and the third is an outlier partition. The above 
partition results can be obtained from step 5 and step 6 
of ODM. In this experiment, the inter-cluster weight 
factor γ  is set as 10. Since the partition 3 is an outlier 
partition, these two training data points, data no. 5 and 
no.6, are outliers, and the rest 18 training data belong to 
the main body set. 
 

Table 2. PEs in different numbers of clusters. 
c    2     3     4     5     6    7     8     9     10 

PE 0.0085 0.0068 0.0423 0.0426 0.0550 0.0471 0.0472 0.0536 0.0483 
 

After detecting outliers with the ODM, all training 
data are assigned membership values with the 
membership functions in Eqns. (47) and (48). For main 
body set, the lower bound ε of the membership function 
is set as 0.1. For outliers, the σ  is set as 0.01 here. 
Having the same value of C in SVM and setting m  
equal to 1, the result of FSVM is shown in Fig. 8. 
Clearly, the overfitting of the optimal hyperplane 
resulted from the FSVM is reduced compared with the 
optimal hyperplane resulted from the SVM. In addition, 
the classification error of negative class is zero in FSVM 
but is two in SVM. Besides, the number of training data 
points in the margin of separation is reduced (zero) in 
FSVM in contrast with SVM. 
 

 
Figure 8. The result of FSVM with the same training data in 

the experiment of SVM. 
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6. Conclusions 
 

In this paper, a fuzzy support vector machine (FSVM) 
is proposed to deal with the problem of overfitting in 
traditional support vector machines (SVMs) for 
two-class classification. In addition, a membership 
model is proposed to assign membership values to main 
body training data points and outliers according to their 
relative importance in the training set. In the 
membership model, a proposed outlier detection method 
(ODM) can detect outliers automatically from the 
training set. Experimental results show that the optimal 
hyperplane of SVM is indeed influenced by outliers, and 
thus has the phenomenon of overfitting. However, the 
proposed FSVM reduces the overfitting with the 
membership model and the ODM to obtain the fuzzy 
training set. Accordingly, the number of classification 
errors is reduced. 
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