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Abstract. Recently, most DSP systems have used multirate signal processing techniques or transforms for re-
ducing computational complexity without compromising the system quality. In these techniques, realizing each
constant separately is a redundant process as some constants appear more than once, and increases area and power
consumption of the system. This paper introduces the concept of handling all coefficients in the systemat the same
time. To do this, thetwo-term expressionsof constants in a system for adder and shifter minimization is presented.

1. Introduction

In Digital Signal Processing (DSP) algorithms, most of
the operations are arithmetic operations. While imple-
menting these algorithms, general multiplication archi-
tectures occupy huge areas compared to additions and
subtractions. Therefore, constant multiplications are
replaced with a series of adders and/or subtractors and
shifters. This kind of multiplier representation is very
effective in terms of area, delay and power compared to
general multipliers. The hardware systems that use this
representation for multipliers are called asmultiplier-
lesssystems. As adders and subtractors have similar
structures, both of them will be referred as “adders”
from here on.

Even though multiplierless systems are more cost ef-
fective than general ones, there is a trend to make these
systems even more effective. The representation style
of a constant determines the number of adders required.
It is proved that Canonic Signed Digit (CSD) repre-
sentation requires, on average, 33% fewer adders than
standard binary representation [1]. CSD representation
has the nice property of standard binary representation
such that each number is uniquely represented [2]. CSD
is known as a special case of signed digit (SD) repre-
sentation, and is the representation which requires the
fewest adders [3].

In DSP systems, there are several constant mul-
tiplications. Therefore, instead of optimizing each
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coefficient separately, one can go through optimiza-
tion of all coefficients at once. There are basically two
groups of methods in digital Finite Impulse Response
(FIR) filters: In the first group of methods, after de-
ciding on the characteristics of the FIR-filter and the
wordlength, each tap’s coefficient is chosen such that
it is represented by using either CSD or a single adder,
[4–6]. In the second group, the coefficients are cho-
sen to reflect the system characteristics. After they are
quantized with a predetermined wordlength, a set of
partial sums that reduces the number of adders and/or
shifters in the system is formed using groups of co-
efficients or each coefficient separately, [7–10]. It is
observed that the systems produced using the methods
in the second group have better performance than the
first one if same number of adders are used.

The method we developed falls into the second cate-
gory. All of the methods described in second group are
capable of handling only FIR filters except [10], which
handles all kinds of systems. Our algorithm is able to
handle all linear DSP transforms which can be written
as the addition of some scaled inputs:

yi =
M∑

j=1

βi j u j , ∀i ∈ [1,M ].

Our algorithm uses CSD representation of all constants
in the system and handles all of themat the same
time. As a result, when a system incorparates multi-
ple linear transforms with similar tap coefficients with
decimators and interpolators like wavelet transform,
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our algorithm outperforms all algorithms in the num-
ber of adders, shifters and delay elements. Note that
FIR-based systems constitute a subset of linear DSP
transforms.

In the next section, the problem is stated after giving
some definitions that are used throughout the paper.
Then, in Section 3 we explain the theoretical foun-
dations of the two-term representation of a system.
We developed a mathematical model which can be
solved optimally by branch-and-bound, in Section 4.
The problem can also be solved suboptimally by
our greedy algorithm explained in Section 5. In the
worst case, it converges much faster than [8] and can
work easily for all wordlengths without suffering from
memory requirements. Experimental results are pre-
sented in Section 6 followed by the conclusion in
Section 7.

2. Problem Statement and Definitions

While defining terms that will be used in this paper,
we will use the four-tap FIR filter of [10]. Although
the coefficients used in this example are integers, it
does not affect the generality of the problem because
all fixed point fractional numbers can be expressed as
integer numbers. The coefficients used in this example
and their CSD representations are tabulated in Table 1.

A two-termis an odd number formed by combining
only two nonzero entries in a CSD number:

t = 1+ cj 2
j ,

where cj ={−1, 1} and j is the relative posi-
tion of the nonzero bit. For instance, in the
CSD representation ofa, there are 5 two-terms:
17 (≡10001), −63 (≡1000001), 257(≡100000001),
−1023(≡10000000001), −3 (≡101). Each two-term
can havereplicas formed by either shifting or negating
or applying both on the two-term:

r = kj (t ¿ s).

Table 1. CSD representation of FIR
filter coefficients. 1stands for−1.

a 815 10101010001

b 621 01010010101

c 831 10101000001

d 105 00010101001

Here, t is shifted left bys times and multiplied by
kj = {−1, 1}. For example, the two-term 17 has three
replicas in the number: negated, shifted by 4 and
negated, and shifted by 6. A two-term can appear in
more than one constant. If we examine Table 1 , it can
be easily observed that the two-term 17 appears in the
CSD representations of constantsa, c andd. We can
express the constants in the system using two-terms.
Some constants may have odd number of nonzero en-
tries asaandbdoes. In this case, we must use additional
single-terms to express this type of constants exactly.
Each bit used to represent a constant is a single-term.

Our first aim is the minimization of the number of
adders. This can be achieved by using the two-terms
and their replicas. The key idea is the usage of mini-
mum number of two-terms which have the best-fitting
replicas for number representation. After finding the
two-terms,combination additions can be used to add
up the replicas in the expression of the constants. After
the decision on two-terms and replicas for additions,
the second aim is minimization of shifting operations.

For the FIR example of Table 1, only three two-terms
are sufficient as it can be seen in Fig. 1. There are six
combination additions for constant formations using
replicas. There are seven shifters. Note that addition-
ally, three adders are needed for intra-tap additions of
the FIR filter.

This approach can be applied safely for systems
which are made up of linear subsystems, without sep-
arating subsystems if timing and switching is adjusted
correctly. So we can state the problem as the minimiza-
tion of the number of adders, shifters and registers of a
given system or a subsystem.

3. Theoretical Base of the Two-Term Method

At this point, some mathematical sets which will be
used in the discussion below will be defined. Absolute
value of a set stands for the cardinality of the set, e.g.,
|S| is cardinality ofS.

The set of constants which will undergo adder mini-
mization process is defined asC and all of the constants
are represented using CSD. The set of two-terms for the
constants inC is T . The set which contains replicas of
the two-termt ∈ T is defined asRt . The union of these
sets form the general replica set,R (i.e., Rt ⊂ R for
all t ∈ T). This set can be partitioned such that the
replicas that appear in a constantc form the setRc. The
replica sets can also be united to form the setRc, j for
eachj th nonzero entry in a constantc ∈ C. Obviously,
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Figure 1. Realization of the FIR filter.

eachRc, j is a subset ofR. The constants that have an
odd number of nonzero entries constitute the setCQ

such thatCQ ⊆ C. For each constantc ∈ CQ, there is
a set which is formed by expressing each nonzero entry
as an element of the set. This set is defined asQc. The
union of these sets form the general set for the nonzero
entries of the constants with odd number of nonzero
entries,Q (i.e., Qc ⊂ Q for all c ∈ CQ).

Theorem 1. If there are n nonzero entries in the CSD
representation of a number, then there are n− 1 addi-
tions to realize the number[1].

Corollary 1. If there are nc nonzero entries for each
c ∈ C, then there are

∑
c∈C nc− |C| additions to real-

ize the system.

The set of all possible adders for realizing the con-
stants is formed by unitingR andQ (i.e., A = R∪Q).

Note that|A| is greater than the adder quantity de-
termined by Corollary 1. Therefore it is a redundant
set.

Proposition 1. If there are n nonzero entries in a
constant c∈ C, then there areb n

2c replicas in R to
express c.

Proof: There aren
2 replicas incwhich usesn nonzero

entries. All of them cannot be used for expression be-
cause each entry ofc appearsn− 1 times inR. There-
fore, replicas for number expression must be selected
in such a way that each entry appears only once. Ifn is
an even number, it is obvious thatn

2 replicas are needed
to expressc. This formula needs a slight modification
if c ∈ CQ: It is obvious that at least an entry will not
appear in the expression. We can compensate this slack
by using the elements inQ. 2
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Corollary 2. If CQ is not empty, then for each con-
stant c∈ CQ, one and only one element(the single-
term) q, such that q∈ Qc is necessary to express the
number exactly.

Proof: In Proposition 1, it is claimed thatb n
2c replicas

are necessary to expressc ∈ CQ. A replica stands for
two entries inc. Since there aren nonzero entries inc,
then one nonzero entry (n−2b n

2c = 1) is needed from
Qc. 2

Corollary 3. If there are nc nonzero entries for each
c ∈ C, then there are

∑
c∈Cb nc

2 c replicas in R to express
the system.

Corollary 4. If there are nc nonzero entries for each
c ∈ C, then there are

∑
c∈Cd nc

2 e − |C| combination
additions to express the system. If CQ is not empty, then
|CQ| of those additions is reserved for the additions of
the single-term.

Proof: Corollaries 1, 2 and 3 can be used for the
proof. 2

When we use two-term expressions, it is obvious that
we cannot reduce the number of combination additions.
Then, we must use replicas inR in such a careful way
that the adder number given in Corollary 3 is reduced.
Note that the number of replicas will not change what-
ever we do. The important thing is the number of two-
terms inT that are used to implement the system. Then
our target setA reduces toT ∪Q becauseR impliesT .

Theorem 2. Selection of minimum number of two-
terms in T is an NP-complete problem.

Proof: Guessing subsets ofR is in NP [11]. We can
show membership inNPCby polynomially transform-
ing subset sum problem or set-packing problem to se-
lection of two-terms problem. 2

Since the problem is NP-complete, it can be solved
optimally by using well-known algorithms like branch-
and-bound or linear programming relaxation. Also
some heuristics can be developed to solve it subopti-
mally. In this paper, we took both directions: We formed
a mathematical model that can be solved at optimality
using branch-and-bound. We also developed a greedy
heuristic method solving the problem suboptimally.

After solving the problem, we obtain the solution set
A∗ = T∗ ∪ Q∗. Note thatA∗ is no more a redundant
set for system representation. Also it should not be
forgotten that|Q∗| = |CQ| and its value is always fixed
before solving the problem since it is a combination
addition. Therefore using Corollary 4, the total number
of additions inC is determined by

aC = |T∗| − |C| +
∑
c∈C

⌈nc

2

⌉
(1)

4. Mathematical Model for Optimum Solution

Let’s define binary variablespt and ptr such that

pt =
{

1, if t is selected

0, otherwise
, ∀t ∈ T,

ptr =


1, if replica r of t
is selected

0, otherwise
, ∀t ∈ T, ∀r ∈ R,

If at least one replica is selected, then its correspond-
ing two-term will also be selected. This can be modelled
as: ∑

r∈Rt

ptr − pt ≥ 0

, ∀t ∈ T.∑
r∈Rt

ptr − |Rt | pt ≤ 0
(2)

According to Proposition 1 and Corollary 2, even
though there arencj − 1 replicas for eachj th nonzero
entry in each constantc ∈ C, at most one of the replicas
can be used to represent eachj th nonzero entry:

1≤ j ≤ nc, ∀c ∈ C,∑
r∈Rc, j

ptr ≤ 1,

∃t ∈ T.

(3)

We can express Proposition 1 for each constantc∈C
as follows:∑

r∈Rc

ptr =
⌊

nc

2

⌋
, ∀c ∈ C, ∃t ∈ T. (4)

Our aim is to minimize the number of two-terms
in T . Therefore, the objective function will be

min fT = min
∑
t∈T

pt (5)
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The model will be formed by combining the objec-
tive defined above with Eqs. (2), (3) and (4):

min fT = min
∑
t∈T

pt

subject to ∑
r∈Rc

ptr =
⌊

nc

2

⌋
∀c ∈ C, ∃t ∈ T,

∑
r∈Rt

ptr − pt ≥ 0 ∀t ∈ T,

∑
r∈Rt

ptr − |Rt |pt ≤ 0 ∀t ∈ T,

∑
r∈Rc, j

ptr ≤ 1
1≤ j ≤ nc, ∀c ∈ C,

∃t ∈ T,

pt ∈ B1 ∀t ∈ T,

ptr ∈ B1 ∀t ∈ T, ∀r ∈ R,

(6)

This model can be solved optimally by using branch-
and-bound. The optimum value obtained,f ∗T stands for
|T∗|. Then we can easily obtainaC using Eq. (1). The
single-termsq ∈ Qcan be determined after eliminating
selected two-terms and replicas from the representation
of the constantsc ∈ C.

Proposition 2. The optimal results are produced in
O(2|R|) time.

Proof: There are|R| replicas to be checked whether
any of them exist in the final result. 2

4.1. Algorithm for Optimal Solution

The algorithm for optimal solution can be summarized
as follows:

1. Quantize constants under consideration with the
given wordlength or predetermined output system
error [12, 13].

2. Represent all quantized coefficients using CSD.
3. Obtain integer forms of all numbers and scale them

so that they are odd numbers to formC andCQ.
4. Form the setsT , Q, R.
5. Form the model for the problem.
6. Solve the problem optimally by using branch-and-

bound.
7. Reduce the number of shifts.

4.2. An Example

We will use the four-band wavelet transform pair sug-
gested in [14] for our illustrations. The structures are
presented in Fig. 2. In this figure, eachG is an FIR
filter. Assume that both analysis and synthesis parts
are connected via a noiseless channel and the recon-
structedu must have an error of 0.7%. All coefficients
are unscaled. After applying the method in [12], it is
found that eachG filter in the system must be quan-
tized using 9 bits, including the sign bit, and the output
error drops to 0.5%. When we use CSD representation
instead of ordinary binary representation, the quantiz-
ing wordlength drops to 8 bits. The quantized system
coefficients are tabulated in Table 2.

As it can be observed from this table, there are ab-
solutely four coefficients: .0664062, .09375, .40625,
.566406. Their integer equivalents are 17, 24, 104,
145 respectively. Note that the second and third in-
tegers are not odd. If we divide both by eight, then
they are odd. These four odd numbers constitute our
setC and they are tabulated with their CSD represen-
tations in Table 3. Note thatc2 andc3 also constitute
CQ. All formed sets are tabulated in Table 4. In this
table, the termt1c2s0 represents that first two-term is
shifted 0 times to left and appears in second element
of C.

Table 2. Quantized filter coefficients of C¸ ağlar’s four-band system.

Taps G0 G1 G2 G3

0 −.0664062 −.09375 −.09375 −.0664062

1 .09375 .0664062 −.0664062 −.09375

2 .40625 .566406 .566406 .40625

3 .566406 .40625 −.40625 −.566406

4 .566406 −.40625 −.40625 .566406

5 .40625 −.566406 .566406 −.40625

6 .09375 −.0664062 −.0664062 .09375

7 −.0664062 .09375 −.09375 .0664062

Table 3. Common terms of C¸ ağlar’s
quantized four-band system.

c0 17 00010001

c1 3 00000101

c2 13 00010101

c3 145 10010001
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Table 4. The sets formed using common terms of C¸ ağlar’s quantized four-
band system. The termt1c2s0 represents that first term is shifted 0 times to
left and appears in second element ofC.

C ={c0, c1, c2, c3} ={17, 3, 13, 145}
CQ ={c2, c3} ={13, 145}
T ={t0, t1, t2, t3} ={17,−3, 129, 9}
Rt0 ={r00, r01, r02} ={t0c0s0, t0c2s0, t0c3s0}
Rt1 ={r10, r11, r12} ={−t1c1s0, t1c2s0,−t1c2s2}
Rt2 ={r20} ={t2c3s0}
Rt3 ={r30} ={t3c3s4}
Rc0 = Rc0,0 = Rc0,4 ={r00} ={t0c0s0}
Rc1 = Rc1,0 = Rc1,2 ={r10} ={−t1c1s0}
Rc2 ={r01, r11, r12} ={t0c2s0, t1c2s0,−t1c2s2}
Rc2,0 ={r01, r11} ={t0c2s0, t1c2s0}
Rc2,2 ={r11, r12} ={t1c2s0,−t1c2s2}
Rc2,4 ={r01, r12} ={t0c2s0,−t1c2s2}
Rc3 ={r02, r20, r30} ={t0c3s0, t2c3s0, t3c3s4}
Rc3,0 ={r02, r20} ={t0c3s0, t2c3s0}
Rc3,4 ={r02, r30} ={t0c3s0, t3c3s4}
Rc3,7 ={r20, r30} ={t2c3s0, t3c3s4}
Qc2 ={q20,q21,q22} ={0, 2, 4}
Qc3 ={q30,q31,q32} ={0, 4, 7}

Figure 2. Analysis and synthesis structures of four-band wavelet transform pair: (a) analysis part, (b) synthesis part.
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The mathematical model of this system can be easily
formed using Eq. (6) and Table 4 as follows:

min fT = min
3∑

t=0

pt

subject to

p00= 1, p10 = 1, p01+ p11+ p12= 1,

p02+ p2+ p3 = 1,
2∑

r=0

p0r − p0 ≥ 0,

2∑
r=0

p1r − p1 ≥ 0,
2∑

r=0

p0r − 3p0 ≤ 0,

2∑
r=0

p1r − 3p1 ≤ 0, p01+ p11≤ 1,

p11+ p12 ≤ 1, p01+ p12 ≤ 1,

p02+ p2 ≤ 1, p02+ p3 ≤ 1,

p2+ p3 ≤ 1,

pt ∈ B1, ∀t ∈ T,

ptr ∈ B1, ∀t ∈ T, ∀r ∈ R.

After solving this problem by branch-and-bound, the
two-terms 17 and 3 are selected. Their used replicas are
r00, r02, r10 andr11. Single terms areq21 andq32. In the
replicas, there are no shifts. However, we have to use
two shift-left-by-3 operations to upscale the constants
c1 andc2. The number of total additions is 4 which is
found by Eq. (1). This means that each part of Fig. 2 can
be realized using only 4 adders and 6 shifters for 8-bit
quantization wordlength if the scheduling and clocking
is adjusted correctly. The analysis part is shown in Fig. 3
for illustration of typical implementation. Here, each
adder is assumed to have a unit delay and the data bus
carrying the fractional part is eight-bit wide.

5. Greedy Method

Remembering that our aim is minimizing the number
of adders and shifters, we developed a greedy method
to solve the problem. It, at least, produces an upper
bound on the system representation in a very short time.
The main point of the method is selecting the two-
term which has the maximum number of replicas. The
algorithm can be described as follows:

1. Quantize constants under consideration with the
given wordlength or predetermined output system
error [12, 13].

2. Represent all quantized coefficients using CSD.
3. Obtain integer forms of all numbers and scale them

so that they are odd numbers to formC andCQ.
4. Initialize TF = ∅, RF = ∅ and QF = ∅ as the

solution sets.
5. Form the setsT , Q andR.
6. Calculateg = maxt∈T |Rt |.
7. Chooset such that|Rt | = g.
8. {t} ∪ TF → TF .
9. Rt ∪ RF → RF .

10. Erase allr ∈ Rt from the CSD representation of
all c ∈ C, i.e.,c− r → c, ∀r ∈ Rt , ∀c ∈ C.

11. If there exists somec in C such thatc = 0 or 2l

wherel is a non-negative integer, thenC\{c} → C.
If c = 2l (i.e., c ∈ CQ), thenl determinesq, and
{q} ∪ QF → QF .

12. If C = ∅, stop withTF , RF andQF as the solution
sets. Else, jump to step 5.

13. Reduce the number of shifts in the final result.

When comparing the solution sets with the optimum
ones, it is obvious that|TF | ≥ |T∗|, |RF | = |R∗| and
|QF | = |Q∗|.

Proposition 3. Greedy algorithm developed for find-
ing minimum number of two-terms is a polynomial-time
algorithm which produces the results in O(n) time.

Proof: The algorithm runs|TF | times to produce the
results. There can be at most

∑
c∈C

⌊ nc
2

⌋
two-terms if

each of them has no replicas according to Corollary 3.
Then

|TF | ≤
∑
c∈C

⌊
nc

2

⌋
≤ C

2
max
c∈C

nc = C

2
n

wheren is maxc∈C nc. 2

After we run the algorithm on the given example in
the previous section, the same two-terms are selected.
Their used replicas arer00, r01, r02, andr10. Single terms
are the same. In the replicas, there are no shifts. How-
ever, we again have to use two shift-left-by-3 operations
to upscale the constantsc1 andc2. The number of total
additions and total shifts are again 4 and 6.
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Figure 3. Realization of the analysis part of four-band wavelet transform pair.

6. Experiments

The codes that generate the model and solve the prob-
lem suboptimally are written in standard C. The pro-
grams are applied on the experiments shown in Table 5.
In this table,org stands for original number of adders

and shifters,opt stands for the optimal solution of the
model which can be solved either by a standard 0–1
integer programming solver, andsuboptstands for the
suboptimal solution which is found by using the greedy
algorithm described above. The terms DCT, B4L0 and
B2L3 stand for the one-dimensional eight-point DCT,
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Table 5. Experimental results: DCT-discrete cosine transform,
B4L0-four band wavelet transform, B2L3-two band three level
wavelet transform.

No. of shifts No. of adders

Example No. of bits Org Subopt Opt Org Subopt Opt

DCT 8 208 11 10 144 10 9

12 272 15 13 208 16 14

16 352 17 19 288 19 18

24 544 26 30 480 31 31

B4L0 8 80 6 6 48 4 4

12 112 9 8 80 7 7

16 160 8 9 128 11 10

24 256 13 15 224 18 17

B2L3 8 108 7 7 72 6 6

12 180 7 7 144 11 11

16 234 15 18 198 19 19

24 270 19 22 234 22 22

the four-band wavelet transform whose coefficients are
given in [14] and the two-band three-level wavelet
transform whose coefficients are given in [15], respec-
tively. The number of adders and shifters obtained by
these algorithms is less than that of the previous meth-
ods. As it can be observed in some of the examples, the
results produced by the greedy algorithm are exactly
the same as the optimal results. As this algorithm is a
polynomial-time algorithm, it produces the results in
much shorter time than the optimal one.

7. Conclusion

In this paper, the two-term representation of constants
in a system for adder and shifter minimization is pro-
posed. Based on these propositions, we formed a math-
ematical model which is solved using branch-and-
bound in exponential time. Then we developed a greedy
algorithm to solve the model in linear time. Both of
suboptimal and optimal results are better than the pre-
viously developed ones because all constants in the sys-
tem are handled at the same time. Note that, the greedy
algorithm produces an upper bound on the number of
additions used in the system.

Another point that must be emphasized is that the
minimization of shifters was a secondary objective in
our model. This means that, the problem was modelled
only for minimizing the number of adders. After ob-
taining the two-terms, a shift-minimizer was run on the

results for reducing the shifts. Therefore, although the
number of adders obtained from suboptimal and op-
timal solutions can be equal, the resulting number of
shifters may be more in the optimal solution than the
suboptimal one. Such an approach was used because
sometimes shifters are realized by only hardwiring in-
puts instead of barrel shifters. As a result, the cost of
shifters is effectively zero in these systems.

The future trend of this study is minimizing the num-
ber of combination additions to reduce the total number
further. This can be done either by using the two-term
approach iteratively on the results of the previous run
of the algorithms or by enhancing the model with new
constraints and variables for higher order two-terms. It
is obvious that the second way will produce optimal
results but the run-time of the algorithm will increase
tremendously, because the constraints and variables
increase. Another research direction can be a multi-
objective system modelling for incorporating shift min-
imization.
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