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ABSTRACT Certain properties are desired in s¢is. First, make

Canonical-signed-digit (CSD) coefficient representationsleadto  them disjoint to make finite sequence representations unique.
efficient add/subtract networks for hardwired DSP multiplies Second, keep sequence memory finite by structuring the se-
of two's complement signals. CSD has always been considered quence following anyy into an initial a-dependent compo-

a fixed-point system, and available conversion algorithms oper-  ent of some lengttV,, and am-independent tail sequence:
ate on integers. Using methods applicable to many simple num- F., = T, + r—NaT. Third, requireZ,, = 0 so that every

ber systems, we rederive CSD for fractional numbers, derive a CSD digit of valuex is followed immediately byV., (highly
simple floating-point recursion for converting fractions to CSD, - . . >

and briefly examine the associated truncation error. Sg;gzgfgszfvgﬁ) ;é? Itztuccif ;f;éfg? f:re(\)/ésr zsen?l'Fife

a # 0 then,
1 INTRODUCTION Fo = Ne g, @)

In hardware DSP a signal can be scaled by a coefficient us+ourth and finally, there should be no gaps among numbers
ing hardwired shifts and adds, but arithmetic operations arerepresentable to arbitrary precision, so require (topological)
fewer when subtractions are permitted alSa[1, 2]. The stan-closureF, just.F, with limit points appended, to be a (non-
dard approach uses coefficients in CSD, a radix-two num-trivial) closed interval. This governs design of such num-
ber system with ternary coefficient et 1,0, 1}, denoted in ber systems, because, wjtithe (nonzero) width of interval
CSD digit strings in this paper by1,0,1}, and having the 7, disjoint union [IL) and constrainf](2) now imply: =
“canonical” property thatl and 1 are always followed by ZFNW’ or
0 in CSD strings. CSD string00.101, for example, rep-  sea Z pWNatl) — 1, ©)
resents 3.625, the dot product of ternary coefficient vector acA
(1,0,0,—1,0, 1) with powers(22,2!,20 2-1 2-2 2-3) So
a CSD coefficient specifies which input-signal shifts to add
to the output, which to subtract from it, and which to ignore.
CSD is quite old, but we boldly create it anew, justi-
fied by the widespread assumption elsewhere that CSD is a 2 CSD FOR FRACTIONS

shifted-integer system. CSD here is inherently fractional. We . _ i )
begin generally, in radix € R with || > 1 and a bounded ~ DefineF = F; for brevity. In a radix-two system the = 0

The terms of this sum give the relative proportionsZaf
represented by sequences beginning with eachA.

o . i igp—1 = 1
alphabet4 C R containing zero. Then using, € A, termin (3) isr~! = 5. Each nonzera of a ternary system
is msd (most significant digit) to the same proportiorfoiff
sequence represents . both such terms i|3) are set fo If thesea are set tat1,
—k then the closure of](1) after substitutirig (2) and dividing out
0. e = k ; :
araz * ; @ T radixr = 2 really defines CSD:
ai.aza re=a +ia rk F=(ir- Y u(lr)u(tril 4)
1.2 483 ... 1 k:1 k+1 . = | 9 9 4 9
Let translated set + F, C R co_ntgir_1 all productsz when Each number i is decomposed into an msd value of ,
a; = o € Aand the sequence is finite. Then 0, or 5 and a remainder represented by the other digits. The
rFo = U o+ Fo. 1) union was disjoint before closure, so _the three clogeg subin-
wa tervals just touch and the only solution & = [-2, 2],
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Two representations are possible at endpoints common
to two subintervals of intervak, so we arbitrarily open it on 213 5 —
(either end but) the right (is conventional) before deriving a =
conversion algorithm. Now{(4) wittF = [—2, 2) implies 12+ g
bt feel) )
1 1 2 1 14+
-3 ifeel—5.—3),
for somec; € F, and so the associated CSD digit string is o
g®)
10 D(ez) ifce[L.2) U al7))
D(e)={ 0D(c;) ffce[-L 1) 6) S
10D(¢y) ifece[—2.—1).
- . -1/4+4-
Substituting for the:; solved from [B) recursively relates any _
c € [-%,2) toits CSD representatioff : —134 ‘
10 D(4(c—0.5)) ifce[5.2) —1/2 -
D(c) =4 0 D(2c) ifce[-1.1) 7
10D(4(c+0.5)) ifce -2, —1). —2/3 -
Recursion [[7) and the “CSD ruler” in Fig} 1 made from it |
show that existing more-significant digits do not change as
new less-significant digits are produced. Thus, transforming Figure 1: Partitioning the Figure 3: Two's complement
to an iterative form that stops after some desired number ofCSD interval recursively arithmetic is modular and
digits yields a simple real-to-CSD conversion algorithm. ~ Using the msb makes a so renders intermediate
simple “CSD ruler.” overflows harmless.

Some important CSD properties are now apparent. Ze-
ros abound, ag](7) never places nonzeros consecutively. The
CSD ruler shows that conversion of a random variable dis-
tributed uniformly onF yields nonzero-digit probabilit)é
for the msd and theé, i ..., oscillating about and converg- .
ing to 1. As the numbetV of kept digits grows, the distri- ‘ ! ! 27 errol
bution of the normalized truncation error asymptotically ap- =23 0 23

proaches that of the Fif. 2 pdf. Truncation adds no bias, andFigure 2: The asymptotic (in the number of digits kept) error

the asymptotic standard error deviation;™", exceeding  pdf for CSD conversion of a uniform random variable.
rounded binary’s by 1.25 dB. But the range of representation

is higher for CSD than two's complement by twice this, so
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