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ABSTRACT
Canonical-signed-digit (CSD) coefficient representations lead to
efficient add/subtract networks for hardwired DSP multiplies
of two’s complement signals. CSD has always been considered
a fixed-point system, and available conversion algorithms oper-
ate on integers. Using methods applicable to many simple num-
ber systems, we rederive CSD for fractional numbers, derive a
simple floating-point recursion for converting fractions to CSD,
and briefly examine the associated truncation error.

1 INTRODUCTION

In hardware DSP a signal can be scaled by a coefficient us-
ing hardwired shifts and adds, but arithmetic operations are
fewer when subtractions are permitted also [1, 2]. The stan-
dard approach uses coefficients in CSD, a radix-two num-
ber system with ternary coefficient set{−1, 0, 1}, denoted in
CSD digit strings in this paper by{1,0,1}, and having the
“canonical” property that1 and 1 are always followed by
0 in CSD strings. CSD string100.101, for example, rep-
resents 3.625, the dot product of ternary coefficient vector
(1, 0, 0,−1, 0, 1) with powers(22, 21, 20, 2−1, 2−2, 2−3). So
a CSD coefficient specifies which input-signal shifts to add
to the output, which to subtract from it, and which to ignore.

CSD is quite old, but we boldly create it anew, justi-
fied by the widespread assumption elsewhere that CSD is a
shifted-integer system. CSD here is inherently fractional. We
begin generally, in radixr ∈ R with |r| > 1 and a bounded
alphabetA ⊂ R containing zero. Then usingak ∈ A,

sequence represents

0.a1 a2 . . . x =
∞∑
k=1

ak r−k

a1.a2 a3 . . . rx = a1 +
∞∑
k=1

ak+1 r
−k.

Let translated setα+ Fα ⊂ R contain all productsrx when
a1 = α ∈ A and the sequence is finite. Then

rF0 =
⋃
α∈A

α+ Fα. (1)
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Certain properties are desired in setsFα. First, make
them disjoint to make finite sequence representations unique.
Second, keep sequence memory finite by structuring the se-
quence following anyα into an initialα-dependent compo-
nent of some lengthNα and anα-independent tail sequence:
Fα = Iα + r−NαT . Third, requireIα = 0 so that every
CSD digit of valueα is followed immediately byNα (highly
desirable) zero digits. Of courseN0 = 0 is essential, else
sequences will get “stuck at zero” forever, soF0 = T . For
α 6= 0 then,

Fα = r−NαF0 (2)

Fourth and finally, there should be no gaps among numbers
representable to arbitrary precision, so require (topological)
closureF0, justF0 with limit points appended, to be a (non-
trivial) closed interval. This governs design of such num-
ber systems, because, withµ the (nonzero) width of interval
F0, disjoint union (1) and constraint (2) now implyrµ =∑
α∈A

r−Nαµ, or ∑
α∈A

r−(Nα+1) = 1. (3)

The terms of this sum give the relative proportions ofF0

represented by sequences beginning with eachα ∈ A.

2 CSD FOR FRACTIONS

DefineF = F0 for brevity. In a radix-two system theα = 0
term in (3) isr−1 = 1

2 . Each nonzeroα of a ternary system
is msd (most significant digit) to the same proportion ofF if
both such terms in (3) are set to14 . If theseα are set to±1,
then the closure of (1) after substituting (2) and dividing out
radix r = 2 really defines CSD:

F =
(

1
4
F − 1

2

)
∪
(

1
2
F
)
∪
(

1
4
F +

1
2

)
(4)

Each number inF is decomposed into an msd value of− 1
2 ,

0, or 1
2 and a remainder represented by the other digits. The

union was disjoint before closure, so the three closed subin-
tervals just touch and the only solution isF =

[
− 2

3 ,
2
3

]
,

shown in Fig. 1 with its recursive decomposition according
to (4), the full meaning of which is now apparent.
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Two representations are possible at endpoints common
to two subintervals of intervalF , so we arbitrarily open it on
(either end but) the right (is conventional) before deriving a
conversion algorithm. Now (4) withF =

[
− 2

3 ,
2
3

)
implies

c =


1
4c3 + 1

2 if c ∈
[

1
3 ,

2
3

)
1
2c2 if c ∈

[
− 1

3 ,
1
3

)
1
4c1 −

1
2 if c ∈

[
− 2

3 ,−
1
3

)
,

(5)

for someci ∈ F , and so the associated CSD digit string is

D(c) =


1 0 D(c3) if c ∈

[
1
3 ,

2
3

)
0 D(c2) if c ∈

[
− 1

3 ,
1
3

)
10 D(c1) if c ∈

[
− 2

3 ,−
1
3

)
.

(6)

Substituting for theci solved from (5) recursively relates any
c ∈

[
− 2

3 ,
2
3

)
to its CSD representation :1

D(c) =


1 0 D(4(c− 0.5)) if c ∈

[
1
3 ,

2
3

)
0 D(2c) if c ∈

[
− 1

3 ,
1
3

)
10 D(4(c+ 0.5)) if c ∈

[
− 2

3 ,−
1
3

)
.

(7)

Recursion (7) and the “CSD ruler” in Fig. 1 made from it
show that existing more-significant digits do not change as
new less-significant digits are produced. Thus, transforming
to an iterative form that stops after some desired number of
digits yields a simple real-to-CSD conversion algorithm.

Some important CSD properties are now apparent. Ze-
ros abound, as (7) never places nonzeros consecutively. The
CSD ruler shows that conversion of a random variable dis-
tributed uniformly onF yields nonzero-digit probability12
for the msd and then12 ,

1
4 . . . , oscillating about and converg-

ing to 1
3 . As the numberN of kept digits grows, the distri-

bution of the normalized truncation error asymptotically ap-
proaches that of the Fig. 2 pdf. Truncation adds no bias, and
the asymptotic standard error deviation is1

32−N , exceeding
rounded binary’s by 1.25 dB. But the range of representation
is higher for CSD than two’s complement by twice this, so
CSD as presented has 1.25 dB more dynamic range (SNR).2

3 A FINAL APPLICATION NOTE

CSD should be used for coefficients but not signals, because
of overflow. A large input in a typical FIR-filter stopband, for
example, results in large intermediate sums internal to the
filter, with stopband cancellation only effective at the filter
output. Using two’s complement for signal paths renders this
intermediate overflow harmless, as Fig. 3 shows. CSD is for
coefficients only and only at design time, when it guides the
design of add/subtract/shift systems for signals.

1Or for unambiguous storage efficiency (adapting Hashemian [3]), use
trailing sign bits and replace10, 0, and10 here with binary 10, 0, and 11.

2Conventional integer-to-CSD conversion has 1.25 dB less error, but
only at the cost of giving up the stability of existing digits as more digits
are converted, a property useful in common-subexpression optimization[4].
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Figure 1: Partitioning the
CSD interval recursively
using the msb makes a
simple “CSD ruler.”

Figure 3: Two’s complement
arithmetic is modular and

so renders intermediate
overflows harmless.
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Figure 2: The asymptotic (in the number of digits kept) error
pdf for CSD conversion of a uniform random variable.
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