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ABSTRACT

A new parallel sorting algorithm suitable for MIMD multiprocessors 1is
presented. The algorithm reduces memory and bus contention, which many
parallel sorting algorithms suffer from, by using a regular sampling of the data
to ensure good pivot selection. For n data elements to be sorted and p proces-
sors, when n > p? the algorithm is shown to be asymptotically optimal. In
theory, the algorithm is within a factor of two of achieving ideal load balanc-
ing. In practice, there is almost perfect partitioning of work. On a variety of
shared and distributed memory machines, the algorithm achieves better than

half-linear speedups.



1. Introduction

Sorting is one of most studied problems in computer science because of its theoreti-
cal interest and practical importance. With the advent of parallel processing, parallel
sorting has become an important area for algorithm research. Although considerable
work has been done on the theory of parallel sorting and efficient implementations on
SIMD architectures, good parallel performance on a variety of multiprocessor MIMD

architectures with a large number of processors remains a challenging problem.

A multitude of innovative parallel sort algorithms have been proposed. Akl pro-
vides a good overview of the subject [2]. It is not practical to mention all previous pro-
posed parallel sorts here due to space limitations. Nor is there a necessity to do so, since
many of them are based on unrealistic assumptions, which are beyond our interests.
Instead, several algorithms that we consider representative of work in this area are dis-
cussed. These algorithms are characterized by being realistic and likely to yield good

performance in an implementation.

The speedup of a parallel sort achievable on a multiprocessor depends largely on
how well the average memory latency and overhead of scheduling and synchronization
can be minimized. Based on the general strategies utilized, most parallel sorts suitable
for multiprocessor computers can be placed into one of two rough categories: merge-
based sorts and partition-based sorts. Merge-based sorts consist of multiple merge stages
across processors, and perform well only with a small number of processors. When the
number of processors utilized gets large, so does the overhead of scheduling and syn-
chronization, which reduces the speedup. Partition-based sorts consist of two phases:

partitioning the data set into smaller subsets such that all elements in one subset are no



greater than any element in another, and sorting each subset in parallel. The performance
of partition-based sorts primarily depends on how well the data can be evenly partitioned
into smaller ordered subsets. Unfortunately, no general, effective method is currently
available, and it is an open question of how to achieve linear speedup for parallel sorting

on multiprocessors with a large number of processors.

Parallel Quicksort has been a popular choice for research [6, 8, 17]. The basic result
is that initial data splitting limits the speedup to a maximum, generally believed to be
about 5 or 6, regardless of how many processors are used. A similar effect happens to
Evans and Yousif’s two-way, merged-based parallel sort [9], as little parallelism can be
exploited in the last few phases of merge. Francis and Mathieson have noticed this prob-
lem and proposed a parallel Mergesort (PMS) which evenly partitions data to be merged

among any number of processors [10]. However, this sorting algorithm is merge-based

and, consequently, involves too much data movement, causing frequent memory refer-
ence conflicts and serious bus contention. Quinn has implemented a combination of
Quicksort and Mergesort, Quickmerge, significantly reducing the amount of data move-
ment [18]. However its execution time is unstable in the sense that the pivots (or divid-
ers) selected are not guaranteed to divide the data to be sorted into ordered subsets rea-
sonably evenly. In the worst case, a single processor may have to perform a Mergesort

on nearly all the data in the last phase, which makes linear speedup impossible.

The ability to partition the data evenly into ordered subsets is essential for
partition-based sorts. If the distribution statistics of the data are known, it becomes easy
to divide the data into equal-sized subsets such that each element in the ith subset is no

greater than any element in the (i +1)th subset, and then sort each subset in parallel.



Unfortunately, in general, we do not know the data distribution. To overcome this diffi-
culty, Huang and Chow proposed extracting a random sample from the data and use the
order information of the sample to help the partitioning, Parallel Sorting by Sampling
(PSS) [12]. The effectiveness of sampling depends largely on the distribution of the ori-
ginal data, the choice of a proper sample size, and the way in which the sample is drawn.
It appears to be a difficult problem to find pivots that partition the data to be sorted into

ordered subsets of equal size without sorting the data first.

This paper describes a new parallel sorting algorithm suitable for a variety of mul-
tiprocessor architectures. Parallel Sorting by Regular Sampling (PSRS) finds pivots for
partitioning the data into ordered subsets of approximately equal size by using a regular
sample from sorted sublists of the data. It is proven that this form of sampling results in

all processors being within a factor of two of achieving ideal load balancing. In practice,

this results in a nearly perfect partitioning of the data. On a variety of shared and distri-
buted memory machines, including the Myrias SPS-2, BBN TC2000, a local area net-
work of Sun 3/80 workstations, and iPSC/2-386 and iPSC/860 Hypercubes, the algorithm
achieves better than half-linear speedups. For example, on the SPS-2, sorting 8,000,000

data items on 64 processors achieved a 44.4-fold speedup.

2. Parallel Sorting by Regular Sampling

Let the data set to be sorted on a p-processor MIMD multiprocessor be denoted by
X, and the size of X be n. Let X;.; be { X;, X; 1, ... X; }, where 0 < i < j < n. For
simplicity in the analysis of the algorithm, we assume p2 | nand X i # Xj, where i # j.

PSRS has three phases. The appendix outlines the pseudo-code for the algorithm

(more details can be found in [22]). In the first phase, each of p processors sorts a



contiguous list of size w = — using sequential Quicksort. More precisely, each proces-
p

sori (1 <i < p)sorts alist X(;_1yy . i —1 With Quicksort. After this phase all proces-

sors synchronize and X is now said to be locally ordered. It is convenient to think of X as
one contiguous list containing p sorted lists. In practice, depending on the architecture, X

may in fact be distributed over the processors.

Define the regular sample of the locally ordered X be a set of the following

p(p — 1) elements:

XW iy X229 i, oy XZDw o) RwhereP 0 < j<p-1.
p p p
From each of the p lists, p — 1 samples are chosen, evenly spaced throughout the list. The
regular sample contains the "order information" of the original data set. The pivots,
which divides the regular sample into ordered subsets of sample of equal size, will also

partition the original data into order subsets of roughly equal size.

In the second phase, the regular sample set, Y, is sorted using sequential Quicksort

yielding an ordered list Y, Y5, ..., ¥ Nextchoose Y2, Y, 2, ., Y, 2+ 2
2 2

pp—-1)- 2
as the p — 1 pivots for partitioning X, referred to as yy y, ..., y,_1. In other words, the

p(p — 1) samples are sorted and p — 1 elements, evenly spaced throughout the sorted

list, are chosen to be the pivots.

The partitioning of X is accomplished as follows. Each processor finds where each
of the p — 1 pivots divides its list, using a binary search. More precisely, each processor i
(1 €£i <p) finds the index of the largest element no larger than the j-th pivot,
j=1,2, .., p—1. After doing this, all processors synchronize. At this point each of

the p sorted lists of X have been divided into p sorted sublists with the property that every



item in every list’s i-th sorted sublist is greater than any item in any list’s (i — 1 )-th sorted

sublist, for 2 < i < p.

In the last phase, each processor i (1 < i < p) performs a p-way Mergesort to merge
all the i-th sorted sublists of p lists. Note that unlike phase one, in which each processor
sorts a contiguous block of keys, in phase three each processor merges p sublists stored in
p different areas. Because of the demarcations established in phase two, their merges are
completely independent of each other. After this all processors synchronize and X is

sorted.
Fig. 1 illustrates how PSRS works for n = 36 and p = 3. In phase 1, each proces-

sor is assigned w = — = 12 contiguous elements to sort. After sorting its list, each pro-
p

cessor selects a regular sample, elements 4 and 8, evenly spaced throughout the 12 ele-
ments. In the second phase, the p(p — 1) samples are gathered together and sorted. In
the example, this is the list of elements {10, 13, 16, 22, 23, 27}. From this, a regular
sample of p — 1 = 2 pivots are selected, evenly spaced throughout the list, resulting in

the selection of pivots 14 and 23.

Finally, the 3 sorted lists of 12 elements are partitioned into 3 sublists by the pivots.
Each processor keeps one sublist and passes the others on to the appropriate processor.
In the example, processor 1 keeps the first sublist, {0, 1, 2, 9}, and sends the second, {16,
17}, to processor 2 and the third, {24, 25, 27, 28, 30, 33}, to processor 3. Similarly for
processors 2 and 3. Once each processor receives its portions of the data from the other

processors, it can merge the results into the final sorted array.

Given the extensive literature on parallel sorting, it is not surprising that PSRS is

similar to other proposed sort algorithms. For example, Won and Sahni’s balanced bin



sort [26] and Abali, OZguier and Bataineh’s load balanced sort [1] for Hypercube archi-

| S
A



Q
.
| _
S



gesort.



~
P
()

Az






<
)
-
75]
Q
~—






L
=

PSRS:






lows



cate data.



merging

Q
Q
2
S
L=



time.

node, is

Il
~



matrix.

)
I
i
~









messages.






154-160.







endfor

endfor

endfor

endfor



endfor
endfor

[¢”]
=
£
)
S

:

ndfor
end PSRS

=3

(47
e,

=

SRS
no|
m‘ﬂ
S S
S

(¢}
=
=3
=
=
.}






























