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CHAPTER 5:

Multivariate Methods




Multiple measurements (sensors)
d inputs/features/attributes: d-variate
N instances/observations/examples

_Xll Xt Xcll_
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Mean : E[x]=p=[u,0n, |
Covariance :c; = Cov(Xi,X j)

Correlation :Corr(X,.,X j)s Py = :gj
o oy
£ = Cov(X) = E[X —w(x —u)]=| 2
Oa1 Oa2
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X
Sample mean m : m, = ;} Li=1,....d

ZN (xt—m)(xt—m)
t=1 "1 AN J

N

Covariance matrix S : S; =

_ ] S..
Correlation matrix R : v, = —

$;S;
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What to do if certain instances have missing
attributes?

Ignore those instances: not a good idea if the
sample is small
Use ‘missing’ as an attribute: may give information

Fill in the missing value

Mean imputation: Use the most likely value (e.g., mean)

Imputation by regression: Predict based on other
attributes
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X ~ Nd(“)z)

1 | T 1
)= exp - 56> (x-)
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Mahalanobis distance: (x - W7 21 (x - )

measures the distance from x to p in terms of X
(normalizes for difference in variances and
correlations) - -

>
Bivariate: d = 2 Y — O1 PG,06,

2
 PG,6, G,

p(x,,x,)= 1 exp{— L . (zf —2p2,Z, + Z? )}
21nG,6,4/1 — p° 2(1 —P )
Z; = (Xi - Hi)/Gi
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Cov(x, .X,}=0, Var(x,)=Var(x)) Cov(x,.X,)=0, Var(x,)>Var(x,)

%

quxl__xﬂ_n»[} Gc-w_xrxg;m:ﬂ
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0,V ar[x1 }::=‘~far{x2]n

Cov[,x1ix2}

‘u"ar[xﬂ

mf(x1 :xzj:[], ‘u’ar(x1 )=

C
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If x, are independent, offdiagonals of 2 are 0,
Mahalanobis distance reduces to weighted (by 1/¢))
Euclidean distance:

d 1 1 (x - )
p(x) = [T =L —expl 31 Xt
=1 (Zﬂ)d/ZHGi | T i i

=1

If variances are also equal, reduces to Euclidean
distance
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If p x| C)~N(y, )

p(X | Ci):

(271)61/1 > | exp{— %(X “WE - H)}

Discriminant functions are

g.(x)=1og p(x | C,)+log P(C,)

= —glogZﬂ —%log —%(X -u) Z; (x—w,;)+1og P(C))

l

2
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,(x)=~310g[$ |- > (x—m 'S " (x—m,)+ log P(C,)
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g.(x) = —%log S,| - %(XTSI-_IX ~2x'S"'m,+m,'S 'm, )+ log P(C,)

=X Wx+w,' x+w,
where
| P

-1

W, = —%miTSi‘lmi _ %log S,| +log P(C;)

1
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}:|:3-c|C1 ]

o ;

i
AL
."iﬂffdf;’f&:‘{. .=a'-3’}.r?,§r

o )
Vs

discriminant:
P(Cy|x) = 0.5

posterior for C,
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Shared common sample covariance S
S = Zﬁ (Ci Bi

Discriminant reduces to
1

gi(x) = _E(x - mi)TS_l(X — mi)"‘ log P(Ci)
which is a
g, (X) = WiTX + Wi
where

w,=S"'m w, = —%miTS “'m, +log P(C,)
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= SE——

Common Covariance Matrix S

Yo
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When x; j = 1,..d, are independent, 2. is diagonal
p (x|C) = HJ. p (x;|C) (Naive Bayes’ assumption)

t 2 i
[XJ m’j] +1log P(C))

2

J

gi(x): -

d
=1

1
2 S;

Classity based on weighted Euclidean distance (in s,
units) to the nearest mean
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variances may be
different
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Classify based on
Euclidean distance to the nearest mean

e
QU
N

_ _2_52]-21 (x§ — ml.j) +log p(Ci)

Each mean can be considered a or
and this is
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gt
Diagonal S, equal variances
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Assumption Covariance matrix | No of parameters

Shared, Hyperspheric S =S=s’1 1
Shared, Axis-aligned S=S, with 5,=0 d
Shared, Hyperellipsoidal S=S d(d+1)/2

Different, Hyperellipsoidal | S; K dd+1)/2

1

As we increase complexity (less restricted S), bias
decreases and variance increases

Assume simple models (allow some bias) to control
variance (regularization)
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features: p,; = plx =11C;)
if x; are (Naive Bayes’)

p(x ) Hpu( pu) )

the d 1scr1m1nant is

g.(x)=1log p(x | C,)+1og P(C,)
= Z[XJ log p, +(1-x,)log (1-p, )|+ log P(C,)

XI"

P—Zr

Estimated parameters
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(1-of-n) features: x; € {v;, v,,..., v,,,j}

Pk = P(ij: 1] Ci): p(Xj: Vil Ci)

if X; are

n;

d
p(x1C)=T111ri
j=1 k=1

g,(x)=>" > z; log p; +log P(C,)

5 _ il
W
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t t
re = g(x | WO,Wl,...,Wd)-I— &

Multivariate linear model
t t t
Wy + WX, + WoX, + -+ W X,

1
E(Wo, Wy, Wy | X) = 5 3 [ = wy =i == woxi |

Multivariate polynomial model:
Define new higher-order variables
Z1=Xyy Zo=Xo, Z3=X,°y Z,=X5°, Zs=X1 X
and use the linear model in this new z space
(basis functions, kernel trick, SVM: Chapter 10)
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