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CHAPTER 10:

Linear Discrimination




Assume a model for p(x|C), use
Bayes’ rule to calculate P(C|x)

g{x) = log P(C|x)

Assume a model for g{(x|®); no
density estimation

Estimating the boundaries is enough; no need to
accurately estimate the densities inside the
boundaries
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Linear discriminant:

d
T
g (X Iw,w)=w/x+w,=>wx, +w,
j=1
Advantages:
Simple: O(d) space/computation

Knowledge extraction: Weighted sum of attributes;
positive/negative weights, magnitudes (credit scoring)

Optimal when p(x|C) are Gaussian with shared cov matrix;
useful when classes are (almost) linearly separable
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Quadratic discriminant:

g, (x| W, w,, W, )= X"Wx + w/x +w,g
Higher-order (product) terms:

Z, =X,y Zy =Xy, Zs =X, Z, = X5, Z. = X, X,

Map from x to z using
and use a linear discriminant in z-space

g,(x) = jZk;Wu% (x)
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g(x) = g,(x)- g,(x)

@‘A =(W1TX—I—W10)—(W2TX+W20)
g(x)=w x,+w,x,+w,=0 T
2(x)>0 = (W, = w,) X+ (W) = Wy)
g(x)<0 T
=W X+ W,
CZ
X
O C, ifglx)>0
X choose{ ' 9(x) |
C, otherwise
X
-
X
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g(x)=0

g(x)<0 g(x)>0

wol/l 1wl

g()|/[[w]]

Lecture Notes for E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.1)



gi(x | Wiiin): WiTX + Wi

Choose C,; if
K

Y, (X) - HJIEX g, (X)

Classes are
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T
A gU(X|WU,WUO)=WUX—I—WUO

=~
, ( > () it x e C,
12 X .
oo g;(x)=1 <0 it xeC,
¢ -~ O N C, don’'tcare otherwise
o~ O A
HS’]
& choose C, if
x\ \V/j?’—‘i,gi-(x)>0
H; \‘Jr Cs J
-
X
9
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When p (x| G;) ~ N (u;, 2)
gi(x | Wilin): WiTX+Wi()

w, =Xy, Wio = _%MiTzlui +log P(Ci)

y=P(C,|x) and P(C,|x)=1-y
( y > 0.5

choose C,if{ y/(1-y)>1 and C, otherwise
log[y/(1-y)]>0
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logit(P(C, | x)) = log P(C, | X) = log

)
o & el (/20w 2 )]
(Zn)‘d/z\z\_wexp[— (1/2)fx—u,) = (x - Hz)J P(C,)

=W X+ W,
_ 1 _
where w =27 (1, — ;) Wo == + 1) T — )
The inverse of logit
log P(C, |X) =w'x+w,
1- P(C, | x)

1

P(C, | x)= sigmoid(wa + W, ) =T exp[— Wix+w )J
0
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1. Calculate g(x) = w"x + w, and choose C, if g(x) > 0, or

2.Calculate y = sigmoid(wa + wo)and choose C, if y > 0.5
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E(w|X) is error with parameters w on sample X
w*=arg min,, Ew | X)

Gradient vV E— ' 0F OF OE |
|ow,ow, T ow,

w

Gradient-descent:

Starts from random w and updates w iteratively
in the negative direction of gradient

13
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E (wt)
E (Wt+1) \

v

Wt Wt+ 1

—

J
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Two classes: Assume log likelihood ratio is linear
p(x|C,)

log = WTX + WO
P(X | Cz) :
| P(C, | x) p(x|C,) P(C,)
logit(P = i 1 1
ogit(P(C, | x)) log—— P(C, | x) log p(x|C,) "los P(C,)
=w'X+w,
where w, = w; + log igglg
2
1

y=P(C, |x)= 1+ expl- (W x+w,)|
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X ={xr'h rtx ~Bernoulli(y')
1
1+ expl- (W x+w,

y:P(C1|X)=

(W, w, | X)= H(Yt)(rt)(l B yt)(1_rr)

{

E =-logl
E(W,W() | X): _Z}"tIOg yt n (1 _ rt)l()g (1 B yt)
t
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E(w,w, | X)=->r'log y' + (1 — rt)log (1 — yt)
t

If y = sigmoid(a) % = y(1-y)
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For j =0,....d
w,; «—rand(-0.01,0.01)
Repeat
For y =0,...,d
Aw; «— 0
Fort=1,....N
o +— U

For j =0,...,d

t

O« O+ Ww;j I‘}

Y — Sigmoid(o)

Awj — Awj + (r' — y)=?

For 7 =0,....d
w; — w; + nAw;
Until convergence
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[

P(C,x)

100

1000
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X = {xt,rt}t rt|xt ~ MultK(l,yt)

log p(x|C)) =W/ X+ W},
p(x|Cy)
T
y =P(C, | x)= Ipr[Wi X+ Wy i=1,..K

ZH eXp[wJTx +W jo]
I({WiJWiO}il X) = HH()’;)(#)
E({Wi’WiO }zl X): _Z rilog y;

"
AsznZ(l’f—y;)Xt AWJOZTIZ(FJ?_Y;)
t t
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Fori=1,...,K, For j =0,...,d, wy; — rand(—0.01,0.01)

Repeat
Fori=1...., K, For 7 =0...., d, Awzj «— 0
Fort=1,.... N
For:=1...., K

Fori:=1...., K
For 1 =0.....d
Wij +— Wij + nAw;;
Until convergence
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Quadratic: p(X | Ci )

log =X'Wx+w'x+w,
p(x|1Cy) "
Sum of basis functio(ns: )
p(x|C, T
lo =W 0lx)+w,
gp(x | CK) (I)( ) 0

where ¢(x) are basis functions
Kernels in SVM
Hidden units in neural networks
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Classes are NOT mutually exclusive and exhaustive
r' = y' + e where ¢ ~ N(O,cs2)

- 1 -
1+expl- (WIx' +w,)

y' = sigmoid(w”x' +w, )=

1 (’,t _ yt)2
(w,wy | X)=][—==exp| - >

E(w,w, |X)=%Z(rt —y’“)2

t
AW — nZ(”t _ yt)/t(l _ yt)xt
t

24
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X = {xt,rt}t where rt =17 ! ?f X e
-1 if x' eC,

find w and w, such that

wix' +w, >+1forr' =+1

wix'+w, <+1forr' =-1

which can be rewritten as

rt(wat + wo)z +1
(Cortes and Vapnik, 1995; Vapnik, 1995)
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Distance from the discriminant to the closest
instances on either side

Distance of x to the hyperplane is ‘WTXt + Wo‘
Wi

We require

For a unique sol'n, fix p||w||=1and to max margin

min l||w||2 subject to rt(wat + W, ) > +1,Vt
2
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g(x)= -
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min leHZ subject to rt(wat + W, ) > +1,Vt
2

Ly = 2wl =Y a o x w,) 1]

t=1
_ %HWHZ - iatrt(wat + w0)+ ioﬂ

t=1 t=1

aLv _ _ > t ot t

— 0= w-= ;oc rix

oL, v

=0 ‘r' =0
o, = ;oc
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L,= %(WTW)— WTZatrtxt W) a'r'+) a
{ {
:——(w w) Za
= —EZZataSrtrS(Xt)TXS +> o
t s t

subjectto Y a'r' =0and o' 20,V
t

Most a! are O and only a small number have a!>0;

they are the
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Not linearly separable
rt(wat + WO)Z 1-¢&

Soft error
2.8
t

New primal is

R BT  S  "E PE R B e

30
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Preprocess input x by basis functions
Z = p(x) g(z)=w'z

gx)=w! p(x)
The SVM solution

w=>ar'z = ZOLtl’tgo(Xt)
t t

alx) = welx) = Yo'r'olx') )

g(x)=Y a'rK(x',x
{
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Polynomials of degree g: K (Xt,X)= (XTXt + l)q

K(x,y)= (xTy+ 1)2
= (X, +x,), +1)

= 142X, +2X,, + 2X, X,V Vo + X: Yo + X5V5

H(x) = [11\/§X11*/§X21*/§X1X21X12:X§]T

t J—
Radial-basis functions: K(x',x)= exp

Sigmoidal functions:

(Cherkassky and Mulier, 1998)
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K(xt,x) = tanh_(ZxTxt + 1)
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Use a linear model (possibly kernelized)
f(X)=wix+w,
Use the e-sensitive error function ( }
ooy |0 if ' —fx'] <&
e.r',flx'))- ‘rt - f(xt} —¢ otherwise
min%“W\Z+CZ(§i+it_) -
t

t (xarT ) t
rF —-wWXx+wg)<e+c,

(WTX—I—WO)—I’t <g+&
SRS
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