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We discuss and test empirically the e ects of six dimensions along which existing decision
tree induction algorithms di er. These are: Node type (univariate versus multivariate),
branching factor (two or more), grouping of classes into two if the tree is binary, error
(impurity) measure, and the methods for minimization to nd the best split vector and
threshold. We then propose a new decision tree induction method that we name linear
discriminant trees (LDT) which uses the best combination of these criteria in terms of
accuracy, simplicity and learning time. This tree induction method can be univariate
or multivariate. The method has a supervised outer optimization layer for converting a
K > 2-class problem into a sequence of two-class problems and each two-class problem
is solved analytically using Fisher’s Linear Discriminant Analysis (LDA). On twenty
datasets from the UCI repository, we compare the linear discriminant trees with the
univariate decision tree methods C4.5 and C5.0, multivariate decision tree methods
CART, OC1, QUEST, neural trees and LMDT. Our proposed linear discriminant trees
learn fast, are accurate, and the trees generated are small.

Keywords: Decision trees; linear discriminant analysis; neural networks; multivariate
analysis.

1. Introduction

A decision tree is made up of internal decision nodes and terminal leaves. When

input vector is composed of d attributes, X = [x1;:::;%q]", WhICh may be numeric
(ordered) or discrete (unordered). The decision nodes check for a particular input
condition. Given an input to classify, starting from the root node, one applies the
condition at each internal node and takes one of the branches depending on the
outcome. This process is repeated recursively until a leaf node is hit at which point
the label of the leaf constitutes the output.

In the case of a binary tree, a decision node m implements a boolean function

fm(xj ) >0 €
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parameterized by , with two outcomes, true and false, labeling the two branches,
left and right. Each f,(X) de nes a discriminant in the d-dimensional input space
dividing it into two. Di erent decision tree methods assume di erent models for f,
and the model class de nes the shape of the discriminant. The multivariate linear
model is
P2 ¢
Fn(XIWm; Wmo) = WmjXj + Wmo = W/, X + Wmo @)
j=1
where w, de nes the split direction and wng is the threshold once x are projected
onto wp,.

A discrete attribute should be represented numerically, e.g. by 1-of-N encoding,
before it can be used for a multivariate test. Similarly, a missing attribute should
be lled in, for example, with the most likely value or the average, before it can be
used at a node.

A special, simpler case of the multivariate linear model is the univariate model
where a single input attribute is used:

T (Xjj; Wmo) = Xj +Wmo: ©)]

If the multivariate linear model is not complex enough, one can use a multivari-
ate nonlinear model. Among the various ways in which one can write a nonlinear
model, one possibility is to write it as a linear sum of nonlinear basis functions

T (XjWmo) = Wmj (XjVmj) +Wmo 4)
j=1
where () are the nonlinear basis functions parameterized by vmj. This can be
implemented as a multilayer perceptron where J is the number of hidden units,
() is the sigmoid function at the hidden units, and vmj, wmj are the rst and
second layer weights, respectively.

1.1. Tuning node complexity

What any classi er, and in this case the decision tree, does is approximate the
real (unknown) discriminant. With univariate nodes, we are limited to a piecewise
approximation using axis-aligned hyperplanes. With multivariate linear nodes, we
can use arbitrary hyperplanes and approximate the discriminant better.

The branching factor, i.e. the number of children of an internal node, has a
similar e ect in that it de nes the number of discriminants that a node de nes. A
binary decision node, with a branching factor of two, de nes one discriminant and
separates the data into two. Thus with binary decision nodes, a K-class problem
is converted into a sequence of 2-class problems. A K-way node separates the data
into K parts at one time.

Thus there is a dependency between the complexity of a node, the branching
factor, and the size of the tree. With complex nodes and large number of branches,
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the tree may be quite small but di cult to interpret. A tree with simple nodes and
low branching factor may be large but interpretable (e.g. can be converted to simple
IF-THEN rules); such a tree also better matches the underlying divide-and-conquer
methodology of a tree.

A complex model with a larger number of parameters requires a larger training
dataset and risks over tting on a small amount of data. Hence one should be careful
in tuning the complexity of a node with the properties of the data at hand. For
example, using multivariate linear nodes, we are assuming that the input space
can be divided using hyperplanes into localized regions (volumes) where classes, or
groups of classes are linearly separable.

1.2. Training the tree from data

Given a training set X, nding the smallest decision tree that classi es X correctly
is NP-hard.'* For large training sets and input dimensions, even for the univariate
case, one cannot exhaustively search through the complete space of possible decision
trees. Decision tree algorithms are thus greedy in that at each step, we decide on
one decision node, and then continue recursively with the partition induced by the
node. We look for f,, that best splits the data hitting node m, starting with the
complete dataset in deciding on the root node. Example measures used to quantify
the goodness of a split are entropy® and the Gini index.?2 Murthy et al.2* described
some other impurity indices. Our results and those of previous researchers indicate
that there is no signi cant di erence between these impurity measures.t®

It has been shown that for the multivariate linear case the problem of nding
the optimal split at a single node when optimality is measured in terms of mis-
classi cation errors is NP-hard.'* The problem of nding the best split is then an
optimization problem to nd the best (Wm;Wmo) pair that minimizes impurity (or
some other error function). As one cannot do an exhaustive search over all possible
values in the multivariate case, one resorts to an iterative local search algorithm,
which does not guarantee optimality and may get stuck in local optima:

(1) Linear Discriminant Analysis was rst used in Friedman® for constructing deci-
sion trees. The algorithm has binary splits at each node, where a split is like in
C4.5, i.e. Xj <wp but x; can be an original variable, transgenerated, or adap-
tive. Linear discriminant analysis is applied to construct an adaptive variable.
Kolmogorof{Smirno distance is used as the error measure. When there are
more than K > 2 classes, it converts the problem into K di erent subprob-
lems, where each subproblem separates one class from others.

(2) In CART (Classi cation and Regression Trees),? parameter adaptation is
through back tting: at each step, all the coe cients wnyj except one is xed
and that coe cient is tuned for possible improvement in terms of impurity. One
cycles through all j until there is no further improvement.
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In FACT (Fast Algorithm for Classi cation Trees),*? with K classes a node
can have K branches. Each branch has its modi ed linear discriminant func-
tion calculated using Linear Discriminant Analysis (LDA) and an instance is
channeled to the ith branch to minimize an estimated expected risk.
In Neural Trees,® each decision node uses a multilayer perceptron which imple-
ments multivariate nonlinear decision trees [Eq. (4)]. The nodes are binary and
K classes are grouped into two using the supervised exchange heuristic which
we discuss in Sec. 3. Backpropagation is used to learn parameters. To be able to
compare with other multivariate linear methods, in our simulations, we replace
the multilayer perceptron with a single layer, linear perceptron, and name such
a tree ID-LP.
In OC1 (Oblique Classi er),'* an extension to CART is made to get out of
the local optima. A small random vector is added to w, once there is con-
vergence through back tting. Adding a vector perturbs all coe cients together
and makes a conjugate jump in the coe cient space. Another extension pro-
posed is to run the method several (20{50) times and choose the best solution
in terms of impurity.
In LMDT (Linear Machine Decision Trees),* with K classes, as in FACT, a
node is allowed to have K branches. For each class, i.e. branch, there is a vector
of parameters, and the node implements a K-way split. There is an iterative
algorithm that adjusts the parameters of classes to minimize the number of
misclassi cations, rather than an impurity measure as entropy or Gini.
QUEST (Quick Unbiased E cient Statistical Tree)*! is a revised version of
FACT and uses binary splits at each decision node. It solves the problem of
dividing K classes into two classes by using unsupervised 2-means clustering
on the class means of the data. QUEST also di ers from FACT in the way that
it does not assume equal variances and uses Quadratic Discriminant Analysis
(QDA) to nd the two roots for the split point and uses the appropriate one.
LTREE (Linear Tree)’ is a multivariate decision tree algorithm with binary
splits. LTREE uses linear discriminant analysis to construct new features, which
are linear combinations of the original features. For all constructed features,
the best split is found using C4.5’s exhaustive search technique. Best of these is
selected to create the two children of the current node. These new constructed
features can also be used down the tree in the children of that node. Extensions
of this algorithm uses quadratic discriminant QTREE and logistic discriminant
LGTREE for constructing new features.
CRUISE?? (Classi cation Rule With Unbiased Interaction Selection and Esti-
mation) is a multivariate algorithm with K-way nodes. Like FACT, CRUISE
nds K 1 splits using linear discriminant analysis. The departure from FACT
occurs when the split assigns the same class to all its K children. Because such
a split is not useful, the best next class is chosen. Another departure occurs
while assigning a class to a leaf: when there are two or more classes which
have the same number of instances in that leaf, FACT selects randomly one
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Table 1. Multivariate decision tree construction algorithms classi ed according
to six dimensions, which are node type (univariate, linear multivariate, nonlinear
multivariate), branching factor, grouping algorithm for grouping K > 2 classes into
two, error measure minimized, minimization method to nd the direction vector w,
and minimization method to nd the split point wp.

Algorithm Node Br  Group Error Search w Search wo
C4.5 Uni 2 1 Impurity 1 Exhaustive
Friedman’s Uni/Lin 2 1 Kolm-Smir  Analytical Analytical
CART Lin 2 1 Impurity Back tting Exhaustive
FACT Uni/Lin K 1 Fisher’s Analytical Analytical
ID-LP/MLP  Lin/Non 2 Sup MSE Gradient Gradient
OoC1 Lin 2 1 Info Gain Hill climb Exhaustive
LMDT Lin K 1 Misclass Thermal Thermal
QUEST Uni/Lin 2 Unsup  Fisher’s Analytical Analytical
Ltree Lin 2 1 Info Gain Analytical Exhaustive
Cruise Uni/Lin K 1 Fisher’s Analytical Analytical
LDT Uni/Lin 2 Sup Fisher’s Analytical Analytical

of them but CRUISE selects the class which has not been assigned to any
leaf node.

Because the univariate is a special case of the multivariate, most of these mul-
tivariate algorithms have their univariate versions, sometimes with slight modi ca-
tions. In Table 1, we compare the algorithms in terms of the six dimensions along
which these algorithms di er. These are: Node type (univariate versus multivari-
ate), branching factor (two or K, number of classes), grouping of classes into two
if the tree is binary, error (impurity) measure, and the methods for minimization
to nd the best split vector and split point.

1.3. Feature extraction

The complexity of the search and the risk of over tting can be reduced by decreasing
dimensionality through feature extraction at each node. This is di erent from the
usual approach in pattern recognition where feature extraction is done as a separate
process before the classi er is trained. In tree induction, it is integrated into the
training of the classi er and is done separately for each subproblem (decision node).
This makes sense as in the localized region bounded by the discriminants de ned
by the nodes preceding that node in the tree, certain dimensions may not vary
signi cantly and the subset of the data reaching that node may e ectively lie in a
lower-dimensional subspace, or certain dimensions which are not signi cant globally
may be quite important locally or vice versa.

In the case of a univariate node (which is feature extraction from d to one
dimension), there are d possible wy, that can be used and N 1 possible wjo, so
one can do an exhaustive search over the d (N 1) possible (Wm;Wmg). This is
done in the C4.5 algorithm.'’ In its predecessor ID3 algorithm,® the features are
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symbolic and there is only one way to split at a feature and thus there are only
d possibilities.

In a multivariate node, one can do feature selection and by reducing dimension-
ality, the complexity of search is reduced by setting the coe cients, wnmj, of the
discarded dimensions to zero. One can do sequential backward search for feature
selection and get rid of features whose loss do not increase impurity signi cantly;
the other method is sequential forward search where one adds features one by one
until their addition does not signi cantly decrease impurity.%4

1.4. Pruning

A greedy algorithm is a local search method where at each step, one tries to make
the best decision and proceeds to the next decision, never backtracking and reeval-
uating a decision after it has been made. Similarly in decision tree induction, once
a decision node is xed, it cannot be changed after its children have been created.
This may cause suboptimal trees where, for example, subtrees are replicated. The
only exception is the pruning of the tree.

In pruning, we consider replacing a subtree with a leaf node labeled with the
class most heavily represented among the instances that are covered by the subtree.
If there is over tting, we expect the more complex subtree to learn the noise and
perform worse than the simple leaf. If this is indeed the case on a validation set
di erent from the training set, then the subtree is replaced by the leaf. Otherwise
it is kept. It makes sense to start with the smaller subtrees closer to leaves and
proceed up towards the root.

This process is called post-pruning to di erentiate it from pre-pruning. In post-
pruning, the tree is constructed until there is no misclassi cation error and then
pruned simpler. In pre-pruning, the tree is not fully constructed until zero training
error but is kept simple by early termination. At any node, if the dataset reaching
that node is small, even if it is not pure, it is not further split and a leaf node is
created instead of growing a subtree. Pre-pruning is faster. Post-pruning may be
more accurate but is slower.

Pruning uses validation to netune model complexity. Another possibility is to
use Minimum Description Length to balance the complexity of the tree with the
complexity of the data it describes.!®

1.5. Organization of the paper

This paper is organized as follows. Our proposed method linear discriminant trees
(LDT) is proposed in Sec. 2. Section 3 discusses two supervised methods by which
K > 2 classes can be divided into two so that the binary classi er through a
two-class discriminant analysis can be employed. Dataset details and comparison
criteria are given in Sec. 4. Section 5 compares the univariate version of LDT with
C4.5 and the univariate version of QUEST. Results with the multivariate version
of LDT are given in Sec. 6. In Sec. 7, we discuss the e ect of univariate versus






