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Abstract

Weformulatetempotrackingin aBayesianframework whereatempotracker is modeledasastochas-
tic dynamicalsystem.Thetempois modeledasahiddenstatevariableof thesystemandis estimated
by a Kalmanfilter. TheKalmanfilter operateson a Tempogram, a wavelet-like multiscaleexpansion
of a realperformance.An importantadvantageof ourapproachis thatit is possibleto formulateboth
off-line or real-timealgorithms.Thesimulationresultson a systematicallycollectedsetof MIDI pi-
anoperformancesof YesterdayandMichelleby theBeatlesshowsaccuratetrackingof approximately�����

of thebeats.

1 Introduction

An importantandinterestingsubtaskin automaticmusictranscriptionis tempotracking: how to follow

the tempoin a performancethat containsexpressive timing andtempovariations. Whenthesetempo

fluctuationsarecorrectlyidentifiedit becomesmucheasierto separatethecontinuousexpressive timing

from thediscretenotecategories(i.e. quantization).Thesenseof temposeemsto becarriedby thebeats

andthustempotrackingis relatedto thestudyof beatinduction,theperceptionof beatsor pulsewhile

listeningto music(seeDesainandHoning(1994)).However, it is still unclearwhatpreciselyconstitutes

tempoandhow it relatesto theperceptionof rhythmicalstructure.Tempois a perceptualconstructand

cannotdirectlybemeasuredin aperformance.

Thereis a significantbodyof researchon thepsychologicalandcomputationalmodelingaspectsof

tempotracking. Early work by Michon (1967)describesa systematicstudyon themodelingof human

behavior in trackingtempofluctuationsin artificially constructedstimuli. Longuet-Higgins(1976)pro-

posesa musicalparserthatproducesa metricalinterpretationof performedmusicwhile trackingtempo

changes.Knowledgeaboutmeterhelpsthetempotracker to quantizeaperformance.

DesainandHoning(1991)describeaconnectionistmodelof quantization;arelaxationnetwork based

on the principle of steeringadjacenttime intervals towardsinteger multiples. Here as well, a tempo
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tracker helpsto arrive at a correctrhythmical interpretationof a performance.Both models,however,

have not beensystematicallytestedon empirical data. Still, quantizerscan play a importantrole in

addressingthe difficult problemof what is a correcttempointerpretationby definingit asthe onethat

resultsin asimplerquantization(Cemgilet al., 2000).

Large and Jones(1999) describean empirical study on tempotracking, interpretingthe observed

humanbehavior in termsof an oscillator model. A peculiarcharacteristicof this model is that it is

insensitive (or becomesso after enoughevidenceis gathered)to material in betweenexpectedbeats,

suggestingthat the perceptiontempochangeis indifferentto eventsin this interval. Toiviainen(1999)

discussessomeproblemsregardingphaseadaptation.

Anotherclassof modelsmakeuseof prior knowledgein theform of anannotatedscore(Dannenberg,

1984;Vercoe,1984;VercoeandPuckette,1985).They matchtheknown scoreto incomingperformance

data. VercoeandPuckette(1985)usesa statisticallearningalgorithmto train thesystemwith multiple

performances.Evenwith this informationat handtempotrackingstaysanon-trivial problem.

More recentlyattemptsaremadeto dealdirectly with the audiosignal (Goto andMuraoka,1998;

Scheirer,1998) without using any prior knowledge. However, thesemodelsassumeconstanttempo

(albeit timing fluctuationsmaybepresent),soarein factnot tempotrackersbut beattrackers.Although

successfulfor musicwith a steadybeat(e.g.,popularmusic),they reportproblemswith syncopateddata

(e.g.,reggaeor jazzmusic).

All tempotrack modelsassumean initial tempo(or beatlength)to be known to startup the tempo

trackingprocess(e.g.,Longuet-Higgins(1976);LargeandJones(1999).Thereis few researchaddressing

how to arrive at a reasonablefirst estimate.Longuet-HigginsandLee(1982)proposea modelbasedon

scoredata,Scheirer(1998)onefor audiodata.A completemodelshouldincorporatebothaspects.

In this paperwe formulatea tempotracking in a probabilisticframework wherea tempotracker

is modeledasa stochasticdynamicalsystem. The tempois modeledasa hiddenstatevariableof the

systemandis estimatedby Kalmanfiltering. TheKalmanfilter operateson a multiscalerepresentation

of a real performancewhich we call a Tempogram. In this respectthe tempogramis analogousto a

wavelet transform(Rioul andVetterli, 1991). In the context of tempotracking, wavelet analysisand

relatedtechniquesarealreadyinvestigatedby variousresearchers(Smith,1999;Todd,1994). A similar

combfilter basisis usedby Scheirer(1998).Thetempogramis alsorelatedto theperiodicity transform

proposedbySetharesandStaley (1999),but usesatimelocalizedbasis.Kalmanfiltersarealreadyapplied

in themusicdomainsuchaspolyphonicpitch tracking(Sterian,1999)andaudiorestoration(Godsill and

Rayner,1998). Fromthemodelingpoint of view, the framework discussedin this paperhasalsosome

resemblanceto thework of Sterian(1999),who views transcriptionasa modelbasedsegmentationof a

time-frequency image.

The outline of the paperis as follows: We first considerthe problemof tappingalong a “noisy”

metronomeand introducethe Kalmanfilter and its extensions. Subsequently, we introducethe Tem-

pogramrepresentationto extract beatsfrom performancesanddiscussthe probabilisticinterpretation.

We thendiscussparameterestimationissuesfrom data.Finally we reportsimulationresultsof thesys-

temon a systematicallycollecteddataset,solopianoperformancesof two Beatlessongs,Yesterdayand

Michelle.



2 Dynamical Systems and the Kalman Filter

Mathematically, adynamicalsystemis characterizedbyasetof statevariablesandasetof statetransition

equationsthatdescribehow statevariablesevolve with time. For example,a perfectmetronomecanbe

describedasa dynamicalsystemwith two statevariables:a beat 	
 anda period 	� . Giventhevaluesof

statevariablesat ���� ’ th stepas 	
������ and 	� ����� , thenext beatoccursat 	
���� 	
�������� 	� ����� . Theperiodof

a perfectmetronomeis constantso 	� ��� 	� ����� . By usingvectornotationandby letting � ��� � 	
��"! 	� ��#%$
we canwrite a linearstatetransitionmodelas� �&� ' � �( �*) � �����+�-, � ����� (1)

Whentheinitial state�/. �0� 	
 . ! 	� . # $ is given,thesystemis fully specified.For exampleif themetronom

clicks at a tempo60 beatsperminute( 	� . � � sec.)andfirst click occursat time 	
 . � ( sec.,next beats

occurat 	
"�1� � , 	
/23�54 e.t.c.Sincethemetronomis perfecttheperiodstaysconstant.

Sucha deterministicmodel is not realistic for naturalmusicperformanceandcannot be usedfor

trackingthe tempoin presenceof tempofluctuationsandexpressive timing deviations. Tempofluctua-

tionsmaybemodeledby introducinga noisetermthat“corrupts” thestatevector� � � , � �����6�87�� (2)

where7 is aGaussianrandomvectorwith mean
(

anddiagonalcovariancematrix 9 , i.e. 7;:�<>= ( ! 9@? 1.
Thetempowill drift from theinitial tempoquickly if thevarianceof 7 is large. On theotherhandwhen9BA ( , wehave theconstanttempocase.

In amusicperformance,theactualbeat 	
 andtheperiod 	� cannotbeobserveddirectly. For example,

suppose,anexpertdrummeris tappingalongaperformanceatthebeatlevel. If thetaskwouldberepeated

onthesamepiece,wewouldobserveeachtimeaslightlydifferenttempotrack.Asanalternative,suppose

we would know thescoreof theperformanceandidentify onsetsthatcoincidewith thebeat.However,

due to small scaleexpressive timing deviations, theseonsetswill be also noisy, i.e. we can at best

observe “noisy” versionsof actualbeats.We will denotethis noisybeatby 
 in contrastto theactualbut

unobservablebeat 	
 . Mathematicallywe have
��&� 	
��+�DCE� (3)

whereC���:�<>= ( !�F ? . Here,
�� is thebeatatstep� thatwegetfrom a(noisy)observationprocess.In this

formulation,tempotrackingcorrespondsto theestimationof hiddenvariables	
�� givenobservationsupto� ’ th step.Wenotethatin a“blind” tempotrackingtask,i.e. whenthescoreis notknown, the(noisy)beat
�� cannot bedirectly observedsincethereis no expertdrummerwho is tappingalong,neithera scoreto

guideus. Thenoisy-beatitself hasto be inducedfrom eventsin themusic. In thenext sectionwe will

presenta techniqueto estimatebothanoisybeat
�� aswell anoisyperiod
� � from arealperformance.

1A randomvector G is saidto beGaussianwith meanH andcovariancematrix I if it hastheprobabilitydensityJLK GNMPORQ ��S ITQVUXWZY\[^]`_�a+b �� K%c bEHNMedLIfU^W K%c bEHNM
In this casewewrite Ghgji K H�klImM



Equations2 and3 definea linear dynamicalsystem, becauseall noisesareassumedto beGaussian

andall relationshipsbetweenvariablesarelinear. Hence,all statevectors� � haveGaussiandistributions.

A Gaussiandistribution is fully characterizedby its meanandcovariancematrix andin the context of

lineardynamicalsystems,thesequantitiescanbeestimatedvery efficiently by a Kalmanfilter (Kalman,

1960;RoweisandGhahramani,1999).Theoperationof thefilter is illustratedin Figure1.

2.1 Extensions

Thebasicmodelcanbeextendedin severaldirections.First, thelinearity constrainton theKalmanfilter

canberelaxed. Indeed,in tempotrackingsuchanextensionis necessaryto ensurethat theperiod 	� is

alwayspositive. Thereforewedefinethestatetransitionmodelin awarpedspacedefinedby themappingn �0oqpsr 2 � . This warpingalsoensurestheperceptuallymoreplausibleassumptionthat tempochanges

arerelative ratherthanabsolute.For example,underthis warping,a decelerationfrom
� A 4 � hasthe

samelikelihoodasanaccelerationfrom
� A �ut 4 .

Thestatespace� � canbeextendedwith additionaldynamicvariables 	v � . Suchadditionalvariables

storeinformationaboutthepaststates(e.g. in termsof acceleratione.t.c.) andintroduceinertia to the

system.Inertiareducestherandomwalk behavior in thestatespaceandrenderssmoothstatetrajectories

morelikely. Moreover, this canresultin moreaccuratepredictions.

Theobservationnoise C�� canbemodeledasa mixtureof gaussians.This choicehasthe following

rationale:To follow tempofluctuationstheobservationnoisevarianceF shouldnot be too “broad”. A

broadnoisecovarianceindicatesthatobservationsarenotveryreliable,sothey havelesseffectto thestate

estimates.In theextremecasewhen F A w , all observationsarepracticallymissingsotheobservations

have no effect on stateestimates.On the otherhand,a narrow F makesthe filter sensitive to outliers

sincethesamenoisecovarianceis usedregardlessof thedistanceof anobservationfrom its prediction.

Outlierscanbeexplicitely modeledby usinga mixture of Gaussians,for exampleone“narrow” Gaus-

sianfor normaloperation,andone“broad” Gaussianfor outliers. Sucha switchingmechanismcanbe

implementedby usinga discretevariable x � which indicateswhetherthe � ’ th observationis anoutlier or

not. In otherwordsweusea differentnoisecovariancedependinguponthevalueof x � . Mathematically,

wewrite thisstatementas C��sy x ��:�<>= ( !�F{z ? . Sincex � cannotbeobserved,wedefineaprior probabilityx �|:~}�= x/? andsumover all possiblesettingsof x � , i.e. }�=eC�� ? ���5�q�X}�= x � ? }�=�C��^y x � ? . In Figure2 we

compareaswitchingKalmanfilter andastandardKalmanfilter. A switchvariablemakesasystemmore

robustagainstoutliersandconsequentlymorerealisticstateestimatescanbeobtained.For a review of

moregeneralclassesof switchingKalmanfilters seeMurphy (1998).

To summerize,thedynamicalmodelof thetempotracker is givenby	
�� � 	
������6��4��� ����� (4)' 	n �	v � ) � , ' 	n �����	v ����� ) �D7P� (5)

' 
��n � ) � ' 	
��	n � ) �8C�� (6)



where7P�T:�<>= ( ! 9@? , C��^y x �3:�<�= ( !�F�z ? and x ��:�}�= x � ? . Wetake x � asabinarydiscreteswitchvariable.

Note that, in Eq. 6 theobservablespaceis two dimensional(includesboth 
 and n ), in contrastto one

dimensionalobservable 
 in Figure2.

3 Tempogram Representation

In the previous section,we have assumedthat the beat 
�� is observed at eachstep � . In a real musical

situation,however, thebeatcannot beobserveddirectly from performancedata.Thesensationof a beat

emergesfrom a collectionof eventsratherthan,say, singleonsets.For example,a syncopatedrhythm

inducesbeatswhich donotneccesarlycoincidewith anonset.

In thissection,wewill defineaprobabilitydistributionwhichassignsprobabilitymassesto all possi-

ble beatinterpretationsgivenaperformance.TheBayesianformulationof this problemis}�=e
L! n y � ?�� }�=e��y 
�! n ? }�=e
L! n ? (7)

where � is an onsetlist. In this context, a beat interpretation is the tuple 
 (local beat)and n (local

log-period).

The first term }�=e��y 
�! n ? in Eq.7 is the probability of the onsetlist � given the tempotrack. Since� is actuallyobserved, }�=e��y 
�! n ? is a function of 
 and n andis thuscalledthe likelihoodof 
 and n .

Thesecondterm }�=e
L! n ? in Eq.7is theprior distribution. Theprior canbeviewedasa functionwhich

weightsthe likelihoodon the =�
�! n ? space. It is reasonableto assumethat the likelihood }�=���y 
L! n ? is

high when onsets �V����# in the performancecoincidewith the beatsof the tempotrack. To constructa

likelihoodfunctionhaving thispropertyweproposeasimilarity measurebetweentheperformanceanda

local constanttempotrack.Firstwedefineacontinuoustimesignal � =�� ? ���5��%���L� =��  ��� ? wherewetake� =�� ? ��� �¢¡�=  � 2 t 4�£ 2¤ ? , aGaussianfunctionwith variance£ 2¤ . Werepresenta local tempotrackasapulse

train ¥ =e��¦§
�! n ? � ��¨© ��� ¨«ª ©f¬ =e�  
 ® 4 � ? where¬ =��  � . ? is aDiracdeltafunction,whichrepresents

animpulselocatedat � . . Thecoefficients ª © arepositiveconstantssuchthat � © ª © is a constant.(See

Figure3). In real-timeapplications,wherecausalanalysisis desirable,ª © canbesetto zerofor °¯ ( .
When ª © is asequenceof form ª © � ª © , where

(²± ª ± � , onehastheinfinite impulseresponse(IIR)

combfilters usedby Scheirer(1998)which we adopthere. We definethe tempogram of � =e� ? at each=e
�! n ? astheinnerproduct ³ r�´^=e
L! n ? ��µ·¶s� � =�� ?`¥ =e��¦�
L! n ? (8)

Thetempogramrepresentationcanbeinterpretedastheresponseof a combfilter bankandis analogous

to a multiscalerepresentation(e.g. thewavelet transform),where 
 and n correspondto transitionand

scalingparameters(Rioul andVetterli,1991;Kronland-Martinet,1988).

Thetempogramparametershavesimpleinterpretations.Thefilter coefficient ª adjustthetime local-

ity of basisfunctions.When ª A � , basisfunctions ¥ extendto infinity andlocality is lost. For ª A (
thebasisdegeneratesto a singleDirac pulseandthetempogramis effectively equalto � =e� ? for all n and

thusgivesno informationaboutthelocal period.



Thevarianceparameter£ ¤ correspondsto theamountof smallscaleexpressivedeviation in anonsets

timing. If £ ¤ would be large, the tempogramgets“smeared-out”andall beatinterpretationsbecome

almostequallylikely. When £ ¤ A ( , we geta very “spiky” tempogram,wheremostbeatinterpretations

havezeroprobability.

In Figure4 we show a tempogramobtainedfrom a simpleonsetsequence.We definethelikelihood

as}�=e��y 
�! n ?¸� � �¢¡�= ³ r�´s=�
�! n ?§? . Whencombinedwith theprior, thetempogramgivesanestimateof likely

beatinterpretations=�
�! n ? .
4 Model Training

In thissection,wereview thetechniquesfor parameterestimation.First,wesummerizetherelationships

amongvariablesby usinga a graphical model. A graphicalmodel is a directedacyclic graph,where

nodesrepresentvariablesandmissingdirectedlinks representconditionalindependencerelations.The

distributionsthatwehavespecifiedsofar aresummarizedin Table1.

Model Distribution Parameters
StateTransition(Eq.5) ¹»º½¼ �§¾��À¿ ¼ �/Á Â , Ã
(Switching)Observation(Eq.6) ¹6º½Ä ��Å�ÆL� ¿ ¼ �ÇÅ�È�� Á É �
Switchprior (Eq.6) ¹»º È�� Á ¹ �
Tempogram(Eq.8) ¹»º�Ê ¿ Ä �ÇÅ�Æ�� Á Ë ¤ , Ì

Table1: Summaryof conditionaldistributionsandtheirparameters.

Theresultinggraphicalmodelis shown in Figure5. For example,thegraphicalmodelhasa directed

link from � � to � �§¾�� to encode}�= � ��¾���y � � ? . Otherlinks towards� ��¾�� aremissing.

In principle,we could jointly optimizeall modelparameters.However, suchanapproachwould be

computationallyvery intensive. Instead,at theexpenseof gettinga suboptimalsolution,we will assume

thatwe observe thenoisy tempotrack 
�� . This observationeffectively “decouples”the modelinto two

parts(SeeFig. 5), (i) TheKalmanFilter (StatetransitionmodelandObservation(Switch)model)and(ii)

Tempogram.Wewill train eachpartseparately.

4.1 Estimation of Í"Î from performance data

In our studies,a scoreis alwaysavailable,sowe extract 
�� from a performance� by matchingthenotes

thatcoincidewith thebeat(quarternote)levelandthebar(wholenote).If therearemorethenonenoteon

abeat,we take themedianof theonsettimes.2 For eachperformance,wecomputen ���Ïo�psr 2 =�
��§¾��  
�� ?
from theextractednoisybeats �V
���# . We denotethe resultingtempotrack Ð 
Ñ� ! n ��Ò/Ò�Ò§
��Ñ! n ��Ò�Ò�Ò`
ÇÓ¢! n Ó^Ô asÐ 
Ñ��Õ Ó¢! n ��Õ ÓXÔ .

2Thescoresdonothavenotesoneachbeat.We interpolatemissingbeatsby usingaswitchingKalmanfilter with parame-
ters ÖDO diagKZ× Ø"Ù Ø � [ k ØÑÙ Ø/Ú [\Û M , Ü W O ØÑÙ Ø � [ , Ü [ O Ø"Ù Ý [ , ÞßO � andJ¢Káà M�O × Ø"Ù â âÀâ k ØÑÙ ØÀØ � Û .



4.2 Estimation of state transition parameters

We estimatethestatetransitionmodelparameters, and 9 by anEM algorithm(GhahramaniandHin-

ton, 1996)which learnsa linear dynamicsin the n space.The EM algorithmmonotonicallyincreases}�= Ð 
"��Õ Ó¢! n ��Õ ÓNÔ ? , i.e. the likelihoodof theobservedtempotrack. Putanotherway, theparameters, and9 areadjustedin sucha way that,at each� , theprobabilityof theobservation is maximizedunderthe

predictivedistribution }�=�
��"! n �sy 
�������! n ������!�Ò�Ò/Ò§
"��! n � ? . Thelikelihoodis simply thehight of thepredictive

distributionevaluatedat theobservation(SeeFigure1).

4.3 Estimation of switch parameters

The observation model is a Gaussianmixture with diagonal F � and prior probability } � . We could

estimateF � and } � jointly with thestatetransitionparameters, and 9 . However, thenthenoisemodel

would be totally independentfrom the tempogramrepresentation.Instead,theobservationnoisemodel

shouldreflecttheuncertaintyin thetempogram;for exampletheexpectedamountof deviationsin =�
�! n ?
estimatesdueto spuriouslocalmaxima.To estimatethe“tempogramnoise”by standardEM methods,we

samplefrom thetempogramaroundeach� 	
��Ñ! 	n ��# , i.e. wesample
�� and n � from theposteriordistribution}�=e
��Ñ! n �sy 	
��"! 	n �Ç!��^¦ 9@?¸� }�=e��y 
��Ç! n � ? }�=�
��Ç! n �sy 	
��"! 	n �"¦ 9@? . Notethat � 	
��"! 	n ��# areestimatedduringtheE stepof

theEM algorithmwhenfinding theparameters, and 9 .

4.4 Estimation of Tempogram parameters

We have alreadydefinedthe tempogramas a likelihood }�=e��y 
�! n ¦�ã ? where ã denotesthe tempogram

parameters(e.g. ãh� Ð ª !�£ ¤ Ô ). If weassumeauniformprior }�=�
�! n ? thentheposteriorprobabilitycanbe

written as }�=�
�! n y �^¦�ã ? � }�=���y 
L! n ¦�ã ?}�=���yVã ? (9)

wherethenormalizationconstantis givenby }�=e��y ã ? �åä@¶s
�¶ n }�=���y 
L! n ¦�ã ? . Now, we canestimatetem-

pogramparametersã by a maximumlikelihoodapproach.We write the log-likelihoodof an observed

tempotrack Ð 
"��Õ Ó¢! n ��Õ ÓNÔ as o�pær6}�= Ð 
"��Õ Ó¢! n ��Õ ÓNÔ�y �^¦�ã ? ��ç � o�psrè}�=�
��"! n �æy �s¦�ã ? (10)

Notethatthequantityin Equation10 is a functionof theparametersã . If we have é tempotracksin the

dataset,thecompletedatalog-likelihoodis simply thesumof all individual log-likelihoods.i.e.ê � çXë o�pær6}�= Ð 
"��Õ Ó¢! n ��Õ ÓXÔ ë y � ë ¦ ª !�£ ¤ ? (11)

where� ë is the é ’ th performanceand Ð 
"��Õ Ó¢! n ��Õ ÓXÔ ë is thecorrespondingtempotrack.



5 Evaluation

Many tempotrackersdescribedin the introductionareoften testedwith adhocexamples.However, to

validatetempotrackingmodels,moresystematicdataandrigoroustestingis necessary. A tempotracker

canbeevaluatedby systematicallymodulatingthetempoof thedata,for instanceby applyinginstanta-

neousor gradualtempochangesandcomparingthemodelsresponsesto humanbehavior (Michon,1967;

Dannenberg, 1993).Anotherapproachis to evaluatetempotrackerson a systematicallycollectedsetof

naturaldata,monitoringpianoperformancesin which theuseof expressive tempochangeis free. This

typeof datahastheadvantageof reflectingthe typeof dataoneexpectsautomatedmusictranscription

systemsto dealwith. Thelatterapproachwasadoptedin this study.

5.1 Data

For the experiment12 pianistswere invited to play arrangementsof two Beatlessongs,Michelle and

Yesterday. Both pieceshave a relatively simple rhythmic structurewith ampleopportunityto addex-

pressivenessby fluctuatingthetempo.Thesubjectsconsistedof four professionaljazzplayers(PJ),four

professionalclassicalperformers(PC)andfour amateurclassicalpianists(AC). Eacharrangementhadto

beplayedin threetempoconditions,threerepetitionsper tempocondition. The tempoconditionswere

normal,slow andfasttempo(all in a musicallyrealisticrangeandall accordingto the judgmentof the

performer).We presentheretheresultsfor twelve subjects(12 subjectsì 3 tempi ì 3 repetitions ì 2

pieces� 216performances).Theperformanceswererecordedon a YamahaDisklavier ProMIDI grand

pianousingOpcodeVision. To be ableto derive tempomeasurementsrelatedto the musicalstructure

(e.g., beat,bar) the performanceswerematchedwith the MIDI scoresusing the structurematcherof

Heijink et al. (2000)availablein POCO(Honing,1990).This MIDI datawill bemadeavailableat URL

http://www.nici.kun.nl/mmm (undertheheadingDownload).

5.2 Kalman Filter Training results

We usethe performancesof Michelle asthe training setandYesterdayasthe testset. To find the ap-

propriatefilter order(Dimensionalityof � ) we trainedKalmanfilters of severalorderson two rhythmic

levels: thebeat(quarternote)level andthebar(wholenote)level. Figure6 showsthetrainingandtesting

resultsasa functionof filter order.

Extendingthefilter order, i.e. increasingthethesizeof thestatespacelooselycorrespondsto using

pastflook more into the past. At bar level, using higher order filters merely resultsin overfitting as

indicatedby decreasingtestlikelihood. In contrast,on thebeatlevel, the likelihoodon the testsetalso

increasesandhasa jump aroundorderof í . Effectively, this ordercorrespondsto a memorywhich can

storestateinformation from the pasttwo bars. In other words, tempofluctuationsat beatlevel have

somestructurethatahigherdimensionalstatetransitionmodelcanmakeuseof to producemoreaccurate

predictions.



5.3 Tempogram Training Results

We usea tempogrammodelwith a first orderIIR combbasis. This choiceleavestwo free parameters

that needto be estimatedfrom data,namely ª , the coefficient of the combfilter and £ ¤ , the width of

the Gaussianwindow. We obtainoptimal parametervaluesby maximizationof the log-likelihood in

Equation11 on theMichelle dataset.Theresultinglikelihoodsurfaceis shown in Figure7. Theoptimal

parametersareshown in Table2. Ì Ë ¤
Non-Causal

�sîðïÇï �sîñ�^ò ó
Causal

�sîôó�õ �sîñ�"öÇõ
Table2: Optimaltempogramparameters.

5.4 Initialization

To have a fully automatedtempotracker, the initial state �/. hasto be estimatedfrom dataaswell. In

the trackingexperiments,we have initialized thefilter to thebeatlevel by computinga tempogramfor

thefirst ÷ secondsof eachperformance.By assuminga flat prior on 
 and n we computetheposterior

marginal }�= n y � ? �øä@¶s
æ}�= n !�
¸y � ? . Note that this is operationis just equivalentto summationalongthe
 dimensionof the tempogram(SeeFigure4). For the Beatlesdataset,we have observed that for all

performancesof a givenpiece,themostlikely log-period núù �üûæý§r1þ@ûÑ� � }�= n y � ? correspondsalwaysto

the samelevel, i.e. the n ù estimatewasalwaysconsistent.For “Michelle”, this level is the beatlevel

andfor “Yesterday”thehalf-beat(eighthnote)level. The latterpiecebegins with an arpeggio of eight

notes;basedon onsetinformationonly, andwithout any otherprior knowledge,half-beatlevel is alsoa

reasonablesolution. For “Yesterday”,to testthetrackingperformance,we correctedtheestimateto the

beatlevel.

Wecouldestimate
�ù usingasimilarprocedure,howeversinceall performancesin ourdatasetstarted

“on thebeat”,we havechosen
�ùf����� , thefirst onsetof thepiece.All theotherstatevariables	v . areset

to zero.Wehavechosena broadinitial statecovarianceÿ . � � 9 .

5.5 Evaluation of tempo tracking performance

We evaluatedtheaccuracy of the tempotrackingperformanceof thecompletemodel. Theaccuracy of

tempotrackingis measuredby usingthefollowing criterion:

� = ¥ !§� ? � � � þ@ûÑ�æ���B= ¥ �  �Z� ?=�� ��� ? t 4 ìR� (s(
where � ¥ �½#
	{� � Ò�Ò�Ò�� is the target (true) tempotrack and � �Z��# � � � Ò�Ò�Ò�� is the estimatedtempo

track. � is a window function. In the following resultswe have useda Gaussianwindow function
� =Z¶ ? �-� �¢¡�=  ¶ 2 t 4�£ 2 ? . Thewidth of thewindow is chosenas £  � ( Ò (�� secwhichcorrespondsroughly



to thespreadof onsetsfrom theirmechanicalmeansduringperformanceof shortrhythms(Cemgiletal.,

2000).

It canbe checked that
(�� � � � (æ( and � � � (s( if andonly if ¥ � � . Intuitively, this measure

is similar to a normalizedinner-product(asin the tempogramcalculation);thedifferenceis in the þ@ûÑ�
operatorwhich merelyavoidsdoublecounting.For example,if thetarget is ¥ �ø� ( ! � ! 4Ñ# andwe have����� ( ! ( ! ( # , theordinaryinnerproductwould still give � � � (s( while only onebeatis correct =e�1� ( ? .
The proposedmeasuregives � ����� in this case. The tracking index � canbe roughly interpretedas

percentageof “correct” beats.For example,� � �s( effectively meansthatabout
�s(

percentof estimated

beatsarein thenearvicinity of their targets.

5.6 Results

To testthe relative relevanceof modelcomponents,we designedan experimentwherewe evaluatethe

tempotrackingperformanceunderdifferentconditions.We have variedthe filter orderandenabledor

disabledswitching. For this purpose,we trainedtwo filters, onewith a large ( � ( ) andonewith a small

( 4 ) statespacedimensionon beatlevel (usingthe Michelle dataset).We have testedeachmodelwith

both causalandnon-causaltempograms.To testwhethera tempogramis at all necessary, we propose

a simpleonset-onlymeasurementmodel. In this alternative model,thenext observation is takenasthe

nearestonsetto theKalmanfilter prediction.In casethereareno onsetsin � £ interval of theprediction,

we declaretheobservationasmissing(Notethatthis is animplicit switchingmechanism).

In Table 3 we show the tracking resultsaveragedover all performancesin the Yesterdaydataset.

The estimatedtempotracksare obtainedby usinga non-causaltempogramand Kalman filtering. In

this case,Kalmansmoothedestimatesarenot significantlydifferent. The resultssuggest,that for the

Yesterdaydataset,a higherorderfilter or a (binary)switchingmechanismdoesnot improve thetracking

performance.However, presenceof atempogrammakesthetrackingperformancebothmoreaccurateand

consistent(notethelower standarddeviations). As a “baseline” performancecriteria,we alsocompute

thebestconstanttempotrack(by a linearregressionto estimatedtempotracks).In this case,theaverage

trackingindex obtainedfrom a constanttempoapproximationis ratherpoor ( � ��4���� � � ), confirming

thatthereis indeedaneedfor tempotracking.

Filter order Switching tempogram no tempogram
10 +

�Çö��«ó ó�ï�� ösò
2 +

�sò�� � ó�ï�� ösò
10 -

�sò���� ó�õ�� ösò
2 -

����� � ó�õ�� öÇö
Table3: Averagetrackingperformance� andstandarddeviationson Yesterdaydatasetusinga non-causaltem-
pogram.  denotesthe casewhen we have the switch prior ¹»º È Á"!$# �sî&% Å �sîðö�' . ( denotesthe absenceof a
switching,i.e. thecasewhen¹»º È Á)!*# ò Å �+' .

We have repeatedthesameexperimentwith a causaltempogramandcomputedthetrackingperfor-

mancefor predicted,filtered and smoothedestimatesIn Table 4 we show the resultsfor a switching



Kalmanfilter. The resultswithout switchingarenot significantlydifferent. As onewould expect, the

tracking index with predictedestimatesis lower. In contrastto a non-causaltempogram,smoothing

improvesthetempotrackingandresultsin a comparableperformanceasa non-causaltempogram.

causal
Filter order predicted filtered smoothed

10
ó�,-� ò�ö %.��� � �sò���%

2
ó�õ�� ò�ö %Çï���% ������%

Table4: Averagetrackingperformance� on Yesterdaydataset.Figuresindicatetrackingindex � followedby the
standarddeviation. The label “non-causal”refersto a tempogramcalculatedusingnon-causalcombfilters. The
labelspredicted,filteredandsmoothedreferto stateestimatesobtainedby theKalmanfilter/smoother.

Naturally, theperformanceof the tracker dependson theamountof tempovariationsintroducedby

theperformer. For example,thetempotracker failsconsistentlyfor asubjectwhotendsto usequitesome

tempovariation3.

We find that the tempotrackingperformanceis not significantlydifferentamongdifferentgroups

(Table5). However, whenwe considerthe predictions,we seethat the performancesof professional

classicalpianistsarelesspredictable.For differenttempoconditions(Table6) theresultsarealsosimilar.

As onewould expect,for slower performances,thepredictionsarelessaccurate.This might have two

potentialreasons.First, theperformancecriteria � is independentof theabsolutetempo,i.e. thewindow
� is alwaysfixed.Second,for slowerperformancesthereis moreroomfor addingexpression.

non-causal causal
SubjectGroup filtered predicted filtered smoothed Bestconst.

Prof. Jazz
�Çï�� õ %sò��«ó �Çö��/, �+,0� õ õ+,0� öÇö

AmateurClassical
�Çö���% ó�,0�«ó %.%�� ï �Çö��/, ö+,0� ò��

Prof. Classical
%Ç���«ó �.��� ò1, %Çö�� òÇò %.��� òÇò ö"ó2� ò�ö

Table5: TrackingAverageson subjectgroups.As a reference,theright mostcolumnshows theresultsobtained
by thebestconstanttempotrack. Thelabel“non-causal”refersto a tempogramcalculatedusingnon-causalcomb
filters. Thelabelspredicted,filteredandsmoothedreferto stateestimatesobtainedby theKalmanfilter/smoother.

non-causal causal
Condition filtered predicted filtered smoothed Bestconst.

fast
�+,0� ï ó���� � ������� �Çõ���� õÇ��� ösò

normal
�Çö���% ó�,0� � %.%���� �Çö��/, öÇï�� ò�õ

slow
�����«ó �.%��Dò1, %+,0�Dò�� %"ó2� òÇò ösò3� ò1,

Table6: TrackingAveragesontempoconditions.As areference,theright mostcolumnshowstheresultsobtained
by thebestconstanttempotrack. Thelabel“non-causal”refersto a tempogramcalculatedusingnon-causalcomb
filters. Thelabelspredicted,filteredandsmoothedreferto stateestimatesobtainedby theKalmanfilter/smoother.

3Thissubjectclaimedto haveneverheardtheBeatlessongsbefore.



6 Discussion and Conclusions

In this paper, we have formulateda tempotrackingmodelin a probabilisticframework. The proposed

modelconsistof a dynamicalsystem(a KalmanFilter) anda measurementmodel (Tempogram).Al-

thoughmany of themethodsproposedin theliteraturecanbeviewedasparticularchoicesof adynamical

modelandameasurementmodel,aBayesianformulationexhibitsseveraladvantagesin contrastto other

modelsfor tempotracking. First, componentsin our modelhave naturalprobabilisticinterpretations.

An importantandverypracticalconsequenceof suchaninterpretationis thatuncertaintiescanbeeasily

quantifiedandintegratedinto thesystem.Moreover, all desiredquantitiescanbe inferredconsistently.

For exampleoncewe quantifythedistribution of tempodeviationsandexpressive timing, theactualbe-

havior of the tempotracker arisesautomaticallyfrom thesea-priori assumptions.This is in contrastto

othermodelswhereonehasto inventad-hocmethodsto avoid undesiredor unexpectedbehavior on real

data.

Additionally, prior knowledge(suchassmoothnessconstraintsin thestatetransitionmodelandthe

particularchoiceof measurementmodel)areexplicit andcanbechangedwhenneeded.For example,the

samestatetransitionmodelcanbe usedfor both audioandMIDI; only the measurementmodelneeds

to be elaborated.Anotheradvantageis that, for a large classof relatedmodelsefficient inferenceand

learningalgorithmsarewell understood(GhahramaniandHinton,1996).This is appealingsincewecan

traintempotrackerswith differentpropertiesautomaticallyfrom data.Indeed,wehavedemonstratedthat

all modelparameterscanbeestimatedfrom experimentaldata.

Wehaveinvestigatedseveralpotentialdirectionsin whichthebasicdynamicalmodelcanbeimproved

or simplified. We have testedthe relative relevanceof the filter order, switching and the tempogram

representationon asystematicallycollectedsetof naturaldata.Thedatasetconsistsof polyphonicpiano

performancesof two Beatlessongs(YesterdayandMichelle) andcontainsa lot of tempofluctuationas

indicatedby thepoorconstanttempofits.

The testresultson theBeatlesdatasetsuggestthatusinga high orderfilter doesnot improve tempo

trackingperformance.Althoughbeatlevel filters capturesomestructurein tempodeviations(andhence

cangeneratemoreaccuratepredictions),thisadditionalprecisionseemsto benotveryimportantin tempo

tracking.This indifferencemaybedueto thefactthattrainingcriteria(maximumlikelihood)andtesting

criteria (tracking index), whilst related,arenot identical. However, onecan imaginescenarioswhere

accuratepredictionis crucial. An examplewould be a real-timeaccompanimentsituation,wherethe

applicationneedsto generateeventsfor thenext bar.

Test resultsalso indicate that a simple switching mechanismis not very useful. It seemsthat a

tempogramalreadygives a robust local estimateof likely beatand tempovaluesso the correctbeat

canunambiguouslybeidentified.Theindifferenceof switchingcouldaswell beanartifactof thedataset

which lacksextensive syncopations.Nevertheless,theswitchingnoisemodelcanfurtherbeelaborated

to replacethetempogramby a rhythmquantizer(Cemgilet al., 2000).

To test the relevanceof the proposedtempogramrepresentationon trackingperformancewe have

comparedit to a simpler, onsetbasedalternative. Theresultsindicatethat in theonset-onlycase,track-

ing performancesignificantlydecreases,suggestingthata tempogramis animportantcomponentof the



system.

It mustbenotedthatthechoiceof a combbasissetfor tempogramcalculationis ratherarbitrary. In

principle, onecould formulatea “richer” tempogrammodel,for exampleby including parametersthat

control the shapeof basisfunctions. The parametersof sucha model can similarly be optimizedby

likelihoodmaximizationontargettempotracks.Unfortunately, suchanoptimization(e.g.with ageneric

techniquesuchasgradientdescent)requiresthe computationof a tempogramat eachstepandis thus

computationallyquiteexpensive. Moreover, a modelwith many adjustableparametersmight eventually

overfit.

Wehavealsodemonstratedthatthemodelcanbeusedbothonline(filtering) andoffline (smoothing).

Online processingis necessaryfor real time applicationssuchasautomaticaccompanimentandoffline

processingis desirablefor transcriptionapplications.
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(a) The algorithm starts with
the initial state estimatei K H W54 6 k87 W54 6 M . In presenceof
no evidence this stateestimate
givesrise to a predictionin the
observable 9 space,

(b) The beat is observed at
9 W , The state is updated toi K H W54 W k87 W54 W M accordingto the
new evidence.Note that theun-
certainty“shrinks”,

(c) Onthebasisof currentstatea
new prediction i K H [:4 W k87 [�4 W M is
made,

(d) Stepsare repeateduntil all
evidenceis processedto obtain
filtered estimatesi K H�; 4 ;/k87<; 4 ;�M ,Î O � Ù§Ù`Ù�= . In this case= O Ý . (e) Filtered estimates are

updated by backtracking to
obtain smoothed estimatesi K H<> 4 ? k@7A> 4 ? M (Kalman
smoothing).

Figure1: Operationof the KalmanFilter andSmoother. The systemis given by Equations2 and3. In each
subfigure,theabove coordinatesystemrepresentsthehiddenstatespace#CBÄ Å BD ' $ andthebelow coordinatesystem
representtheobservablespaceÄ . In thehiddenspace,thex andy axesrepresentthephaseBÄ period

BD
of thetracker.

Theellipseandits centercorrespondto thecovarianceandthemeanof thehiddenstateestimate¹»º½¼ ��¿ Ä � î�î�î Ä ë Á�!E ºGF ��H ë Å5I �JH ë Á where F ��H ë and I ��H ë denotetheestimatedmeanandcovariancegivenobservations Ä � î�î�î Ä ë . In the
observablespace,theverticalaxisrepresentsthepredictive probabilitydistribution ¹»º½Ä ��¿ Ä ����� î�î�î Ä �§Á .



(a) Basedon the stateestimatei K H [�4 [ k@7 [�4 [ M the next state
is predicted as i K H<K 4 [ k@7AK 4 [ M .
When propagatedthrough the
measurementmodel, we obtainJ¢K 9 K Q 9 [ k�9 W M , which is a mixture
of Gaussianswhere the mixing
coefficientsaregivenby J¢Káà M ,

(b) The observation 9 K is way
off the meanof the prediction,
i.e. it is highly likely an out-
lier. Only the broad Gaus-
sian is active, which reflects
the fact that the observations
are expectedto be very noisy.
Consequently, the updatedstate
estimate i K H<K 4 KÀk87LK 4 K�M is not
much different then its predic-
tion i K H<K 4 KÀk87LK 4 K�M . However,
the uncertaintyin the next pre-
diction i K HNM 4 KÀk87AM 4 K�M will be
higher,

(c) After all observationsareob-
tained, the smoothedestimatesi K H�; 4 M/k87<; 4 M�M areobtained.The
estimatedstatetrajectoryshows
that the observation 9 K is cor-
rectly interpretedasanoutlier.

(d) In contrast to the switch-
ing Kalman filter, the ordi-
nary Kalman filter is sensitive
againstoutliers. In contrastto
(b), the updatedstate estimatei K H<K 4 K k@7AK 4 K§M is wayoff thepre-
diction.

(e)Consequentlyavery“jumpy”
state trajectory is estimated.
Thisis simplydueto thefactthat
the observation model doesnot
accountfor presenceof outliers.

Figure2: Comparisonof astandardKalmanfilter with aswitchingKalmanfilter.
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Figure 3: TempogramCalculation. The continuoussignal O6ºGP Á is obtainedfrom the onsetlist by convolution
with a Gaussianfunction. Below, threedifferentbasisfunctions Q areshown. All arelocalizedat thesameÄ and
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sparsenatureof thebasisfunctions,theinnerproductoperationcanbeimplementedvery efficiently.
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beusedto estimatea reasonableinitial state.
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