CMPE 300 ANALYSIS OF ALGORITHMS
MIDTERM ANSWERS
1. Define g(x) = 1/x + 3/x2 + 4/x3.
The function h(x) is bounded from above by the following integral:


[image: image1.wmf]1

1

()(1)()

n

n

i

giggxdx

=

-£

å

ò


g(1) is excluded from the left-hand side, because the first rectangle to remain under the integral curve has the interval [1,2] on the x-axis, and the corresponding y value is equal to g(2). When we evaluate the integral at the given bounds, we obtain:
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For the lower bound, we can write:
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which, when evaluated, gives us:
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Taking a limit of both bounds as n goes to infinity:
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Therefore h(x)~ln x.

2. a) By backward substitution:


x(n) = x(n1/2) + 1 = x(n1/4) + 2 = x(n1/8) + 3 = … = 
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That is, the iteration continues (say, i times) until x(2) is reached. (We assume a proper value of n such that 
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 will be equal to 2 after i iterations.)
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So, x(n) = x(2) + i = 1 + log2 log2 n ( ((log log n)
b) By master theorem:


a=7, b=3, f(n)=n2, c=1, d=2.


Since a<bd, x(n) ( ((n2).

3. First, we will calculate the complexity for a single call of the module (denote this with B(n)). We can count the number of times the two comparisons are executed separately.

B(n)=E[T]=E[T1]+E[T2], where

T1 : number of times first comparison is performed, and
T2 : number of times second comparison is performed.

Let X be a random variable denoting the number of times first comparison is true. Then

B(n)=E[T]=E[T1]+E[T2]=E[n]+E[n-X]=2n-E[X]

Now, we can partition the input space with respect to the values of variable A.
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When A=i, an element L[j] of the list will be less than A (i.e. the first condition will evaluate to true) only if L[j]({1,…,i-1}. This occurs with probability (i-1)/n. This means that for a particular j (an iteration of the loop), L[j]<i will be satisfied (i-1)/n times on the average. So, we can write the above expectation for each iteration of the loop and sum up:
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Now, we put this result into the previous equation. We know that P(A=i)=1/n:
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Thus, we can arrive at the solution of B(n):
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That is, in a single call, the module performs about 1.5n comparisons.

The overall complexity is given by the following equation:
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By backward substitution:
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