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pRE FA d _;E 

Being" well aware of the existence of-excellent textbooks of 

similar content, before adding another one to the market, we humbly· 

feel that' the nature of the. chall~e, which 'motivated us to pre­

pare this work, needs a justifying explanation. Summing up ,we may 

state briefly .the followill€;; facts; . 

a. Th~s .. ytark ·is. designed ~imarily for students who were 

- like the ones at METU - to utmost one year intensive 

) language ·training . in E~ish, 

b. Its content'is closely related ~o the syllabus tradi~io­

nally followed at !1-iETU and similar institutions i 

c. It is a 'practical answer to the ever.increasing demand, 

caused. by contemporary. c~ency fluctuations whlch 

·effec~ively c~b ttie availability of the te~tbooks edited . 

~broad. . J 

. we sincerely believe that the topics treated in the two . . 
volunes, each containing two distinct parts, are self contained 

' ~ . . 

and ·compact. 1 Each part and each chapter i.s pr()vided with numerous 

exercises, ip.cluding_th~ .answers corresponding,, to the even number­

ed ones. 

\"le express our gratit.ude to Prof. T~9 Geveci,_ who kindly· 

read the. _maniscript for h:is constructive. criticism, and to our 
\ 

. colleagues for their constant encouragements and to Miss Zehra Oner 

for her c~eful typing. 

1979 
Ankara 

I. 
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·CHAPTER I 

FUNCTION, LUIIT, CONTINUITY 

. :;L .1 · Ilft.JMBERS 

A. Integers 

' Following historic~! development, the earliest numbers 

.were the· counting numbers 1, 2, 3~ ··•• n, ••• • Introducing 

the number z~ro~"one obtains-the numbers o\ 1, 2, ~ •• d, ••• 
called the natural numbers.·The nat~al numbers~ except O,'that 

is,.the ·co~ting numbers are all positive and are referred to 

· .. as ;posi:tive integers·. Assigning "-"· sign to these numbers one 

·gets the 'ne,;;ative integers,:namely, -1, -2, -3• .. .; • A positive· 

integer, a negative integer or zero is ~alled an integer. 

B. Rational numbers 

Any number in the form of a ratio p/q of t.wo integers 

(q;!O) is called a rational number.or a fraction. Any integer 

p is a rationa],: number (p = p/1). Thus J/4, 17/5, -11/7, 6, 

-9 are rational numbers. 

The decimal expansion of any rational ~~~ber p/q 

obtained by ·ordinary division is either finite or else i~finite~ 

It is known from Arithmetic that an infinite expansion of a 

rational number contains a repeating block as given it- thP. 

fo llowinr; ex::~.rn:pl-:s: · 

o, 19171977 ••• 1977 

Q5,112323 ••• 23 ••• 

••• (=· o, 1971) 

(~ -5,1123) 

. A finite expansion.can b-:l considered·as an infinite ex-

nansion with "0'1 'as repeating b~ock: - .\ 

12,75 (= 12,75U') 
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2. 

( 

Examnle •. Find the (reneating) decimal expansion of the 

rational number' 

Dividing 

152/55. 

152 by 55 one gets 

l52 

!110 
!..22--
1 2,76363 ••• 63 ••• · = 2,7663 

'420 

!385 

350 

Conv.ersel,v, an.v decimal ·expansion with ;repeating block 

(cyclic expansion) renresents a rational number. 

Example. Express the repeatin~ decimal expansion 3,7105 

as a ratio of two integers. 

Solution. Set 

r = 3,7105, 

Multiply each side by 10000 to bring II II 

·' just after the 

repeating block, and also multiply each side by 100 to bring 
II It , just before the repeating block: 

10000 r = 37105,05 

100·r = 371,05 

Subtraction gives 

9900 r =·37105- 371- 36734 

36734 
r =. 9900 

ProPerties. If r ( ·; ·) · . 1 =P, qi t 

r·: ... .; nn"l.l >1nmber..,, thP.n thP.. !lUmber!' _ 
are two 
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J.) 
PJ.\ p2 pJ.q2 + p2qJ.) J 

r
1
+r2 (- +- = 

q]. q2 qJ.q2 · .. 

2) 
PJ.. P2 pJ.q2 - p2qJ. 

r -r (--- = ), ]. 2 q]. q2 qJ.q2 

3) 
PJ. p2 PJ.P2 

r 1.r2 (- • - = --), 
q]. q2 qJ.q2 

4) 
PJ. 'p2 pJ.q2 

r
1
:r2 (- : -=-) 

q]. q2 . qlp2 

are all rational .. 

Corollary. B~tween any two distinct.rational numbers 

there exists at least one rational nUmber, hence infinitely 

many. 

Proof. Let the given rational numbers be r 1 and r 2 : 

r 1+r
2 

rational ~ ~ (r1+r;) rational (why this arithmetic 

mean is between r 1 1¥1d · .. r 2 ? ) 

This process ~an be continued indefinite~¥. 

c. Irrational numbers ·. \ 

A-number which is not rational is called an irrational 

number. Since any cyclic decimal expansion.is a rational number, 

then non cyclic ones represent irrational numbers: 

0,8J.88188~188881 oee 

4,303003000300003 ••• 

:J •. 

(Number of 8's 

increases by J. 

.in each step) 

·rhe existence of irrational numbers may also be shown 

by the following theorem.·: . 
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: Theorem. If n is not the square :'of a -positive -1ntegel'} 

then .[ii is irrational. 

Proof. Su:rn,:~ose .fn ? :p/q where the integers · :p, q have 

no common factoi_' (divisor) other than 1. Any fraction can be 
. t 

reduced into this form by simpli~ication. 

..rn = p/q 
2 2 

q n = ~P 

Since n jq2n (n divides q~n) .. them· nlpp inrpiying -11!-P• 

Therefore fo'r some integer · k we have "9 = kn • 

2 
q n 

. 2 -- 2-
k n-= q -~ 

' . The_ results -nip, n:\q show that p, q have. a common 

factor · ~()1), _ contradicting the assllniption th~t - p, q had no 

common factor~ ',I 

-Some irrational numbers of this form· are 

;/2, ..n_·. -~ • .J6 (WhY . ..[4 is 'not irrational?) 

Properties. Let r --be a ra.t_ional and ~ be an irrational 

· .-number. -- · 

1) r_+ ol -2) r .:.._ oc. 3) roe 4) r /0(. 

are all irrationalo · 

Proof. 1) Su-ppos_e that • r+ I>' is_ equal to a rationa:_l 

number s: Then, r' + _el.. = s ~ oc. = s - r =9 0( is a rati'onal 

number, since s-r . is rational. This contradicts the --h:v-pothesis·. 

Hence r+ oe. is is irrational. 

The_ proofs of ·othe~cases can be done _similar1~. 

Remark. The slim, difference, prod'Q.ct and the-ratio of 
/ 

--two ir:rs.tional numbers may not -be an irrational number:-
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( 3+\'2)-( 5•ffl = -2 

v1a; 2 = 3 

Corollarv. Between any two distinct rational numbers, 

there exists at least on_e i~ational number, and hence infinite­

lv ,...,anv. 

~··Let the given rational numbers _be r 1 and r
2 

· 

(r1( r 2 ) • .f2 being irrational, for a. sufficiently large po.si­

tive integer. m, the' irrational number ../2/m is less than the 

difference :r2-r1• Then r~ + (~/m) is 1rrational and lies 

between r
1 

and · r 
2

• 

For. all integers n) m the irrational ~umbers r
1

+(.fi./n) 

/ lie between r
1 

·and r
2 

•. 

D. Real numbers 

A rational or an irrational number ·is called a real num-

ber. 

The four 'arithmetic operations ( ra.tional operations) ~or 

any two.real numbers will.always yield real numbers (excluding 

thP. case a/b where b=O) 
I . . 

The above definition provides a classification of real , 

numbers as rational and irrational •. Real numbers can also be ·. 

c:Lassified as· algebraic and.non algebraic (transcententai) num­

bers: The _roots of a polynomial equation 

a
0
.xn + · •• •.. + a · lx + a = 0 · n- n 

with rationa:L coefficients are called algebraic numbers, and 

non algebraic real ntimbers are called transcendental numbers. 

According to this-definition all rational numbers are 

algebraic (x- .E = O) •. Some -i~rational numbers which are 

algebraic .are A, 5 - ./3; . for X = .J2 ~ x2 . .:.. 2 = 0, and 
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x=5-.f3 
. . 2 

~ (x.- 5) = 3 
2'' 

X - lOX + 22 .= o. Some 

irrational.riumbers ·which are transcendental are the w~ll knoWn 

nuinber 7T and the base e ·of natural loga.ri thm .. 

Real number axis 

.A'line (straignt line). on which real numbers are repre­

sented in some manner is called -l:!-. real number axis or short_ly 

a number axis. In general a representation is·done ~choosing 

on the axis a fixed point 0 as origin corresponding to zero, 

a positive sense, and a unit length to locate first, integers 

in succession. 

0 
-2 -1 0 1 2 3 

Fig. 1 Number axis 

B.y the use of Thales Theorem, a rationai number p/q 

can be constructed on the nUmber axis. To. filid the poin~ ori. the 

- number axis corresponding_ to the number p/q, a ray OT (non.~ 
. I 

parallel to Ox) is drawn on which line segments [OP], [OQ)' 

of lengths p, q units are taken (Fig.2). Then Q is joined 

to the point represented by 1. The line passing throug11 .P and 

parallel to [Ql] intersects the number axis at the reqUired 

point • 

. \'ihen p(q(O, the point Q is joined to the point rep­

resenting -1 instead. of 1. 
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7 

() 

0 

a) p/q)l 

Fig. 2.' 

Construction of a rational number 
,I, 

. By the use of Pythagorean Theorem, an irrational number 

in the form rn where n is .,, not the _squar~ of a positive 

integer, can be constructe~ on the number axis. . . 

Construction of successive right triangles as shewn in 

Fig .. 3a may be used to. find a line 'segment of length rn. 
\ 

(a) 

By successive 

right triangles 

(b) 

By a right triangle 

when n=a
2

+b2 

Fig. 3 
construction of ..rn 

(o) 

By . a right triangle 

h 2 b~ wen n=a-
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' Corollary. Between two distinct irrational numbers there 

exists at least one irrational ~umber~ and hence infinitely manye 

Proof. Let the given irrational numbers be c<: , j3 ( oc <..p) e. 
1--. 

Then.· 2 (oe+p) is
1 

either a rational mu:tber r or an irrational 

number ~ • For the second c~se 
1 For the first case 2 (~+r), 

bers between . ce· and {3 • 

the corollary is establishedo 

~ (r+p) are two·i~rational num-

Th,e existence of rational numbers between two distinct 
! 

irrational ·numbers can be assumed. 

Axiom. To any f.eal number corresyonds one and only one 
I --- .. 

-point On the number a1CiS, and convarsely .to a any point on the 

~~mher axis corresponds one and on~~ one real number. 

This axiom.establishes a one-to~one correspondance be­

-':vrr>rm the points on the number axis and the real nu.':'lbers. 

The number. x · associated with a point. P on the number 

axiR is .called the coordinate of P,. and the point associated 

with a real number x is called. the ~ of x. '!'he corres-. 

pondance between P and x· is re-pre::Jented by writing P(:iC) 

or i? = {x). From now on we make no distinction between "number" 

and 11 '00int'' on an a'ltis so that we ma.v say, for instance, "-point 

3" :Lnstead .of ''number 3''• 

Square root 

A real·numbP.r "a" distinct from zero i:3 either ,g;reater 
\ ' 

or else smaller than zero. 'In the former Ca..<Je one writes ''a)O" 

and "a'' is said to be positive' in the other. case one writes 
. . . 

"a(O" and '"a'' is said to be negative. If. a}O, that is, if 

''a" is·)ositive or zero, ria" is said to_b9 non:.ne7ative. 

A -positive real number ''a" has two square roots (as 
roots of the polvnomial e(!Uation x2 = a), one positive th~ 
other ne~ative. For a::4, for. instance, the square roots are 

clearlv 2 and -2. 
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The positive square root of a()O) is denoted by ra 
and the hegative one by ~.·Thus; 

\ 

../4 = 2, -$ = -2, 

The number. 0 which is neither positive nor negative has 

only one square root' namely o, ·.as a double root of x2 = o • 
..... __ 

Absolute value · 

The absolute value of a· real nUII!ber ·"a" is a non ne"'­

atiye ·real number; ~en~ted by I al and defi~ed by 

or equivalently, by 
, . • ' I _.· 

: Jal 

, I 

{ 

a· 

= ~ 

if a)O 

if a=O 

if.·· a(O 

(~0). 

The equivalency of two definitions can be 

- .' 

seen'by 
/ '. . . ' 

considering three·· cases·. a):O, a=O, a(O separat:el.y • 
. }'," 

l5l=R" = 5, _\-3\= J(-3)
2 ~/9 = J 

l : 

\-21= -(-2) = 2,' {'2\= 2 

As an ·immediate corollary we have 
I 
' 

Coro-llary \ · 

1 .. lal2 = a2 
Some other properties are stated in the next .the.C?rem. 

Theorem~ If a, b are r!'!al numbers, then. ·v 
I 
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1. 1 abr= !a lib I. 2.· 1~1=.~:~ 
3. Ia + bl ~ lal+ 1-bl 

" Proof. 

I 

2. Proved similarly. 

3. la+bl
2 

= (a+b)
2 

I. 

2 ' 2 = a + 2ab +b. 

=·laj 2.+ 2ab+lbl
2

· 

~ 1~! ~ + 21a1 .lbl + lbl 2 

= <I al + I b l ) 2 . 

la+bl
2

' Cl al +. lb(. )
2 

,·--. 

,-

where I a+bj , I al + I b I being non neg~ti ve, . taking posi tiye 

square rqots of each side, 

followso 

Changing b ·to -b in the last ineq·.1ality the latter 

. is seen to include the inequality: 

' \ 

· }a·- bl ~lal + lbl 

Distance 

. The distance between two points A . and B with co or-·, 

· dinates a7 b on the number axis, denoted· by 

d(A~ B),.;. d(a, b) = ~~B[, 
' I 

\ 
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is. defined as the non negative real number l~a(. 

Exam;ele. 

1. d(3, 5) = 15 - 31 ~ 2 d(5, 3) = l3 -51= 2 

2. d(3, -5) = 3 + 5 = a. d(-2, 7) =17 + 21= 9 

E. C:om;elex numbers 

The roots of the quadratic equation 

a:i:.2 + bx + c = 0 (a f. 0) 

are given by 

4ac 

They are real if and only if (iff) the discriminant 
. . . . 

~ = b2 
- 4ac. is non negative •. Then for a real k if A~ -k~O, 

the roots become non real (imaginary) anQ. have. the :form 

+· __ --b- ki 
. xl, ~2 - 2a = u + iv 

where u and v are real numbers and i · ~ ,;-::i, unit imagi­

nary number, with . i 2 = -1. 

_ Hence in ·the general case for any .A· the roots of a 

quadratic equation are number.s of the form 

u + iv 

which is called a com;ele:it nuinb"er:.- · 

A complex number 

z = a + ib 
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. i·s real or imaginary _according as b = 10 or b # o.;· The/ real · 

numbers a · and b are called, respectively, the real part. and 

imaginary part of z, written 

·r 
,·a= Re z~ b = Im z~ 

Eauality. Two com~lex numbers are equal iff their real ., 
parts are equal and imaginary parts are equal: 

a+ ib = c + 1d a = c, b = d\ 

._Hence a + ib - 0 . a= o, b =·o 

Conjugation. If z = a + ib, then the number a - ib 

is called"the complex conjugate or simply conjugate of z, 

written z·= ·a ib. 

From a·+ ib =a- ill ~ b = 0,_ it follows that a 

complex ntimber is real iff it.is equal to.its conjugate: 

z = z # real z. 
I . 

Addition and sub:traction: If z1 = ~ + ib1 , z2 = a2 + i~2 , 

then their sum and difference are defined aS follows: 

1.- . zl + z2 = ~ + a2 + i(bl :+- b2)~ 

2o zl z2 = ~ -a2 + i(bl - b2)~ 

· . One concludes that 

In words:. The conjugate of a sum (difference) is the sum (dif­

·:rerence) of/ conjugates. 

A pomple~ number _is, multiplied by ·a real scalar. k by . 

multiplying its real and imaginary parts by k: 

I. 
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k(a + ib) = ka + ikb 

Example. Simplify 

a) u = ( 2 - 3:i..) - 2 ( 4 + . 2i) · 

b) v = 2(3 - 2i) + 3i 
• , I ' 

Solution. 

a) u = 2 - 3i - 8 - 4i =7 ·2 ·~· 8 - {3i + 4i) = -6 - 7i 

b) v = 6 ~ 4i + 3i = 6:- i = 6 + i 

. b:ultiplication and division: The prqduct. of two complex· 

numbers .is obtained as· follows: 

3. (a+ ib){c ~ 1 id) = ac +'iad + ibc ~ i 2bd 

= ac + i(ad + be) - bd (Note that 
... 2 1) .1 =-

=. (ac - bd) + i(ad + be} . . 

. ·- 2 2 
Corollary. z = a + ib 9 zz = a + b · 

Example. Perform multiplications: 

' a) u = (2 - 3i )( 5 + i) · 
I ··. /_, ··-

b) v = (2 - 3i)(2 + 3i)' 

Solution.; 

a) u = 10 + 2i- 15i- 3i2 = 10 1- 13i + 3 -.13- 13i 

b) v = ( 2 - 3i )( 2 + 3i) = 2
2 

+ 32 ~= 4 + 9 13 

4o In view of above Corollary, diVision u/v ·. i~ carried 

· out by multiplying the numerator and denominator by 

the ·conjugate v of the denominator: 

·u uv 1 -· \ - = ---= = ---= uv .v:vv vv .. 

\. 
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Geometric Rcpresen~~· 

'It/ taking two perpendicul.ar axes with 

a cocmon oriein . O, and considering the 

horizontal axis as the real a.xie containing .. 
pure imagin~J numbers (See fig.) anY 

.I 

complex numbers z = x + iy · will be repre..;. .. y _ ·. 2= 1--flij 
!lcnted by a 'point p ·as th~ vertex ~f the '1 -------.--~·-:p .. . . .. 
recta.nSle OXPr where X is on the real l · ~ .r /+.fJ ·· - j.,., . . .... 
axis with abscissa x, and Y is on the :. · . · i 
imaGinary axis ' iy • The plane ·in which 0 

complex numbers represented this way is 

. calle~ complex, plane (z-p~e or ARGAND plane) '! · .. 
On the accompanying figure, the numbers · 

. . 
. . - 3t2~ 1, i, 3 + 21 11 -, 2 + i, ,1 , 21, 2-2i are . - -----,, 

--~- . 
. ~~-· 
·I 

I 
I 
I plOtted. ·. ·· ! 

~~.~~~~--------+-~~~ 
The conjUgate numbers· z = x + · iy and 

z z: x - iy will s~etrical.J.3r placed with 

respect to real axis. 

; . .: . : 
:....- -- ... . : ~--

-l-1i --·i .. ~C: -~ b 
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Example. 2 + 3i 
. 1- i 

. 2 + 3i l. + i -1 + '5i 1 5 • 
= 1 - i m = · 2 . =- --:- 2 ·+ ?. 1. 

One m~v show that 

-. -..-
zl.z2 = z1z2 , 

___,.· .... 
. z/z2 ..; __ zy'z2 

In. words: The conjugate of a .product (re.tio) is the produ_ct 

(ratio) of conjugates •. 

Theorem. (The_ Fundamental Theorem of Algebra) 

A polvnomial equation with real coefficient of degree n has 
0 

at least one ·root, real or imaginary~ .and_hence n .roots, real 

or ima~nary; simple or repeated~ 

Proof. Omitted. 

Corollary. If a po~omial equation with real coeffi­

cients has an imaginary root it admits its conjugate as anoth­

er root. 

Proof. The proof is an applications of, conjugation: Let.· 

i;;he ·equation· l'(x)_ = a
0 

• a
1

x + ....... anxn = · 0 "which can· bP. 

reprP.sented.as 
n 

P(x) L ~ xk = 0 
k = 0 

. admit the imaginary number z as rooto Then 

Corollarv. A polynomi8.1 equation ;wii;h ··real coefficients,\.·. 

·of odd degr'ee 'has at least one real. root. 

Polar form of complex· nu.!nbers and related pro-perties 

) 
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will be t.l'P.P.ten i!"' ChaT)ter .. 

VIe conclude this section by two classification of numbers-=. 

I.. nomplex nu.'l!bers · (a + ib) 

I 
Real numbers (a+ib) (b=O) Ima,ginary numbers (a+i* b;iO) · 

I I 
Rational Irrational Pure imaginary numbers 

ib .(bFO) f 

, I 
I Integers 

I 
Fractions 

/ 
IIo Complex numbers 

Algebraic nuinbers Transcendental numbers 

E X E R C I S E s· ( lo 1) 

la Construct the following numbers on the number axis: 

·~) 1/5 

c) . ../8 

b) -7/3 (use Thales Theorem) 

·a) Jl2. (use Pythagoreas The­

orelll) 

2., Gtve examples of two irrational numbers such that 

· their· 
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a) sum b) difference c) product~ d) ratio 

is a rational number 

3. Let e1 , e2 be tvro even ~d o!, o2 be two odd n~-' 

bers. ~he~ prove the followine: 
-

are even numbers· 

b) e1 + o1 , o1o2 are· odd numbers 

4;, If the product of ·two· c_onsective 

a) even nurr~ers is 624, b) o~d :numbers is 1155 

find ~them. [ a) :!:. 24, :. .2fi , · b) :. "B, :!:. 35 ] 

5. If the.sum of three consective 

a) integers is 294. b) even integer is 288. 

c) odd integers is 327 . 
find them.· [H/nl: "!ide .fhemi.a'dle. 12umk'r~s a variable] 

\ 

6. Prove that the square 

a) of an even number is an· even number 

b) of an odd number is an· odd number · 

1. Prove the irrationality of the· numbers 

a) .ff b) 3 ~'../2 

B. Find the value of \2x + 15\ for 

a) x = -9 b) x = -7,8 (a) · 3 , ,·b) 0,6] 

9. ~howthe following properties of absolute value: 

a) 
' 2 2 
lal = a b) ~~~14 a ~Ia! 

: 

c) \a - bJ = lb - aj d) (a!= 0 ~ a= 0 

e) Jabl=lal lbl f) Ia / bl=lal I fbI 

g) .Ia·.;. .bl£1al+lb} h) hal-lbl((la - bl 
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? • 
10. Find the distance between the given points. First 

express thein as absolute value, and then compute. 

a) 2,72 and 5,16 b) 3,86 and -7,28 

c) -3,86 and 7,28 · d) -1,2J' and -12,35 

11. ( 3 + :i)3 = ? 
' 

12. 
2 + i• 

? 
3 - 2i· = Ans. (4 ... 7i)/13 

\ 
l3e.Write a polynomial of least degree with real coP-ffi­

cients having the roots 3,, 1 - 2£. [ ~3 5x
2 

+ llx - 15] 

14. Solve for real X and y •' . 
2 i 2x - 3iy AM. "i/6, o· = ·x = y = 3 + iy 2 + i 

if 
2 - A~. 60 32i 15. z = 5 + 41 find z '" 2:z. +- -~- + ~-

--------

1.2 ~. 
) 

A. Definitions. 

Any coll~ct,ion of objects (concrete or abstract;) is 

called a set, and the objects in the set ar€ its ele:nents or 

members·. 

The sets are usually represented by capital letters 

A, B, • •• • Two sets formed by the same elements are said/ to . 

be eqlia.l. 

The set A consisting of elements, say, 2, a, Ankarq, 

...., 7, is denoted either by listin5 the elements within two 

braces, or by a diagram (Venn diae,-ram) in which the elements 
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are rr~ked arbitrar~ly,in thP. p~~e and enclosed by a closed 

CU."'''Ve: 

A = \2, a, iuv.ara, -7) 

A = { Ankara, 2, -7, a } 

The symbol € is used to mean 11is an element ofn or 

"belongs to", and ¢ is used othervdse. Tnen 

2 f. A, Ankara {; A, 7 f/. A, Anka ¢A 

A set having finitely many • elements is said to be a 

fir.i te set, a.~d one having infinity of distiL.ct elements·. an 

infinite set. Thus { 2,, a, Ankara,. -7} is finite, while the 

... , n, •• ~ J of natural numbers is infinite • set { 1, 2, 3, 

If S is a finirte set, the number of its distinct ele­

oents is denoted by n(S). 
, : i 

Example 1. 

1. For the set D = (o, 1, 2, 3, 4, 5~ 6, 7, 8, 9} 

of digits (numerals), n(D) = 10 

2. For E ={venus, Earth, Izmir, 3, Earth, 3, -5}, 
n(E) = 5 

Another way of representing sets is by the use of a pror­

prtv common to all elements. If·such a property is expressed 

by a true statement p(x), ·then the symbol 

{ x: p(x)j or { x\ p(x) } 

renresents the set of all obiects having the nroperty p(.x). 
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The meanings of the symbols {x:_ p(x) and q(x)} and 

{ x: p(x) or a(x)} ·are clear. 

Example 2. (for finite sets): 

l. D={n:nis a digit} = { 0~ 1, 2,' ••.• f 9~ 
2o {n: n-€ D, n is prime}= {2, 3; 5, 7J 

. 3~ {n: n€ D, l~n <7} =tl• 2, 3,· 4, 5, 6} 
Example 3. The following infinite sets of nUmbers are 

used frequently in mathematics:. 

1. N = f n: n i-s a natl.iral nUmber} 

= { o, l, 2, .... , n, oeo J 
. 2. 7= { ~= n is an 'intege:r J 

.\ 

t ' ... } = ••• , -2, -1, o, 1, 2, 

3. Q = { r: r is a rational numb.er} = {! . p, q c: z, . 
q # o) 

4. ~·= { r': r' is an irrational number} 

5. R = { :.iu X is a real number} = { :x: xE Q .or. XfQ'} 
I 

6. e = { z: z is a complex nUmber)= { a+ib: a, bf R, 
.2 

= -1} J.· 

A set worth of mentioning is the one having no element 

at all. It is called the empty set (null set) arid denoted by 

¢, so that n{$0) = o. 

Example 4. Each one of the following is th~ null ~et ¢: 

1-. { x: 
2 

+ l = o, xE R}, 2o { ~: jx\(o, xeR} X· 

3o { x: X is a box, · x is open and x. is closed} 

In any particular discussion, .~ set .that contains all 

the objects that enter into that discussion is called. the uni-
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Yersal set. Clearlv numerous tiniversal sets exist correspond­

in~ to numerous particular discussions. A universal ~et is 

denoted by u •. 
If real numbers are taken into consideration, R is.the 

universal set. 

, B. Subsets 

.A set A is said to be a subset of a set B, if every 

element- of A . is also an ·element of . · B, and one wri tee 

A~B (Read: A is a subset 

where B .is said to be a superset of A 

It follows that any set is a subsP.t of i tsP. ~f, and we 

agree that the empty set is a subset of any set. Thus 

If A£B, but A rf B one uses the notation 

ACB (Read: A is a proper subset of B) 

·, where B contains at least one element not contained in A. 

With this notation the above relations can be Written in tl;le 

form 

¢t:= ¢c{l} 1: ~l}c.{l, 2, 3}cNc.Zc~cRc.C 

'\ 

Example· 5.,\Vrite all subsets of \1, 2, 3}. 

Answer: !0~ {1}, {.2}, {3}, · {1! 2}, 

{2, 3}, (1, 2, 3!. 
If e.ach of two sets is a subset of the other, then 

clearly they are equal, and vice versa·: 
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This implication can be used to prove equality. of sets. 

Some subse.ts ·of R are in so frequent lise that theY. 

bear special symbols, namely: 

/ 

R+ = {x·:. x) O, X~ R}, R-_ =· { ~: x(o, X(;.Rl 

. R= = i x: Xt E, X ;i 0} 

In the same way we ·may talk about the subsets of Q, 7i 

and ff (Why n- = ¢ ?) However some au~hor~ use IN- for 7-• 
In our notation', N- is.the set of all negative elements of 

Ji, which is the empty. set). 

c. Operations with sets 

Given two sets A and B, by means of three operations 

''(\", "U" -and ""'' we define the three sets, namely 

ls AnB = (x: X€ A .. and X€BJ ''A intersection B" 

2. Aul3 = {x: X€ A or ·X~ B} 11A union B" 

3 .. A,B·={~: X€ A, . X t. ~} "A minus B" 

. Venn diagrams_ af.these sets· are indicated by shaded sets 

given below:. 

\ 

Af\B AUB 
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The intersection .Af1B (which is. also denoted, by AB 

or A.B)· is the set of all elements com.'llon to 

union AVB (\·;hich is also denoted by_ A + B) 

all elements·belonging to A or B, or both A 

the difference ·A'\B (which is also denoted by 

A and 

is thE;! 

and 

A - B) 

B, 

set 

B, 

is 

. set of all eleme11ts of A that are not .contained in B. 

the 

-of 

and 

:the 

When A~B = ~. then the sets A, B are said to be dis-

joint. · 

Example 6. 

1. {1, 2, 3} "~2 •. 3, 4, _sl =· ·{2, 3} 

2 •. {1, 2, 3}11 \4, 5} ·= ¢ ( tl, 2, 3}' t4, 5] 
are disjoint sets) 

3. .. (1, 2,- 3} () t1,' 2. 3} = {1, 2, 3} 

4. [1, 2,,. 3} u {2, 
l 

3, 4, 5}=,\_1, 2,. 3, 4, 5) 

5. t1, 2, 3 J u {1, 2~ 3} = tl . ' 2, 3) 

6. {1, 2, 3}' t1; 2, ~1 = ,0 

l 7. tl~ 2, 3} '\4, 5} = ll, 2. 3} 
a·. {1, '2, 3} 't 3, 4, 5) = tl, 2} 

· ... f!xample. 1 .. m ..... ~ = Q' · 2. IR'-~' = Q 

Corollaries. 

l. A f\ B = B (\A _, 1'.. AuB = ·BUA 

2. (A f'\B) f\C = An (Bf\C) 2'. (AUB)UC ·= AU(BUC) 

Co'T.'ol1aries. 

1'. AuA =A 

2. Ail~= Jd· 2'. Au¢= A 
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Examining the ac~om-panying Venn diagram one immediately 

. gets the relationships 

·_ n(A uB) = n(A) + n(B- A) 

n(B-A) = n(B) - n(A n B) 

which when added member to member give 

n(AuB) = n( A) + n(B) - n(A nB} 

D. Complement. 

When AsS, · the difference 

complement of A. ·with respect to 

denoted by 

. A 

S - A · is called the 

(w.r.to) the set S, ;and 

~ A (Read: The ~omplement of A Wor. to S). 

If s .is taken as a universal set U the notation for . 
the complement of A is simply A'. The immediate corollaries 

are clear: 

(A')'= A, U' = ¢, ·• ¢' = U 

: Example: 7 •. For S = {2, 4, 5, 6, 9} and· A= {2, 6, 9}~s 

, find the complement ·of A w.r. to· s. 

Example 8. CR~ = ~· 
\ 

Example 9.·veri~y the follovdng relations by the use of 

Venn diagrams 
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a) (Af\B)' =A'UB', b) (A\.)B)' = A'f'\B' 

Solution;. a) Ta.J;{ing a (rectangular) reg,ion as the uni­

versal set U and re~resenting A and B by (circular) 

regions in ·u one ootains a Venn diagram of U, A, B on which 

the left hand side . tAf\B)' is the. shaded region, since the 

unshaded region rP.presents AI)B • 

~ v 

~ I' 

In.the second diagram for u, A, B, the set A'· is 

shaded by horizontal line segments, and B' by verticai ones, 

and their union is seen to be the shaded set in the first 

diagram. 

b) It can be shown in the same manner~ It can also be 

derived from (a) setting A = S', B = T', The proof runs as· 

follows: 

(A uB)' = (S'uT')' 

·- «snT)')' (from (a)) 

= srw 

= A'(\ B'. G 

The two properties (a) and (b) given in Example 3 

above are known as De raor~an laws. 
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E. Intervals 

Some subset,s of R, denoted by , [a, b 1, (a, b), '[a, b), 

{a, b]. and called intervals, are.of.particular importance. 

Their definitions as well as their graphs on, the n~ber axis 

are given below: 
') 

l .. {x: ~x~)= (a, b) a b X 

2. {x: a(x(b 1 = (a, b) 
~ 

a. · b· x 

3. {x: ~x(b} =ta,jb}' ~ a b x 

4o .{x: a(x~bl .= (a, b) a b X 

5~ {x: x~c J ='(-ao, c} c X 

'6. {?C: x<c J = (-:00, c) c .X 
,I 

7. (x: d{:x J· = [d, oo) d X 

a. {x: 'd<x J ) =/Cd, oo) d. X 

9 •. {x: all x} = (..; oo, «:l!!} = IR 
~, 

The· interval· [a, b), representing a line segment as 

its graph on the x-axis and including.the end points a, b is 

called a closed int~rval which reduces to a single point in 

case the end points coincide 

'The interval r (a, b) is clistinguisheq from' [a, b] by 

not, containing the end points' a, b and acc,ordingly is called 

an open interval!and reduces therefore ,to the empty s~t f6 

when a = b: ·(a~ a) = ¢. 
The intervals [a, b). and {a, b] . being closed at one 

end open at the other are referred to as semi open or ~ 

/'. 

closed· intervalS~ 
1 

. • 

The remaing intervals in the list are expressed by the use 

·of. symbols - oo and oo callP.d ,respectively minus infinity 

· and plus i infi~i ty. It is ~mportant to note' that they are not 

numbers, but are convenient symbols for denotint: voin~s at.in-
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finity of a numbers axis. 

In a closed interval {x: a~x~b,. x_E R} = [a, b] the 

end points a, b are extreme values of the variable x. This is 

the reason for calling the in~erval closed. 

In an. open interval t x: a<x(b, X.f R} = (a, b), :t:or 

the vari~ble x· there is no extreme value. 

Example lO • .Show that in the interval ( -::2, 5) there 

is no largest n~ber. 

Suppose there .. is a. la.I'gest number/ M in [.;..2, 5) .. Then, 

since ·r< 1 (M 5) <' 5, . the midpoint 1 
(M 5) lies in the y: 2 . ! + 2 + 

interval which is lar~er than M, CO}'ltradictin;Q; that M was 

the larg~st number. 

'since the intervals are number sets, operations with in-
. . 

terval, c~ be performed. 
. ! 

.Examnle 11. For the intervals 

B = ( 0, 4) sketch the graphs o~ the 

(b) AuB, .(c)A-B 

\ 

A= (-3, 7/3), 

sets (a). AiJBt 

(d) B -·A 

=Solution.• First, one sketches the graphs of A and B 
. ,_ ' . ,· 

on the same number. axis. If the graphs overlap (which is the 

case for A arid B), -one sketches (in practice) one of the·in.;..~ · 
. . / . 

tervals on the axis, and the other not on the axis, but just 

above the axis (these ~aphs_ should of; course be thought as 
.I 

drawn on the same axis). 

0 4· 
\ o---------------0 

-3 /f/3 

Then the graphs of A 1"1 B, A U B, A - B and B - A 

r 
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'' follow ·J.mmediately: 

A. nB ... '0 0" 

0 1/3 . 
A UB . . 

-3 
A -B . '0 . 

-3 
0 
0 

0. 0 B~A . . 
1/J 4 

I 

Cl.osed·or open bounded intervals -[a, b], _(a, b) can 

also .be defined by a single inequality ihVol.'!Ting .abso:tute val.ue 

such as 

t x: l x - u.l ~ v } or { x: I~ - u I < v J ' \ 
{v) 0) · 

Of,which the first One, COnsisting Of al.l numbers X whose 

distance from the point u is less than or equal. to v, 

.-~------~------~-~ 
·u- v u U+V 

represents the closed interval with midpoint u and end points 

u - v, u + v, while the second represents an open interval 

with the same el.ements. 

·Example. 

1.,. Find the interval. defined by. l x + 5 I ~3 . 

·2. Express (-7, J) as an inequal.ity involving an 

, ·absolute val.ue. 

Solution. 
C--

1.. lx + 51 ~ 3 ::? - 3~ : + 5 '- 3 ~ -8-{x ~ -2' "* [ -8, -2]. 
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~ .. 

2. u = 2 (-7 + 3) = ..:2, v = 3 - c-1> · · l I . . 2 =- 5 ~ X + 2 (5. 

E X E R C I S E S ( 1. 2) 

26. Write the following each interval as inequality with 

·absolute value. 

a) (3, ~2)' 

·c) [ -3 ~ ..J2, ... 3 + J2] 

b). [~15,. 3] 

d) (a, b) 

·· 17• Wr.ite the following as a single interval: 
-

a) [-2, 3]uC2, 5] 

c) (-7, 5]u(-8, 3)_ 

e) __ lx-3l(5 
•. ./ 

b) [-2, 3] nc2, s1 
d) f-7, 5] n(-8, 3) 

f) \x + 6\~2. 

18. Find the set of solution-of the following equations -

for x€ IR 

a)\xl- x =q 

c) 2Jx- l\- jx( + 2 •0 

b) lx + 4j·- 5 . = 0 . 

d) ·1x~ - 3x- io(­
Jx + 15 = 0 

19. Write .th~. follovdng intervals as inequalitie~ in 

absolute value: 
. __ ; 

. I ·31 , a) ( -7; 4). ks. 'X+ z ~ 2 

20. Write the interval defined by 

Answers: 
16. 4) Jx-f-l<f,. b) jx+614, 1 .c) }1lt3J~c!i 

. . . - . . - . 1- . 
/ (/. a) [-2, s], ~) (2, 3) 1 c) (-8, ·5]} .J J [-'1,3) J 4!-) (-:-2., B)., fJ [-8~ -x] 

.18. _d)[o,oo)f I,) {~1 _f]/ c),P; d) is] 
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-! •. 
1.3 'INDUCTION 

Some theorems p(n) in mathematics which involve the 

in'teger n . as a variable are usuall,y prove·d by a method called 
. { 

induction. These theorems are very often expressed by the use 

of some notations which we define below. 

Let_ a , •••. , a. , • • • , a · m ~ · n be any numbers with a. as ,. . . ~ 

the general term where the integer " i 11 

1 
is called the index 

·variable or simpl,y the index. ( m ~ i -' n) 

The sum a + .... + a. + ; •• + a where i runs from m · ~ n 
m up to n is denoted by the use of capital Greec le.tter L 
(sigma) .. as 

n 
2. a. = a + "'··. + a (summation of. :a. from 

~ m. n ' 1. 
i = m to n), ·z: being m 

,, 

called the summation notation and t.he product a1 ••• ai ••• an is 

represented by the use _capital letter 7T {pi) as 

- a ••• a m n (product of a. 
~ 

f:t•om m to n),T( 

being called the nroduct notation- -

Exa.inple·. 
i = 6 

1. , I: 
i = 3 

(2i2 + 5) = (2.32 + 5)'+ (2.42 • 5) + (2.52 +:~) 
+ (2.6

2 + 5) 

. 2. 
4 

·7T ·(2i
2 

+ 5) 
i =.2 

• I 

n 
3o 7T- i = l ••• n 

i = 1 

= 2(3
2 .+ 4

2 
+5

2
+ 6

2
) + 4.5 = 

= 2.86 + 20 =.182 
2 . 2 2 

= (2.2 + 5)(2.3 + 5)(2.4 + 5) 
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The last example gives the product of all positive· in­

-t;egers from 1. up to n. Th~s\ particular product is abreviated 

b·• the use of notation " 1 " called the factorial notation: 

1 ••• rn = m! · (read: TTl factorial, or factorialm) 

Defining in addition o! as 1 we have 

o! = 1, ll = 1, 2l = 1.2, 3!= 1 .. 2.3 

4! = i.2 .. 3.4, 5! =.1 .. 2 .. 4.5'= 4!5 

(n + 1)! - l .... n(n + 1) = n! (n • 1) 

Another symbol is ''I". which is put. between two· integers 

or between two polvnomials to mean th~t the left quantity di­

vide~ the right one: 

5 125, . 9 172, 
. 2 
4 

Som~·statements to be proved by induction are the following: 

p(n): 1; j_2 = n(n • l)f2n .+ 1) for all neiN 
i=l 6 

for all 

·l n n r(n): x - y x - y , 

. \ wnere the sets IN1 , 1N
4 

or in .general INm means 

IN = { m, m -l- 1, m + 2~ _• .... J m 

'. 
which consists of all su.ccessive inte2'ers. smallest of which 

is_ the· inte~er m €li 
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T~e proof of a theorem 
' . 

{f 

"p(n) '· for all n E i = ~ m, m + 1, m + 2, m l · ' J• ... , 

by induction is done in four steps: 

1. Ver~fying the truth of p(m), or verifying p(n) 

for the first integer m in 

2. Assuming the truth of 

3. Proving _p(k + 1) using (2}, 

4. Arguring as follows: 

p(m) is true b,y (1). Since 

for a number k E 'lJ . m 

p(m) is true, then 
. I 

m€ ~-

p(m + 1) must be true by (3). since p(m + .1) is 

true, then ·p(m + 2) must be true again by (3). 
Contiiluing this way p(n) must be true for all n €- ~ • 

m 

Example. Prove by induction: 

n 
p(n): "' . 2 n(ri + 1)( 2n + 1)· 

~ 1 = 6 r 
i ~ 1 

for n E" :11 

~· Here Zm is 71 , since. 1 is the. least value 

taken by n. 
1 

1) p(l): 2: 
i =·1 

i 2 = l( i + 1) (2 + 1) # 1 = 1 
6 \ (true) 

(In case p(m) is false the statement-is disproved and hence 

there is no need to go :f'urther.). 

2) Sup-pose p(k) ·is true for some k-E z1 , that is
1 

sup­

pose 

\ ~ i 2 = =k(.,;;.k;.....;..+.....,l~)..._( 2=k.;;.,.·--+ ..... l'"*') 
~ = 1 6~ 
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3) We need to prove 

p(k + 1):. 
k + 1 
'L i2 = 

i = 1 

(k + l)(k + 2)(2k + 3) 
6 

u;,der the hypothesis ( 2) ., Indeed, 

- \ 
' 

I 

k+l 2 . k ;2 2 
2: i = L. l. + (k + l) . 

i = 1 i = 1 

·= k(k + ~~(2k + 1) + (k + l)2 (bv( 2 )) 

(k-+ 1) ( .k(2\ + 1) 
+ k + 1] = 

/ 

= (k.+ 1) k~2k + 1) + 6~k + 1) 
6 

2. . 

(k + 1) 2k + 7k +~6 
= 6 

= {k + l~{k + 2~{2k + 
6. 

which is p(k + 1). 

4)· Then p(n) is true for all n(; '1
1

• aJ 

Example 2. Prove nl) 2,, for all n f z
4 

Proof • 

. 1) For m = 4, ·4!)24 {true). 

2). Suppose . kl ). 2~ .. is. true for' 'k 74.. 

3) To prove (k + 1)!) 2k+l, having 

3) 

. k 
( k + 1.)! = k! ( k + 1)) 2 ( k ... 1) (bv ( 2) ) 

= 
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it will suffice to show ' 
, .. 

or k + 1) 2 which is true since k-E- ~4 • 
. n 

4) n!) 2 is true for all n€t
4 

• 

Example 3~ Prove . In nf 11 x - y x ~ y .. , or a 

~-
. 1) For n = ·1, x - y I x .. ::y ·(true) 

. \ k k I • 

2) Suppo~e . x - y x - y for some_· kea1 • 

k k 
We have 'supposed divisibility_ of x. - y by x - y, that_ is_..~ 
the existence of' a polynomial B(x, y) such ·that 

\ 

k k 
x - Y. = B(x, y)•(x - y) 

-. ·I k + 1. k + 1. . . .. · 
3) We prove x - y x . - y us~ng ( 2) • 

k + 1 k + 1 . k k 
To use (2) we exBress x · - y · J.n terms of x - y 

meaninP,' that 

k+'l. k+l. k+l·· k· k .k+l 
X -y =X -XY+Xy-y 

= xk(x ... y) +.y(xk .:_ yk) 

. k 
= x (x - y) + y.B(x, y)(x - y) 

(by(2)) 

=[xk + yB(x1y)] (x -·:r). 

= C(x, y) .(x - y) 
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"4) Then disivibility holds for· all n L" 171 

"o::'"l• 

EXERCISES\( lo 3) 

21. Evaluate 
6. 

12 
4 

12 ~- sr& 
a) 2: hs. go b) rr 

i = 2 i = 2 
·2 1 I 7 7! 7 .2 

c) -n ~ Ans. d). L: .L fo.s. J L:-. ---:;: i=2' 
j =ll. ' i = 2 

i 

22. Writ'3- the following by the use of' 2::, 7T or1 

a) 22 + 32 + 42 + 52 + 62 'b) 2
2 

0 3
2 

0 42 
0 52. 62 

c) 3 + 6 + 9 + 12 + 15 d) 3 • 6 • ·g • 12 • 15 

---e) 5 ;. 10 • 15 • 20 • 25 • 30 

f) 5.·+ 10 + 15 + 20 + 25 + 30 

23. Write the following in the ·forms (n- lHn and 

(n - 2)! (n - l)n 

a) 2l b) 10! c) 32! 
. · lf!ll s~ 

d) sol fo"fl.. 481 99 • .s-() 

e) 12l f) 100! g) 3! h) s! 
24. _The symbol an ••• a

0 
represents a positive number 

with n + 1 digits (for instance 1977 = 1977). A 
I 

mathematicians proved that the equality 

=a 
n 

holds onl,v for numbers 1," 145 and 40585 . .- Verify 

the equality for these numbers. 

25. Simplify the followin~ 
' 

9!· 10!. 
a) 8!' . b) lll 

"-) [9] ~) [f,J_ 

12! 
c) 14! I 

C)[~] 

d) ill 
251 
J) [2{,.21], 
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12! ·51 . , I 
e) Tl 131 h> 6 ·f·/3 

\' 

f) 12! 70! 
.. 72l 9! 

Through 26 to .. · 45 prove by induc.tion 
··n· ' . n+l 

26. L, rk =' r r ..; -
1

1 ( r F 1) 
k = 0 

S· II 
3 .:; I 

·. n 
(1 + a) ) 1 + na, n€ 7

2 
27. a + 1) o, a # 0 · ~ .t a) 

b) 
n ·- 1 2 

~ 1 +· a) > 1 + na + 2 n(n-1)a , 

· n-G a1 " 

28. ~> ni, . n_e :15 

29. a) 3 ·t4n - 1 

.. n 
30.nl)2, nE~4 

3 2· . 
31. a) 2n - 9n . + 13n + 25 )0, . · n€ 7_1 

3 . 2 . 
b) 2n + 9n + 13n + 7 > 0, n E 3' _2 . 

32. ( a1 + ·••• + anJ ~ (a1( + •. • . + j anf , . n~ a-1 

. 33. If a
1 

are all positive· or all ne~ative with 

a. ') ;..1, then· · ':'\ 
l. 

I· 

(1 + ~) •oe (1 + an))J: + a1 + •••. +an, nG~1 
. 1 1 1 

34. 1.2 + ••• + (n _ 1 )n = 1 - ii , nt: 72 
n (-4 · 2 ) 

35 • . 2:, ( 2k _ ·1 ) 2 = n n - 1 
k = i . 3 

36. a) . f. k(k + i) ~ n(n + J.Mn + 2 ) 
. k = 1 

b) f k(k + 1)(k + .2) = n(n + 1)(n"t 2)(n +. 3) 
k = l 

n . 
37. . E k .. kl = Cn ~ 1)! - 1 

k.= 1 
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40. 

41. 

42. 

133 }'11n + 2 + J.22n + 1~ 

i; (-l)i-1 i2 = (-l)n-1 
i = 1 

n Z 
0 

n(n + 1) 
2 

a = 2, al = 3, a = 3a - 2a 1 9a = 
0 n+l n n- n 

J 

.1 1 1 a)_..__+-+ ••• +-- n, n z2 . 1 . 2 . n 

2n+l.. 2 3 3 
b) . L: (n + k) = ·n + (n + 1) , n€. 71 

k = 1 

2n + ·1 

43. a) \ 3-3 n - n, b) 5 \ 5 n - n ·C) I 7 . 7 n ·~ n · n-E a' . 2 

44. al = cosQ., . a
2 

= cos2Q., 

· a = 2a "1· cosQ. - a 2 ~ a = cosn9, n . n- , n- n 

5" 
u. ~J 1r.11:. 

I 

1. 4. RELATIONS 

A. Rectangu1ar Coordinate System 
. . . I 

Consider in the. plane. two perpendicul~ number axes Ox 

and Oy with common origin. o, .called a rectangular coordinate 

system or a cartesian coordinate system. A plane provided with 
. ~ 

. '! 



such a system Oxy is called 

an analytic ·plane.· Let P be 
' 
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a~~ point in the ana~ytic plane 

with coordinate . x and , y 

\·where 
_ _; 

x is the abscissa and y 

the ordinate of P. P is repre­

sented by the SY;mbol - (x, y), 

called an ordered .pair of real 

numbers, and written p = (x, y) 

or 

y 

y. ___ 
1

P = (x, y) 

J 
0 l X 

) 

R~ctangul~r coordinate 

system 
P(x, 1y) 

If I is an interval taken on the horizontal axis Ox 

(x-axis),,and J an interval on the vertical axis Oy {y-axis), 

we define the cartesian product 

IxJ as the set 

.·t(x, y): xEI, 

of all ordered pairs (or points in the ana~ytic 

plane) whose first coordinate x 

is ·in·. the first set I, and whose 

second coordinate y is in the 

second set J. The set I x J is 

then the shaded rectangular region. 

in the figure. 

Graph of 

I 

I X J 

I 
x• 

I 

If J = I, the cartesian product I x I is abbreviat-ed 

as I 2 and according~y the cartesian product R2 · will. mean 

the wh6le analytic plane. 

B. Relations 

A statement' p(x, y) involving variables x, y with 

' X€!, Y€ J (or with (x, y)€ I x J) -is cal.led an open statement 

I 
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which is true or false in I x J, or in a subset of I x J. _ 
I 

_Examples. 

( ) X
2 2 

. 1. p x, y : + y ' 25' • (x~ y)-t ~2 

True. for instance for (-3, 4},\(1; •2) and false 

for instance for {4, _6). 

2. q{x, y): ,x = 5,.. (x, y)~ 11i 

3. 

4. 

True only for ~-= 5 iO'F' any· y, and false in other 

cases. 

r(x, y): 2 = 2, ~x, y)€R2 
... 

2 = 2 always Since is true, r(x, y) is true for 

·all (x, y) 

s(x, y): 2 = 3, (x, y ).f 112 

Since 2 = 3 _is false, s(x, y) is false for all 

{x, y). 

Let I ~IR ._be an interval (Read: Let I, which is a sub­
; . 

set of IR, be an interval) on the horizontal axis, and J c R 
' -, 

one taken on. the vertical axi·s. Then.by a relation S from I 

to J. is meant the. set 

r ={ex, y): 

S :. I~ J, 

(l) 

(1') 
i 

consisting of all points in the analytic plane for which the 

statement p(x, y) . ~s true. -
-t -~. 

The relation (l')' can be written.more generally- as 

_ j : IR ~ IR, Jl(X;, y) (1") 

( 
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to mean that f is a relation from reaJ.s. to reals. 

) ca..."l: be restated ~ a ~ p(x, y) by which· to a 

number x in I there . is . assigned· either no ' y or one or ~ 

y in J. Any y assigned with a given x is sai.d to be an 

~of x. under the r~lation) • 

~en (l) is plotted in the analytic plane, the resulting 

set _of poL~ts.is called the~ of the relation). Depending 

upon the case, either S is the empty set (with no graph), o~ 

the graph is a curve or a part of the analytic plane (a 7egion)• 

In connection with a rela~ion ) : IR -=;lRy p(x·, y) 

from reals to reals we define the set. ·· 

consisting, of all x of all pairs, (x, y) in $ as the domai.n 

o:f' · S , · and the set 

R = {y: p(x, y)}· 
·! 

of all images as the rarige ·of ) . • Certai.nly Dl ~ I, Rl£ J. 

Examples. 

IR 

[-1, 1] 

IR 

lR 
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c. Inverse of a Relation 

.Iff= t<x, y): {x,·:\r)Eix J, p(x;y)~ is a relation 

by the rule p(x, y), then~the relation 

obtained from f bY interchanging I and J, and also x, y 

in p(x, y) is.called the inverse of~ • 

. Clearly inverse .. of the ,inverse is the original re_lation. 

:From the defimtion it follows that the domain {range) 

.11_-1 ( ) f' of J is the range. domairi . of S ; and al~o the graph~ of. J 

and j-l . are symmetric with respect_ to the line y = x, since 

the point '(a, b) ins is the point (b, a) in s-1 are· 

. symmetric in that line •. 

Example. 

r= t (x, y): 

,-----.J!:....L---------:--• :!( 
/ 

/ 

. 2} 
y =X . s -1 = {(X, y) : X = :V 2] 

EX E R C I S E S ( 1. 4) 

In the following exercises if the graph of a relation 

is a region, represent it by shading, and in case its boundary 
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does 'not bel.one; t~ the graph draw it. ·as /a dotted curve. 

S~etch each of the following .;re;lations from -lEt tp R: . 

46. a) {Cx·, y): x~Jl . p) {(x;< y)_: i~~.::·.;.lJ 

. ·. 47.· a) ,{{x, -y}:. ·x>-11 . b) {{x, y:): x)2, y~~2f:. 
2 . .·2 . ll > { c· > 2 2 . 4} .. 

X + 4y :::: 4;b l x, y· : X -.4Y =. 
. . ' 

48. a) i{x, y): 

x2 + y~ OJ ·b>: {{x, y): ~2 + y2> ol·· 
·~ . ~ .·• . ' . . 

49. a) [(x, y): 

50. a) f_(x, ;r): {Yl) oj b) l<x,··y)_: ~>-ol .. 

51. a) fCJ~:, y >: 
. 52~ a) l (x, y): 

53.· a) f (x, y): 

X+ y - ~<3b)_i(~; y).: X_+ y .._ 1)0} 

·Y .;_ x3( o} b) {{.x, y): y',-\xl+ l. <O · 

X - 2y < -J., 2x + y) 3} 1 
. 

b) t<x, y): 2x + y )3, X..,. 2y<-l; Y<.31 

c) f (x, y.·): 2X + Y )3t ·X - 2y .(-1, Y ( ), . X + Y<5} 

54o Find the inverse .of each relation . . . 
\ 

. a) !(x, y): x =_-2} 

c) x~y=~ 
. b) {('x, y}~: x - 2.v + 3 <oJ 

d) . x .- y = ·19 - x2 l. 
55o Sketch the graphs of the relations for 

. . 2 
(x, y)61R : 

a) .{ (x, y):_ lxt~·l, I_YI = 2 'J 
b) {.ex, y): \x . .;. Yl > x ·- y J 
c) {Cx, y): fxl + Y ~- x +\YI 

d) {{x, y): lx·- Y1 lx + y\ = 0 

\. 

\ 
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\ 
1.5 FUNCTIONS 

A. Definitions 

By a function from an interval I to an interval J is 

meant a relation ~ : I ~· .J such that· . 

1) I is the domain, J is the range, and 

of 

f at x, o~ one says that x is mapped to f(x) under f. 

The notation for·a function f will be 

f: I --+ J, y = f( X); f: I-J, ·x ~::f(x) 

lCx, y): x€I, y = _f(x) J 
"" 

where the equality y = f(x) is the defining rule for f. 

Then f: IR -+ IR;' y = f(x) _ is the general notation 

to indicate that f is from real numbers to real numbers and . 

the domain Df or dom f is the set .on which . f(x) is defined 

and . is determined by the rule f(x}, and the range Rf · or 

ran f will be the subset f(Df) of ~. 

For ex~p1e for the function 

f: 1R ~ IR, 

the domain is 

The graph of f is a curve, in general, lying entir~:cy 

in the rectangular region I x J, and since every x in the 



domain I has a Single image, any vert~cal line (in the an~lytic 

plane) through the domain I intersats the graph at exactly one 

point. 

Examples. Which ones of the following relations from 

m ·~ R are fUnctions and find their domains. 

{(x, y): 2 
{ (x, Y): \YI= X~ 

, y = X J 2. -· 
3. i(x, y): X= -2} 4. {(x, y): ;_y = 5} 

5. t. ( x, y): y = "§.. l . X 6. {(x, y): \YI= 1 -\xl} 

Answers. 

-{1), {4) and (5) are fUnctions, since every x in 

D f has one image. For ( 1), Df = IR;- for ( 4), 

for (5), :z 
Df = R • 

Piecewisely defined functions: 

If f, g,. ••• are functions with pairwise disjoint 

domains I, J, ••• respectively then the fUnction h with 

domain I u J u • • • and defined by the rule 

_h(x) 111 

{

. :t(x) 

g(x) when 

is called a piecewise1y defined functiono 

~ample 1. (Absolute value 

rx if X tiC-

X·=
1 

0 if X = 0 
. X if x~R+ 

more genera~v The graph of :1 xI 

and 
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more 
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lf(x)j·= { -f(x) ·if 

· · f(x) if 

:f(x) ~ 0 

:f(x)) 0 

.Example 2. (Greatest integer function) 

-2. if X€ ( -2, -1) 

-1 if X E. [ -1, 0) 

-
J. ~· 

I 1 . 0'--'-0 

[x] := xe [o, 0 if 1) 

1 if Xt [1, 2) -z. ~~ .f. 2. .3 
-' 

2 if . X~ [2, 3)' ' 
~ The graph of [x] .. 

generally 

[f(x) ]= n if . n ~ :r(x) ~ n + 1, VnG.£" (for_all 

The. reason for calling the . function [ ll ·the greatest in­

te~er function, is that the nUmber [x] represents the_great~ 

est integer not exceeding x, in other word5,'if 

then 

u = a, ot J: o<: 2 ••• • •• 

v = ~b,,l fJ2 ··~ =·-"Q- O,(Jlj-3 2 ••• 

= -b - 1.:. 1 - o~ /J 1 f3. 2 .••• 

·= -(b +_1) + o, 01· 02 •••. 

/. 

[ 'J.] = a, [ v] = -(b + 1) 

• 1 Example. Solve the equation [ ?x ... 1] = 5 for x-€ IF?: 

~,% 

n) 
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Solution. [7x + 3] .= 5 =} 5 .f ?x + 3 (.6 

9 · 21::7x< 3 ~ 2/7 £,x( 3/7 

B. TYPES OF FUNCTIONS 

a. Polvnomial functions: 

A :function 

P: a IR, 
n k. 

P( x) = · Z ~x = a xn + .. • • + a ( ai~ R) 
k=O.·. n. o 

is called a pol,ynoll).ial ±'unction where the rule 

a xn + ••• + a n o 

for P is a pol,ynomial of· degree. n (if _an -F .0). The o:r:llY 

polynomial without degree is the zero po±ynomial where all . 

coefficients are zero. 

The polY"nomia:I.s of degree 0 are constant, and 

P: R-. R, P(x) =.c is called a constant function whose graph 
\ 

is a horizontal line. A polynomial 

P: R _,. R, P( x) = ax + b, (a .P 0) 

Of degree 1 . is called a linaar function of Whi'Ch the .partic­

ular~ case 

I: R - IR, I(x) = X 

is called.the identity function whose graph is the·line y = x. 

b. Rational and irrational functions: 

A function 

R: IR ~ R, R(x) = P(x) 
Q(x) 

. > 

)-
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where P(x), Q(x) are polynomials With Q{x) having a· degree, 

is called a rational function. 

The domain of the rational function R is ~he .largest 

possible subset of R. on which Q{x) # o, 

D = R - {x: 'Q{x) = 0} R . . 

Clearly a...,v :>Olynnmial fu."lction is a rational, fu..."1Ction 

(with Q(x) = l.). A. function whos~:: rul~ carmot be expressed as 

a r~tiona~ ~~notion is said to be an irra~ional fu.~ctio~. 

·Simple examples ot such functions are iL ven · by the Tl.lles 
r-- X . 

y =~x, y =cos x~ y = 2·. 

c. Algebraic functions 

.A function 

f: m ~ ~, y = f(x) 

is called an algebraic function, if y satis:f.ies the relation· 

n 
.,__. { . k ( n ( ~ .~ x)y = 0 or A x)y +····+A x) = 0 

k = 0 -~ n - . o 

where the coefficients are polynomials in x. By rearranging, 

the rule can be ·written as 

m . 
~ k · m• ( 

. £. ~(y)x = 0 or Bm(y)x + ••• + B0 y) = 0 
k = 0 

From. A(x)y :- B(x) = 0.,~ it fol.lows.that.a:ny rational. 

function (and hence axzy polynomial..function) is algebraic. 
- . 

Among other algebraic i'unctions· we mention ones involving 

radicals: 
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x ,..JX 
2 -,JX ' 

Examnle. Show that the function defined by the rule 

I 

.Ji +X 
Y=.JX-2 

is an algebraic fUnction. 

(1) 

Solution. ~e need to show that y satisfies a polynomial 
I . 

equation.witli poly!lomial coefficients. 

(1) ~ y.{X ·- 2y =Vx + X {y ...; 1) Vx = 2y + X 

~ (y - 1)
2
x = (2y + x)

2 

::::;.. x-~2 - 2xy + x =;: 4y
2 

+ 4xy + x2 

9 (x - 4)y
2 2 

6xy + X - X = 0 (2) 

Remark. The relation (2) admits (1) as a root. Since (2) 

is of second degree in y, admits another root as a rule of 

another algebraic function. 

Let the roots of. (2) be 

and y 1 is given by (1), we get 

. '2 . ,... 2 
X- X VX- 2 X- X J. VX ~ X 

Y2=x-4 -IX+x=..JX+2 fi+x=vx•2 

The• relation ( 2) of. 'degree 2 . in ; y defines two func_. 

tions (they are algebr:aic since coefficients are polynomials 

in x). 

In general, a rel,ation 

··(A (x) ;i 0) 
n, 

_____ ...::.--·:..:; 
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/. 

of degree n in y, defines at most n algebraic functions 

which we call an implicitel:v defined :fUnctions. 

Example. The relation t<x, y): xER, x2 + y2 = 4}, 
2 2 

where x + y .. = 4. is of second degree in y, defines two 

fu..l'lctions whose rules are obtained by solving. x2 + y2 = · 4 for 

y: 

yJ~x
2

•1 
Graph of the function Graph of the :fUnction-· 

2 
-X y = _v{ 2 -x 

More generally a function defined by a relation 

f(x, y) = 0 is said to be an implicite1y defined fUnction. 

For instance xy2 - (x +.l)y + 1 = 0, y cosy+ x3 + x = 0 

def~ne some implicitely defined function. 

·a. Tri~onometric Functions 

A function which is not algebraic is called. a transcen­

.dental function. As some examples for transcendental functions 

we give trigonometric functions which we will represent simply 

by their lfUl.es: 
" 

Rules for trig.fn. Domain .Range Period=T 

y =sin X R (-1, lJ 21f 

y = COS X Ji [-1, 11 211' 

y = tan x E {x: x = (2k + 1) f,kezj R 1T 
( 

y = cot X IR (x: X = k'!f, kez} IR 'T 

y = sec x Dtan R-(-1, 1) 21r 
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y = co~ x D .· 
• cot 

R (-1, 1) 

their graphs are given- in 'an interV-al of len€;th T: 

Jl 

sin: 

cos: 

Identities: · 

cos2x + sin2x = 1, 

I 
I 
J7 
I 
I 
I 

:r 
tan: 

cot: 

r 
I. 
r 
I 
I 
I 
I 

' 2 
1 +tan x = 2 sec x, 

(' + ) . 0 + cos . sin X- y = S1n XC S y X-S4n y 

+· cos(x - y) = cos x cos y + sin x sin y 
+ 

tan(x :!: y) = tan x - tan y 
1 +tan x tan y 

•' 2x s1n = 2 sin x COS X 

2x 
2 2 

2 
2 'cos = COS X - sin x = COS X J..=l 

2 tan x tan 2x = l-tan2x 

sin 2 X 1- cos X 
2= 2, 

.esc: 

sec: 

. '2 
1 +. cot x 

2 sin2x} 

J Hal.f angle formu.las 
2 x. 1 + cos X cos 2= 2 

21/f 

.2. = esc x 

Double 

angle 
formulas 



50 

. . = 
2 

. X + v X -·v Sl.n X + Sl.n y Sl.n -~ COS ---...,.. 
2 - 2 

sin X sin y 2 
-~ ·~· = cos . Sl.n ·2 . 2 

(Factor form) 
cos· X+ cos y = 2 ~ .:L::..Z cos 2 cos 2· 

cos X;... cos y = ..;.2 . X+Y. ~ 
Sl.n 2 Sl.n 2 

c. ·Monotonic increasing (decreasing} functio~: 

A :fli~1ction f: D ~ IR is said to be an increasing func­

tion on an interval I which is a subset of the domain D, if_ 

:for any two numbers x1 , x2-c I for which x
1 

<:::x2 • 

Th~ gra~ of_ such_ a fUnction-rises as x increases on 

I,. and we say that f increases on · I. 

Under the same conditions :for x
1

, x
2 

if 

than :f is called a decreasing function on I. 

The graph.o:f a decreasing function :falls as x increases 

on I, and we say that f . decreases on X. 

Example. Show-that y.= 4 - x2 increases on the interval 

- IR+ ~0 , and decreases on 
0

• 

Solution. For x1 , x2 , D = R wii;h x1 <x2 , we have 

' 2 . 
= (4 - x2 ) 

2 2'- 2 
_( 4 - ~) = ~ - x2 
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If, f is an increasing (or decreasing) :f'linction on an 

interval IE D, then f is said to be a monotonic increasing 

(or monotonic decreasing) functi-on in the i~terval I. 
The function given in the above' example, is monotonic 

. . ' . . 

increasing in R- and monotonic decreasing in R+. 
0 . 0 

·A monot·onic .increas~g (or decreasing) function f in 
• • jl• 

an interval l.s · ex]>ressed usually by saying that ·f. ·is one-to-

~ (or simply ~ - ~) :in I to mean -thai to distinct numbers. 
. ' 

x1 , x2 in I correspond distinct images f(x1 ), f(x
2
). 

n. Inverse of a function 

·A function 

:f:. D ~ lR,.Y = :f(x) or f\= {C~, y): xc;D, y = f(x)}(~) 

with D as the domain and IR as the range, being a re~tion 

from D ~ R, its inverse . 

-1 f . . 
f = l<,x, y}: XGR, X = _:f{y)} (2) 

is a relation from ~ to D. -If the relation -1 · f is a 
. . -1 

function we call f . the inverse function of f, and- f is 

·said to be an ·invertible on the· set D. 

-Sine~ · f is a function- it maps an x in· D into a 
-1- ,. 

image y _in. IR, and since _ f is a function from ·IR to :D 
it maps y backward to the single image · · x · · in D. This means 

that f is an one-tO.:.one function and consequently f-l is 

one~to-one function. 

The p,raphs of f and f-~ are symmetric with respect 
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"':o the line y = x. ('!'he :pai"PS (x, y) of f and (:v~ x) of 

f-l are s:vrnmetrical in y = x) 

Examule. Show that :f: IR --)> IR, y = 2x - 1 · is inverti.ble 

on IR. and find its inverse g. 

f = {<x, y): xfR, y = 2x - i} · 
-1 (t:x ·y)•. Xf R, 2y -1} f ·= • , L • X = 

= [<x, y): Xf R, y = X; 1l 
g: R- IR, ( X + l g x) = -2-

Corollary. If f: D ~ R, y = f(x) is monotone increas­

ing (or decreasing) on ·a interval· Is;; D, then f· is invertible 

o~ that interval I. 

~· It wiD, suffice to give the proof for the case 

where f is monotone increasing ·on I. 

Since f is monotone increasing it 

maps distinct numbers in I to distinct num-

bers in IR. 

If the relation -1 f is not a f'unc-

tion then some distinct numbers y
1

, Y
2
t lR 

are mapped to the same number x in D, 

contradicting that :f is monoto~e on I.'a 

3 

;_;r~-
• I 
: I I 

Let ;f: IR ~ !R, be a· function 'with a domain - D SRo If I 

is a subset of D, t}len f: I -,.. J is said to be a-restricted . 

function in the restricted domain I. 

If there are some intervals on which a function f 

satisfies required con~iti_ons, then f is said to be restricted 

on each interval or a subset of it, and the interval itself is 

the lar~est • 

. . Examule. Find a restriction on the. domain D of the 
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function given by the rule y = lx- 1!- 2lx{+x to be 

a) a constant function, . 

b) an invertible function • 

. Solution. The given function.is the piecewisely defined 

function: 

= { 

~ + 2x ••if :X:t(...;~, 0) 

y ~- 2x if X f(O, l} 

-l if' X (~,oo). 

a) A dqmlhn of restriction is ( l, oo), 

b) A domain of restriction is ( .... ca, OJ on which the 

function is 1ncreasing, or (0, l) on which it is 

decreasing. 

E. Operation with functions: 

Let 

·£: I~· a, y = f{x) 

be a function with domain I. If c E R, then the function 

cf: I ~ IR, y = (cf)(x} = cf(x} ( 0) 

is ca~ed a scalar multiple 9f f. 

Let now be given two functions 

·f: ·I ~ IR, 

g: J- tR, 

y = f(x) 

Y = g(x). 

with non disjoint domain · I and J, then £ + g, f - g, fg, 
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f/g, called the ~' difference, ~roduct and ~ of f and 

g, are defined as follows: 

.Domain 

f + g: In J, y = (f + g)(x) = f(x) + g(x) (l) 

f - g: In I, y = (f - g)(x) = f(x) - g(x) (2) 

f g: I f'l J, y: (fg)(x}= f(x) g(x) 

-I/ g: D , y = (f / g)(x) = f(x) I g(x) (4) 

. where D =(I nJ)-..{x: g(~)= oJ.: 
-

Ariother_ fUnction is gof, ·called composite function w~ch 

is defined as 
-. 

.gof: D, y = (gof)(x) = g(f(x)} 

where the domain D is the largest possible subset of R on 

which g(f(x)), f(x) and g{x) are defined.· 

Because of the rule g(f(x)): we call also a function 

of fUnction or a chain function. 

·Example. Let 

functions. We have 

f(x) = lxl and g(x) = x~x be two 
X 

and 
· · lxl 

0) (3f)(x) = 3f(x) = 3 -x-

D = (-co, 1], 
g 

1) (f + g)(x) = f(x) + ~(x) = )~\ + x.ff7:X 
· · ·· · 1xr r-

g)_(f- g)(x) = f{x)- g(x) = ~- xvL- x 

3) (fg)(x) = f(x) ~(x) = l~l x.fl::X =lxl ~ i(x .J 0) 
l 

wher_e cancel1 q_tion by x is "!')ermissibl~ unc!er x .t 0 and this 
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condition is jointly written, with the rule. 

4 ) (f)(x) = f(x) = lx\ 
.g g(x) x2:J 1 - x 

As to the compositions gof and fog we have 

and 

. . lxl i xI jJ lxl 
5. ) (gof)(x) = g(f(x) = g(---) =--- 1 - ---x X X 

· . ·. ) ( , r---= 1 I x .jl":XI -fxl~ . 
(fog)(x) = f(g(x) = f XVJ- - x) - x\fi=X = ='x.;T.1r==_""'!. x!!:-

tx1· =- ·- (-x 1: 1) 
:X 

I 

Dgof = (~ ~) -£o} ~ · Dfag = (- 00
• 1] -{o, 1} = (-co, 1)-[oJ 

= (-c», 1)= 

Example. Given the :f'wictions 

f: m ~ IR, 
X , · 2' 

f(x) = x-:-2'·; · g: IR ~- ffi, g(x) ·= x -x 

find the rules for the composite :f'unctions · gof · and f'o~, and 

then determine their domainso 

Solution. 

1. (gof)(x) = g(f(x)) = f 2 (x) ~ f(x) = 

. 2 . ' 
= x - x(x - 2) = ~2x~-

(x ~ 2)
2 

(x - 2)
2 

2 
X . X 
2-~ 

(x - 2) 

· .· ··g(x) x(x-1) 
2. (fog)(x) = f(g(x}) = g(x)- 2 = (x + l}(x- 2) 

D = IR - t21 
·gof J D · = lR - { -1, 2 1 fog · - J 
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Corollary. If. f. is an invertible function, then 

-1 . -1 . 
' f -of =·f of =I 

where I is the identity ~~ction tinder a necessary restric­

.tion. 

Proof. Let f: D ~. Ji, y = f(x) with X = f-l(y) 1 

-1 f(x) = y = I(y) :9 fof = I. fll 

corol1ary. (hog)of = ho(gof). 

FDr
1 

({hog)of)(x) = (hog)(f(x)) 

= h(g(f(x))) ·= ho((gof)(x)) = (ho(gof))(x) 

for all x. II 

·Indeed, 

corollary. If f, g are invertible furictions, then 

' 
( . )-1 -1. ' -1.· gof = f og 

Proor.·we need to show that ( . ( -1 -1) gof)o f og 

. ' 
-1· -1 -1 . -1 (gof)o(f og ) = go(fof )og 

= I-. 

-1 -1 -1 = go I og = ~o ( Iog · ) = gog = I . 119 
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F. Even and odd functions 

Let :f: D- ~ be a function with xED =9 -xED. Then 

:f is called 

1) an'~ function if f(-x) = f(x) for all XeD, 

2) an odd function if f(-x) = -f(x) for all X€Do 

Example. _For n€ N 

1). f'(x) = x2n · is an even function, 

2) g(x) 2n+l 
=X is an odd.function. 

Solution. 

1) :f(-x) 
2!). 2n · 

= (-x) = x =.f(x) for all · x~ IR 

2) g(-x) = (~x)2n+l = -x2n+l = -f{x) for all xc: IR 

The reader can show that the function. f(x) ='x~- x2 

is neither even nor odd, and that the zero function O(x) = 0 

is both even and odd. 

Why the graph of an .even (odd) function is sym. w.roto 

y-axis·(origin)? 

G. Periodic Functions 

·A function f: IR -+ IR with domain IR is said to be 

periodic if t.here exists a number T(# 0) such that . 

f(x -~: T) = f(x) for· all · xE tR 

where T is called a period of f(x). 

If T is a period, certainly, ali integral·multiples 

of T are. also periods. 

The smallest of all positive perio~is called the-~~ 

mental period or the least period or the period of· f; written· 
. ·. . 

Tf• A.s a period of a constant function may be taken. any I'eal 

·number. 
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·Examples. 

1. sin x, cos x (T:f = 27!'), 

2. tan x, cot x (Tf = 1f) 

3. x - [ xJ 
The graph of a periodic function is obtained with the 

repetition of the graph of t: · in the interval of length Tf. 

Corollai-ies. 

1. f(x +. T) = f(x) =9_f(x +a+ T) = f(x +a) 

3. If the period of f(x) is Tf, then the period 

of f(ax + b) is Trfa: SUJlpOse f(ax + b) is 

·.periodic with period T1 • Then_ 

f(a{x + T') +b)= f(ax +b) holds implying 

f(ax + b +.aT')·= f(ax +b) 9 aT' = Tf ::=; T'= Trfa. 

Example. Find the periods of 

Answer. 
271 
3, 57T 

cos(3x + 2) and X 
tan 5. 

4. If the periods of f, g are Tf' Tg respectively, 

then f + g, f - g, fg, f/g are periodic and a 

positive period T is an interval of length T 

such that T/Tf- , T/T are positive integers. 
g ' 

Examnle. Find a·period of cos x +cos 3x 

Solution·. Let · f(x) = cos x, g(x) = cos 3x •. Then we 

have Tf = 2 71, '1' = 211'13 impl:vin:;; that T = 2 7r sir.ce 
g 

T/Tf = 1, T/Tg =3• 

·Example_. Fir.d a period of 2 sin x cos x •. 

Solution. Periods of sin x, cos x beinp; -271, 2"71, a 
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period is 'l' = 2r, but this not the least period,' because 

2: sin x cos x = sin ~ has period 27'/2 = ?t. . \ 

5. gof is.periodic if f i~ periodic: 

H~ Inverse·Tri~onometric Functions \ 

Each of the six trigonometric functions has an inverse 

in an interval in ··which it is. increaaing or decreasine. For 

ea.ch one, a fwidamehtal restricted interval is selected. This. 

interval· for a particular :fu.."lction 'will be the fundamental range 

of the inverse of that function. 

f 

Y' = sin 

Y' = cos 

y = tan 

Y' = cot 

y = esc 

y. =.sec 

X 

X 

X 

X 

X 

Trigonometric functi9n~, · 

theiP interv_als Of increase Or decrease~ 

and. chosen fundamtmtal .. intervals 

Intervals of increase 

or decrease of f 

( 
11' . 1r 

( 2k - 1) 2 'i ( 2k +. l.) 2 ] . 

[k'11"' (k. + 1)11"] 

. ( ( 2k - 1) f ' ( 2k + 1) ¥> 
(k_ff', (k + 1) .,. ) 

. 1r . . . 7f. 

{(2k- 1) 2 ' (2k + 1)'2) 

X. (k -r, . (k + 1)"11") . 

_Fundamental 

interval 

11' '71' [-:'2,. 2] 

[o, r] 

!') 
2 

(0, F) 

{0, 11") 
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Inverse trigonometric functions, their 

domains and fundamental Tanges 

'f~l-. Domain Fundam£nta1 range 
: 

y = arcsin x 

y = arccos X 

y = arctan X 

. y· = arc cot X 

y = arccsc X 

y = arcsec x 

,~---- ~j 71'' 
'\ 

\ ' 

\ 

' ' 

Arcsin: 

Arccos: 

..;.1' -
( =sirt -x) =9 x=sin y 

(=cos -1 . · x)~x=cos y 

.--,·-1 ' - ' 
(=tan x)~x=tan y 

. :, .. 1 
(=cot- X)=} x=cot y 

(=esc 

(=sec 

-1 X)::}-X=CSC_ y 

-1 x)9x=sec 

-' ......... 
...... 

' ' 

Arctan: 

y 

'Examn1e. Show that 

[-1, 11 

[-1, 1] 

(-co, oo). 

( ..;.~·ao) 

(-co, -J]u(1~ oo) 

/ 

( -oc, -:!Ju[l, 0o) 

[- f ' f1' 
(o, 7r] 

1!' !:') {-- 2 , 2 

(-o, 7!") 

( 7r -2 ' 

( o, 

0 

Arccsc: 

Arcsec: 

11' -) 
2 

71") 

!'Z~ -------
' :,i ,,...,... 

.... --i ,"' 
:t 
~ 

arcsin x = arccoR P 
in the common range [o, ;J 
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1 st Proof. Let u = arcsin x, v = arccos~. Then 

x =sin u, ~-= . 2 2 
cos v ~ s1n u + cos v = 

2 . 2 = X + (1 - X ) = I 
=;:. cos

2
u = cos

2v ~ u =· v. 

2 nd ·?roof. Let iABC be a right triangle W1~· th . A 
1 oc 

4!lC = arcsin x ::::;r. x = sino( • Then 

. . 4. ~ c 
lAC{·=~ ·9 cos 0( =~ 9. Cl(= arccos /1 x 2 

-~ arcsin x = a:rccos/r'""--_-x-2""' 

Example. Show that, ·for the common range, 

11' 
arcsin x + arccos x = 2 

· Solution. Let · 0( = arcsin x, . p= arccos x 

x = sinoc, 

·Example. Evaluate 

x = cos j3 ~ sin« 

::; o(+p 

.. 12 1.7 arcs1n--- arccot--
13 7 

= cosp_· 

7r 
=2 

Solution:. Let oc = arcsin 12
13 

·, Ja · · 'l7 r = arccot 7 or 

12 sinac: = 13 , 

12 
tan«= 5 , 

cot (3 = 17/7. Then· 

tan .A=_]_ r 17· 

12. 7· . 
tan(«-A) = . tanOc: - t8fl./! = 5 - 17- 1 

r 1 + tanO( tanf' . 1 + 84-
ot-~= JL' 85-

r II 
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E X E R C I S E S ( 1. ~) 

56. Which ones of the following relations are functions? 

a) tcx, .v): Y ;; [x1} b) {Cx, y·): [ y] = x} 

{Cx, 2 (x, 2 2 oJ c) y): X= y } d) :v): X .... y - 8 = 

57. Giv~"l the functions ~-

r 
if X <.1 . fx ~ >] if X< J 

f(x} = ~:J if 1 g(x)-. _1(:;}2 if l~x<22, X= 3 
1 if 2 -.(x 2 if X)3 2 

find 

a) f(l), g(l) b) f(3), g(3) c) f(-1), g(~l) 

58. Wnich ones of the follow~nP, functions are -polynomial, 

rational, irrational, algebraic or transcendental 

functions? 

r- r: -l /2 f(x) =~x, g(x) = -v3 x , h(x) =Vl-x-, i(x)=tan x, 

F(x) = -3. G(x) =.lxl, . H(x) = 3 - x 3 

· 59. Show that the following are algebraic functions 

a) y =~ +rx::J. 3 .c---:; 3 . 
b)y=vx+l+~ 

60. FiPd the domain and range of 

X- 1 
a) Y = x2 - 1 

. tx 
c) v !!:: 

x2. 

if --<x<2 

b)"=.@ 

61. ,;:valua-t;e the value f(x) = [x] at 

a) 2 b) 2.113 d) 1"i5/ll ~ 
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e) :-3 f) -3 + 0,17 

. i)CC:if 4(«(5 

k),.,fif 

j) p if. -5<f< -4 

1) --6.7 

h) -7!' 

62. Find two examples of function whose graph is symetric 

with respect to the line v = x. 

63. Find the intervals in which the given function is 

increasing or decreasing 

l 
a} y = :i. b) y = x 2 : c) y ~ x 3+1 d) y 

2
1 

. X+ 1 
· 64. · Using their graphs find the intervals in which the. 

given :t'i.tnction is increasing or decreasing 

. a) y = sin x b) y =tan x 

c) Y d) 2 =sec x y = COS X 

Defining f+ = {: 
if f(x):> 0 

65. and 

if f(x)~ 0 

~t: 
if f(x) ~ 0 

~. 

~ketch the . f+ . f' graphs .of 

if f(x)>o 

and f- if f(x) is ,. 

a) x ·b) lx I c) 2· 
1 d) 4 2 

X - -x 

e) c;:os x f) sin x .(for (e), (f), xc [o, 27r.]) 

66. Sketch .the. graph of e~ch function on the indicated 

inteTVal: 

a)·f(x) = }xf- x, R b) Y = lxf-[~] 1 (-2, 2) 

67. Let f: IR ~ 
f 

IR, x _; x3 
+ 3 and 

g: if-'? Jl, x ~ -3x + 7 



Then find 

a) -2f' 

.e) _fog· 

64 

b) f' + g 

f) got' 

c) f'g 

g) f'of' 

d) .f'/g 

h) gog 

68. Two functions which are both even or both odd are 
. . 

·said to be of the same parity. Show that the product 

of'two functiqns 

a) of the sameparity is an even functio~ 

b) of different parities_is an odd function. 

69. :Let ei' o~ · denote even, odd functions respecti_vely. 

70. 

71. 

What can oe said about eveness or oddness of: 

a) e1 + e2 b) e1 + 01 c) 01 + 02 

-d) e1 - e .2 e) e1 - 01 f) 0 ' 1- 02 

!f~ite the inverse of each function. Which ones of 

them are function? 

a) {Cx, y): y =X- 5J b) { (x, y).s x = -1} 

c) {Cx, ·y): 3J d) {Cx, ·y): 
2 1} y= y .= X -

.. 

e) {_(x, y): y = arccos x} f) {Cx, y): y = sin x} 

Write the inverse 

X- 3. 
a) Y = 2x + 1 

C) y = 3x - 1 
X 

functions of 

·2x + -1 
b) y = 

X - 3 

X 
d) y = 3X - 1 

72o Defining 

{

. 1 when f'( x) ). 0 

·sgn f'· = ? . ·when f'(x) = 0 

-1 when f'(x)(O 

(read: signum f) 

Sketch the graphs· of sgn f' if f'(x) is 
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a) x b) lxl 
2 .. 

c) x - 1 
. " 2 

d) 4 - X 

e) cos X -f) sin X . {for (e), (f), Xc{ 0,_ 2ftJ} 
73. Prove 

) . . 
a~ (f + g)o h = fOh + goh 

, . -I . 

b) (f - g)o h = foh - goh 

c)· {fg)o h = (foh)(goh
1

)­

d) (f/g)o li=· (foh)i(goh) 

74. w:r;ite the interv~ls in which the 'followinl?: f~ctions 
. . . 

are monotone·(you may use graPh): 
.. · '1 

a) Y x +'3 
.. 

b) y =-sin x.+ cos x ·. . . 2 
c) y = ~ ... 4f + 4 . 

75. Find the inv~rse of the rimction ~ven i~ Exercise 
' . -. .-. 

74 choosing one proper interval. 

76. Find the inve_rse of the fUnction 

y = .· 
/_ ·t3x - 1 

. ·. 3x 
X+ 2. 

_when· X) -1 

77. Find the points of intersection, if 8.-rrt, of the given 

pairs of functions: . 

. x ~ 2 . ~x- 2 
-a) y = x:-T , . .Y = ~ 

b) 
_ 2x - 1 . _ 3x + 1 

. y - . X. + 'J ' y -~ .2: - X 

·78. If f(x) ~sin x ·and g{x) = x2 + 2, then find 

a~. f(~ + 17)g(2x ~ i) p) f(3a) g(sin a)-

79. -Find the ranges of the following .functions (Hint: 

So1~e for xl). 
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Blo 

x
2 

- 3x a) Y = 
X + l 

Find . the periods 

a) cos(2x + 3) 

d) cot(3x - 7r) 

g) sin x cos x 

66 

of 

b) 

e) 

il) 

x2 
b) Y = x2 - 2x - 3 

. (X sJ.n - -3 . 2) c) tan(~+ 7!) 

cos(?rx - ?r) f) sin( 2n - 7r2.} 

2 tan x. 
\ 

EXamine the' folloWing ·functions for everiness and 

oddness: 

a) lxl b) 3- X c) x + 2x3 d) . :it lxl· 
e) lxl- x 

2 
f) -3 g) sin32x h) 

sin•2x 
sin 3x 

82. Find fog and 9 of. if 
./ 

f(x) = ,.;x-:;1, g( X) = ~-~2 __:;;X;......,; __ 

x ~ 4x +3 

and determine the domain of each of the_se composite 

functions.·· 

·83. Express the area of 
. 

a) the triangle AOB in terins of 9 
' 

b) the triangle AOB in terms of X 

c) the rectangle ACOD in terms of 9 
0 c 

d) the rectangle .Aeon in terms of x. 

84. Find a domain of restr~ction in which the relation 

I x + Yl- y + 2_ .= 0. is a function. 

85. Given the relation . 9x2 - 36x •' l6y
2 

+ 96y + 36 = 0 

Write two functions equivalent to this reli:ltion. 
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A11.s1J erJ: · . 
S'; tt) {cJnction. J b)' e) ' d) r~la-lt'on~ . . . 

· 5'f. a) f(-t)=-3 ·1{-t)i-1 . b)({3)=3~ f(J)=-3,~ c)/(-t}=fJJ(-1)=-5* 
58 {= aLJeJrc~,ic.~ Lrra_tfl'llaL, . p= ra.f:onal, h~ alj~~"~ic.J tr;al.. J '· 

i~ .f.rr:~ 11sc.enclu,/-rZL.J .C: fofynl7!1toi.J <:$: o'.!eJralc · 

1/: po(c;(loll,ltAL 

1.6 B!!! 
.A. .nefini tiona 

Let f be a' function defined at every point x ·of.an 

'open intei,"Val I, expect perhaps at a point x
0
E I, that is, it 

is not required that f be defined at X • 
0. 

We first introduce the .notations: 
" 

x ~ x
0 

(Read: x approaches x
0

. or x tends to x
0

) 

to mean that I x - ~ol can be made arbitrarily small by taking 

. x sufficiently ,close to· x
0 

·(without beirte eqll,al to· x
0

) ~ or 

to mean 'that for a.ny positive ' . (which can be taken as small 

as we please) 
·; 

I. 

holds for all :x in the ~et 

' 

where· the' open interval . N (x
0

] = ~x0 ,- S , ~0 + S ) >is called a 

neighbOrhood of xo while the set H(xo) a· m[Xo] - t xol 
adeleted neighborhood of .x

0
• 

N(xo1: "' 
8 e , N(x

0
): 

' 
CJ 0 

x. -~ X X +S X -I X 
0 o· 0 o· 0 

~ 

X+~ o. 

,. 

A f-nP.iP:hborhood of X o_ A deleted $-neighborhood of x
0 

! 
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' Now we are definin~ the limit'of the functton f at x : 
0 

The f~ction f is said to have a limit 2 at thP. -.;Jnint 

X • 
0 

\ 

if J. f(x) ~ f I can be made arbitrarilv small when x~x0 , 

f at x • if or mnr-: ryro.ciEely, a functio11 f has a limit 

corresnondinp; to a.n·r ?,iven _positive'. number E. 
positive number { ([.) such that 

for 3.ll values of x :for which 

If this is the case, 

.j_i:n f(x) = f 
x~x 

0 

or 

:x€ N(x~) 

f(x)-'>f 

I 

0 

• one can find a 

•' 

as 

~ 
~~--------------~-e-+~--------~ ~. 

, ~X 0 

It should be noted that the statement o<:lx - x
0
\<cf 

excludes th<> point x 
0 

from considerations. Moreover no restric-
I 

tioYJ !l i:'1 imposed on to the way in which 

fr.om left or right. 

4s a first result we have the 

X approaches X 
0 

Corollarv. A function cannot havp more than one limit 

~t a rriven noirt. · 
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f has the limits /, e· at a point 

Since f, f• · are limits at x
0

, given 

such that 

£)0 there ex:!-st 

deleted nei~~borhoods N, N' of x 
0 

Xt N(x) =;. {f(x) ...: fJ < 6
1 

X€ Ncx
0

) =9 lf(x) - l•((£ 

Forming It- e•l J we have 

l€• -et = l<f(x)) -f)- (f(x) ~f·) l 
~ !f(x) - lj + j~(x) - f•/(&+ I. = 2£, 

Since £ can be ta.lten arbitrarily small;: it follows that . 

£ = £•. 
Remark. To test a number / to be the limit of a func­

tion f at a point x
0

, it is sometimes useful to apply the 

equivalent definition of limit, namely, a function f has the 

limit i at x , when corresponding to a given cf> 0 one can 

find a E a)) o such that / 

where 

Example lo Let 

defined by the rule 

.I(x) at the P'!int 

I be the identity fUnction which is 

I(x) = x. Then·show that"the limit of 

X 
0 

is X • 
0 

~- We are using the above equivalent definition of 

For a given ~) 0 with · 

\.. . 
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we must find an €.} 0 corresponding to this ~ with e -')o- 0. as 

b ~ 0, such that 

\ I(x) ~ x
0

f <£ (2) 

Since. I(x) is equal to- x, in view of (l.} we have 

\ I(x) - x \ =I x - x \ < E. 0 0 . 

and taking ~ as equal to E. we have ( 2), and €: _,. 0 as $ --':1- o. 1! 

Examnle 2. Let 2 f(x) = x + 5. Show that 

:f(x) = 9 
··', 

~· By above Remark 'for a given · S) 0 an £.(J") > Q 

·is to be determined such that 

with. E~o as b~o. 

In view of (1), for the-left hand side of (2) we have 

Taking E.= bC~ + 2) we h"lVP. (2), qnd ·c.,.:;. 0 · as ~~- O. 

The verification of a number t to be the limit of a 

given· function at a given point .. can be done"- in .the same ~ay, 

but the limit of a function at a F,iven point is. determined in 

ge!leral bv the use of theorems on limits (practically)., 

'I ' 
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\ 

\Left and rig}lt limits: 
I 

The limit qf a func~ion f 

conditions 

x(x , 
0 

at· a point .. X 
0 

X 1>~ 
0 • 

,) 

under-the 

is called the left limit of f at\ x , a~d the limit .of f at 
O· 

x under the c,ondi tions 
0 : 

x) x -· 
- p' 

is called the rie:::ht limit of' f -at xo. 

The notations for left 1iriiit are 

lim·· f(x)., lim f(-x), 
X t X 

·lim !f(x)., 
X J' x

0 

lim f(x) ,' lim f(x) 
x_,..x 

0 
X< x

0 

0 
x_,.x x-:;.x-__ . 0 0 

and tho'se (for right one ~re: 

lim f(x)_, 
X -'JI> x

0 
X> x

0 

lim f(x), 
x,J,x 

) 0 

I 

lim f(x), lim f(x), 
x~x -x~x+ \ 

' 0 '. 0 

lim f(x\ 
X~XI 

.0 

~t a 'given point x some :f'ui1ct.ions have both the left 
0 

and right liil!-it, some others have onlv one_, and ~till others 

have noneo 
- . 

If ,both the left and right limit exist at x
0 

. for a 

function f' ' and are equal to each other ( = e ) ' then we say 

that f(x) · h_as the limit· f, and one writes 
\ 

li"l f(x) = .e 
x~x 
' 0 

I 

If f: I -? ~. where I is an interval with .end points 

/ 

a 
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and · b (a< b), · then the limit of f ·at "a" is defined to 

be the. right limit at ~a~ and the limit of f at ''b" is 
. . \ ' 

defined. to 'be· the left limit of f at "'b~ . 

I. 

then 

and 

Examnle. Evaluate the followins: iimi +.s, 

l,o lim . X l X l 
. X->· -1 

2 •. lim [x2 
- 1] 

x~3 

Solution. 
', 

lc. Since x txl 
\ 

2 c· o -x . when x , < ·. 
= 0 when ·x = 0 

2 / . 
x when· X/ 0 

x jxj = 2 -x in a deleted neighborhood N(-1) 

lim. x\xl = lim (-x2
) 

X_,. -1 .x~ .;.1 

of ·-1, 

. lim c.:..x2 ) = lim -(-l-h)
2 = lim 

h~O 

. 2 
(-l-2h-h ) = -1 

X .1' -1 h _.,;: 0 
'h) 0 

2 ' 2 
lim ( -x ) = lim -(~1+h) 

:X~ :...1 h-- o · 
h)O 

lim · ( -1.f.2h..;,h 2 ) = -1 
h 0 

(-

~ \ lim xlx\= -1 
x- -1 

since the left and right limits exist 

and· equal to each other.· 

2. lim Jx2~l] = 
.x.-+ · 3 · 

lim [ (3-h)
2
-- 1]: 

h~ 0 ' 
lim [ 8-6h + h2 ·1 
h~ 0 ' 

h) 0 ·h>o 

=·lim [fi- h(_6- h) j 
h~ 0 

,h) q 
, I 

. I 
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where for sufficiently smal;t h ·one has O<b.(6- ·h) (1 
. . 2 

implying 7( 8 - h{ 6 - h)<. 8 a.'ld · lim ;...[x. - ll ::- 1 
x-.3 

lim [ (3 
h-O . 

+ h) 2 
- 11 = liin [8 + 6h +. h2_ft;:: 8. 

h~O . . . 

h)O h)O 

Since the two limits are distinct, there is no limit at 3. · 

Remark: In case f(x) . increases or ·decreases inde.fini- · 

tel.y to- oo or to -co when ! '+ x ~ x or . x ~ · x . or 
0 0 

then we say that f has no limit. 

x.- x 
0 

Though we say that there is no limit at such casesJit is 

however customary to write 

' I 

liiii f(x) = ·-ao or· .li~ f(x) 
\ 

x~.x6 x~x-:-
0 
I 

lim f(x) = - 00 or. lim f(x) 
X ~X+ . + 

X~X· 
0 . 0 

ExamEle 3.· 

1. lim tan x = oo · (no limit) 
X f 1j2 

. 2 . 
2 •. liin - 3 = ;... 01:> (~o-limit) 

x t 1 (x-1) 

=cO or. 

= coO 

· If f: I -> 1R is a. :function where I is an inter-Val 

. involving oo or - co we can talk about the limits 

lim f(x) lim f(.x) ·. (l) 
x~oo X~ -·co. 

Setting X = 1/t and n~ting that 

-
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.lim 
. x-. -oo 

1 
t 

the limits (1) are defined :b:v the equalities 

lim f(x) · = 
x--o.;, 

lim f(x) = 
X~ ~oo 

· If· f is a_ per:i,odic :f!lnction vlith period -. T, one sets 

x = a+ kT. l.innlvini; lim f(x)-- , lim· f(a + kT) · for· aey . ·- . x-- ·K-oo __ 

/ 

since 

lim 
X~oo 

or 

lim 
x--o.g 

Exanip1e. 4. -

Sin t­
JJ.m --t- =? 

i;~OO 

Solution 1. SiY'ce Jsin t I' 1, then \ Si~ tl_ § ,; \ _~:o •. 

2. Setting·· t .= 1/x, we have' 

s· 1 
Sin t 

~n- .... \' 
1 X 

lim ----= lim 
1 

r- .·lim x.sin- = 0 t ... o+ X 
t~oo x~o x .... 

X 

. sin(l/x.) is bounded. 

Exam:ele. 

x7(1 ... ~) 1 
8 +--

x7 6 
+ ax ' 

X X -1 
lim 7 + ....L) = lim ·. 3 =5 7 . 

5x -+ .3 X X (5 X 5 :t-1 x7 X 

1 8 
-+-

8t
6 x7 ... 8x _t7 t 

lim 1 + 1 = lim = 
·3t7 ' 

= 5 '7 5 ... 
5x + 3 t o+ -+ 3 t -~ 0 5+ 

t7 
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\ 
is a constant), then . )im. f{:ic:) :.=. c . a·} If f(x) = c (c 

x:....x· 
b) If lim f(x) = ·i, . and 

. . 0. 
c · is a cons'j;ant, then . 

x~x 
0 

lim c f{x) =c. lim f(x) . 
. X- X X ...... X 

. - 0 . . 0' 

C) If lim · f( X) =:= f . ~ 
·x-.,. X· 

0 

.{ ;i o, then 
' . 

d): If f: I -+ J is invertible on I arid ·if.·· 

lim 
x-x 

0 

Proof~: 

I . .' 

then lim 
x~yo 

· ~) Since. lt(x) :... cf ~ lc - cf= o, then \t(x)· -..- cl <f­
' for any S) 0 and for any N(x0) 

- . . 

b) Since for a ·given £>0, _the.re exists. N(x
0

); such 

.that 

we have for x E N( x 
0

) · 

. . '· 
c) First we o1Jtain t~e inequali-ty (a) below fc.•.~ f: ·· 

i l 
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(tCxl - e}(c, <t < I if is tak,.m)·~ 

:::;> .llf(x)I-Je!klf(x) -2J<t, (From/laf-/bll~!a- b!) 

=r llt(x.)f- I et! < E 

~· -£ ( l f(~)l-/£! <E 1 

=::, ... o < \el -E.< jt(x>[<teJ-+' e. ... (a} 

. d) Since f is invertible we have y = f(x) # 
-1( .. ) x = f v so that 

X o' 

lim 
x~x 

0 

f(x} =y 
0

# ~im f-\y} :::= x
0
# lim -1(-f xJ = x lb .o. 

·y~yo x~yo 

Theorem 2. If the functions f, g have limits at 

then 

a) lim . lf(x) _+ ~(x)} = lim f(x) +. lim 
X-+ x-O x~x0 x~x 

. 0 

b)." lim ·. [f(x) - g( x)) = lim . f(x) - lim 
X~X0 · · X-': x

0 
x~x0 

c) lim (f(x) g(x)) = lim f'(x) lim 
x~x x-x x~x 

.0 0 0 

d) . lim · [ f(x) :g(x)] = lim f(x) lim g(x) 
X-> X' 

0 

Jif lim g_(x) ~ 0) 
x-x ., 

·o 

x-x 
0 

X-+'X 
0 

a point 

~(x) 

g(x) 

g(x) 
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~im · 'f(x) = oi , 
x ..... x. 

' 0 
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lim g(x) = (3. _ 
· x-.x· 

0 

Then giv~<m e > 0, there exist de~et~d ne-ighborhoods. N1 , N
2 

. of 

x
0 

such that 

x~N 9 )~(x) ~ ;(1<£, (g{x~ -J(<t: · 

a) _x.E.N ~k(x) + g{x)- (~+j)\=\'f(x) -cic+ g{x) -rl· 
~l'f~x) - «[ + \g(x) - f 14+ & = 2£. 

Since e {>O) is arbitrary-v ·then . f'(x) + g(x)~« + p as 

·.b) Similar:cy proved. " · 

c) x€ N=9 \f'(x) g.{x) - c::<:} J. 
=l'f(x) g{x) ._ ~g(x)1 ~ c< g(x) - o{fl~. 

=\('f(~) -CC.) g(x) + «{g{x) -p){. 
' ' 

~~'f(x) -D(/lg(x)(+l«{{,e;(x) -p.l 
. . 

< t(g(":)\ 'f- l~l E, 

< s. < ~t+ £ > + I e<:\ E. . 

x_, x • 
. 0 

X6" N * \f(x) p;(x) -'1\ ((\eq +If(+£.) E-==:? o. 

d) .lim f'~~t = lim [t'(x). l.(x)J..= .lim f'(x) · •. 
. X~ X g X~ X . . . g X~X 

0 ~ 0 . 0 

lim ' 1 · (3} 
x-+x p;(x) 

. 0 
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(Theorem 1 c) 

Corollary •. Let a composite function . gof .. be given. Then'-

•.. . 

iim f(x) =« a!!d lim g(x~ = g(«) ~. lim (gof)(x)=g(~). 
x~x 

. 0 

Theorem 3. 

1) If f(x) (g(x) holds for all x 

nei~b~rhood N(x ) and if - f, 
. . 0 ., 

p at. x
0

; then o< ~. 
. - .. 

X-'3> X 
. - 0 

in a delett3d. 

g have limits o( , 

2) If f(x) < u(x).(g(x) holds for ill .. xe N(x } . .. . . 0 

·and if . f, g .. have the same )..imit .f.: at • x , then 
0 . 

~· 
1~ 

lim li(x) = f. 
x:.-. x 

. • 0 

g(x)' - i'(x)) 0 ~ lim .[e(x.) -_:f(x)j~ 0 ~ lim g(x:) -
X~ X x-. X 

0 . ~ 

lim f_(x))- 0 9 fJ - o< )0 9 «-~ P · 
X-+- x

0 

2) Since f, g have'iimits f at x
0
-t Dff\Dg then 

there exist . N
1 

(x
0
), N;(x

0
)_ such that· 

x~N1(x0 )~ J.f(x) -fl<f-, . xeN2(x~)::> \g~·x) - i}<c. 

implying ·f.-£(f(x)'<.f+f- and, ·t,. -£.(g(x)~-l+£.. Since 

f(x)<( u(x) c(g(x) we· have l.-t.<. u(x)(e + €. which implies 

lu(x) -21<£ or that· lim u{x).=i. a 
·x~x0 
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Corollary l• 

n 
k. P(x) = L: ~· X~ lim 'P(x) = P(x ) ·o 

k = 0 x-x 
0 

~-
\ n 

k lim P(x) d lim .~ ~X 
x-x x-x k == 0 .. 0 0 

n 
k 

= E lim (~X >-••• (Theorem ~a) 
k = 0 x~:x0 

n 

= ~ ak ( 
k = 0 

= 2: ~ ( 

lim 
x_,.x 

lim 
:X-+ X 

k 
X ) • • (Theorem lb) 

0 

x>k 
0 

• • (Theorem 2c) 

(x __... :x ) 
0 

Corollary 2. If P(x)/Q(x) is a rational function with 

Q(x
0

) F 0, then 

~ P(x0 ) 

~im Q[i) = m 
x-x .· o 

0 lim P(x) 
x-x 

~·· ~ mt = lim 
0

Q(x) x-x
0 

x . ....,. x
0 

· 

(Theorem 2d) 

·(Coroll. ~) · 
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c. Iridete'rminate forms 

If ·lim f'(x) = 0, . lim · ~(x) = 0 

x- co , the use of property-

lim f(x) = lim f(x) 
g(x) _lim g(x) 

when· x -+ x 
0, 

or 

does not ~elp in ~etting the li>rrit of f(x)/ g(x), since the 

form 0/0 is -not defined· and ~ay be tak,en ~-s- equal to any num­

ber. k. Indeed, the equality ·0/0 =· k is equivalent to 0 = O.k 
' . . . . ;· . 

and· the latter holds truP. for any k! Ro For this. re97on 0/0 ... 

is c_al.led _an indeterminate :form. The· indeterminate forms that-

· we encounter in this chapter are 

0 
0 J 

00 

00 , . _oO. 0, 

There are also three other. which arisP."i_;-~~;:eiderin2" 
f. (.x) g(x), and are 0. 

0 , j:o limit of a function Of the form ~ 

>ind iXl·
0 

•. These indeterminate. forms will be taken up in a later 

·chapter where, by the ::use logarithms, they will be reduc_ed to 

·above 'mentioned indeterminate formso 

a •. The indeterminate form 0/0: 

A remarkable example ;is the following_ 

lim 
9~0 

which we 'state· as a theorem: 

E% 1 

Theorem:. If Q · is .measured in radian, then 

sin 0 
lim ~ = l. · 
0~0 

or : lim 
Q~Q 

~ ----=----::::"1 = 1 sin Q 



Proof. 

a) Right limit: O< ~ ( r 1 Q = ~~~ (.fee fi/) 

Sin Q = /cP{ < tA-rl = j.G>j ~ 'J< !Ail+ \~P) 
.;-I 'II· \T'1'f1 

='·..;{ = tan Q .. i r. . t ... • t t1. : 

sin Q ) \ 
1 > Q ·. COB G 

Since lin cos Q = 1 we have, from Theorem_. 3,:. 
g~·o ·., __ ,_ __ 

sin Q 
1 lim ~= 

Q.- 0~ 

b) Left limit: Set g = -0' {Q')O). 

~- sin Q lim 
J..l.ffi --g- = sin( -'d') = 

-Q• 
lim_ sin Q• = 

Q• 
g~ o g•_.o 
G<O Q') 0 

' Q·~- 0 
Q•) 0 

l'(from·a} 

· Since. left and right limits exist and equal to each 

other the proof is completed. S 

lim 
t....,.o 

Examples. Use the previous theorem to evaluats: 

l. ltm 
. t--""' 0 

Solution. 

.ll. 

2·o 
sin 2t 

sin 3t 
2t 2. sin 2t lim 

sin 3t 
t~o 

sin 3t 
2t 

= lim 1 sin 3t = .1 li -~ - 1-
t-+ 0 2 3t 2 h-"'.r-mo h - 2. 

sin 2t 
2t 2 lim ( g_) = .E. lim sin 2t/lim sin 3t = ~in 3t sin 3t • 3 . :;:3 t-o 3t~ 0 2t t ........ o 3t I 3t 

. i 



82 

be In de tet'lllinat e fol"nis oo I 013 • po ... oo , 0. oo : 

We· note that·. -oo/-oo, - ~Oo t Oo/-oo, -00+00• 0.(-eo)' 

are ·also indeterminate forms. All. are reducible to the indeter­

minate fo~ 0/0. 

Then .. 

Let g(x) -.co when x~x 
. 0 

or X-+OO. 

1. 1 . r(x> ·roo] 1 . 1/~<Cx> (·o1 ~m ·g(x) = ;- = _1m ~/g(x) = 0 

2. 
. ' . 1 

l.im (f(x)- P:(x)J =[oo-~1= hml1lf(x)-

-·li"!l 1/..g:(x) - 1/f(x) '-·r .£] · 
- · 1/(f(x) g{x) -to 

L~t now. f(·x) -+ 0, g(x)- oo when x- x· 
0 

1 / 
1/g(x)l 

or 

x--oo. Then 

3. 'lim rf( } ( . )) [0 il 1· f( X) . [ Q 1 l X g x = .ooJ = ~m 1/,c;r(x) = 0 

t :-: ' .. ~·- -
·Al~ebraic methods of evaluation: 

a) For a rational. function P(x}/Q(x): (in cases ~ 
o. e>0) let " 

. :;(~ :-' 

n i 
P(xY = % p. x , 

i = 0 
1 

-~ {x}_ = 
m i 
~ q. X • 

i = 0 l. 

1 ). l . P(x) _ [!!..] _ 
. : l.m · 9( x) - c:10 -

·x -»Co 

2) 

oo ( or -oo) when n) m 

. p(x)(x - x ) 
1lim- _P(_x_) = [· 2. J = lim · · 0 

' ·. Q(x) 0 q(x)(x - x
0

) 
x "$' x0 x.-,. x

0 

(by remainder 
Theorem) 
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(if no:t indeter­
minate) 

If indeterminate, repeat the process, or.settir.g 

x = x + h write . 0 

P(x + h)'. 
lim ( .Ei20.; :i: lim -=-· -r-0;;_-:""~ 
x~ x Q(x) · h~ 0 Q(xo + h) 

0 

This method of inc~emant is applic~ble more generally 

to.the·ratio of any two functions. 
) ' 

ExamEle. Evaluate. the following limits: 

x3 + 5x 2 6 COS X 1) lim + 2) lim 
-3x2 + 4x X-+ J!:. E_x ':' 

X-+ -co . 2 2 

3) . lim 
X-'1>2 

2 
X -4 

x
3 

- 8 

4) lim 
\x~ -2 

x3 + 2x
2 ~ 4x - 8 

x4 + 2x3 + .8x + 16 ' 

Solution. 
3 2 2 •' 

1 • lim ·.;.;x~+...__~~x---..-+:.-..;;.6 = lim·· x (x + 5 + 6/x = 
X -c.-- - 3X + 4x X"?-~ x2(-J + ~) · . 

= lim 

. . X 

6 
X+5+-

X 
-...--~:---- = 00 4 . 

x-. -- -J +i' 
1r 

2. Setting x = 2. + h, we have 

(no limit) 

. lim cos x · f 0 ) li 

ir' 
cos(-2 + h) i h 
----~----= lim -an = 1 -;r 11' : Lo = m 

x- - -2 - x . h - 0 2 
-h - h ....... 0 -h 

. x~~--4 [01 (x-2)(x+2) 
lim 3 = 0 .I = . lim .. 2 x-.,.2 x 8. .x .. 2 (x- 2)(x + 2x + 4) 
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X+ 2 1· 
= li~ 2 -= ·3 
x~2 x + 2x + 4 

or, setting x = 2 + h, we have 

2 ( )2 . 4h + h3 
li x - 4 = lJ.'m i 2 + .h - 4 _ li 

m · 3 · 3 · m lafi + 6h2 + h3 
x- 2 x - 8 ;h~ 0 (2 + h) - 8 h._, 0 

.. lim. 
4 + h 2· 1 

= . 12 + 6h + h2 = 3 
h--.l~P 0 

3 
4 .• liln - X. + 

4 x-:..2 

2X2 4x -
2x3 8x 

8 

16 

2 . 
= [~]= lim (:x: + 2)(x - 4) 

x- -2 (.x + 2)(x3 + 8) X + + + 

x
2

- 4 0 
x3 + 8 = r 0 J = lim 

X"+-2 

(x + 2) -(x - 2) 
. 2 

(x + 2) (x - 2x + 4) 

·= lim 
X-'> -2 

X -~2 --=.;.;;..____;;,..-- = 
x

2
- 2x + 4 

-4 ·1 
4 + 4 + 4 ·= .- 3 

or, setting x = -2 +. h, we have 

3 . 2 . 
(h - 2)3 + 2(h - 2)

2 
- 4(h - 2)~8· li X -t-2X -4x-8 

x-+~2'x4 + 2x3 + 8x + 16 
= lim - 4 -

h-. 0 (h- 2) + 2(h- 2} 3 + 8(h -·2)+16 

. 3 2 
=lim 4h -4h .·· 2=.liln 

·:n~ 0 h - .6b3 -+ 12h . . h~ 0 

h-4 
2 ... 

h - 6h ·...-.12 

b) For an algebraic ·function: (i~ case oo -oo ) 
~ . . .· 

As illustrated in the following examples,- indeterminacy 

can be removed in general by Mlltiplying numerator and denomina­

tor • by the conjuguates of the expressions •. 

Example lo lim rP + 3x .:.. ~x2 
+ 2] = 1 

X~OO . 

I 



,2-- 12 

lim 
1 ? -~ - Vx + 3x + V x + 2 

(vx -~~ 3x ~'1/x~ + ?.) ; 2 .. 2 -· x---- ·.j X ... 3X • 'II X + 2 

= 1 . · 3x - 2 
·-~rn I 2 _ I 2 

X -oa V X ... ~X +-'\/X + 2 

J:.'xamnle 2. lim 
x- 2 

Vx + 2 
? 

2 
~2x + 5 3 

Solution. 

. .-v'X:2 - 2 ~ + 2 .J 2x + 5 + 3 
hm ·'2x + · 5 3 ( • · ~ + 2 • .. f2x + 5 + 3 X~ 2v . _ "VA - G ·v 

= lim ~x -- 2)'(..,hx+ 5: 3)._! .lim -v'2x-+ 5 + 3 = 1
4 (2x-4)(...Jx+2 2)-2 '\/X+2+2 

X~ 2 X..,)> 2 

Example -l• ~+2 
x ... a =?. 

Solution. In·the identity 

each factor at the left hand side is the conjugate of the other, 

and we have 

lim ~ + 2 

x---8 x + 8 

86o BY 

a) 

3£2 2Tx + 4 w -.2 .v; + 4 = 
lim x + 8 

fx+8)(3Jx2 
x-~8 

E X E R C I S E S ( 1 .. 6) 

(. ' i technique show that limit of 

2 
- 2x is 3 when 3o X x_,. 



': 
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. b) 1 fx -:- li is 1. when 
X- 1 X~ 2. 

' )~ 

87. If · f(x) = (x + 3)/(x- 2), find a. f> 0 correspond-

ing to£.= ?-/10 for all x in a deleted neighbor­

hood of · 3. 

88.' Find the left hand sid~.f:_~-md riP:ht hand side limits 
"r~ --

;:~,' 

·of 

·a·) lx - 41' ..._ _ __....... when 
X - 4 

c) x [ x] when X-+ .-2 · · 

. 2 . 
··.X - 4 

_ b) }X -:-· 2\ when X--?" 2 

d) lim (l+x] [ 2+xl;lhen 
X~ -1 

89. Evaluate tne limHs, if' ai-t,y: 

a) . ,~~ r, x2· 5] b) lim (x [ x] - [- X~ ) -'-~ •:- u 
:-;-;.'\}'5 .x~l 

c) . lim [cos-x + sin xl d) lim {cos X + sin x] 
.X- 0 x-7!/4 

90~ Evaluate the following limits,·if any: 
\ 

a) lim sin x b) lim tan X 

X~ <XI X--00 

.. c) lim 
COS X d) lim 

X . - X sin X 
x--oo x~oo 

e) lim where x3y 2 
3xy 

2 5y - 4x 8 0 ,, - + + = 
x .... oo 

91. Evaluate the following li~ts, if any: 

a)· lim [2 + x] 
X~ J/2 · ·. 

) 1 . [ 1 1 . 7r c , 1m x + i s1n ~~ 
· x-. 3 

e) lim Sec x 
-_x~71J3 

\ 

· X 2 . 
b) lim I x l ( x . ? 3 ) 
x~-2 

d) li~ sin(f + 2k7r)[ x
2+ii 

X--"!!'4 

f) lim 
i 

· x~l/3 

92~ For each of _the following cases, find examples Of! 

functions f, g 

lirri ts but 

and x 
0 

at which they have no 
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{ 

/ 
a) f + g b) f- g 

has a limit at 

93. Firid limits, 1f a."l,y: 

a) lim . (sin x + cos x) 
X? 71'/3, 

cr lim X COt X 
x-o 

} . . 

c) fg d) f/g 

b) lim <lxl~ tru1:x) 
X-+ -?J14 ..•. __ _ 

d) lim 3x · 
x- -45 [xD 

94e Given f(x) = ~ and g(x) 
2 

-· X - 5, find 

a) lim (fog)(x) 
x~3 

c) lim (fof)(x) 
x~5 

95. Evaluate 

a) lim arcsin x 
x~/2 

b) lim (gof){:it) · 
x-3 

:l) lim ( gog)( x) 
x~2 

b) lim _. [arccos· x] 
X.__ 1/2 

c) lim y, y being defined by x3y2 - 5x2y + 8x_+ 4y- 8=v 
X__. 2 

3 2 2 - -
d) lim v, v being defined by x y 5x y - 8x + 4xy - 8=0 

x--.0 

e) lim f-1(x) 
-x·_,.. 2 

if f(x) x + 1 = x-::--2 

96. Determine.the constants 

a) lim 
x3 - ax + 2 

= 9 2 x--2 X+ 

97o.Find the limits~ if· ~y: 

fxl•li- 11 - l 
a) lim ----..:....;..-:2~----
x~l ~ -1 

·a and b 

b) lim 
X-+-2 

b) lim 
X/'1 

such that 
x3 - 6x + 2b 

X+ 2 = 

lx- 11-lxl+ 1 
2 

~ + l. 

18. Evaluate the following. limi.ts, if any: 

{; 
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x
3 • x

2 
- 2x - 2 a) lim 

3 2 · x·- -1 x + x · + 2x + 2 

2 8x c) li"1 
X ... 

x~oo x3 - 5x "" 7 

3x 8 100x3 12 d) li.m + + 
8 3 

x~oo 8x + lOOOx .- 9 

~3 6x 
2 8 e) lim - -

X-'> 0 x·• 5 

gg. Fi!'!-l the limits, if'an:v: 

x3 3x 2 
a) lim - • 

')(3 2 
X- ;:> - '5'JC + ;'1~ 

2 2 
b) 1; m X -l 

y - X 
Y- X 

c) li.m 
cos X 

x-.i7'/2 1 - sin X 

d) Dm 
1 - COS. X 

0 
sin X 

x-

100o Ev%1l~1.ate 

1 • cos Q 
. 2 /'\ 

s~n "' 
[ 1/z] 

101. Evaluate 

a) lim. 
x.-=,.1r'j2 · 

c) J.i.rn 

x-7( 19. 

tan x 
SP.C X 

cot(x - 11' 11) 
"71" 

tan('JC+ 6) 

.1 

-

102. Evt=t.lua.t~ lim 
x3/2 - q 

X- 9 

[ o) 

[ 3/B] 

[-f/s] 

4 I 

b) lim 
x- 0 

I 

b) lim 
X~ 0 

d) lim 
x~o 

1/2 
X' 

sin 2x.tan·x 
1 - COS X· 

esc X 

cot x 

1 - COS X 

2 
X 

[~] 

['t] 
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103. 'EValuate the foliowine limits, if any: 

) 1
. 3 - x b) ·u ' .. -~ ~in. (sin x)--~-

·.·. a -- 1m · s1· n .,... x · m 1 ( ·· ) x ~ 3 , x_.,;.; o. ~cos 5_1n •x. _ .. 

c) lim . . + 
x- 0. 

arctan x· ·_. 
1 ~ cos .2x 

-.d) lim 

x-o 

' . 2 . 2 
Sl.n X -+ Sl.n -X 

'2 
X 

104'• Fi!1d-the' limits: 
1!' . . · 

a) lim (x ~ ~) tan x 
- x--.7(/2 

b) lim. x esc x· 
.. X-+ 0 

105. 

c) lim · x sin(k7r + x) 
x-t..oo 

a) lim 
:.;1 + 2t - fl 

t2 t.- b 

V1 b) lim + 3t "'l:'-~!1 
+,2 -t-- 0 

d) lim­
·- x ..... 7r/2 

+'t~ = ·? 

; 

+ t} 
? = 

x _ 7r .-cos ·x 
--2 

(- l/2) 

106. Evaluate 

a) lim . .Jx":4 - ~-
x_. 0 . ~x + .9 -

b) lim V2X + 6_ - 2 
· _ -1v_x + 3 - 2 
-x~ - ' 

1~7• Evaluate the limits, 'if any: 

a) lim (tan x- sec'x) b) lim ·(cot x- esc~) 
·x-1112 ~ x~ 0 

c) lim <.J2 
+ 3x~./x2 - 3x) 

x-oo 

108. Find an interval "for the ·um f(x,) ·when -' x -~ 4· . 

if 2x+3)_:f(x))~+5o :[_(~Jtt~J· 

i 
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109. In,the Figure, P is on the 

unit circle in the first 

qua~r~nt. I~ I is the mtd 

:of the se,gment (CP] and J 
;-..: 

is that of arc .. \ "P and N 

is the uoint wt...,~c· ' I.! in-

tersects +,he ljy:o ()A.. fil"ld 

the limtin~ position of 

on oA' when p - A.. 

(Hint: Take ,Q = 4 A.OP). 

1'J 

.v· 

110. Let OA, OB be t~o pernen­

dicul'U' lines na.ssin.,- throu,;;h 

the center ·o of a circle. 

Lot 1, J be noi~ts 0~ the 

segment [ori] ar.rJ. O"' th.~ "l.rc 

·.G ·such th::.t I or I= loo/n, 

IA:JI = /AI3Yn• Let P b~ the 

00int nhere I.T i.nte:,..sects 

OA. 1"i~1d. "the lil"tin"' uosi-

tion of N(n) as n-oo o 

l. 7 CONTINUITf . 

A. Definitions 

8 

Continuity is among important conce::>ts about fW1ctions_; 
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A-function continuoUs on a closed interval enjoysm~. proper-'. 
ties' and. the graph 0~ such a functi.on consists of a. single 

piece that can be traced-without' lifting the ·pencil off the 

paper. 

A function. f~ defined on a closed interval [a, b]_, is 

said to be continuous at an interior point x E (a, b) if 
0· 

lim f(x) =- f(x
0

) 

·x~x0 

('1). 

Continuity pf i' at the end_points a and b. is defin­

ed by (l) by the use of right and left limits at a and b 

res·pP.ctively;· A fl.L"lCtion which is- not continuous at a point 

x
0
t[a, b] is said to be discontinuous at x

0
• 

A ' I I 
~-

0 

Graph of a function 

continuous at X 
0 

/J ... ·. 
..... · i'· 

Graph of a function 

discontinuous at 

A function f: IR ~ IR, ·given by a rule.;'is discontinuous 

at a point X 
0 

at. least in One -Of the following .CCJ,Ses: 

1) f is. not defined at _x
0 

(Missing point discon.,. ~ 

tinuitv) 

2) . f is defined at· x
0 

but not in a deleted neight­

b.orhood(l) . N(x
0

) of· x • (Isolated point discon-· 
.0 

- tinuity) 

l) Some authors re~ard f continuous at an isolated point, in· 
a deleted '1eighborhood of which f is undefined. 
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3 ), lim f(x) does not exist at 
c ,- ' " 

X 
0 

discontinuity) 
\ 

4) lim f(x) exists-but this limit is not 
\ 

(Removable discontinui+,y) 

equal "CO f(x
0

) 

Then we have the-following types of discontinui1;ies as 

illustrated by ~raphs: 

/ 
i 
' ! 

;.;~ssin€ point discon­

tinuity or removable 

discontinuity 

~v· .·· .I 
I 

' 
I 

:· 

Finite jump dis­

continuity 

Isolated point 

discontinuity 

Infinite jump 

discontinuity 

y I. 
' I 
I 

Finite jump dis­

continuity 

) :\c I . 

I 

' I 
I 

Infinite jump 

discontinUity 

Exam-ple 1. Whv the following functionJ are not continuous 

at fhdicat.ed uoi,nts. and what i.R the type of discontinui t·r? 

1. f(x) = lx\ 
X 

X = 0 
0 
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2) g(x) = {: 
when x -1 

,Ca = -f 
when. x)-0 

. 3) h(x) . X - 2 2 =·--- ' X = 
X - 2 0 

4) k(x) 1 
1 = x-:--1'' X = 

0 

iAnswers: 
,'J 

1) ic:.---· f is not defined at 

---b-f 1 \,(finite jump) 

X = 0 
0 

2)+ x·= -1 is an isolated point of 

(isolated !?oint) 

g. 

3) 1 h is undefined· at x
0 

= 2. h hav-. 

·ing limit (=l) at x
0 

= 2 the 

discontinuity is'removable. 

4) 
i~ I . 
I 
I 

'I . k is undefined at 

(infinite jump) 

X = 1 o· 

Example 2. Test the function . f(x) =I xf. for continuity 

at the origin. -~-. ~ ... ~· 
Solution. Since limit. \x\= 0 x-o .. · . 

and this limit ·is equal to f( 0), f 

is continuous at. 0. 

Example 3• Test thef'unction 
1' 

f(x) = [ 3x, +1] at x
0 

= 2 • 

Solution.·um1 x--2. 

It.is continuous. 

1 

. -~ 0 

r+r 
I 
I 
I 

. I 
I 

. I 

I 
I 

I I ,1_ 
3Y~ 

1 
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-

Examnle 4. Find the set of x's on which f(x) = [x2 ] 

is continuous. 

Solution. Since f has (finite jump) discontinuities 

at, x:: !..[a (a€N) only, then the set is lR- tx: x = ~' 
/ af_~J}. 

If f: [a, b] ~it is continuous at every point of the 

closed interval [a, bJ; then f is said to be continuous on 

[a, b]. Similar definition is given for a function defined in 

a~ open interval (a, b). 

Notation. c[a, b] = tf: f is continuous on [a, bl} 

C(a, b) = { f: f is continuous in (a, b)} 

B. Properties of continuous functions: 

'lheorem 1. 

f, .i<;t: C(a, b1 ":9 cf, f ! g, fg, f/gt C (a, b1 where the 
'· 

latter holds when g(x) ~ 0, and c is constante 

Since 

Proof. We only prc:.re the cont~nui ty f cf 

fE· C [a, bJ , then for . _x
0

€. [a, b) we have 

On [a, b]. 
lim f(x) = f{x

0
). x....,.x· 

0_ 

lim ( cf,)(x) = lim cf(x) = c lim f(x) 
X ~X X.-+ X X ~ X

0 0 0 

The . other cases are similarly :proved using theorem on lirni ts. Ef 

Corollary. If P(x), Q(x) are two po~omials, then 

1) P€ C(-eo,oo) 

2) P/Q€ C( -Oo, oo) except at the roots of QQ 

Theorem' 2. If I'€ C [a,_ b),- then 

l) There exist x
1

, x
2

f [a, b] such that 
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for all · X t; [a, b), Where m, Jll are the: smallest and 

larges-t vabes of_ f(x) on [a, .bJ~ 

2. For anv ~ \rri.th m<;e<:r.:,- there exists 'at le'ast one 

c E (a, b) such thai2 f( c) =)"- .-: (In~ei-n:fediat'~ value 

theorem) 

Sketchv proof._ i ; 
:"'::" ';-? • ., "r •• ,J. ' 

Since f is continuous_onth~ ~lps~ti. ;~t~rya,l ta,- b}/(x
0

) 
'· . 

is definite for all x on the same interval, and the set 'of 
0 -;_,;.;·:.-·~--~~-:~;:.} ~-~··,··!··:: r_,·-~·, 

all 

from 

f(x ) has a _smallest value m_ and largest value ffi. 

f
0 

being continuous on [a, b):~ :Lt il ~ ont~\-~n'ction 
[a, bJ to [m, MJ,,: 

' -.The nUinbers;· m; ·If. related to a function.: :f-- c·oritinuous 

on a closed interval are called ~g~l_o_b_a_l~ ____ ._ __ ~~~~~-~n~i~mum~, 
. -'c, 

maximum of f(x)' ·respedtllely. 

'"' .:.. . 

Example. Find m, _ M and • ___ c, if any,·: with-;u ~ ; f('C') :: ·for· 

the following functions_ in .the_ indicated• interv'als>andj<-''· 

a) f(x) 
X 

[1,'4], 1/2 =-·, f'= . X + 3 
••"' 

b) g(x)' 2· 2, [2, 5J' ~=rl4 = X - . :,'; :--.. 

c) h(x) = lx2 - 4\, [-5/2, 3] ' . ;;.· = 9/4' ' : _ .. , ~ .. ' 

d) k(x) 1/x 2 ( 1, 5) p .r-~ 4/9 = ? 
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Sclu:tion. 

a) Si~ce 
.\ . 
~s ~ncreasing in [ 1 .. 4]. f we r:ave 

401. = ·f(l) :;· l/4, 
.x 1 

iri• = f( 4) = 4/7. ~ = ~ £ [1/4, I . , .:. 

Then - =- ~ c = 
X + 3 2 

3€ [1, 4);. 

b) Since g is i"lcreasinc 

'"" = f ( 2 ) = 2, r.: = f r 5 ) = 23 , 

x2 
- 2 = 14* x = ! 4, and c = 

c) From the ~n~h 

., '= f(-2} = f{2)' = 0, 

M = f(1} = 5. 

q 
jt = .4 E [0, 5). Then 

1x2 2-~ 2 -· 41= 1l. X -4 . 

+ 2. 
xl, = - x3, 2 2 ' 4 

--

= 

c1 = -5/2, ~2 = :-~/2, 

.. 9 
-4 9: X 

... 1 ~ 2 

~ 16 • 9 
~ = ,4 

t../71 . .. 

Then 

.lf-. 

:l) Since 1t :;.s defined on an O!len i::-:~rval there will 
~· 

be !1.0 smailest a.'ld no largest values, bu.t 2~ <k(x) <L ' . 

·,~~ E(l/25, l) then 
. ) . 

2 + 
1/x = 4/S ~ x ~ - V2=> c - 3/2E (1, 5).; 

Corollar:v. Tf' fE c[""; bJand f(a) f(b)<o. then there 

e:dst~ at least one c~ (a; b) su.ch that f(c) = 0, J.n.other 

words the equation f(x} = 0 has at least one root be-tween a 

. To find an anproximate root 

of' ~1 equation f(x) = 0, .J.n t'he 

fi~st step, one determines an in­

teT'Val'(~, bJ on wh ch f is con­

tinuo,<s ,~,..,·d f(a) f(b) <O and +.he 

r 
I 
I 
I 
I 
I 
I. 
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cor~ll~ry· ~arantees then the existence of a root in (8., bY. 

ThP.rP. are. 'some m~thn·~s for such a ci~tPrr.:Jin?.tion, two of 

which are me~ti.oried' here., Each CO!'.!'!i!=:tS of findinP' int~;;rv:=tls 

[a .: b ] with 
n n 

f(a ) f(b ) < 0 
: n · · n 

i 
such til."lt 

where the le-ngth of [an~ hn) tends +:o. 0 as n.-...oo and e!'J.r.h 

interval containing the se.ne root r., the nnr.:bers a
1 

~ a
2

, <t·
1 

••• 

(or_ b
1

, _b
2

, b
3

, -••• )can b<3 talte~ as.the first, seco::·i, t.r.ird 

••• a:nproximations to the root c. (If in the process· f( a )=0, 
n 

or i(b ·) = 0, · for SO!!!e value 
n 

k of n, then the root c is 

at han~). 

First wav: Take (a, 

midpoint of [a
1

, b
1
). If 

herwise f'(c(
1

) ) 0 o;. ( 0. 

b) as (~, bl]. LeT. 

f'(c(1 ) ~ 0, then « 
1 

If f(~) f(~)<O, 

itJt( 1 be th~ 

is a root, ot-

say, take 

_(ai' c(lJ as (a2 , b 2'). Let o( 2 be the midpOi.'"lt Of (a2' b 2]. 

If f'(~} :. 0, then 41(
2 

is a· root, otherwise f(ct
2 

)> 0 or< o. 
If f(ll(

2
) f(b

2
)<0, sa~r, ta'k~_ [Q(

2 , b
2

] as [a
3

, b
3
], a."'l.1 ~o. 

on. -The nrocess'. can be continued to BZl~l desired approxi~tion. 

Second wav: 'ReferrinP,' to the first ws.·r above Q( 
1 

is 

taken here as the point where the chord joinir.~ the end ~-~i"'t-!3 

of the ~e intersects [a1 , b1~ = (a, b]. The proces:1 conti..;llf!!"l 

as in the first "Way taltine c( 's as il'ters~ction of chords w1.tt· 
i 

From the equation 

'I - f'( a) • ~!....;( b~~~....;;:..;(.,;;. a._) ( x - a) 

Of the chord ~sin~ throuP,h the noints (a, !~s)l, (b, !(b)\ 

·we obtain . 
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· f(a). . 
f(b) - f(a) 

Example. Find interval(.s) on ·each of which . 

. . 3 . 
·f( x) = 2x - 7x + 3 = 0 

has one root, and tpen find one·of them ap~roximately a~plying 
.. 

tbe first arid second way. 

Solution l~ f(-2) = -6<0, · f(~l) = 8)0 9 f(O) = 3')0o 

f{l) = ·-2<0,. f(2) = 5) 0 ~ c1~ [-2, ~11, c 2€ (o, 1]. c·3~[l, 2]. 

Let us find the second root 

. ~ f(l/4) = 41/32) o.. c( 3 = ~ (~ + i> = 3/8. 

Stopping.at this step we get 

of t~e root with largest error 

3/8 as the third approximation 
1 1 1 - (- - """) = 1/8 . . 2 2 4 

JjB 
---+0-.----+,-. -. -f-.,---+,--------.,-"----~.x 

"f "2 

· · . f(a) · · 
Solution 2 •. oc:1 = a - (b - a) f(b)· _ f(a) 

. 3 
= 0 "":' (1-0)_2-3 

= 3/5 9 f(3/5) = -96/125 < o 9 "c2 E. [o, 3/5]. 

( 
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. ·c3 .) 3 . I 
«2 = 0 - 5 - 0 96 . =:= 75 157 

---3 ··. 
125. \ 

* f(~) = -59/628<0~ "'3€[0, 75/157]. 
' 

. 75 
o(3 = 0 -157. 

3 ..., 25 \ 
79 . = 59 with. an er~or 

-~2 -3 o-=:o less; than 

1 75 . . . . 
.2: <m - o> = 75/314. 

E X E R C i S E ~· ( 1. 7) 
' 

ll1~ Test the. followfng functionS' for continuity at in-· 
. . I 

. d.icated points:· 

a) f(x) = lxf, x1 "" 3/2, X ·= 0 
2 

b) g(x) =[xj, x1_= 3/2, x2 = 0 

112. Same question for: 

r: ~, when 
.. 

x)2-

a) F(x) = I' . X = 2 I 
~ 9' 

when X(2 

=T 
2 +'l if 'x)1 

b) G(x) 'X= 1 .. 
.2 if x-'1 

r: 1 ,if. x).l· 

c) ·H(x) = Xl= 2, X = 1 2 . 
if :ic< 1 



for aP. Xf P: 

a) f(x) 

10() 

X <-1 

X = -1 

2,x ) -1 

b) .:;:(x) 

114. ~how thA-t t:he foJlr)\vinp; fuYJctio"!s ar<=e contir>'lOus a"!: 

a1.l x in thP.ir dom·~in of' 'i~'finiti.o.,.,: 

'a) f(x) l' 2 . 21 X 
b) g;(x) j"x2 ;7)x 4 = X ·- ~ ~ = X 

X 

c) b(x) -- Yx:-5 d) t.(x) = v;;r--:-; . X + 2 

ll '). l<'ind th<e 'JOi11ts of discontinuitY and identifv their 

t~pes of the foLlowing func~ions, if P-ny: 

2 
a) f(.x) = x + 3x - 10 

X -.2 

c) F'(x) 

a) f(x) 

4' 
' 

= 7, r+ 
- 2x + 2, 

!
x. 

= 1, __ -
- 1 

1-x 
( 

X <2 
X -: '2 

· x)2 
} 

x<O 

X = 0 

x) 0 

b) g(x)::Jx2 + 3, 

t5 - x, x>-2 

d) G(x) = [ xJ -X 

b) ~(x) = X 

sin x 

1) G(x) = --~t~a~n~~-­
arctan x 

ll7o Fil"ld the points and type if discontinuit.r of the 

following fu.nctions in tlH! indtcated intervals, if 

anv: 

\ 
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a) f(x) 
2 

X + 3 
1 [o, 2_] = lx ;.. 2( -1 ' 

b) g{x) X 

- [2x] -x ..> (o,- 5} 

c) h(x) sin x + .cos X 
= sin x- cos X 

(o,. lr/2] 

d) k(x) 
'sin x ~ > 

= arcsin x . , to, Y/2] 

us~ :Find the points of discontinuity and id~ntify _their 

types of the following functions on their domain, 

if any: 

a) F{x) =[sinx] 

b)' A function defined by 

c) GoG if G(x) = [x2 + 1] 

d) H-1 if H( x) = ~- -! l - _ . 

119! Find the points of discontinuity of f + 'g, fg, 

-f/g if'. 

. '1 
f(x)::: 2x -7 I 2 

g(x) = x 
' I 

1 -+-2 
X 

-120. Find the points of discontinuity ~f- fog and gbf 

and determine their types, if ~y, where 

a) f(x) ~ x
2 - 1, 

b) f(x) = cqs.x, 

g(x) =·sin x 

1 
~(x) = ......_...;;;..._ 

x_2 + 1 
I • 

121. Find m, M ·of the fol1owi~~ fu~ctions i~ ~~e given 

-:.....-, ...... _ 
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interval if the·: 'U'e contin,lo,,s; then find, 

thP. .c;:i.ven val•~e of f(x): 

a) y = X 
3 - 8. [ 1. ?] ' f(x) = -:-2 

h) ,, =lx + 3j + X .a [-?, ~} f(x) = 0 

c) 2 v =jx .... 4x\- 5, [-1, 3]. f.(x) = 2 

d) y ;.~~ ... 1]. [l, 4) ' . f(x) = 1 

1?2• SHme quest:i;on for 

a) f(x) =X?.- [x:], [-1. 0),. f(x) = 1 

"o) f( ) x x =x ... 1' 
2- X 

c) f(x.) =- 2 ~ x + 3x 

[3, 7], f(x) = 5/6 

• [1, 5], f(x) = .0 

X 

d) f(x) = sec x + esc x, [?r/6; 17?3], . f{x) = 1 

for 

123. Find approximat<>1~r a root of f(x) = 0 in [o, 1] 

~d determine the maximum error, 

a) f(xL= 2x 2 
- 1 = 0 + X 

b) f(x) 3x 2 
2x - 1 = 0 = + 

1?4. Fihd the root of . 3 5 X -. X+ 2 = 0 in 

approximately with an error less than 

(Use both ways) 

( o. 1) 

10%. 

125o Find ap-proximate root Of sin X + CO!'l X i'1 (0, 7f) 

and give the maximum error~ 
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A S U!'!J\":.A.RY 

(Chapter 1) 

n 

2: 
"1 n(n+l) 
.l;i= 2 

:2 n( n+l)( 2n+l) 
~ - 6 

'i=l i-=l 

n ,> . ' 2 n k z .3 _ [ri{n~l)] L 1 ~- 2 ' ' ar 
i=l k=l 

Th~ relation from I to J with 

is 

~- = l ( x, Y): X € I, Y€ .J~ 

and the inverse ~-l of ~- ·is 

s-l = {(x, y): X€ J, Y€ I, 

n+l r -1 = a r~l ' 

defining rule 

p(y, x)] 

(#l) 

p(x, y) 

l. 5 The,function from I to J is a relation with the rule 

y = f( x) (assigning one only one y G J . for each x E I) 

where I = 'nf and Rf = f(Df)~ J are the domain and 

range of f. f is written f; Df~ IRf' . y ~ f(x). 

1. 6 

1. 7 

\ 

Types: ~olynornial, rational~ irrational; algebraic, 

transcendent~!, explicit, implicit; 'even, odd; periodic, 

,piecewiseiy defined functions. 

lim _ f(x),. 
X _,.o XO 

lim f(x), and 
+ 

x~x 
. 0 

lim . f(x) 
x~x· 

.0 

are left' 

lirni t, and limit of f(x) 
.. . 0 00 . 

lil"'li t, right at 

Indeterminate forms: . -
0

., ,- , .co- oo, ·oo. 0; 
00 . 

0 
00. 

If lim f(x) = f(x
0

)', f(x) ·is said to be continuous 

~t 

X_.,. x
0 

.The notation. f€ c(a, b] denotes function f x .• . o 
[a, b]. 

. , 
f~ 0[a, 

.. 
co!ltinuous on b] attains its minimum 

value ,, its maximum. valu~ l\1,- . and. all 
.' 

intermediate 

values in between . m; Ill •. 
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LiiSCF:LLAI\"F.OUS E.."\"BRCISES 

(Chapter 1) 

1?6. A natural number .. n is called comnosi te if n = a. b 

whe:..~e a, b are. n"<-t:ural nhmbers v-eater than l, 

a.11d called. nrime if- n) 1 and not composite. Show -.· 
that each of the naturR~-1 nu .. mbers between 90 and 100. 

whie!h is composite·h~s a prime factor less than 10~ 

127. What is the value of l\x - 61 :_ \ -xJ + \2 :... x \\ 

for x = /5? 

128. Prove: (ac + bd) 2~ (a
2 

• b
2

)(c
2 + d

2
) 

129. PrOVe: 

'a) 2 
n even ===;. n even 

b) 2 odd odd n ~ n 

(130. Solve the following for x, Yt Jl: 

a) X + 2i = 3 - 5yi b) (2x - i)(y· + 3i) = ? +\4i 

c) 4x- i;y 
3 + yi d) 2x + i = (5 - i) x + yi 

2 + i 
;... 

131. Eval1.1ate 
' 

a) (..,{2 - .o/2i ) 4 b) {../f + i)3 

1'32. For each case find a relation between real X and 

if 
2 - 3zz + 2Z: (z = x + i:v) ' is y z 

a) real b) J1Ure ima~nary 

13J •. Write a polyilomial of least dee;ree with real 

co"lfficients h~.vin!': the roots 2-i and 1 + 2i. 

134. If n(A) = 8 an_tj n(B) = ')., what ma.'r be the lar~est 

ar:>d ~n;allest vah'te~ or· 
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135. If' A ~ (11: ~ 31 n, n .~ 190, ~- n E-N+} aikf 
B = m · 4fn, n~lOO,-- nE-N+}:~ 

'compute .. 

a} n{A) 

d) n(AuB) • 

b) -n(B) 

. e) n(A - ~) · · 

c) nC~nB) 

f'-) n{;B ~ A) 

- 136. 'l:n a gro~JJ ()f' students, there ~are .. t- n(F) = 12 'f'?ot_-
. I - : . . . .. - . . - . . . 
ball !'layers, ·:n(v) = 8 _voleyball playe:rs and -

'/ . . " . . . . . . ' 

. n(B) = 9 basketball players. I:( n(FAV} =· 4, 

!l(F nB) = 3;. ~- n(~,-~B) '= 5 <an~ ~ n(fuR uV).=16~ -·. 
' .. ~ . . . 

find _the number of student_s playing_ 

a) football only [6] 'b) basketball on].v {.2J' . 

c) Voleyball only - [o] d·) all. (i] ' 

·137. Which of the. following are the subsets of the· set 
: . . . 

· R of._ ail ·rectangles?. 

a){rectahgles wit~ area A} b)_ {squares}-. 

- c){-paralle~o~amsJ · . d) {l"hOft\busesJ: 

e-)_trectangles' with dimension_ ~1/;_x 2a1 a~R+J 

138. Vlh-1 ch of' the f'ollowi,ng are th.e' subset of'· polygons?,· 

-- ~) .t trianglesJ _ -~- , _. 

_ c) f rectan~l~s} 
. e) [hexagons}' 

_ g) {sphere~ J _ 

b r { squar~sJ • 
- ·d) { circ~es)­

f) { py~amidsJ 

T39. Give11 1the flet~ f\ .;{(~, y)G~2 : 1~1-\:Y-J'l}i 
· B = { (x, ·:v)~ IR2 : \x2 - v1< 4 - and 

, c ~ { (x, :v) € IR
2
:- (Y"I > x 2J, .- ~aph .them in" the­

cartesian -plane~ and then obtai,n the graphs of' 

a) , A..u 'R b) A - C 

i 



106 

140. Fi~d the-interval-defined by 

a) r X - 31 ~ 2 

_c) jx + 7/ ( 9 

b) I X + 2/ < 1 

d) jx- 91~7 

141. Express the P.:;iven interval as an inequality involving 

an absolut~ value: 

b) [5, -7] 

c)[-4,7] d) ( -2, 5) 

142. Find the set of sol,ttion of the following equation: 

a) \ x
2 

- ~xI - x - 1 = 0 

b) lx + 3j- l2x -.lj- x = 0 

143. SamP. question for 

a) 2(~ + 4( - lx- 2j + x = 0 

b) l X. - J{ - l X ~ 1~1 + 4 = 0 

144. Prove by i'l1nnction: 

T { 3--fl, 3~Yii 1 J 
L ( -IJ 2. J ] 

n n 
a) x + y is divisible by x + y for nG ~ 

b) 
n · n 

X - y is divisible by x - y for n~ ~ 

145~ Prove by induction: 
• l 1 1. I 

1 - 2 ~ 3-4 +- ••• 
1 1 1' l l 

+ 2n-1 - ~ = n+1 ..,, ~ ~. • •+ 2il' 

n f :t1 • 

146~ Prove bv induction: 

l S1..· n nY.( / n ~ for n{;; Z , Sl.n X """ 0 . 
X :J k1/'"' 

147. Gi.ven the relation X- IY{ = 1 

a) ~ketch it b) write i+.s tT~ve-r~e 

148 o Same question for } ~ 1· + J vI = 1 
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-·149 •. Find the inverse of the r~1Ation 

(x - y)(3y + x) + 1 = 0. 

150. Which ones of the fol1owinE' rel"lti~ns are symmetric? 

a) ftx. ;r) :" 
2 + .... ~> 4} b~ l(x, y):. X 

c) { fx, v): X-Y)1J d)· t (x, y): 

e) i (x, y): (x + y(z2} i f) t(x,-y): 

·15_1 •. SJ:~tch the graph of the relations: ' 

·a) .)={(x, y):, IYI-x+ l)Oj. 

b) j = { (X' y) : H ~I ~ yf- 3 < 0 1 

a) { ( x; y) : [x - 2} = 3, · [ y ~ · 3] = 2 J 
~ 

b) {(x, y): '[x)+ (Y] = 1J 

153 •. Sketch: 

a) t<x, y): lxl + lx -:- 1[ = Jf 
b) {(x, y): lYI -IY. -11> 3} 

c){(x,y): l_xl+\y-lj<_·q 

,d) {(x, y)_:_ [vi- (x- 1[ > 3} 

154. Sketch: 

X+ y <_,2} 

xy + 4 =01 
2 

1 =0} x:y -

a) t(x, v): -l~l 7 2} b) {<x-, y): [x] = 2J 

c) {,.(x, vh .lx - 3{= ~.~r::::l}.d' l<x, .v.): [x ~- 3]= 2, Y=J} 
. . . ' . ' 

155. Sketch 

a) { (-'<-; .r ): · ( 2x + ~ J = ·5 • [. y ]' = 2 J 
b ) { ( x, v ) : [ 2x + 1 ] = t:;-~ ·. I Y [ = 2 }· 
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c 

156. ~kPtch the gra-phs of the rehtions: 

a) px, y): [x][v]=11 

h) ({x, "1): [ x] [v] = -1} 

c) {ex, y): lx][v] = o} 

rl) [ex, v): [x][v]=4} 

157. 'PrO'lP. 
/ 

a) [x]-' x <[xl+ 1 

c) [ x] + [-x] ~ 0 

~)(a)# O~x -[x]<l 

d) 0 ~[x] -2 [ .. ~ ]~1} 

158. Given i,., the Figure ·.a window wi.th constant area s. ·, 
The glass in ~ectangula.r form ~P.rmits the light 

half of that of semicircular form. Find the amou11t 

of light f(x) passin,t: through the window. 

(Glass in rectangular form permits amount 

of li~ht ~0 ~er unit·area). ' 

_ 159. Find the area A of an isocales. triangle with 

equal sides a and angle between them is x; then 

discuss the cont_inuity of A as a function of x. 

Find m and fii. 

160. Find the distance function d(m) of the foot of 

the 11erpendicular from (4, 0) to. the line·· y=mx. 

Find the domain D and range of this ftLnctions. 

161. A variable point .-P on (x - 2) 2 + y
2 ·= 4 . is given. 

Find the sum.of the coordinates of P with res'Pect 
/ 

to the line y = x, and . y = -x. 

f(-v'2x + ~) 2 I 

f(x)., 162o I'f = X + x, find 

' J?. g(x) = x/(;x ~ 1) t '163o If f(x) = X + 1, • find 

a) ( fo.«){ x) b) '(f:of)(x) 

c) -1( ) f ,'lC d) -1 g (x). 
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164~ If 1/p • 1/q = 1 show that f(x) : xP-1 

· g(x)" = :x;q-1 are inverse :functions. 

165. Using the data given in the Figure. 

anti 

{O fm 
compute the time · 't(x) for a man· .;e;.._ ____ --:-~-=-~,_ 

c· 
walking from A to B via C if 

the speed from A to c is 2 km/hr 
and C · to .B is 3 km/hr. · · 

" 166. Let e1 (x), .e
2
(x) 'be two even and Oi(x), o

2
(x) 

be two'odd functions. 11hat can be said about evenness 

or oddness of· 

' a) e 2 .o e.l b) e 1 .o 01 

c) ol o e1· d) 02 0 01 ? 

167. If F, G, H are!hru given invertible functions a."ld 

. ' f., g, h are unknown fu..1'lctions defined b:r foF = ·-G, 

Fog = G ·and FohoG = H show that 

a) f = G·o F-1 

-1. -1 
c) h = F o H o G . 

168. Given f(xl = ..,fx + 1, 

find' the following: 

b) g = F-1 o G 

g(x) 
. 2 .. 

= tan x a..?J.d h(x} 

a) (f o g o h)(vT/4) · 

c) (g oh.o f)(3) 

b) (f o h ·o ~)(7r/3~ 

d) (h 0 f 0 g)(~6) 

169. Prove: 

'!!' . 27r' ~ 1f 0 
esc 7 - esc T - esc T =. 

170. Prove 

• 1 1 . 1 11' 
~ctan 2' + arctan 5 ~ arcta!l 8 = 4 

' . 
171. EvahtatE> the followin..,. 

4x .. 
2 

A -
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uo 

. • l 2 
a) arr::tal'l 2 + arctw 1'5' . b)· arcsin t • arctan 1 

1 ' 8 -'.Jl5 
c) arctan A • arctan d) arcsin x • arctal'l x 

2, 

. . . 

· 17?. F~-,rl. tc1e n<>riod of the f'o)_l~wing fu."'!ction~, if' anv: 

a) sin 2 2 
b) ·sin 3x sin 7x_ y = X cos X .. y = 

···-

c) Y X l ~1 d) tan 3x 6x. = - ' y = ? .cos 
3 3 

173. Find the int~rv.<1.l in which the given function is 

monotone incr_e_asing: 

a) f(x) 
1 . 

b) f(x) "'~ =-2 
1 +'X 

c) f(x) (2x+ 3)3 d) f(x) 1 = ----2 l 
1 .- X 

174. Eva:1uate the limits, if any: 

}1
.· . ..fi-2 

a :un , • 
4

. X- 2 
X-+ 

b) lim 
x~r,/2 

Sin X - 1 
COS X 

175. Ev'1.1uate:. 

a) lim 
a-""~ 

a Sin t 't Sin a 
2 

a 

·b cos au - u cos ab 
b).lim b-u 

b-:.·u 

c) 1 i'n 
t~ 0 

d) lim {1 + ax)a/x if · lil!l (1 + x)1/x "" e 
x--.0 x-+0 

17fi. Fi!'.d thP Jimi +. Of' 
-1 f ·when 

177. 

f(x) = (x ~ i1/(x - 2) 

Ri"l (x - .::~,) 
- ? si'!'l x.- sil-t a 

if 
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I 

a) li.~ - [x[~2 ~ J] + f x] (x2 - 1)} 
x-::> 

b) 1 jr~ 
x-..~./2 

d) I liT!' 
x-o 

1.79. Given 

( 1 
X 

[vJ 
2x -1 

c) li"."'"• 
x---.2/.1 
\ 

~x'- 2 
. [ x] 

f(x) = { s~~ x 

cosx -·1 

when · ·-c:o<x <-./2 
when x = -?r/2 
when x)- /2 

a) ·find lim f(x) when .. x _. -7t/2, it' <my 

b) Is the :fUnction continuous at the same point? 

180. ·Giyen f(x) = [2x .,. 1] 

a) find Df, b)·find the set of x on which 
f(x). is continuous·, 

c) Is it monotone? d) find the inverse relation. 

l8lo.li'ind the set in which f(x) is. continuous: 

a) f(x) = arcsin ·x + arcsin x 

b) f(x) =-arctan x + arccot x 

c) f(x) 
'2 
X d) f(x) ::: /IiL. [x). vx + 1 

182. From the PiP.:Ilre, find_ the 

coordinates of t~e P()iri:t P 

as a function of Oc. , fln.d 

"find the· acute an~l~ ·~·-• -for 

which x = ~,. ( o <cc: <. 7li) 

183o Write the area of an isoceles traperoid as the 
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·;unction of base. x if :V:'TJ!Jer base a is equal to 

lateral sides. 

i84. Find the area A(cl) of~ ABC 

a3 a function of c< where C 

li:e!f. on a quarter of circle 

of radius R, arid find m,.M 

if A(<) is continuous. 

i85. In the. given Figure, 
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ANSWERS TO EVEN :NUTI'!BERED 

SELECTED EXERCISES OF CHAPTBR l 

1. 1 (n. 16) 

2. a) {3 + ..J2) + (5 -.J2), 

_ 6. Hint: k6 '11 9 2k i~ .even, 2lC + 1 is odtl. _ 

10. Use d(a, b) =·lb- al 
) 

l. 4 ('D. 41) 

46. a) 

52 .. a) 

0 

-'f ~ ,....-­,___ 
0 ./c:=. 

~~'lt 
:1 

54. a) y = -2, · --+ I . 2 
c) x = -V9 -- Y 

bj 

0 --.!:+----. X. ' 

_, 
b) 

'_. i 2x - y - 3) 0 

d) X = '9.- y
2

J 
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b) [-:1_, 2], [o, ~I· c) R ·- [2, 4] I IR - [2, 16] 

62. y = 1/x. ~.= x. · 

64. a) [2k7r- 7(/21 '2k 7f + 7T/2] • · increasin:~; 

(2k7!'. 7(/2, 2k1!'+ 37!'/~ ' decreasing. 

b) [k/r- 7!/2, k?l' + '!r/2] J incr~a~ing 

c) [2k7/;' (2k ,+ 1)7!] incr., (C2k + 1)?1. (2k.+ 2)7T]decr. 

d) [kT, k?f+ 1T/2] deer., [k7!+ 7!/2, k7f +1!'] incr. 

66. a) h) 

70. a) y. ·= X + 5 1 b) Y = ':""1, ' C) X =· 3 

0.) X = y 2 - 1, not a function 'e) y = COS X 

f) y = arcsin x 

72• a) b) c) 

~~--
1 

0 0 _, 

d) e.) 1 f) 

0 2. X. _, ~ 

74o a) (-oo, -3), (-3, oo)~ b) [37fl4, 57(/4], [57r/4. 77!/4', 

c) (-co, -2), [-2, OJ, [o, 2], f2,oo) 

'{. (x + l)/3 
76o Y = 

· · 2'l</(3 - x) 

wheri 

·,when 
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80. a) 71'/2, b) 61r, c) 27T, d) 71' 13 

e) 2, f) l ~?:)'lr h)"lr. 

/. 2 . 2 
8'2. (f o g)(x) =-v(x - 3x + ~)/(x·- 4x ~ 3), [-1, 1)~("-\,'co} 

{go f)(x) =../;71. I (x + 4 -.Jx"":l), tR - {1, 3} 

. 84. (:-co, -2) 

1. 6 (p. 85) 

88• a) -1, 1, b). 4·. 4, c) 6, 4, d) o, 0 

90.a) No limit, b) No limit, c) O, d) No limit, e) 0 

92. a) f: [x],· g: - [x] at xo€ 71. 

b) f: x + [ x], g: [x]. at XOE ll 

c) f: [x], ga[- x] at X c '1. 
0. 

d) f: tan x, g: tan x .at xea o, 

94.' a).J8, b) 3, c)~, d) -4 

96. a) ?· b) 2 

104.a) -1, b) 1, c) No limit, d) -1 

106.a) 3/2, b) 1/3 

1. 7 Le· 99~ 

112. a) Discontinuous, since f(2) is not definedo 

b) continuous, c) dis cont., at X= 2 and X= 1· 

116. a) Discont. at X == o, a 'I; X = 1, finite jump at 

X = o, infinite ju.rr.-p at X - lo 

b) Infinite discontinuity at X = kfl" (k F 0), and 
) .. 

removable discont, at X = o. 
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c) Removab1e,discont. at X= O,·i~finite jump at. 

X = k?l" ( k, ~ 0) • 

d) Remov~b1e. discont. ·at· x = 0~ · infinitP. di~con+.~ 

at x =: (2k + .J) ?T/2~ 

118. a) At ~ =-··{ 2k + 1) 7(/2, fini t.?. jump • 

• . :b)_ At X = o, ~ l, 

·.c) ·At .· x such that 

infinite ;u.-rnll. 

2 . :. 
x G rl, _ fini. te jWJl!). 

d) At·· x = O, infinite jumll. 

120. a) No :ryoint o'f' dis~ontin~ty~ ; 

b f No point o~ discontinuity. 
·, 

122. a) _f(x) ~s discontinuous on [ -1~ o] 

p)"m = 3/'4, M ,;_ 7/8, x =7 5. 

c) m = -1/4, M = 3/40, ,\ X = . 2 

d) m = 2-{i,_ re = 2 + 2/../3; No x si:nce 1< m <M. 

124. 7/16, error. 1/16. 

Chanter 1. 'fn. 104' 

130o a) X = o, y = -?/5~ b) X =' 1, y = .2; X = -1/.~, 

c) X 7(4, 't = -1, d) X = ..;.l/16, v = -3/16. 

132. ·a) y(x - '1) =·o,. b). 
2 2.l = 0 X + - X 

134. a) ,max. 13, min. 8, _b.) max~> 5, -min. 0 

138. a)," b), . c)' e),_ 

yr;;r: -6 

- '. 

140~- a) [1.~, 5~: b :._.,(_-. 5,. 1), 
c) (-16, 2), d) (:~. 16] 

i48. a).. " b) lxl + \vl = 1 .. 

\ 
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~58. 4x} = f (S + "lfx
2

) {, 

160. d~m) = 4m/h + m
2

; Dd = tR, Rd = (o, 4]. 

~62. ~(x) = {x4 ~ 12x3 + 56x2 - ~20 x + 99)/4. 

168. ar-12, b) ,fff, 2 c) __ tan ~6,_ d) ~6/J 

- ~72. a} 7!12, b) 27(; c) 3, ·d) '7173. 
Hint: Transform first the given expression- into 

lin_ear fo~ such as ~ tan 2x - sin 5x, and then 

fin~ the period.) 

~74. a) O, b) o. 

~76. 5 

~78. a) 7, b) o, c) No limit d) No limit 

~80. a) R, b) tR - {~: x = k/2, k~ zJ, 
c) yes, d) x:: [ 2y - ~]. 

W2. x = -R cos 20(, y = R.sin 211(; 0c = 3'7118. 
~ ' 

~84. A(«) = 2 (- sin(() cosec.; m = O, M = l/2. 
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150. a). b), . -d),·. 

~52 .. _.8)'. 'it b) -

I 
I. 

·. 1.'56. 

. ! ==-.:-.--"~ 
: I . 

t I 
.I i 

. I l -·o, : .--. ,. 
z 

1: 

c)· 

1 .--- -~;; ___ i· . -~- . . . . . . 

. 0 1 . 

·.d) 

.b) 

·2. 
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biF~F.NTIATI0N 

A. D!>'fi>iitions:· 

Ir.!t f: [R,. b] -. R, y = f(x) b~ -a fu ..... ctio,., defined on 

a closed in-+:er\ral. [a~· b) e.!"d let . x
0

€ (a, b)e Lettb~ x be 

R '!)Oi!".t i:r. a. t1P1eted neiehborhood N(x
0

) of x
0 

. we call the 

\. dift'erenc~; .Ax =· X - X aTl increm~nt of X, which i~ 'DOS1.tive 
0 

orne!"ative accordin;:- ~s .. --._;_ . . .. X is o~ ri$t .or 1ef't of tf 
.6x<O. i'f: i~ called a decrement. The incr~ment Ax is a new 

' . . 
V"lri'ih"!.'! independent of x which may also be de..,otecl. by h. 

For our funct1.o'1 y = f(x), consider the difference 

which may be· ne~ati ve' ?.ero or -po!:!_i ti ve, it is called an 

incrP.TP.r>t of Y• 

Now we form the rati.o o:f increments, hrunely 

Av 
-= 
.AX 

~f(x) = 
ax 

f(x 

/-

0 
• .:i x) 

Ax 

call P-i 2 t1:i.ffo.,;.e!"_ce nuot; ent 0r ~Tewton quoti. e"Jt, an'! C0'1si r1P:r 

li"li:t;s 'iS Ax tP.'1dS_ to o-, 'o• and o, if a•w, ar>d if all 

exis+. the·r arP res;Jec+.i ve1.:r cal1Pd the lP.ft deri vl'l:ti ve the 

ri,-ht ierivati ve and the derivative of :-r at 

~ 
4x 

exist J:i'."'d erma1 to e"l-ch o+.he:r. +,he common limit 

x • So in casP. 
-0 



diffP.r~nt{able at X • 
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Ax 

f("< ) l 
. 0 

f -i~ said to h~. 

rr .. b.\ is u~ed for .Ax, that· is, if h = ..dx=x-x,­
o 

th.e derivative is also e.xpressed. as 

lim 
h .... 0 

f(x + h) - f(x ) 
0 . .. 0 

h 
or lim 

x .... x 
0 

f(x) 

X 

f(x ) • o· 

X 
0 

Example. Find the derivative, if any, of the given 

function' at indicated point:. 
. . 2 
l).y=x, 2) f(x) = fxi~ X = 0 

0 

Solution: 

1) lim 
h ... 'o 

2) lim 
: h- 0 

2 (2 + h) 
.h 

= lim 
. h-..;. 0. 

lo + hl - o = lim 
h h-90 

4h + h 2 

h 
- ·1im (4+h) 

h:->i'> 0 

when 

when 

The. left dP.rivative is ~1, right deriva~ive is· 1 at 

)X = 0 but there i~ no dP.~ivative at that point. 
0 

= 4.J 

If f: ·[a, b)-. IF( h:=ts derivativ~ ·at ·every poir.t x of 

( 11, b) is sair~ to bP. tlifferentiab1e in· (a, b). The differentia-

a, b is defined. bv the ri~ht 

Uot.ation: 
i. \ 

D[a, b] = {f: t' is diffe~ec.tiahle on ·[a,, b]) 1 
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If v = f(x)E D[::)., b], tl:e iie:r-ivc::tive (the firs+, dP.,..iYHtiv~) 
,, 

of' f' 1.t XE [a. ·r,J is denoted in v-..rid'l!'l w'iys: 

'! t ( ~r u:r:--l. ~~)' f'. 
dv 

( c'l.·r b•r fix), 
df d 

(d by dx, y). - ' dYY dx dx 

D ,, (D sub x, :r)' n f', fl (f one). (Dx = d/dx) x· X 

arid thP. rlerivative at a particular point x
0 

is written as 

follows: 

d 
f, 

dx 

(f'(x)) 
· - X= X 

or .f' (x)l , f' (x ), D f(x) , ••• 
X = X· 0 '• X - •X = X 

0 0 q 

Ex<Jmule. Fil:'ld tl-JP. de,...iv::).tive -fnnc:tion of' t;he followin·~ 

functions a"ld fir.d thP set on w'ii.ch ·tieT'ivatives exist. 

) 
2 

a v = x 

So ,_,Jtion .. 

h) Af' 
Ax- = AX 

rif. 1 
dv = 2-JX 

.., 

b) y =..fX 

2 ~. 2 
x = 2x be:_+. (Ax) 

riv 
= 2x • 

dx 

l1 
c) y = x, 

f-no. OQ) 

= 
( '1/'-v: .... .0.. Y - VX )( .,)..,. + .A X + v"i) 

Axf-..Jx ... .A Y. ... '1/'X) 

((), oc) 

I n l1 l - ? f!' 4'1 = {v .... Ax) X = nv Av ... f4x) ( ••• ) ::9 

n nx 1 dv 
- ~'X ( ••• ) =>-:;- = 

- , • "X 

n 
nx 

1 ; r- ao~ 00) 



ltrn 'f(x) 
x· ...... x 

0 

l:hn (x 
X y 

0 

ar>d ~t follow~, 'f.,..oin 

', 

= n, 'f(x ' 0 
X-'r''lC' 

0 

X ) = f'(x ) • 0 .o 

• lim.· 
x~x 

·0 

f' (x;) • o·· 

f(x~ 

X 

f'(x· ' ' 0 

X 
0 

0 = .f(x ) . o· 

thP def'iriition;of continuitv of fr .at 

·'lC • thi:>.t · f is continuous at x • Since :x ic:; taken arbi t-
o 0 ' 0 

rari.1_,, 0.., r~ .. 1?], 'f is continuous 011 [a,.b].· 

·We note that the c_onverse of thi. s theorem .i~ not .true, 

that is
1 

a function continuous a+. a -noi r>t may not bP. differe!':ti-
. ' ' . ' ' ' 

able at that ~oint. IndP.ed, . f( x) = l 1e(· is continuouR at, 0 

without being·d~f'fere1tiable at 0. 

B. Geometric and phvsical interuretations of the 

fi'rst derivatives. 

Geometric interpretation: 

be a "fuhction with gra~h as shown in the_ 

'figure •. The ri~ht derivative of f(x) 
\ at x0 being ~~ 

I . 

lim 
f(x) f(x

0
) · 1At 

-...,....----- = li.rn 14
Y fo, Ai--r 1(11..) 

I X X ~X , ./l I IT' · o .&x- 0 r~)r ,. 
(~1e)O} I X. 1 

'Jlll -~ 0\ 
I 

x.-.x ' . 0 

(x>xJ·· 

.wher~ !~ is the alo'!'l_e of t.:le '1ine t~assinE?: thro~h 
P · =·(x , f('lC )) · and nearbv poi_nt P = fx,· f(x))' ort tllf! 

0 0 0 

cu:r-ve, ·it represents the slope·.of the limiting lb1e through P
0 

as p approaches 'l'his limiting line is the rigilt tan,r;rer~t 

.'~of f'(x) a+. 

·sloue of the lP.f't tarP.er>t line at. X • 
0 

f(x) a-t; x
0 

· is the 

If ;both left ~l"ld right 

derivatives .exist anrl. ea_>ml to each other at. X 
0 

the dt1.,..ivative 



x~-, -nx-~ 

~f· (y;\ 

Wh<>., 6x ... ~ 

· f"'~ f'>C') evi ~+~ who.n x ,( -1 or ...-) -1. si,...ce tllP.v "r<> 

'!JOl:vnomial f"~'ctio..,s of x, b'Jt a1: "I( = -1. J.irr!1\ f' h:) = 3 
X•l-..., . 

.. 

li"'ii· "~'HH" Y'Ot f!Xist. 'J'"tP11. f(v) 

• 
h) 

·u,fx' 
2 ... ,~,.n n~x<'1. 1, 7 -- nx ) ~ nE: 

tT"'{x1 :;:: :>-r>x wh~n n4"'t.(n ... l nfi 'I 

Deri v-::l~i ve ~xists .when ·n<x<n ... l, nE :l. bni: 

ltm ~'rx) = ?(n- l)x. 
:·..,. n 

1. 

11m g'(x) = 2n x 
x.o+n+ 

are no-c th'=l S'l"!l<! ~:r:cent 'A.t x "' O~ 

Then de:l.·~'\[ati11e exists or> the set B ..;;·a_y. {oJ 

'!'heor"!T!'l. ft:')(a. b] =;t fE. C(a, b), that i86 ~ diff~r<>-ti-
• 

' !3.h 1 r. fi.t""!.C~"-on 'i ('"0 o:::_ cn,..,-t-t _,;~,,~ ~~u.,., :o:,T i ::: , 

x E (a. b) "i"''l 
I) 

- f(x ) .z. 
0 X 

f{y \ 

X 
0 

.') 

" (y - X \ 
0 

'li'- y • 
. ·o 
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exists at x · a>">d i_+. is 'til"' sJ one, of t!1e u11-:flue ta,_,..,..,.,t line 
0 

at x0 • l]0'1!'!f'Cj_Ue:'tlv. if f(x) has !l.eriv·ltiv~ at x-
0

• ( the:"'l 

'the curve re'"'resP,"te:J h·r this 'fu,~ction has ('miane) t·1::;sent 

lin., with slo-pe -1/f'(x ). 
0 

1'hen we 

throaF'h 

hRve the ~qtmtio:"'ls of tang-ent and the normal li'1es 
I . . 

a'ld 

(x • f(x ) ) •:1ith kl"own. slo!Je o· o , 
/ 

., 

\ 
X ) 

o· 

y - f{x ). = 
0 ' 

( ) • (x- x ) f' x . a· 
0 ' 

The slope of the tano?;ent line at· a point is1 the sione of 

the curve y· = f(x) at the same point. Let 0( be the an€"le 

between the -positive x-axis and the t:::ms;ent line at x •. Then 
0 

tan« = f' (x ) where o( ;, arctan f' ( x ) is the slone angle 
_. 0 ' - 0 ' 

of the curves a.t x • ·o 
The anP"le be-i;ween two curves at a certain common ·point 1 

is defined to be the an.<?:le between the tangent lin_es a+. this 

uoint. Two curtes i~tersbct ~'A.Ch other ortho~onally at a point 
. . . i 0 

if the anvlfl between them is 90 at that '!JOint, and they are 

tangent at x
0 

if the angle,of intersection is zero at x
0

o 

·Bx2mnle. Fi.n1 the ea_uati.ons of tan'fe"t. and nnrmal lines 

at thP. noints of intersects of the followin£1' curves of 
2 .. 

~" = f(x) =: x , y = g(x) = ...JBX, and the· anP"les between their 

uoint of int.ersectian. 
,. 

Sol11ti ono -'EqU:atinp.; . 1cf ·s- we r.ave 

X - 2\~ ·v - 0 y - 4 and the noints of intersec+ion are 2- ~ 1- ' ·. 2- ~ ~ 

0 = (09 O)o A, (2. 4)e 
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' 
f' (x) f'•(d) 0~ f'(2) = 

.. 

= 2x ~ - 4 

I 

~· (x) 
~ 

'-* :f' is not defined at o, but =.rx 
i 

for x- havin,o; we say that the slope of f(x) 

at 0 is ~ meanine; geom~?trically that the t:m~ent .line at 

(0, 0) • is :oernendicular, to x...;axis·. ~'{2) '= 1.· .. 

Tangent lirie at (0, 0) to f(x): y = 0_ 

Norma:! ·li!le at (0, 0) to . f(x): x = .0 

( 

Tangent line at (2, 4) to .~<.(x): v .- 4 = ·l.(x-2) 

Norma!. li!lf' at (2, 4) to · p:(x): y- 4. = ..;.(x;... 2) 

As to the angles, at the origin. « ~- = iT72~; and at A 

4- 1 I tan Cl(2 = m = 3 _5 ~ 0('2 ~ arctan 3/5 

Phvsica.l interpretation (RectilineaJ:. motion): 

Let s,= s(t) be a function of time. t representing 

the d,istance s travelled of .a mQving particle on a straight 

line. Then in a time int~rval' [t
1

,_ t
2
·)e D · (domain of), .we 

' . s 
have the average velocity: 

To f~nd the instantaneous velocity 

we form. thP. NP.wton .. quotient 

then 
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s(t • -At) - s(t ) 
0 . 0 

.·· 

s•(+,) - ~ - ri+, 

\ 

~'~~l-t~ ahsoli~tl'! val1.1e Jv(t).f is 'tl-te ~ ,f' thfl. -l)Rrtic1~>. 
Tti t~e sa~e me.nri~r we have 

.. a 
·v(t2) - v(1:1 l 

t?. tl 
e.(t) = v•(t) 

- \ 
'i.S thP. R~TI:!r~,q:e '3CCP.lera:l;ion i"1 t1-.me int"l'M"al [tJ, t.

2 
J anci 

i"1stRnt~neous acceler!i.tio~ at time t. 

~amnle. ·If· the equation of motion·on a line 'is gJ.ven b.V 

s = ~ 3 - 27t em/sec, 

. I 

. "ft"1d the' followin~: 

a.)_ ~ver.R~e velociti.es in: the time il'!+.ervals [o, 3] and .. 

[o. J~]~--

.b) v(tl~. ·.~t t 1 = 1:. t 2 = 'r/3J 

·c). R .frqm t = 0 to t = 3, a>'~d fl-Orn t = 0 to t = ·3,13~, 
,· 

d~ absolute diqtance travelled by tht:! ~icle in the 

i?ttervals · . [o~ "tl, [o, 3-/3J. 

e) Find the time WbP.!'I;' the acceleration i.s 12 cm/SP.C~ 

I 

Rl s(O) = o ,m, ·sOl =-54 ·em, sn'-'3) = 0 em ~ 

·\ 



... ,-
~..:..' 

--54 - 0 
v = ~ 0 

I 

= -18 ~m./~ec in [0, .3], 

v· = n - 0 I 
J" = 0 'en s,:;c 
~-d- 0 

[0, 3-YJ]. 

2 ' 
b) v( t) = 3t - 27 ~ v(':\) = 0 em/sec, v0-/3) = 54 C1"!/sec. 

c\ 8 = -54 - 0 = -54 ern from 0 to 3; s = 0 em f~crr. 
,, 
v 

to 3,f3. 
\ 

d) lsi = 54 em from 0 to· J; I sl = 108 em from 0 to ~./3. 

e) a = :~ = 6t ~ 6t = 1::> =* t = 2 sec. 

Heip-,her orriP.r d~?.rivatjves: 

Let f: (a, b] ""> IR be a differentiable f'unctior. If f' 

is differenti~ble,its derivative is the second (order) dP.rivative 

of f, written: 

y" (y double prine)," f'', d2:v (d2 by 
dx2.. y. dx square)_, 

Dxx v {D sub .xx), 

(:? ·x 

If f" is differe:r..tiable one talks about the third 
th {order) derivative f"' of fo In ~eneral n order derivative 

of f is denoted by the ~~bols 

(n) rCn) 
y ' ' 

T:r. an:? lory "'ti 'th f~ n[a, b] ~!!e svrnbol!'! 
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.• I 

and c is'a constant, 

' 
1) (cf(x))' = c .f(x) 

·IJ. i(x) 
2 ) (f(x) )• =--f2(~). 

3) jf(xJf' = 

4 r [f(::d1J• = 

·Proof. 

{

. -f' (x) _ when f(x) ~ 0 

f' (~} when f(x) ;,.o 

'n<f(x)<n ~ 1, r when 

Does· not exist. when f{x} 

nEZ 

= nEi! 

1) T.t is a direct ·consequence of the definition f 

d~T'ivative 

) ( ,_ ) ' 2 ·f(x) 

f(x +h)·~ f(x) 1 

then 

= -- l:i.rn 
h.:... 0 f("!(•h)f(x) .: h 

\ 

- - ~j(x) 
- f .x) _ 

·{-.f{x_). :f(x)_(O · · .... {~f'(x), f'(.~)'O 
= _ _ : _ . · . ~ (rc x 'f • _ = . 

. f(x), f(x))O. _ ·. f'(x), ·r(x))O ... 
lf'( X)\ = f(x) f'(x). 
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4) [f(x)] • = 0 when n <f(x) <n. + 1, n E Z', since 

{f(~)] .. cons.;tant under the _conditions.. r 
·In case f(x) 

exists, since 

1) (~ + g)" = 
:1~ (f D •. g) f = 

-~.-

= n, nt :r, the· derivative does not 

[f(x)] is discontinuous at x = n. 
.. I 

r·, ::- arP, d_;_ff'.,.,..e~ti::thle f1:tYJrtion.s Ql"l a 
''· 

f' ... ::;' _?) (f- ~)' .= ·'fl - at 
-=-

f'g f::' 4) (!)• f'll' ... fP:' ( ~(x) ... = g 2 g 

1) .( f + g)' ( x) = l'im. 
h-0 

(f +.g)(~ • h) - (f + vl(x\ 
h 

h-0 

lim f(x + h) + g(x + h) - f(x) - u,{-i) 
h = 

.J 0) 

= lim. f( X + h ~ - f( X) + lim ."'( 'l('.._h) - .o;( X) 

. 1h ~o h --» o h 

= f'(x} + 17 •('1(') = (f' + F;' )(x).' 

2) It_can be proved aR in (ll. 

~) ~ft:)'(xl = Jim 
h-O 

(fg)(x + h),..;. (fg}(x) 
h 

= lim f(x + h) g(x + h) - f(x) g{x) 
\_·h- 0 h 

= lim f(x • h) ~(x • h)'"- f(x) g(·x '+h)+ 

h~ 0. h 
,. 
•· 

lim 
h-+ 0 

f(xl rr(x +h) f(x) g(x) 
h 

\ 



= Bm. 
h- 0 

1_30 

. '· 
f'(y ..... h) - f'h) 

h 

l£'111 foe.) 
h~o 

lim 
h- 0 

Ti!'ll 
h--0 

r:(x+h) .+ 

h 

= (f'';: + t'r::' )("'C'). 

(!)~ = 
g· 

1 1 . 
(f'' - ~ f'(-)•) lx) g .· 'P:' . . . . 

f''~ - .f~~:,•- ( ) 
2 ·.x. 

~ 

This· ·theorem, if' expressed in tenns of the symbol 

1) = D = d/dx, takes the form: 
X 

1) D('f + g) = Df + Dg 

' 
3) D(fe) = (Dflu. + f ~ 

,. / 

2) n(f' - P;) = Df' Dg 

) f (Df')'! - f', n~ 
4 n-g.= ~ 

Y. 

where n is caJled the derivativ~ on~rRtor. An oper~tor in 

S;ener!il iR ~=~.· mappi.ng f'Y'om f'uncti ons to functions so th~=~.t 1:h1e 

. OperR.+or 'D mq.ns ni. t'f'P.7'P.r!tiable fUnctions to fu'!'lctiOl'lS'e FOl" 

instance if. 'f(x) = x2 
and ~(x) = 2x, the~ Df(x) = ~(x)o 

The ~eri~rative. O'!JP.l"qi;nr 1) h<ts, in n~rt.i.cular, thP. two 

i) T>( f ""' .g) = Df' ~ ~ ii)'n(cf) = c l)f (c is a 
aor>st!!nt) 

41'1 ODP.7'P~or h<tvin~ thes~/two nrope~ieR \s called a li~P.a'f' 

oner11.-t.nr. He11ce n is a linf'•ar operator. If '0° is· d~f'ined 

· to be the ir1P.'I'lti.t•.r oner~tnr T with t:1P. nronertv I( f) = f~ thA 

f'ollowine: 'R.l"F. I'll] -li~ea.,.. · O'Oer::~:t;nr~: 
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0 I 
D2, D::\, n (=T). n, ... , 

We t']<=>fil'l~ the . sno, D:p + Dq 

(cD)f = c Df 

nn 
.. ' T)11+ 1. 

= 

an.d 
'D c n· 

D 

by 

n-,· D ~ ... 
' ' 

thl'! ~>.q1Ja]j ties 

C>Q 

fED 

The oper~tors n"!J + Dq and c D1J salisfy ( i) and ( i.i) and· 
' 

.hence are linear O'Per"ltors. 

Exa"l"Ol~. Anply th~ 1i.n~ar OnAr:=ttor 2T)'?. - n + 3 to the 
. 2 

function f(x)" =..J'i- x • (Here 3 means JI). 

2 2 
(~n - n + 3) (..fi - x ) 

·= 2_~ 2 2 2 ..... ~ 2 
2D yX - 2D X - D-/X + Dx . + 5YX - 1X 

1 1 . . 2 = 2 D ( 2Ji) ... 2.2 - 21/i. + 2 -4-. NX- 3x 

= - .~ x.k - 2 - 2}x + 3..fX - 1x
2

• 

D(...fi'- x2
) + 

3( x - x2 ) 

Theorem 1. (Chain rule) Let foe: · be a composi tP. function. 

Tf f, ;r are differentiable on their domains, then foB: -is 

.differentiable on its domail'l a'1d the derivativP.. is. R:iveh by 

(fog)'(x) = f'(g(x)} g'(~) 

~· Settin~ y = (fog){x) ·= f(g(x)) we have 

ilv - f'( P:( x + Ax) ) - f( a;( x) ) 
dx = lim Ax = 

.x.- o 
f(g(x) +A g(x))-f(~(x)) 

/).X 
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= lim 
(f(.e:(x) + 4 g(x)) f(~(x)) -m x--.o ~X . ) 

lim ~ f~ g(x) + g( X)~ f(.,.(x)) 4.c:(x)) = A.g(x) x--·o Ax 

Wh~re settine · U = .g(X) i We have _.d g(x) =..6 U ~ 0 as Ll.X ~ 0 ! 

from the differentiability of g(x), and· 

(. 
dv · f(u + . .A;..t) - f(u) 
-dx· = lim 

~U-9 0 .AU 

AU 
lim Ax 

= f' (u) 
du • di = f'(g(x)) • g'(x). 1m 

.As a first exte~sion of this theorem we have the chain 

rule for y = ( fo j oh) ( x) = f( ~(h(x)), namely 

~ ~ !!l. du dv 
dx-du•dv•dx 

\vh"!re y = f(H) ~ u = g(x), v = .h(x), or 

(f'ogoh)'(x) = f'(p;(h(x)) • g'(h(x)) • h'(x) 

This theorem and its generalitations are extremely useful 

, i.'!1 differentiatinFsome functi0ns of·comnlicated nature. 

Bxarimle. l)iffere"'.tiate the fUnctions 

· a) y = Jx2 
- 3x + 2 

Solution. 

a) We think of 

wherP. y =. f(x) = ...r,;., 
y- as the ft.t.nction of function 

2 u = x - 3x + 2. -~hen 

f(g(x)) 

I ' 



dy _-~ c'iu _.l_ ( 2x _ 3 ) = -r=;:;2=x=-=="3== 
dx - du • dx = 2-FJ. • L 2 

2ifX - 3x + · 2 

b) Again settinrr ~· = u 
3 2 

u = x - 3x + 2 we have 

Corollarv •. If f: IR -. ~ is differentiable· and invertible 

in an interval, then _f;...l is differentiable and 

(f~l(x))' _ 1 
f' (f-1 (x)) 

~·SineR (fof-1){x) = I(x) = x, we have by above 

theorP.m ·. 

and then the dP.sired resulto 

f(x) = ~ 
· X+ 3 Exam!)le. If d -1 l find di f , (x_) x 

= 1/4 

Solution lo The inverse of the ~ven function being 

f-l(x). 3x 
=~ 

bv direct differentiation we have 

d -1, } 
rlX f 'X 

. 1 
= (1-x)~ ' 

16 . 
3 

at X = 1/4. 

. . 1 X 1 I, ~o1.u.tJ..Ol'1 2. B'' the use of cGro l~TYI: x·+ 3 = 4 :::, x = 

/ 



f: 1 -+ 
1 
4 
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-1 ·1 
f : 4 

/ 

f' (x) = 
3 -1 1 . 
. ~ / f' ( f (4_ ) ) = f' ( 1) 

(X+})
2 

3 d . -1 I = 16 ~ dX f _(X) = 16/3 
·. 1 

X=4 
Impl i. ~it differentiation. 

If a function ·Y '= y(x) is _implicitl~r de:fine1 as in 

2 2 2 . 
x y - 5xy + (x· 2X) == 0, x sin y + cos(x + y) = 0 · · 

I 

the derivative y' of a· theor~tica11y · exis+.ins tmlrnnvm. fu.,ction 

. i.f" oht~.ine1 b:r term;- 'b:v-tP.rm dif:trerentiation v-ie:l"i.n~r: a rel·-1t,ion 

solv'ib1e fo~ y 1 a..c3 Y' (x, y). 

Examn1e. Find the derivative .of t}H! ful'tcT.il)ns-

2"2 2 
x y + 5xy- 2{x .:.. 6x) = 0 at A = ·(1, -2), al'ld :find 

,,. (x,\ v). 

So l,J+.i on. l)i:ffer!'!~tiatin<r evel':V te:rrrJ wi +.h !'"!snect x · 

kPeninP' in mind th13.t y is funct.i on o:f' x v1e h13.'Tf' 

2(2X 6) = 0 

2 - 2- ( 
(2x :v + 5x}v• + (2xy + 'lv - 4r ~ 1:?) = 0. ' 

(- 4 ~ 5l v~(Jl + (8 J.O ~ 4 + ·1?.) = O~v'(l) = -6 

For •rt-( '! ~ ") wr.. h"'vP. 

v' = ~2. .:.. "i'' -· 4:'1" + , ? 

?-,/,,+sa 
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Coro J.1.::trv. D X 
'!:" = r xr-l 

• t-E7. = 1'!. 
0 

D xr = D x-n = 
n-1 

-n x 
·:?n 'X'e:-_. 

-n-1 r..:.l = -n x = r x 

Let now 
(l . p 

y- =X 

n . q-1 '\ y y' 

r = !>/q€ <Q with 'l) o. Settin;:r 
n/a y = x·· . 

which when differe:':ltia,ten irnplici.t1v ~ves 
t>-l = p x- or 

n-1 ,.,_1 p-1 
Dx~ y~ 

n x· .2 x· v l) X . 
= = - a-1 = - =-

q v· q yq q xp 

r-1 r x • m 

we have 

xp/q 

That the corolla.r<J holds also for r€ IR will be proved 

in a later·chapter. 

Derivative of a uar~metrir. function. 

Consider two functions x = x( t), y = y( t). When t is 

elimin.a...t ed between x and, y (which ·is theoreti calljr possible) 
' 

one obtains a relation between x and y .giving rise t~ an 
implici tl~.r d~finerl fui!.ction. s;;.ch a function y = y(x) ,· defined 

by the pair 

.x = x(t) {a) 

y=y(t), 

where t. is a narA~~ter, is Callen a uarametric fQ~Ction. The 

!la:i.r (a) m"iy d~'fim~ one or morP- functions e~.ch of which is a 

par::urietric fuY!ction. 

~heorem. If x(t), v(t) are differentiable fUnctions, 
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.. 
the, thrJ. u'iramP.~ric f'!mction d~fi'1en bv 

and the d.erbrative is ~VP.n b'r 

(a) is di f:fere!'ltiable 

(x( t) ·.l o) 

whP.rP. x(t), v(t} lit'~ t;1P. derivatives 0~ x(t), y(t) with 

rP.s!Ject :to their argunP-nts -t. 

~· Si'!"'CP. x(t), v(t) are niffet'entiable with respect 

to t we have 

AX 
lim .At 
t-:;. 0 

~~(t) = 

so. tha,; 4x ~ O, 4,v ~. 0 when ·At~ 0, and 

dv --· . dx -
4'.r 

lim - = 
x-=.0 .a=~ 

4v/4t 
li~ I 
t-+O .AX/At 

lim4v/4t 

= _'..:..t,.. .... ~o...,.......,...,.-- _ .fill . m 
lim .dx/At - x( t) . 

t -..19 0 

Exa~ule. WritP. the equation of tangent line to the curve 

of thP. n;::rametri c .. function 
2 

x=t -2t, at the 

point A = ( - t , 7/2) ~orrespondin.tr to 

y = 3t + 2 
1• 

t = 2 . 

Solution: 

. 
X = 2t'- 2, y = 2 

= vlx = 3 (t l) =* ~~ l= -1/3 

t=l 

Since m = -1/3 the equation of the ·tan~entline at A. is 
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invf'rse t-r::-i<'"onometriq 'function.s. 

Tht:!orer.'l. The :teriy::~.tives of tri.,-nno!'letric functiol".S on 

their resnective domains are 

l. n sin X = cos X 2' D sin 
I 

cos X = X 

3. n tan 
2 

X = sec "l1: 4. n cot 2 
X = esc X 

5. n sec X = sec· X -!-;:::J • .., X I 6. D esc X = GSC X cot 

~· n sin lim 
sin(-xo~.h) - sin X 

x· = h 
h·~o 

sin 
h 

cos(x 
h 

2 
2 + -) 

2 
= li'!l 

h 
h.-,. 0 

h 
sin-

h 1. 2 lim cos(x = . :t!'!l 
h 

+ -) = l • 
h--!1> 0. h~O 

2 
2 

= l~ COS X = COS Xe 

3. 1) tan x 

/ 

= D !!!!L! = 
COS X 

l 
= --2-= 

COS X 

4. ·Proved as in (3) .. 

sin x. 

cos x cos x sin x(- sin x) 
2 

COS X . 
2 

sec x. 

X 

· 5. D Sec x 
. l 

=D-=-· 
sin x 

cos'l.x = 
l· 

COS X 

sin x 
COS X 

= sec x tan· x. · 
COS X 

6. Proved as in (5). m 

Theorem. Thfl derivatives of the ;..,verse t"t'i.gonometric 

functio"ls on their respectivP. .funnarne'!"'t::tl do111ains and rastri~ted 
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:r~n~es are 

1. l1 Hr~sin x 1 

3. D arctal"' x = --
1
::.· --

1 2 
+X 

- 1 
5. D ar~sec x = Nv'2 

l 

2o D a:rqcos 

4. D aT"ccot 

6o Da:rccsc 

1 
y = -{J 2 - X 

1 
X = 2 

1 "'" X 

1 
X = 

1x1R 1 

D~pendi~~ on tne res~riction, the above' fractions invo1v­

ine; radical T!l'iV he.v~ On!)osj_te sign. Di.f.lcuss th<> r.aso:.s. 
; 

~· l. Settinr-; y = arcsin x with xcl:-1, 1]. 
Vf. [~-n:12, 7rl2], we h:=rve. · x = .sin v · whiC!h when dif.':fere"!.tiat~d 
- 1" \. t1' . th t t :trm 10:1. • :r yn respec o- x .<ri.ves 1 = ~cos ~.r)y' 

1 1 
Y'. ·-

1 
cos y 

= -;=:::::==;:;= 
/1 . 2 

'V ·- s1n v = J,-
2; V '=" FITCCOS X (v€[-1, 1J, yE(O! .7r)), 

~ x =cosy~ J = (- Si'1 y)y'~ (8in y)O) 

1 
Y' = ;r;y-·.7' 

Y = tan v => 1 

1 
-~ v' = ----- = 2 

!'!"'"! v 

. , 
2 

CO!'l.'! 

= 
] 

-1fl.:? 

V r {- ?z:, ?l:) ) 
-.:: 2 :;>· 

2 = (Se~ v~ v• 

(cos v)'O) 

1 

::.-..::-:.. 3.£ _: __ --
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J;" :r 
----,- -------

1 
'o 

1 v• = __ ...;;;;. __ ..;. 
sec y -t:"'"' v\ 

'F,val'lln1.q. li"j"':'_il +.~<> _rir-.,..;vr:t;V"l!" · 0'f the -Pollowin.c< f1J,.,Ci;i.ons 

X 
a) v = st~ ~ 

b) " = arc'!OS 

Solution: 

'3.). y' 

b) :r' = -{1 

X 

?. 

1 

(~)2 
2 

I 

B (0, 

~ Y'(O) 
(x + 2) 2 · · 

2 

I 
1 

at --
1 2 
- = 2 

l 1 at 
2 

~ X B R c I s ~ s I q·. 1) 

111/2) 

= i/2 

A 

B 

-1. !i'i!"ry T.h~ "!qT'i.vative, if an·r, of the followin.<? f1J"lntions 

a+. the inc1 . .i.cw!:"!!1 n,i,+. b·r N~··.rtor> auoti.A,.,t: 

a) 
1 

-?. 'h) =..,;-;;;' o~ 

" = x· 
~ X = •r X = 

c) ,, = Lx? .:.. 'jx]. X -- ":\ rJ) v =[-.. / • rxl X 2/1 



'--

·~. S"'n!8 question 

.. a) .X 
y 

2 
X • 

c) Jx 2 ,,. = 

for: 

• X 

1 

.,, ' X 
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= 1 

= 2 

2 
X 

b) T = X - 1 X= 0 

d) v = \ x
2 

- 'il , x ~· 

3~ Find the der\VA.tive of each :flmctiol"J by diff'<!re"'CP. 

quotient •. aYJd discuss T.heir existe!'lce: 

4. 

'5. 

6. 

-- { x2 aJ .Y 
:::>x 

when x<l 

when. X)' 1 

b) y = r X + ~ 
1 X+ 2 

when x.( 0 

whim x) 0 

Ex!Jre.s~ the foJ lowimr lirni+,s in tf'!rms o.f f 1 (x'): 

!1) lim 
h-+0 

c) lim 
h.:..,. 0 

e) li.rn 
h.-: 0 

f(x - h) - f(x) 
h 

f"( ".( + 2h - f(x•h) 
h 

. 2 
f(x+h+h .) f(x) 

h 

Let f(·x) 2 
I xl • Docs = X ... 

for X ~ 0 exist? 

pjnn a !!Olvnorni.a) of" lea!'it 

conditions: 

a) P(~) = O, P~(ll = 2, 

b) · .!( -1) = J. t \l I ( Q) = l' 

b) liJ'!l 
f{x + 2h) - f(x~ 

h...:,.,.O h 

d) 
f(x .... h) f(x - h) 

f) lim 
h-,.. 0 

f'(O) exist? 

d"lgree wi+.h the 

pn(()) = 2 

h 

f(x+bh) 
h 

Does fr(x) 

~iven 

Q''(-2) = O, Q"'(O) = -6 

7. Find v' b·.r NPvston auo-t:ient if y = arcstn x. 

(Hi~t •. use x = si.l"J ·r\. ·--
8. If f 

? n . ( -ao. oo) • 

li.m 

rj~ 0 

f"( "'{ ... 2h \ 

1 
tr lJ (-cc.oo); +.hen .,rove ·. 

:;If'( x • r,) . + f'( x). = f'" ( ir) 

h2 
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b) 

g. Fi·r111
1 

i:f .er~'r1 the EJ"'!'lPt:l on of th~ ta~gen't a-rd normal 

li'l"e to i;h~ ·cu:rvP. of, 

a.) 2 l xl at ~r =·.x • 
.b). =[x] 2 

3x y X 

c) y =~. ~t x·= 

d) y = }{i· at .x = 
10. Find constants 

and f'(2) = -2/3 

X = 
at X 

1• x· 

-8. 

-2, 

=·0, 

= 0 

x.= 0 

X =.J/2 

ax+ 5 
X+b 

11. Let-the equation of motion of a particle be 

s = :1o t
2 

- 5t + 3·. 

:f(l) = 2 

~)'If '!'larticle sb.rts :,o rnor~ ar. t = 0, · · at what 

time t 1 it sto:pS? What i-s thP. direction of motion? 

Doe13 the motion continu: after it stops? 

y b) When the ~osition of the particle ~ ~e symmetrical 

of the -posi 'tion at t = tl, with respect.. ini tiai. 

")osition? 

c) Wh13-+. iR t~~> ave~a.o-e vel.or.itv in the time il"'.t.erval 

(o, iJ ?_, ::t-,d at what ·time the VP.locity ·wiJ,l be 5 

unit ~<.!~ ?. _ 

12. 1<':i."((d (3~·''' · (1/f{x))'-, f:r(x)f•, · (:f(x)]' if 

a) 'f(x) ...,. x
2 

. b) f'("'<:~ ~ ..["; c) f(x) ,= 2x + 3. 

J3. !:f -f(x' ·-:::_ ~. ~(x) = x2 
- ?x fil"t'l. +.he deJ:'ivatives of 

1 
a) 2f,(x) - ~- c-(v) 
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d) 

14. I.<!+. f' h<> a eli i"f~:re~ti.ahle fu.J"'ctio>c. flh~"w i:ha.-t; the 

f' B.YI.d ·· J/f 
I • . 

· !"Pet. the x-axis f:'li;_ !'Oi!lts which 11'~'"<:! l"T!''rrnei:ric'3.llv 

"!llP.ced with r~.,n~ct to x
0 

• 

. 15. If. n = U("!C), v = v(x) are functions differ~ntiabl~ 

,,., +.o a_,v o:rrier
1 

there is a formulA 'f'or ·the n th 

derivative (uv) (n) established bv t.eibniz. For . n=2 

and 3 the ·forJ!11tlf7.s are 

a) (uv)" ·= u"v :.a._ 2U'v' + 'tv•• 

b) (>.lv)"' = u'"v + 3u"v' + )u'v'' + uv'" 

Prove tnese and vorri te the ~'rm1.1la 'for n. = 4. 
. ( 4) . . 

c) (uv) = ••• 

16. Aop1y ·the linear O'!'erA.'\;or to 

4 2 
a) x ·- 3x b) 8x-v'X· 

17. 'Prove hv induction 

) n n-1 . 
a_ D X. = n. X ~ 7n£ Z, 

\ 

b) nm Xn\= n:: OU··<~- m + l)xn-m,. m€ 7
1 

. c~~n)) n is fix~d. 

18. Find =thP. derivatives of the followi.nP-: f'Wi.ctions 

a) (x + 2)(x3 + 7x5/ 2) 

c).../5~3 - x. 

19. Find f"'(x) if f(x) 

:?1)_ •. Prove the·. follovn~_.,.: · 

functi. on 1 

,. 
2 2 3 

b) (5x .. + x) (x- -
2
-) 

. . X 

d) 'V7x + x
2 

= .l ~x2 - 4x + 51 ... ; 
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b) 1J,eri Vat~.VP. o.f' 11"1 f'VPn fu"1~tion. i!'l at'!_ and ft.l"'CtiOn/ -~ 

g) · t)eri VP-tive of'_ 13.n odd :function is an even function: . 

. GiVP. an ~xamp1e of a nonueriodic ~nctlan wh.ose 

.der5v<>.tive is !Je""iodic. 
·"-:--

. 21. Fincl (foe)'(x) and (~of)'(~) for the f()l1owing 

pair of fUnctions: f and - e. e.nd write the \.!'?_et of' 

"lt·'S 0"1 which fa¢ and P'Of'- are differentiable:· 

. 2 
a) f(x) = x ·- 3x, 

b) f'fx) ':"~• 
g(T\ = ~­

~(x) =Jx + .. 2.­
\ 

. . 3 2 
22 .. If f(x) = x - 5x .,.; 7x + 8, . g(x) = xl + 2x; fin a 

(fov.)•(x) at x = -2 

23. Find f and. e if' (t"og); = 1 + 3 
-;#Jj +-f '· \. ' 

( f'' (-,r) = 2x + 3 and ~· (x) 

24. If f'(x) = x3 + 8, find 

25. FL"'d the derivative of'· 
/ 

a) sin 
X 

y = 2. 
.X + 1 

b) 
. i sec~ y = tanx-

1 = :wx. 1 
(f'-1(0) )' 

__..b) y '= sin(x cos 

d) 
3 2' 

y =· sec '(x . + 

'.,·. 

x) 

3x) 

26. Find the. equation of the taneent 1i'1e to the curve at 

· indic::;~ted . :poil'!"t;: · 

a) y =../sin ·x,· A = (f, ·· ~)-
,. . . 1r 

b) y = sin .( 
2 

cos x) , B . = ( 2 , 0) 

-- 27.· Fi:rJ,d the derivatives of the foll-owing fUnctions: 

a) 5x tal'! 
2 h) arcsin (x c~s. 3x·) 

'· y -= cos - X y = 
2· 

.• . 

~c) v = tan(arcsin .L.=l, d) '.'!.-= arcl'l:i.n X + a~cein.,r,i~ ··· 2 ' 
X 

e) .·v I arcsin (flin x) = f) y .=· cos (arccos x) 
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('Ylr:N) . ' ?i. P'7"~Ve b,r i~nuctiiJ"" . 
~' 

, 
siTifv !:, n·.~in "X" = + ,., . 

\ ~- / ? 

b) 
'n· 

.cos(-v: 
.,. 

J) ~QR y = + n -) 
::> 

.-) 
n 1 f-1)'1 

,.,J 
l) = xn+l ( 

~ X 

""-1 
l 

: rl ·~· 
.., 

.. n n":~ =.:\~ ·!1 i) X 
? '? 

'3.· 
b ) .:::. . X 1 . . f"i:?._ 

2 
arcsJ.n a ... ~ xyar·-_x·· . 

.? "I{' 

a - a arcsec 

'1 \ b 
n ) 'l:rc+.Rn (- t. a~. x) 
··"'·- h · a ! 

,· · ·V§· x~a 
"!""'""1. n_ · -.--... . . h- a 

f: = Q- sin Q 

a) to tn"' c'"c1'oiri 

= 1 - COR G 

Q = 7T/2 

\, 

[ = a cos Q 
\ .. 

elliT'Ise / b' tt:\ t\o"! 

= b sin G 

at- .. ~ = (1r, ~J') \ 

,,. 

b), ~~.='....,\ CO<"~ Q ',: ( -1 ) n NlS Q 

' . . I 

C' 1)
2"1•1· . f'\ 

_ .. S1>".., = . d) D~+l cos Q = (-1).,., sin Q ·· 

-~. l;.i~r'l th<! oq~;,q+;in,., ,.,f th"! -t:a...,..,.~..,1; ~,.,d "'"'l"nial·]i'1P. to 
I 

the curVes of i:h!?. followin"' functions at th~ indicate~ 

I ' 
\ 

/ 
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a) y =·X sin x
2

, x = v'iifi 
b) :r 2 

= arctan (x 

c) {X = 5 S"'C t 

'' = 4 +.a,., t 

d) 
. . . 2 0 

X. S~!'! '7 - y = 

A = (0, ~/4) 

at 

34. A T'!Ovint:, ~article has coro:rni..:'le:t;P.s i = 4 cos t, 

v = 3 sin t ~.s f'Jnctii')!1S of' +,i.mP. to. Fi,.,d thP. 

followi'!"l!f: 
I 
\ 

v 
" 

(co!"':nonP.l'lts of VP.clocty) 
-.· 

c) a , a (components ot' acceleration) 
x. y 

.d·) a"!10l)'1t · ()+" accP.1erPti..on a 

35. Ff,.,d th"' '!'Oi'1ts where the tangent linP. are horizontal: 

a) x3 l2x b) X 
y = v = 2 

X .. l 

c) v 
" = ~ sin X +~ cos X in [o, 27!] 

t
2 

+ 2t 
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2. 1'1.\ o. h) 0, . f!.) 1; d) !>.OP.S Y;nt P.Xi!'!t 

.41. "'· \ ~.Pt(y\, b) 2f' (y) .. r.\ f' fx) ('!\ 2f' (x) 

P.) f"' (.~.- \. f) (q - b' f'' (x) 

1'1. q) 
? 

1. h\ ' 6x 2 
5 y - -x ... ... X -

10. a = -1~ b = 1! a= -Jq/4~ b,= 7/8 

~ 
, '.' •. P \ fix; ·

1 
-'? lx • 

h \ ':1, lf?!-Fi): 
. I . 

2x; 
.. 

1/,..Phti.f rx ¢ 1'n o 

(if 2x~ N)O 
' ,1· ~ '? 

:JI;. a\··"< ... 4x + 21.x - 18x- 12, 

/ 

Iii. q \ 11;.~ .... ( 11Q/2h 'i/Z + 6x? ... 3'5Y ':!/?. b) 10 ... Vx2 , 

. . ' 2 2/3 
c\' (1.5~- 1)/('?.{r:.xj- x)'. d) (7 + 2x)/(3(7x +X ) · )o · 

22 •. 78?6 

;>4. 1/1_? 

26. a) ~r =..J6x + 0 2 -7T)/6,. 

~0. R.) v ... v = 11'/'? 1 
... b) ( .a CO!=! 

"? (-1)~ 
..,l X 

~ ·-. n 1 jxJ ... 
X 

b) "i, c\ -4 ens t. -i si . .,., +.. d) 5. 
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? •. 2 1JT '~"F'l':~l'TTT A J, 

A.. Detini t"iOiis and . a fheorem: 

Here we flhall P.ttach m'O!anint;s to.th~ symbol!:'!· 11dx11 and 

""" " d +. th b ti " · · · th b l 2!. f·or · uy , an ~o e ar - a_ppear.~nP, :Ln . e sym o dx . 

derivati.ve nf ::~. dt"ffer~>..,ti~ble function y ,; f(x) 

The svmbol dx appe~~ing in dv/dx. is_anv real number 

whatever in (-oo, ao) and it is called the differential of. 

the indepenr]ent variable x. It is a~other independent v::u-iable 

like x. (and ~ is not a. fu.."lction of x) 

The·s:Ymbol dy· a!Jpearin~ in the derivative dy/dx. is 

the rea~ ntimber defined. by 

4T a ~0 (:) 4x (adf) ) (l) 

and it is called ihe differential of the dependent variable Y• 

both. x and dx •. The differential dy is a fUnction of 

In view of (1) the bar "-". 

ratio sign, and we read 

then dy =-0. 

d /d:X: y as dy 

·~. · ~- indicates the 

over .. dx. When dx = o, 

Example. 

lo 
2 ' 

dy = (sec 2x2) 2xdx y = tan x ~ 

2c. y = 
2' 

sec x ~ dy= 2.sec x. sec x·tan X ax = 2 sec 

tan x dx 

.3.· v = arccos$='? dv 

Writing the.theorems on d~riv~tive with D replaced 

~' d/dx, anti. niulti"llyin~ everv term by dx, we have: 

2 
X 

I 
Theorem. If u, v are differentiable fUnctions~ th~n 

1. d(u + v) = au. + dv ·2. d(u·..:. v)-= du- dv· 
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Geo~P.~ric inte~retation: 

6• ti ; = "J'~U ; U•lV (v -f 0) 
v 

Let y = f(x} . be a fUTlc+.i on vri. th .;:rarh a!;; shoWn in tl'>e 

fi::U""P.,. <\n:i 'iif"ferc.~rti<ibl"' at a "!lo1nt x
0

• 

dv . Thfl!'l · dx .. tRn ce., dy = tP..n« lix = tan t1 4X. 

ThPrP'fore fnr the ~v~n fi~e the 1ifferen-

~iqi f~r th~. ~v~n function dy rerresents 

' . tl 'T'. 
' 0 

. ' 
v = H P = .dy ... TP. = dv + t ~ x 

0· 

wh<!re · £- 0 as Ax- O, it can be au!Jroximat.~>n bv dy 

when 4x 

ExamPle. U!;!P. differential to cornTJUte ..f23 a!J:oroximatelv. 

Solutio!'1 • ../§' sue;~es~_considerin.o: the fu!'lction· y =".Ji 
with . X = 25 

0 
(for imnediat~ evaluation). Then 

\. 

dx = -2, . a'l'ld 

O::rrt)r. TPt y = f(x) h~ a c1iffer~·· .. tiao1.e fil"~.ctitm 

ra1;~ti~rr- o_u"~.n-t:itieft X and y. If X is !l"!P.S.surinr-: ·with an 

,...,.r...,r L1x {.;, ny)~ i·t ;_q r<>rPJired 't,o. finn error; m~;~.de i11. v. 

':':'•: e .... 't'O't' i'l'l- V is · V. = f(X .._ A. x\ - f(X). = d·r .._ cLl"ll'e 

r~P.r-l~r.ti.,.,c: th,. te-rm ~.AT . 'VF! 1-,~V!' as th"' error: 

/)j v = ~" = f' (x) 4!x ·- .f' h·)ti-r 
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..t:1'r or rlv ;_ ... t'he error in- ·r- correspondin~ t·o the 

error ..6X = rlX il" X o 

_When m~'isuring the disti:l.ncP. between two cities with 

correc:t diet-"lnce 500 h, su-rrose one n;'ikFH'l l3.n ·error of 2 km, _ 

2.'1'! w'i<m !!leR.SU.ri 1'1('': "t'I-J..~ l.1.ST..<!.r..p"! b"!i:•.'1P.f>'1 tv:O treP.r-l VIi th COrrect 
- 1 -.,, . 
di_st'1nce 50 l"', O'!'le- m'ikes a!"! e!'T'or of" 2" m ... e rnR.:V rhscuss as 

to which me~.s,_,_rernPnt i~ more :>.ccurate• Since 

the first mP.asurel!!ent is more accurate then the second. 

'!'1-J.erefore the rP.lr=rT.ive error defined b,r. dy/•r is morl:l 

imnoT_"tP..nt _+.han th_e error. dy i t.~eJ f. 

is def'ineo by· J ~r -· c 
wherP. are the correi!t and measured va1,.es o'f 

For si.Ti'nli.~i. ty one 1J.Ses nercent ( uerrient'il!e) error 

defined by dv -
100-y • In prE~.ctice y c is unknown. '!'hen for 

re 1.R.ti Ve f!T'T'O!' 13nd uercentaee error are taken 

jy_ 
v· 
'!'!! 

and 10 dv 
:r"'l 

For. R. .c-i.v~>n rP.lR.t{on y = f'(x) between two ~UFIJ"'.ti.es x 

and 'r thP. eT':ror .6x i'I'J ·x cP..n 1-)e determined b•r +.h<:! accur9c~r 

Oi' the m:>q,sqr:i_ng instrument, Rnd the error dy in y l.s 

obtainP.d bv r1iffe:rentiR1_~ 

+.'h.,. errQr j_-., nf!?_!",_lreme,.,+. ii'l 0,? c,.,, what. vlil1 t:h.P error be in 

t'he- i ~ornu,Jt:"!tio"l- of') area?· 
"' ~ \ . 

fiol~_,-r.; o~. T,P.t X be the sirlP of th~~ sci_ui'!.,..P.. ThP. area 

i!'l .A.. -·v2 - -·· . r;'l"loJ.P.n nA . = :::>.x ox w'l-!~:re dx R-nt1 flA arP errors 
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8 
• I. . 2 

dA = 2. ?3o 0~5 : 821 em = 

I fl. l .. 
m 

"Px"ll!lnlP- 2. 'T'hP- volnTll"! V 

en as.9~0 cm3 with an error. .of 

rc.l"l+.;ye 13rror in: radius r. 

of,a_snherical h~~l is determin­

dV = 5 ·cm1• Ft~n the. error and 

.,.. = m 

Solution~ 'l'o fi.~n r from 

3)6;,0 TrJ 

Th~n the error can· 

4 ' 3 ' ' 
V =- 7tr· ....._ dV = 

3 """· 

5 ( ..,. )2/3 
, flr = r 690" Clrl. 1 

-~ = .2. ( -r )~/3 
r 4 · 690 · 

c. Relate~ rates: 

The derivative 

~dd = f''(x) 
. X. 

b<l 
v ' solve i?T . 3 

W9 r ·= 
1T'. 1 m 

obtain'=ln as follows: 

( '1) 

is the rate (~Unount) l')f' cha·'1.·':~ of y wi-th respect1 to· the 

V'lr::ir-lb]"! Xo Wri.ti~~T (a) il'l di:ffert=mtiab1c. 'form 

820: 

a"!n R1l':'!JO!'lincr _th::ot x "l.nd · 'r are bot~ "fl.tl'JCt.i.<"nR of n nnrA­

m~t:e:-- t:. "Isua]l.v til'!'le, we have f'ro!'l (h) 
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(
.) .dx 

f' x, dt (c) 

.wh 0 TP now ·· ~y/n1; a:rn d.x/nt ~ro ti""' Tat.~s of chan,o:e of ~r 

and x with respect to · t, and (c) est::tblh:hes therefore a 

related rates. 

In ;;olving nroblems on related rates one must find the -. .• .. . .. . . " . 

relation between.the. quani;ities·involvedy and then differenti-

at_P. th~t •. Tel::t~,i-~_n Wit~~ reapect to the !Jarameter.; . 

Eian'inle ·1. Let A be the. area of ·a circl.e o~ .radius r 

8J'I4 St1'!')nCl!'le r varies with time t·. How 'the rates . dA/dt . and 

. rir/t'lt al'P. r<?le.ted to ,:;;._ch otho.r?. 

,'3o l1J.ti on: H'i•ri>!": i 

h\r iifferP.,..;ti"l.tion 

2 
A. = 71" r or 

~= 2 
dt 

r 
dr 
dt 

which is the l'equiro.d relation be+,ween the rl'l.t~!'l. 

"F.xamnlo. 2. If the radi1.1s r of a S'Phere decreaRes 

7 em/sec, how fast tbe vol<,me V decreases ~he"l r = 5 em? 

Solution. 

iiV ? · . · 3 -- = 4 • 5 .f-7) = -700 em /sec. "'t I ' . . 

~X<l.r.mJo ~. R'3."'d +'aJ1q t:o fnrrn '3. ~rmir.Fl1, -nil!:• <l.+ t11P r::tt~ 

o+' 10 m 
11:-ni"'. 'J'Il,.:~ hei.a·rt of -t; 1;e ni.l .. "' i"' alw?..vs Pf'l1H1~ R t:hP. 

rP.rHus. n+' t;'l-,o h"'S"'. 'R"O"' +'ast t"Jo al t:l. t;1 1do. of the T'!i.l e i.l"'r.roast!>f'l 
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Solution. Let ·at the time t the ra.dl.us be r and 

altitude h. By . hypothesis r. :::: h. Then . 

. · 1 2. ·· . · 1 3 dV. . 2 dh 
v = 37'rn = 3?/"h -~ dt =7Th d't 

. 2 ·dh dh' 2 . '* 10 = 71"~5 .• "Cit :::;. dt = 57T m/sec. 

Example 4. A particle is £orced be move in the positive 

(~ounter clockwise) sense on the parabola y = 4 - x2 with a 

·constant speed of 2 uni~s/s~c. Find the. components vx' vy of 

the' velocity at A = (0~ 4) . imd B = ·(2, 0)~ 

Solution. v = dx/dt. · v = dy/dt · they are related by 
X . y 

. .& 2x dx 
dt = - dt • Then·we hay~ 

. . 2 2 
v = -2xv.... ·and· ·v + v = 4. 

y - . X y 

At A: 
2 2 . 

u + v ... 4; 
X y 

v :: 0) y . v · = -2 units/sec.·· 
X 

At B: v
2 

+ v
2 = 4; v = -4 v =9 v = -2/Jf7, 

X y y X X 

v = a;.../Fi. y 

E X E R C I S E S . (2. 2) 

36. Find the differentials of the following functions: 
2 · 3 2 · X 

a) y =X -.3X + 7X + 5 b) Y = l +X 

c) v = arcsin (u2 - 1) 
t 

d) s = t sin -----2 
' 1 + t 

37 .. Find the approximate values of the·following
1
using· 

differentials: 
/ 
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a) ~ b) sin 32° 

c) (3,2)4 -5 (3,2)3+2(3,2) d) tari 42° 

38. Find the error in the area of a circle with radius 

11. em when the error in the radius in 2 mm. 

39. Equation of motion of a particle ·is given b,y 
3 . 2 . ' 

s = 4t - 5t + 3 km. If percent. error in s is .2 

when t = 10 se~, what is the. perc~ta&e error in 

t? 

40. If a side of a cube is 12 em with an error 0,2 em_, 

what is the error and relative error in the vol.ume? 

A particle is forced· to· move on the eJ.l.ipse , 
2 . 2 ·.. ' . . 

4x + 9y = 36 in the 'positive. sense with . 

vx "" 2m/sec. Find v
7

, and the· speed of the. 

particle when x = 2, .y) 0. · 
. ' 

42. Pind the rate of Change of volume .of a sphere of 

radius R with respect to the area of the sphere 

when_ R = l.O em. 

43. A. water tank has a shape of cir~ cone wit~ vertical. 
. . . -

axis and· vertex at bott.om •. The radius r is 10 m . . . . 

and height · h :i_s 12 m. The viater running int.~ the -k,k 
t.ia.l6 1-he > . . \ . . . . .· ' 
~rate of 250 l.t/min. How fast the level of·water·is 

rising when the l.evel ·is 8 m ~bove the vert·ex, 

44. If a cone has base radius R equal. to its height, 

'•what is the rate of change. of volume with. respect 

- , to the lateral area of the. cone when R ~ 6.v2? 

45. In a rectangular coordinat~. syst~~ Oxy . two 

particles A ·and . B ~e movillg. A on positive 

x-axis ~d B on y-a.xi.s, initial.l3 10 and 2 km 

distant from the origin respectively'. If A moves 



\ 

154 

-,-toward 0 and B awey from 0, with velocities · 

2 and y km/min respectively, what is the rate of· 

change of the distance AB 'Ri th respect to tim~ t 

when t = 3 min? 

46. A boy 1, 60 m tall is standing on the groUnd, and a 

·light source is rising up vertically With a• constant 

. velocity of 2 m/aec. The head of the boy and: the 

-light source are initiaJ.4r in the same level and 

3m apart from each other. Pind the velocity'_ of 

the end point of the shadow of the head of the boy 

when t = 4 sec. How fast the distance between the · 

head of the boy and the end poin~ of its shadow 

decreases at t ~ 4 sec? 

47. A trough .of 4 m length_has cross 
. \ 

section as shown in the fi~e. 

Some number of animals consume of 

1 ton of water per minute. How . 
1fast the level of,water, decreases 

when deepness of water is 20 em? 

48. A ladder of 5 m length leW?B agail'l.St 

a vertical wall. If the upper end 

slides down at the rate of 20 em/sec, 

a) What is the velocity of lower­

end (on the ground), 

·b) How fast the area of OAB is 

changing,· 

c) How fast oc:: is changing? 

when the lover end is 3 m away from the ·wall? 

49. Given ·a triangle ABC with b a 60 m, c a 40 m. 

If the angle A. increases at the rate ~f 0,1 

radian,/ sec, 

I ·' 
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a) Row fast is the~ area changing when. A c fl'/2 

and A c 'ir/3, 

b) Raw fast is the side a in~rea.S.ing when· A • ?T/3• 

.56 •. A point in an ang~e of 'lr/3 is moving to' a side 

in perpendicular direction With the v~~ocity of· 

5 kmVAr• Row fast its distance ~om the other ~ide. 

~ chMgitig at·-BZJy ti.me? 

Answers to even numbered. ~xercises 

. 2 . . 
36. a)· dy = (3x - ·6x + 7)dx, 

. . • //.. 2 4 
c) dv = 2U a.u/y2U - u 

) ( t t(~-t). t· 
d ds = sin --2 + . 2 2 cos ) dt 

. ~ . + t ( ~ + t ) ~ + t 2 

2 38. 44 771~0 em • 

40. 86,4; ~/20. 

42. 5_ . 

- --44. ·3 

46. -3/20 m/sec; -~,2)V320. 

48. a). 4/JS. m/sec, ' 

50. 5/2. 

i 
. j 
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2. 3 PROPERTIES OF DIFFERENTIA13LE· FUNCTIONS·; 
. \ '· . . ·' . . 

, ... 
A. Rolle's Theorem and the: Mean Value 'Theorem .. 

Theorem: (ROLLE). Let 

interval [a, _b]. If f(x) 

the Rolle • s condition~ ... 

f(x) be defilied,on·a cloeed 

satisfies the c,ondi ti~~' C..fLl].ed_ 

1) f(x)e c[a, b]~ _.- 2) .f(x) f:·D(a, ·b) 
r - . 

3) f(a) = f(b), · 

then· there exists an .interior point c t (a, b) such that· .. 

f'(c) = 0 

~· I.f f(x) is a constant function, then ~he 

Rolle's conditions are satisfied an~ f'(c) =.0 . .for any point 

c € (a, b ~ and the. theorem ·is es_tablished. 

;Let f(x) be a non constant function. ·.From the qontin-
. . . - - . 

uity over [a, b],it attains its minimum-y-and maximum. J11 With 

m< M. Since f(x) is .non constant, from (3), m or M 

corre~ponds to a point c~ (a, b). 

Let M be attained at 

c f (a, b). We prove that f~r this 

c one has f' (c) = o. 
Since f(x) ~ D(a, b)',• th~ 

derivative f'(c) exists at c as 

the common value of left and right . 

derivatives at c; 

f'(x) - f(c) = 
f(x) -M 

~}---~----. ~ . I . 

. I . I I 

-m ---L- ~----: '_ 
I .I I 
I 1 I 

--~--~a--~c------~h~~x 

since 11m -· X-C 
lim_ 

X-C 
:? o, f(x)~ M, 

x~c x~c 

X~C 

lim 
f'(x) - f~cl 11m f~xl -M 

~ o, .since fGx)~M •. I = ~ X-C 
x~c 

x- c 
x-~c. 

"X7.C 
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Hence O~f.'(c)~O ::;:> f'(c)_= o. 
Siinilar pro-of can· be given for m. 

_If one of the Rolle's conditions fails. to eXist, the 
' 

. theorem may not_ hold. We -gi"te below some examples ·of. functions 

for which the theorem does not hold: 

-·--~-:--_·1 
'-- . I --- ,------··~C ... 

I. I 
I I 
I I 

't . 

---~ 
1 

---~ 
I I. 

I : 
0 0 a. h 1t -

cond. (1) fails · cond. ( 2) .. fails c_ond• ( 3) fai~ 

. . . 

Example. For which ones of_ the_ functions the Rolle's 

theorem is-applicable at iridicated interval; ifs9, firid a 

point implied by' the three Rolle's conditions. 

a) f(x) ·= Jxl; [ -2, 2], j_ 2 
b) g(x) _= x_ .- 2x - 4x, [-2, 2] 

Solution. 

a) f is continuous on [-2, 2). But ·r being not· 

differentiable at x = o, the condition (2) fai.ls to _exist _-and 

the Rolle'_s theorem may not hold in [ -2, 2]. 

b) Sirice g(x) is a 'poJ.¥nomi8.J.," it is continuous-and 

differentiable at ev_ery X€ IR, and the first two Rolle • s 

condition hold. As to the third one it also holds, since 

g( -2) = -8 = g(2); Hence g' (x) = 0 is satisfied for some 

c G ( -2, 2). Indeed 

g'(x) 2 2 :!: v' 4 + 12 2 ! 4 = 3x-.. - 4x - 4 = 0 9 c1, 2 = 3 _= ~ 

{ 

2- ~- (-2, 2) 

= -2/3 £ 
. -9 c = -2/3 

(-2, 2) 



'\ 

158 I 
,J 

In case the solution of f'(x) = 0 is-too difficult 

to obtain, one has to show ·the existence_ of c.· in the given 

open interval: 

Example. If Ro~e•s Theorem is. applicable to the 

function f(x) = x sin x in [0, 7r], find a number c G (0, 7r)' · 
·,- --· \ ... .:~ 

.as implie~ by the Rolle's condition.i. 

Solution. This function is different~able at any ~-~ 

· and hence: continuous at any x-t IR, and in particular on 
. . - -

[-2, 2] and (-2, 2). The third Rolle_•s conditions holds ~o."' 

Hence there exists c € ( -2, 2) at which . f' (x) = sin x + x cos x 

= o. The .. transcendental equation sin c + c cos c = 0 ·cannot 

be solved exact4" for· . c. 

The existence of a root of f'(x) is shown from its 

continuity· in (-2, 2) by finding a -su~interval [oc •j3] such 

that f' (tX). f' («).( o. Since 

f'' ( ::Zr ) = -1 
·, 2 

have opposite signs, there is a root c in 
7{ 7T ' 

(~ , 2) c (-2, 2). 

The Mean Value Theorem (MVT). Omitting the thil•d Rolle's 

condition we get a theorem as a 'first extenaion of Rolle's . . . - . ,\ -

.Theorem, . called the Mean V¥ue Theorem (MVT): 

Theorem (k~T). Let f(x) be a function defined on a 

closed interval. [a,·b]. If 

1) f(x)E C[a, b], 2) f(x)fD(a, b), 

then there exists an interior point c € (a, b). such 'that 

f'(c) :f(b)·- f(a) 
= b -··a (a) 

:Note. If' f(a) = f(b) · then the MVT -redu<?e t~ the Rolle's 
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theorem. The ·equality (a) means the existence of c G (a, b} 

such that at (c, f'(c)) the tangent line is parallel to the 

chord of' the "Curve joing its end points A ~nd "8. 

Proof.' Consider the function Cf whose graph is the · 

·segment (ABJ. ·Having 

. CD(x) =. f(a) + f(b) - f(a) (x - a), 
T b- e. 

the function f - <p is seen to satisfy the three Rolle's 

conditions: 

2) f - 'f :is continuous at a and b 

3) (:t -'¥)(a) .. (f - 'f)(b) = 0 

Hence by. R~lle's theorem, there exis-ts c<: (a, b) such 

that (f' ~~)•(c) = 0 or f'(c) =~'(c). Hence 

f' (c) - f'(b) - f(a); E 
- b - a • 

.._ The equality (a) is valid for a <b or b·~a, since 

these :inequalities are not . considered .in the proof. 

Let x
0

, xf [a~ b]. The theorem holds for the interval 

with end points x , x = x +, h and (a) becomes 
. 0 0 

f(x) = f(x
0

) + (x_- x
0

) f'(c), 

f(x +h) = f(x ) + h f'{c), 
0 . 0 

c€ (x, x
0

) 

f(x · + h) = :f'(x ) + h r• (x + Gh} . 
0 . . 0 . 0. ) 

where the symbol (x, x
0

) denotes the ·interval (x, x
0

) j,f 

x<x0 or (x
0

, x) if x
0

<x• · 
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3 Example. Given f(x). = x - 9x +. 1 Oil [ -J., 4] apply 

the MVT to determine an interior point c as implied by· the 

MVT .. 

'3 Solto.tion. Since for the polynomial function x. - 9x + 1 

ythe two conditions (1) and (2) hold, such a point c 
2 exists in (-1, 4). To determine it, from. f'(x) = 3x -9, 

·we have 

. 2 f(4) - f(.:l) ' 64 ..: 36 + 1 -5(-1 + 9 + 1) -- 9 .+ 4' -- ·13·· 
3c . - 9 = 4 • (-1) = , . . ' , . 

. . c1 = £9/3-;;: 2€ (-1;'4) 

=7' ' ' ~ c = .../39/3'£ (4, -1) 

' c
2 

= -v39/3 ~ .:.;2 ¢ (-~, 4) 

Corollar.y. 

1. f'.(x) = 0 on··.[~, b] =9 f(x) = constant 

2. f' (x) = g' (x) on. [a, .b] .:::}> f(x) = g{x) + c, · -I 

. c is _any c.onstant 

Pl-oof. 

1. Applying the MVT to f(x) · on [a, x]c[a, b] '· we have . 

'. . 
f(x) = f{a) + (x- ,a). f'(c), CE(a;-i') 

= f(a) =constant, since f'(c) = o. 
~ . .. . J 

2. f' (x) = g' (x) =7> .· f' (x) - g' (x) :a 0 

=';> · (f(x) - g(x)] 1 = 0 =9 f(x) - g(x) - Co Gl 
1 . . 

. This corollary can be used to prove identities, ~·· 

illustrative. examples of whiclr are: 
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2 .· 2 
~) COS X + Sin X = l, 

:' .:' ·, ~ 

-~" 

a) we t-ranspose the right- h~d 'siic§:J: ierm(~)'·'io '·fhe''i~ri; 
and- set' ;f(x)· = cos?x '+~ sfu2x 'L>i.c: De'tivati.ifi b~l:-rig . ' --:.~:;··: .: 

. f'(x) = 2 cos x(- sin:x) + 2 sin ·£'doe~::;.. 6~ ~e :~ :· 
conclude that f(x) = c (constant). 'c is determined 

.. . - . . ' . ' -, ·; : ~' ; . . . ( ~J ~- ~ . 
by a· special value of· ·x, · say"o:/, c ..,; 'f(O) ::: l+Q-1 :::: Oo 

2 2 . 2 2 
.Hence co~ x +sin x- l = 0 or cos x +sin x = 1. 

•' " ~- '- . ;" .·· \ . ' ~.·. s. ,} 7-'!.. •. ::·.f .i.·_·l ::; ~> .:.'' 
-: ,.;, ·- · :··. • ,.-. : c ; ~~-, } • ;': --~ -~-' L' ,..:·· ~ .... · -.·. :-·~ f:_. 1 _· .. : • --

b r ·:s-e:t:tini · , _ 
·: • ! ;~ .! "; __ ,. !''1 ::--r,... i-' ., ' 

we have 

·:, : .. ; :; ' ~;·,· 2: .. .. '"2 ... :.,' ' .. ;,::.i-?:2 
.f~ (x) ..; 3(a + x) - 3a - _6ax' - 3x _, 
.' :~::'\·•.:·;,;_::, •• J ::-: ;' •• ~·.:~ .... -·.·: __ .. _~. • •• , ;.:: • ...~-:>.-:· 

2 - 2 
= 3(a + x) - 3(a + x) = 0 

='> f(x) = c =9 c ·= f(O) =- a3 - a3 = 0 =r- f(x) 
t ~ ..... •. ~ •.•• 

--, ~- .; ~~ .. 

. .-~-- \ -~ 
~>~,'-_•.;.: .. 

:_ S~. ::::i 

The MVT for two :f'unctiona e 1 1 Hos;pi tal's Rule . . . 

= o • 

Theorem (CAUCHY). Let f(x) ~:,·g(x):o•, b'e: t\vo: :furictfons :J ,' :·-"' 

defined on a closed interval [a, b] ,- If f(?.C) ,,, ~(;}, ,s_?l.~;13~fY::-t 

the four ·conditions 
('' ·~) } ( /.: )~.:· t' :. : ., 

2) f(x), g(x)f D(a, b). 
,·i ~:-. {:~:;-,<· .'· ... (.-~·> ,,, 

4) f(x), g(x) do not vanish simultaneously in (a, b). 

';' .· ~ 

ca.> 

,; 
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~· Consider the function 

I 

F(x) ~ :f'(x) [ g(b) - g(a)] - g(x) [ :f'(b) - :f'(a)] ~ 

It satisfies the first two Rolle's conditions and al.s.o the 

third one,) namely, · F(a) = F(b). Hence there is an int'erior 

·point c t (a, b) such that-

·F'(c) .= :f''~c)[g(b) -Jg(a)J- g'(c) [:f'(b)- f(a)] = o. 

Since g(b)- g(a) I 0 b~ (3),and since f'(c),g'(c) !lo not 

vanish simultaneously by (4), we have the required result (a). a 
\ 

'Ne remark, that (a) reduce's to the t."IT for one function 

as see,n by· taking g(x) = x. 

Ari ·important use of (a) is in the evaluation of in­

determinate form 0/0. Thus if in (a) one sets f(a) = o, 
g(a) = 0 and if the theorem is applied to the interval [a, x] 

one obtains . 

( 
.ilil = ~ 
g(x) gtTCJ with c €. (a, x) · 

which we.state as the l'Hospital's rule: 

then 

~ (l'HoSPITAL). If. 

1. f(x), g(x)€ C [a, x], 

3. f{a) • 0, g(a) = 0 

2. i'(x), g(x) t D(a, x) 

4 .. lim ~ exists,. 
x~ a gt(iJ 

lim 
x-a 

!.{.!llim~ 
g{i} = g' {x) • . 

x~a · · 

· This rule can also be applied to indeterminate jfbrms 
' 
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eoj0o for x-+ a or x-oo, which ~estate as corollary 1 

a."ld 2. 

Corollary 1. 

latter limit exist. 

liz:t 
x-OC) 

~· Setting x = 1/t we have 

if the 

Corolla.ry 2. li~ f((x)) = [~] = lim f: ~x~ if the 
. g X ae -- g X 

latter licl t exists. x- a x--. a 

~· Let .lim !W. = '). (;i 0) \ 
-x-. a g(x) 

I 

~ = lim !W. = lim l/g(x) = [ .Q J 
x-- a. g(x) x-- a l/f(x) - 0 

2 - 2 . 
.-..;;"'-P-~ = lim -g' (x)/g (x) lim [,!1&1 · lim ~ 

- 2 = x-- a g{x) ~ x-~ a f' (x) x-. a -f'(x)/f (x) ~ 

2 - -~ . ·~ ('\- . 
~- = ~ lim f' {x) :::;. lim gerxr = "' • , . 

X-">a - x~a g 

Example. Find limits by l'Hospita:l's Rule, when' possible. 
-rx-:-:i 2 

a) lim x + 4 - 3 b) lim x 
x ~- 5 ~ - 5 x--oo x - sin x 

c) lim_ 
x-o 

2 ' . 2 x + sl.n;x 

tan2x 

.5x2 - 6 
e)= lim 

x~2 8x + 5 

- 1 
d) lim [ - - cot x ] 

x·~o X. ) 
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( 
Solution. 

a) .li .,Jx:;4.- 3 .[0 ] lim' 
· m. x- 5 = 0 = 1 

=6 
· x~5 x--5 

I 

b) 

c) 

d) 

2 . 

lim x - x sinx = [ ~}= lim 1 ~osx 
x--oo x-..oo· 

= ·lim· ~1~.....;::;2-- = oo 1 (No limit} 
·X-+.oo -- ~ 

lim 
x~o 

x~O 

lim 

x ·x 

X 

tan x 

.j 

= 

1 + cos x2 

2 sec x 
= li:n ___:__ liLl --·-=2~- = 2 

x-- 0 tan x .x- 0 sec2x 

(1 - COt X) = lim (1 - C?S X) = 
X · X~O X. Sl.n X 

= lim sin x - x cos x = .. :Lim c.p.s-:! -' .c~ + x ~in x =l ___ 
0
o] 

· X sin X Sin X + X COS 
x.--0 ·X-0 

I 

which is 'an indeterminate form. Applying again the same 

rule we have 

x sin x 
lim = sin X + X COS X x-o 

lim sin X + X COS 'X = 
COS X + COS X - X sin X . X--7 0 

o. 

IC 
e)· 5x

2 
- 6 14 2 

lim Sx + 5 = 2:1 = 3 . Apply l'Hospital's rule 
x-2 
and compare the resu-lts·. Why the resu.lts , are dist:Lnct?, 

In this problem :l'Hospital's rule is not applicab:le 
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•'- ... 

Remark. Since in the statement of the theorem, [a, b]. 

is an interval, having a (b the eq,ualit:( .• (a) holds for e.(b. 

But·siuce the proof is valid for an interval with end points. 

a and ·b (with no restriction a (b) the eq,uality {a) . is 

valid also if b <a, but c may be different: 

f(a) = :f{b) + (a - b) 'fl (b) + ! f"(o) (a-hf.; .· .. ca') 
2 

Let x
0

, xf[a, bJ. The theorem holds for the interval 

with end points x
0

, x = x
0 

+ h: ' 

c = x
0 

+ Gh, ,Q(G.(l (a'") 
. . . \ . . . 

where the third ter.I:lS on the righ .hand sides in ·(a), (a•),. (a")·· 

and (a'" ) are called the remainders, denoted by · R
2

• \'fhy 

R
1 

= f'-( c)(x - x
0

) · in EVT? 

The remainder and its geometric interpretation 

co~sider.the remainder 

. in' the !l.'VT formula (a"), namely in 

f(x) = f(x ) +. f'(x )(x- x ) + 1 f"(c)(x- x }2 (a") 
0 0 0 2 . o. 

Since the eq,uation of tangent line 

to f at x
0 

. is 

y - f(x ) = f'(x )(x- x ) 
0 . 0 0 

I 
I 
I 
I 

i 
... 

~. ?(. 
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since there is ~o indeterminate form. 

The extended ~T 

Theorem. Let f(x) be defined on a closed interval 

[a., bJ. lf f(x) satisfies the two con:ii.tions . 

1. f(x).f c[a., bJ, 

then there .exists an interior point c~ (a., b) such that , 

.... ; 

· Proof'• VIe con5ider the furi.cti()n. 

(a) 

·. 'f' (x) · ... :f(x) - f(a) 
. . 1 1\ . 2 

'!'(a) (x ~ a) - 2 /\ (x-a) • 

It satisfies certainly the .first two conditions of Rolle'• s 

Theorem• · we dete~ne the constant . 'A such that it also satis.fies 

the third condition 9' (a) =· 'f'(b). I. is then given by 

' 1 I) 2 0 = f(b) ~ f(a)- f'(a)(b- a) -2 A(b -.a) · 

For the 'A given by Cb) there exists · c
1
E (a., b) 

such that 'r' (cl) = o. 
Consider now the function 

<f' (x.) = f' (~) - :f' (a) - A (x - a) 
\ 

(b) 

defined on [a, c1J,. It satisfies the first two conditions of 

Rolle's Theorem as well as the third one, since <f''(a), = 0 = <[''(c1 ). 

Hence there exists c. E (~, c1 ) such that ' 'f" (c) = 0: 

0 : ~ Ol ( C ) IC f" ( C) ..,; ). ~ '). = ft1 ( C) 

and (a) follows. ~ 
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the re~ati.on (a") takes on the ::flf:lrm 

( 
I 

f(::i:) = y -t: R
2

· 
'\ 

ao that R
2 

means the difference f(x) - y of the ordinates 

of f and tangent line at x., ~d may be, taken as a measure 

of derivation of the curve from the tangent line. 

~amp~e •. Given . f(x)- :: x~ ..:. Jx~. find the intez-Vai for 

R2 _when x = 5/2 and x
0 

= 2 •. · 

S2~ution. The extended MVT ·for f{x) at x = 2 is: 
·0 

. \ . . ~ .· . 2 
f'(x). = 2 + 9 (x - 2) .. + 2 f''(c)(x - 2) 

. ~ ' . 2 
R:z. = 2 f'"(c) (x -- 2) . 

= ~ 6.c(~- 2)
2 = f c, (2<c <5/2) 

R2 € (3/2, ~5/8). 

B. Increasing and decreasing functions. 

By the use of the :MVT we obtain a creteria f'or a 

'differentiable function to be increasing or decreasing at a 

point and on an interval. 

·Let f'(x)G D[a, b]. A point ·x :t[a, b) is said to be 
. . 0 

a critica~ point of f if f'(x) = 0 at x
0

• At~uch a point 

the tangent line is horizont~. 

Theorem. A function f'(x)€ D ~. b] is .increa.Sing 

·(decreasing) on [a., b] if f' (x))' 0 (f' (~)( 0) for all. 

xf [a, b). 

~· Let x~, x2 (~<x2 ) be a:ny two points ori 

. [a, b} Since f(x)f" D[a, bJ ~ f(x) E C[a, b)'· the MVT if!! 
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applicable on'the subinterval [x1 , x 2 ] and we ha~e~ for some 

Cf,(x
1

, x
2

), 

{ 

)0 

.(0 

when 

when 

f'(x)) 0 

f'(x) <o. m 

·.If f'(x)~ 0 (f'(x)~O) .. for all· x(; [a, b] then 

f(x) is said -to be non decreasing (non increasing) :fUnction 

·on [a,. ·b)~ . 

· Example. Find the cretical points and determine the in­

tervals of increase and decrease of the :fUnctions 
. ~, . 

a) f(x) = x3 - 3x + 2 b) ·g(x) = arctan x 

Solution. 

~}.f(x) is differentiable on (-""',CXI) 

f' {x>. = 3x2 
- 3 = 3(x2 

- l). Critical points: 

. Interval(s) of increase: 

and we have 

2 . 
f' {x) = 3(x -. J.)> 0 =9 (-oo, ...;1) , or (1, oo ) 

-· 
Interval(s) of decrease: (-1, l) 

b) g' (x) = . 1 
2 ) 0. There are no critical points_~. 

· l +X · .· · 
arid g is . an increasing function on ( -= , 00 ) • 

If x -€ (a, 'b) is not a critical point, the derivative 
0. 

of f at · x . is either positive or else negative; in the 
0 

( 

former case f is said to be increasing at x
0

, in the latter 

case decreasing at x
0 

• 

c. concavity and extrema: 

A differentiable :fUnction f: IR - lR is said :to be 
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concave upward (downward) at a point x
0 

if in a neighborhood 

of x
0 

· the curve lies above (below} the. tangent J.;ne at x
0

• 

The. terms concave up ·(~} are also used. 

0 

Graph of a function 

concav~ up at x
0 

. 

~ - t . ~ 

- 0 . 7lo 

Graph of a function 

concave dQwn at x
0 

The concept of concavity is related to second order 

derivative. Indeed, the follo~ theorem holds: 

Theorem. A function f€ D
2 [a, b) is concave up (down) 

9n the interval [a, b) if f"(x)) 0 (f"(x)< 0) for all 

~[a, b)• 

~- In view of the d~fini tion of concavity at 

X of [a, b] we form the difference between f(x) and the 
0 

ordinate y(x) of the tangent line at xo, for any x-t[a, 

namely 

l. . . . 2 
f(x)- y c: R

2 
= 2 :f'"(c)· (x- x

0
) 

. 2 . . . . 
where (x- x

0
} >0 in N(x

0
). Hence the result f~l.lowa by 

the sign of y" (x) in £.a,. b]. a'! 

0 "Xo X b 

. ~raph of a concave up 

function on [a, b] 

, . .. 
·O a· .:Ito '11: h 

Graph of a concave down 

function on [a, b] 

b) 

I 



Exarni ning the _above figures, we see that in the concave 

~P case the slope tan 0( of the 'tangent' line at x increases 
. 0 

as xo varie!" :from a td b, ~ other words, 'the derivat-ive 

function f' (~) is increasing on [a; b), while in the concave 

down case f' {x) ; is .a decreasing function. · 

' It is seen that the tangent line ~t 'p turns ;n 
0 

-counter clockwise (clock-wise) sense .as P
0

- moves from A to . 

B when the curve i~ concave up (down). 

From_this observation we conclude that at a point xo 

where f'(x} -'is ·concave u_p (down) the sec;ond ·derivative 

f~(x) is positive (negative) at ~0~ 

A point {x
0

, i'{x
0

)) on the curve .of f(x) is ,called 

a point .of infle~tion (or inflection point) if at that point 

the concavity changes , se~e (up ...., ~own, or d~wn --"' up) • 

At. such· a point the tangent line .is changing from 

rotating in one direction to rotating in 'the opposite direction, 
\ ' 

in other words the curve lies above the tangent line in one' 

· side and below in the other, side. Again at such a point the 

·tangent .line (with slope i''(x), finite or infinite) crosses 

1 • the curve• 

1 

r ~-. ~ f. - 0 

. . I - I . 
I· I I I 

I- I 
I.· 

ol ol I ,:t' 
0 ~ " ~0 1<o ... ~ 

An inflection point ·An inflection point An inflection point 
I ' 

with·arbitrary with horizontal with vert1cal 

tangent. line tangent line. tangent fine· 

Corol..J.a.r;r. If for _a function f(x)£ D2[a, bJ,- · 
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(x
0

, f(x
0

)) is a point of inflection, then f"{x
0

) = o. 

~· Since f(x)~ n2
(a, b] 9 f"(x) t C [a, b]; and· 

s~_ce1 f"(x) changes sign as x increases through x
0 

it 

milSt vanish at · x • IJ 
. /0 

The converse of this corollary is not true, that is, at 

a point x where f"(x ) =·o the function may not have an 
0 0 

inflection point, as the point ·-'to = 0 for f(x) = x2n(n €/N
2
). 

Exam~l.e 1,. Given y = x 
4 

- 2x3 - 12x
2 

-· 4 find the 

intervals in which the curve is concave up (down), and find 

infl.ection points, if any. 

Solution.; y(x} . being dif.f~rentiable we examine the 

sign of y-' = 12x
2 

- 12x - 24 = 12(x2 - x - 2) = 12(x+l) (x;..2) 

Iptervals of concave up: (-.co_, -1), (2, ~) 

InterVal of concave down: (-i, 2) . 

Since y" = 0 . at -1 and 2 and conca~~Y changes 
at them, the points of inflection are ' ._1 '~c{''2~ . . . .·. 

Example 2. Same question 

) x + 1 -'a -y=--, x-3 

Solution • 

for 

b) y 

. ) , _ l{x .: 3) -1 {x + 1) -4· · · · 2 
a y - . . 2 = -__;:... --:"2.;. = --4(x - 3)- 9 

(x - 3) {x - 3) 

y" = 8(x - 3}-3 = 8 

Interval of concave down: (-oo, 3) 

Interval of concave up: {3, oo) 

Since there no point at which y'' = o, there is no 

inflection point. 
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4 2 
• b) y' =. 5x, )Ox -:.40x- ~0 · :9 

Y" ~:,:2ox3 ~ 60x ~ ~o =,20(x3."- 3x .;.. 2) admitting 

. the ra:tionu' root .2• Hence 

y'1 = 20(x - 2)(x2 + 2x + 1) = 20(x - 2)(x + ~) 2 · 

'i. 

Intervu of concave down: (-oo, 2) 

Intervu of concave up: (2, ao) 

· Since concavity . changes at X = 2, this point the inf~ection 

point~ 

Exampl.e 3. Sketch the curve of 

x = 5 sec t 

y = 4 tan t. 

in ·a neighborhood of the point for t = 7r/6 (showing tEi.ngei?-t 

line· and concavity) ~ 

Solution.· 

.:. ~ _ · 4 sec2t dt 4 ' 8 
Y'...,. dx -.5, sect tan t dt = 5 esc t ~ y'(o/6 ) =:'. 5 

y" = ~ ~· esc t = ~ ~t esc t. : 

4 ( 2t t t) l i .. (1r.) ' 32 <' 0 = 5 -esc co 5 sec t tan t =? Y 6 = - 25 

x = -,:;,: , .Y = _ rr-. when t = 7rj6. 4 10 4 . ,' .· 11 f 
V> V> ·.· . . : ~.-~-:---~J/<J 

Newton's Method for finding approximate root. · 

Let for a twice differentiable function f(x), aroot 

of the eqUation f(x) = 0 . b'e determined by successive 
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approximations. One has to find, in the first step, an interval 

[a, b)i contaj~ing a single root c in its interior. Existance 

of .a single root in (a,· b) · is quaranteed by the conditions: 

0 

(1) f(a) · f(b)~_o 

(2) f'(x) ~ 0 in (a, b), (f is increasing or else 

decreasing). Imposing the third_condition 

(3) f"(x) ·~ 0 in .(a,. b), (f .is concave up or el.se 

.concave down), we have the- following exheuetiv.e 

cases as to the. shape of graph: 

B A 

X 0 l: 0 

'As the iriitial approXimation· x one takes that end 
0 

point among a, b. at which the tangent line intersects 

x-axis at a point x
1 

which is nearer to the root c, than 

one_ obtained by the 9ther end. T.his proper end . x
0 

is ·b, a, 

a, b in above figures. There is a rule :BOr determining· the . 

proper end without use of the graph. The rule is: the proper 

end xo is that' end 'among a, b. on which 'f(x) an:d f'1(xr 
have the same sign. which can be verified by examining above 

:figures. 

Having determined the initial approximation x
0 

by 

above rule the first approximation . x
1 

is given by 

f(x
0

) 

x1 =x0 - ) f'(x
0 

. as the x-intercept of the tangent line .at (x
0

• ftico)) 
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The root c is contained then.in a smaller interval 

with x~ as proper end,and the second approximation .x
2 

is 

given by 

as the x-intercept of tangent, line at (x~, {(~1 ~. 
By. the same argument the next approximation is 

and so on.' 

If we summarize, find an' intervaJ! satisfying the three 

conditions (~), (·2) and (3) and determine by the above 

rule the proper end as initi~ approximation x·; the. next 
. . . 0 

approxima~ions x~, x2,· ••• being given by above formulas. 

Example ~. Find the approximate positive root x2 of. 

2 . . 
f(x) ~ x - 3x - 1 = 0 

. ' 

Solution. We. determiile -an interval conta:ining. the 

positive root c of tlie equation by the condition(a): 

f(O) = -1, f(l) = -3, f(2) = -3, f(3) = -1, f(4) ~ 3 

fa, bJ = [3, 4J. ·I. 

f' (x) = 2X - 3, f"(x) = 2 are positive on [3, 4) o 

.The interv~ .containing then. a single root c. 

The pro~er end x: b = 4 is the pro~er·end, since 
0 . '· 

f(x), f''(x) have ·the same sign there. 
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..llil . . 3 ~7 . 
X~ = 4 - f' (4) = 4 - 5 = 5 • 

f( ,'7/5) - 289 ... .2! - , 289-- 255 - 25 ..i . 
""" -25 5 •=_ 25 c25 

I 
! 

~· (~7/5) = 34 
- 3 i:: ~ . . 5 . _5 

. - . ~7 . 9/15 ~7 - 9 . 323 - 9 3~4-
x2 = 5 - ~9 5 = 5 - -193 = · 95 · = 95 · 

Example 2. Same ques~ion for tan x -- 2x = 0 in [0, 11'/2] 

Solution. We find a smaller interval_ · [a, b] on which 

the conditions 1, 2 and J are satisfied. By trial we find 

[7r/4, 371'/8]. By- use of tables, 

1) f{?r/4) = 1 - 'lr/2 = 1 - 1,570 = .;.(),570<(0, 

f(37T/8) = 0,069)0. 

2) f'(x) = sec2x- 2) 0 in (?r/4, 37T/8), 

2 
3) f"(x) = 2 sec x tan

1
x) 0. -in (7T/4, 37T/8). 

The initial root; x
0 

= 3~8 ? 1,~79. 

· . f(xo) . 0 069 · 
~ ~ x0 - t•(x ) = 1,179 - 4!890 = 1,165, 

. . 0 / 

f(x1) = 1,165 0,098 . _- , 142 
x2 = x1 - f' (x ) - 4,319 = """' • 

1 

E X E R C I S E S (2. 3) 

5~. For each of the following :functions find a point, if 

' .,_ 
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a:ny, for the given interval that is required by_ 

the Rolle's Theorem. 

a) 4 2 
f(x) = x - 9x , [o, 3) 

' -2 
-4 b) f(x)- = X [-1; 1] 2 

, 
' X +4 

c) f(xf·= sin (x
2 

- ~), [-$,Jf] 3 3 . 

- x, b-2, 3) 

52. Same question fOr 
I 

c) Y.= sin X -'cos X, r_ -2~ old) y = .sin X 
2 

J [o,7T] 
, 1.: ~ B1n X + -. 

53. For each of the following :f11nctionsfind a.point 

for the given interval that. is required by the MVT: 

a) f(x) = x3 ~ 2x + 4, [o, 2) 

b) f(x) ~ 1 ~ x , [o, 3] 

'c)
1 
f(x) = sin x + .f3 cos x, ~o, 'lf/3 J, 

· 54 •. 
1

Find Q in f'{b) = f(~) + f''(a + Gh).{b- a) for. 

each of the following function for the given 

-interVal -as required by the MVT: 

a) f'(x)- = x 3 - 2x, [1, 2] 

c) f(x) = sin x, , [f, f1 
X -. 

b) f'{x) ·= y--:x , [2, 4] 

d) f(x) = {x - 3\- x, [ -~, 3] 

55. Prove by differentiation that the following 

functions are coJ;lBtant and find these constants. 

b) arccos x + arcsin x 
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2 . 2 l l 
·d) y - x where x = t + t , Y = t - t 

·56.· For each of the following pair of :functions find a 
,' . \ 

57. 

58. 

point for the given interVal that is.required by 

the- Cauchy's ll'VT: 

a) f(x) · ' 3 
a:: X - x, g(x) 

b) f(x) -= 3 sin x, g(x) 

App~ l'Hospital's Rule 

_a) 

c)' 

lim. sin x - sin a 
2 . 2 

x- a x -a 

lim sin'x - ll 
x-y x-y 

Same question fo~ 

x3 2 
...;X+ 

a) lim -x 
x~l x

3 
- l 

c) 
.,-

lim 
.' (x - 2)sec x 

x-71'/2 

2 
=X + 

\_ 
Jx, [o, 2] 

7f = cos x, ~6, fJ 
to 

l 

evaluate limi_ts 

b) ~ v'2x- :L· 
X·~- V2X- l 

2 

d) 

·b) 

d) 

lim 
x.:.,. 71"/2 

sin x- l 
cot x 

J.iln Jh-csin ~x - 2l 

x--2 ...ra --2 

~ lim X + 4 +X 

x--2 "\)6 +X - 2 

59. Evaluate the following l.im.its. (When you use 

l'Hospital's rule, 

3' 
a) lim· x. + l 

x-l 
~---1 

why the results are not the same?} 

b) lim tan x + 2 
x-o l + sin x 

60. Given f(x}· :i x4 - 4:l + 5, ·find· the interval for 

the remainder R2 , in the extended Ai'VT when 

and x = 5/2. 

X :c: 2 
0 

· 61. Firid the interval in which the. following functions 

are increasing (decreasing): 



_a) y = I xI 

c) y = __,1;;;,_~ 
2 

l+x 

178" 

X 
b) y "" r:;:-x 

d) y : sin X ~ COS X 

62. In the following, determine the conditions for the 

constants a, b for f(x) to be increaaing 

(decreasing) fUnction. 

ax+ 4 
c) Y =. bx + 2 In J! 

I 

·2 -~· 
) 

8X+c;A. 
b y = . bx + 3" 

d) :r = cos bx in [o, 2~] 

63~ For.the following parametric functions find an in­

t~~al in which the functions increase (decrease): 

X = 4 COS 3t X= 4 COS t. 
a) b) 

y = ·4 sin 3t Y = 3. sin t 

64. Find the interv~ in which the follo~g functions 

are increasing (decreasing): 

a) y = arctan (sin x),~ ·b) y = J1 - x
4 ~- arcs?-n x~ 

2 . . . 2 
c) y = jx - 5x -1- 4j..; x

1
d) y =arctan x + ~2 .l+:X: 

65. Find the interval in which the curves of the follow­

ing functions are concave up 

inflection points, if any~ 

( down). and find 

"3 2 
a) y = x - 8x + 4 

c) y = tan (x - 2) 

2 
X + 3 

b) Y. = X+ 1 

d)_y=2secx 

66. Sketch the grapli of the following function.t~ ...n a·· 

neighborhood of the indicated point: 

a) f(x) = 2x3 - 7x + 3, x=2, b) g(x) ... -v;,, ·X= 0. 
·~ 

' I 
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2' 
c) h(x) = i'""+3· , x = -l d) h(x) = H 2x - l] -x, x ·=-IT. 

67. Given· y c (x - a)(x - b)/(x - c) evaluat.e y" ~ 

and then find the intervalS of concavity for the 

·caseso 

68. By Newton's method find an approxiroB.t~ value Of the 

root in the given intervai: 
3 ' . . .. 

a) x ....;. 5x + l c: 0 in [0, l J " 
, bf·&in x + i = o in [ -l , ·oJ.; 

69. Find the ~elation between the constants a, b . for 

the given fUnctions to have no point of inflection: 

a) y = x 4 + ax3 + 2bX2 + x + 2 
2 . 

b) t' = x + ax 
X+ b. 

10. Find the constants a, b for the given fUnctions 

to_have a point of inflection with horizontal tangent 

at the indicated_point: 
. 3 2 ·, 

a) y c: ax + bx + x + 3, ~l 
1 
~ 

b) a sin x 77.'3 y '7 5+COS X ' .X = /' ~ 

Answers to selected even numbered exercises 

52 .. a). No point, b) No point, · c) -7?4, d) T/2 

54. a) .Jf73 - l, b) c.J3_.l)/2 J c) l/2, d) any Q. 

56.. a) (3 + v2i§)/l5, b) 7TJ4 

58. a) O, . . b) 2, c) -l, d) 8/3 

60., (5, 67/8). 
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62. !1) b )3, b <.3 for arJy a(; IR, 

b) ab) 0 and· a(3a - 2b)<. o, ab.(O ·and a(3a-2b)) o. 

c) a - 2b).O, a ':'" 2b<O 

d) {O, ~/( 2b))v (217"/(2b), 2~/b)., (1f/(2b), 37"/(2b)) 

64. a) (-7!12, r/2), (o/2, 311'/2), 

b) (-c0, -l)v(O, l), (~l, O)v{l,oo), 

c) {l,'2)v(4,oo), (-oo, l)u(2, 4) 

d) (- Oil, oo), Non decreasing • 
. I ' 

66. '5 ~~/.. 

68. a) x
2 

= 0,216, 

10. a) a = -b = ~3 
' 

2. 4 . EXTREMA (MAXIMA - MINIMA} 

A. Local Extrema: 

b) x 1 = .. 0,250 

b) No a and b. 

A function . f(x) is said to have a iocal maximum 

(local minimum) at x
0 

if there exists a deleted neighbor­

hood N(x
0

) of· x
0 

such that t(x
0
))'f(x)· {f(=!C

0
)<f(x)) 

·for all X-f N(x ). 
I 0 

If x is an end point of ~he interval [a, b] of 
. 0 . . 

definition, the above inequalities are·taken for all · 

X-fN(x
0

)1"'1 [a, b). 

The term relative .extrema is also used to mean local· 
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extrema. 

The following curve of a certain function has ~oca~ 

ma.xiJmwn at a, x6, and ~oca~ minimum at · x~, x
4

, x
5

, b.· 

l 

Theorem. Let f(x) and f' (x) be a differentiab~e 

functions ±n'a domain 

x
0 

is a 

D. If f'(x)'= 0 with X{;D. 'then· 
0 . 0 ' . 

a) ma.Ximum point of f when f"(x~)< 0, 

b) minimum· point of f when f"(x
0

) > 0~-
c) ini~ection point with horizont~ tangent when 

' ' 

f"{x ·) = 0 with f"(x - h). f"{x + h)<O for 
- 0 ~' .0 0 

sut"ficient]¥ small h. 

l!:2.2!• we have, from the extended MVT. 

and the cypothesis f' (x ) = O, 
0 

a) f"(x ) < 0 ~ f"(x + Qh) 0 ~or all suf_ ficiently 
0 0 

s~ h 
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b) In the same manner, one obtains .. f(x
0

) .( f(x). 

c) It is a,consequence of the definition of the 

inflection. point. l\! 

The following figures illustrate. an intuitive proof of 

the same theox:em: 

tl v ~ 

~ ¥ ~-i ,_ 
I I ' 

_ _j I I 

' '. 
' 

~,I 

"I 'XD ;t' 0 'l:o X 0 :to 

A maximum A minimum ·. An inflection 

{rela,_tive) (relative) point 

~ 

Corollary. Let f(x), f' (x) be differentiable functions 

on D. I:f f(x
0

)_ is a local maximum (minimum), then f'(x ) = 0 
0 

and f"(x ·) < 0 (f"(x
0

):>0).-· 
0 ·. 

~· The reader can 

radiction (indirectly). m 
prove·the corollary by. cont-

There may exist other relative (local) extrema for a 

function f'(x) other than onElsdetermined by f 1 (x) e:: o. Tf1e 

folloWing figure illustrate such type of extrema: 

r~ . 
I )-~--~· 

& YT U. -~ A. fl. . . : : I : /:'--:""' i I I I .. I 
I .•. I I I I . I 

0 ~I ~~ · • ·. ~.1 ~f . ~.f ~ "' X 

'The graph has such relative maximum at ~' x2 anP, 

relative minimum at _x3' x/J (at x5 there is neither relative 
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maximum nor· minimum)~ 

To find the points where .f(x). has 1ocal,extrema one 
.. 

proceeds as·follows: 

1. According to related Theorems, solving · f'.(x) = 0, 
! . • 

2. Finding points where f' (x) does not e:ti~t, 

(See , ~· x2 , x3,_ x
4 

above) · 

., 3e Finding poilits 'of' di.scontinui.ties and 8XJY1!ining th~t 

(S~e x2, x
4

, ~) 

· 4o'Examining f(~), f(b) · when f(x) is considered.in 
. . r 

a closed ixi~erval [a, b]. 

Example -1. Find and identify all critical points: 

3 2 2 
. a) y = x - 6x 1 b) y;. = 2 , l 

x . - 4x + 8· · 

' 
) ' ' • r::-3 d) 4t2 1 ' 4t2 1 

C y a SJ.n X + '1/ .> COS X 1 . ·X = + t r Y =· - t 

I 
Find.a1so local extrema, if anY• 

Solution. 
2 I , 

a) y' a: 3x - ~2x = 3x(x - 4) = 1 0 ·::;, ~ = O, x2 = 4 

y" = 6x - 12 = 6(x - 2) 

y''(O) =\ -12<.0. There isJa 1ocaJ. max at of f'(O) = 0 

y"(4) = 12) o. There is ~ local<min at 4, f(4) = -32 

b) Y
' - . 2(x - 2) .· 0 __,.._ 2 

= · 2 2"" ....,... . x1 = 
(x - 4x + 8)_ · 

2 2 , .=r" = _ 2(x - 4x + 8) - 2(x -.2).2(x - 4x + 8).(2x- 4) 
~ 2 - 4 . 

y"(2) = -

(x · - 4x + 8) 

2.(4- 8 + 8} < o.\ x
1 

= 2 is a relative max. 
44 
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f(2) = J./2. 

) 
~ . . ; J. 

c Y' = co~ x - v .l sin x =. 0 =9 tan x = ~. 
) 7T . 

~=6+ki'l', ktZ• 

y"(x) = -sin x --JJ cos x 

. 7r .· ?T . 
y"(~) =..:sin (6 + ki'r) -v'f cos (6 + k7r) 

•J. :. . 3 . 
= - 2. cos k?r .,. 0 - v'3 [ 2 cos 1t7 ;_ 0 J 

= -2 cos k, ~ < 0 

- . l>o 
when k is even 

(relative max), 
when k is. odd 

(relative min). 

y{~) = sin <i + k?r) +-!3 cos <{ + k~) 

=·~ cos k~ + v'3 4 cos k'T . 

· i 2 when max 
= 2 cos k 7!" = . -~ 

· -2 when min. 

J. at+-2 
d)&.= . t 

.dx a· J. .. t --
t2 

d2y = .!.. &. <= c.!.. &> ~ - .!.. at3 + J.. ~ 
ax2 a.x dx dt , a.x dX - dt at3. _ 1 dx/ dt 

-4at2 l ' 48t4 

= {at3-J.) 2 10 

. at = - (at3-J.)3 J. --'2 
) t . 
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~ . 
===> . _ y••(- 2> > o. A local min with. y(-l/2) = 3. 

Examp~e 2. lPind the relative extrema of the f\mction 

when x<3 1jx2
- 41 

:f'(x) = 8 when x=3 
x + lx-~] when X)3 

c~osed interval: [-,3, 5] .. 

Solution. 

Ste:2 ~. Sine~ 

lx 2 
- 41 

2 2x when x~3 
X - 4 

f' (x) = No .derivative when x = 3 

~ when x ) 3, x ~ ~ 

i 
2:x: in [-3, -2.) 1.) {2, 3) 

= -2x in (-2, 2) 

1 in {3,oo)-Z' 

we have f' (x) = Ot · :::;> x = o. N_ow, since OE ( -2, 2), 

:f'"(O) = -2 .=;. f(x) has a relative max at x = o. 

Stei! 2. f' (x) does not exist at the points X i::: -2, 

4, 5 and we have f(-2) = o, :f'(2) = 0; :f'(3) = 8, 

f(4) = 7, :f'(5) = 9. Since_ f(x) ~ 0 .. when x(3 it follows 

that at x = -2, 2 there are relative min. {Sketch is helpful). 

Step 3. ·Points of discontinuities are x = 3, 4·, .. 5 

which were discussed in Step 2. 

Stei! 4. f(•3) = 5, f(5) = 9 are relative max. 
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9 ------- ---o 
. - ). 

7 -----~---{: 
I . I : 

.B. The absoiute extrema 

't I 

I I 
I I 

- The largest {smallest) value of a fUnction in a closed -

interval· [a, b) is called the absolute maximum (absolute 

minimum) or simpl,y maximUm (minimum) of the function on that 
I . 

interval~ 1 
-

Com,pa.ririg the definitions of absoiute and local extrema 
I 

we see that the concept of absolute extrema-refers to.the whple 

-interval; while tlie concept of relative (local) ones re:ffer to 

neighborhoods • 
• I -

The above d~fini tion implies that the absolute maximum 

:(mininum) of a function defined on [a,- b] i~ the mwc (min) 

. of the -set of all local maxima (minima), and t}).is gives the 

method of finding such maximum and ~um.· We remark that a 

fUnction which is not continuous on a closed interv~, or one 

defined on an- open interveU fiJ.fJ.Y not _have the absolute maXimum 

or absolute minimum. 

~he -following graphS of. certain func'tions have no 

. absolute max or no absolute mih. 
'1-

0 

J
J 
I­
I 

I I 
I I 

·I 
I 

No absolute 

extrema 

0 

No absolute 

extrema 

~ 

No absolute 

maxima 
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. . \ 
_ The problem of determining the absolute max (min) of a 

fUnction defined on a closed interval reduces therefore to the 

problem of determining the·· local ones. 
. ( 

Example. Find the absolute ~imum M and. the- absolute 

minimum m_ of the following fUnctions: 

a) f: [-3, 5] - lR, f(x) c c 

b) 1 f(x) 
X:2 - l. 

f: [-2; 2] - !R, = 2 
X + i 

c) f: t- ~ , 3]_,.. !R, .f(x) = I x - 1/- 31-x/ + 2x 4- . I 

Solution. 

'a) f' (x) = 0 for all x.f[-3, 5] and f;'(x) = 0. Then 

no point in the interval is a local ~xtrema'. But for all 
i • . \ . . 

XE [-3, 5 J the abs9lute max and absolu'Jie min are the constant c. 

First we find all relative extrema in the given closed 

interval: \. 

4x f'(x)=. 
2 2

=0 ~ x=O::::;.f(0)-=-1·· 
: (x + 1) . . 

I 

(It is not necessarity to identi~ t4is point t? be max or min). 

Abe max· = max { ;3/5, 

Abs min = min -\_ 3/5, 

-3/5, -i} = 3/5 

-3/5, -1} = -1 

b) f-€-C[-1/4, 3], but f-e D[-1/4, 3] except at x = 0 

and x = 1. · 

f(x) 
[ 

4x + l if - 'i ~ x < 0 

= 1 - 2x if 0 .(X <( 1 

-1 if' 1~x<3 

~ f' (x) 

.1 .. f 4 if - 4 £.x L. 0 

= j -2 if .o{x < 1 

l 0 if l~x<: 3 
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The-value -1 of the function may be the .absolute extrema. 

f' (x) does not exist at -x = 0 _ and x = 1. Then f( 0) = 1 

is a relative ma±, and f(i) = -i is neither max nor min. 
' 

1 
f(- 4) = o, f(3) = -1 

lj.bs max = max { -1, 1, 0 J -= .. 1 

Abe min = min { -l, _ l, · 0 j = -l 

E ~ E R C I S E S (2. 4) 

71. Find and identify'the relative extrema of the 

following functions·: 

a) f(x) = \ x2 
- 16l - 6x b) f(x) = X 

2 
l+X 

72. Same question for the functions given in Exercise 65. 

73. 1Same question for the functions given in Exercise 66. 

74. Pind the values. of a, if any, for the following 

.functions-to have a relative extrema; 
. ax 

a) Y = 2 
X + 1 

at x = -1 
X 

b) y = -. ~2---- at 
x +a 

75. Find the absolute· extrema of the following functions 

at the 1 given intervals: 
3 -

a) y = x - 4x, [-3,. l J , b) y = 

76. Same question for 

' a) y = sin x + -/3 cos x_, [o/6, 

b) .Y = l + tan x, [7r/6, 'lr/3] 
f 

77. Prove the following inequalities 

sin x , [ !
2

, 3_ 

2
v J 

2 + coax 

7""/6] 

by the use of 
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absolUte extrema: 

) 
2 :. 3 

a X -X+l_~·~r 

I , 

b). x4 -' 4x3) -2.1 

2 . 
c) x + 4x + l < 8 . 

2 . 8 x + 4x + 

2 
d) £ ~X 2 . + l -< 2 

3 · X +X+ l 

78. Find the absolute maximum and minimum of the follow­

ing functions in the given intervals · 
.;. 4 . ' 

) . · l ...JX [l· g11 b) X ·, a Y=&-;:-+-4 ' , ~ y= 3 ., 
! vX . . ~ X ·+ l 

[o,. 2]· 

c) t .,. 3x2/3~2x,' [o, 8]d) y = 8 Vx -~ x2 ,' , 
79. Same queet.ion for 

a) f(x) = ~lx.- ll + 2X, [-1, 2_] 

b) f(x) '= ~ + 3x,_ [ -3, -lJ 

80. Provg the inequalities under the given condition: 

a) x"' + (l-x)oc~l, (O"'x<l,«)l) 

3 2' 
b) 2x +' 3x .- l2x ·+ 7)0, (x>l) 

2n-l 2n . ..L 
c) x · + x<x · + l, (x r l,, x)O, nEfi) 

d) n-l l .< n l 
X +--n:;y- X +n 

X X 
(x ;i l, · x )0, n£N) 

81. Pr~e the inequality· for Q f [o, 7/2] . 

(JORDAN) 

82. Prove: 
. l 2 

a) Cos x ):.l - 2 x for x-t IR 

l 3 
b) tan x~x + 3 x . for O~x <?r/2 

·.·c) . sin x + tan. x) 2x for 0 <x <7T/2 . 

. d)~· cos X< sin2.x for 0<x <7f2; 
. 2 

X 
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83. Prove 

a) (x + l)a+l 
a+ l . . ~i>a' if X >01 a)O, 

c( . "' 
-b) /X+ af ~ jxj + 

e( 

ja( if O~o<<l 

84. Prove: 
-· 4 4 , 

- a) ·cos x + sin x.)- ~ . 

b) (x + a)2 & i .{a2 - a + l) 
2 . ~ 3 

X +X+l· 

• C) (a .COS X+ b sin x/~Va2 + b
2

. 

85. Prove 

a).a.rccos ~ :>J - x
2 

if -l(: x~ l 
b) arcsin x~x +-Vx if 0£,x4,l 

c) 
. . l 3 

arctan x~x- 6 x if O~x~l· 

d) 
. - l 3 

if x>O arctan x)'x-- x . 3 

P~swers to even-numbered exercises 

xl-a 

72• a) Rel.max: (0,. y(O)}, Rel.min: (16/3, y(l6/3)) 

b) (l, 2), (-3, -6), c) No rei.extr. 

d) (2k7T, l), ((2k+l):r-, -l). 

74. a) AxJi a, b) 2 

76. a). 11~ = 2, m = ..;.2,_ 

78. a) M_;., 5/4, m = l, 

c) E = ~8, · m = 0, 

b) 11 = ..f3 + l, m_= <J3+l)/../3 

b) hi =' 16/9, - m = 0 

d) 14 = 272, ni = g. 
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2. 5 CURVE. SKETCHING 

A general procedure fbr sketching the curve of a given 

function :f': .IR _... -IR, y = f{x) is the follo¢ng: 

1.. Determine the domain D:f': 

If' f admits a period T, sketching is done on [o, T] 
I 

·followed by transl.ations along' x-axis. 

If' f is an ~ven {odd) function sketching is done on 

[o, co ) followed by symetry with respect to y-a.Xis {origin) 

2. ~d poin~s of infinite jumps and indicate them by 

dotted· vertical l.ines as vertical. asymptotes 
. ' 

I 
linear) 

3. Determine t:pe ~ymptotes (horizontal, oblique, curvi-

If' :f'(x)- co (or - ~ ) as .\xl-;. oo, then the curve 

has an infinite branch and there may exists a curve ,approaching 

indefinitely to the curve of. the function. This is. the case 

when f{x) is of the form or can be point in the :f'orm 
; 

I 

f(x) = <r(x) + g{x) ·with g(x) ~ 0 as I xl-oo, {a) 

and the graph of y = Cf' {x) · is cal.led a cUrvilinear. as;ymptote 

incl.uding the special. cases 'f{x) = ax + .b call.ed an inclined 

asymptote if ,a F OJ and a horizontal imptote if a = o. 
If there is ·an incl.ined (horizontai) ~ 

asymptote, <f(x) = ax + b, then :f'rom 

:f'(x) =ax +b + g(x) 

the unknown constants a, b are determined 

a = l.i:m !W. , 
X 

b = l.im [f(~) ...:. ax] 
x~OQ x-oo 
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4. Determine the ·critical points and intervals of 

increase and decre~e, 

5~ If nec.essary, determine ·the in:fl.ection pci~ts ·and 

intervals of concavity, 

6. If necessary_, find· the intercepts ~d some spec~al 

points,· 

7. · Arrange ·a. tabl.e showing the above data for x, y' , :r_. 

and if necessary for . y", and then sketch the curve·. 
' . ·.' 

Sketching t~e graph of a poJ,yno;m_aJ. :function~. · 

Let ·p(x) = a xn + ••• + a ,x + a ... o n-.~. n 

be a poJ.ynomiaJ. :function .of degree n_)-2. 

P(-x), 

1.. D = R. Ilo perl,od. FOr symmetry compare P(x) and p 

.2. No infinite jump (no vertical asymptote). Discuss 

behavior as x -11:10 (-oo.), 

' 3. No horizontal asymptote (since P(x) has no limit 

as :x......, go (- oo)). No iilcl.ined a.Symptote (Since P(x)/x has no 

limit as x- ~ (- ao)). No curvilinear asymptote too, 

4. P'{x) = 0· gives critical points. Examine the sl,gn 

of P' (x) . in a table, 

5. Examine P"(x) for :in:tlection;points and concavit~, 

6. P(O) .is the y-intercept; x-inter~epts are determined 

by P(x) = o. 

Example. Sket~ .the' graph of P(x} = x3 - 5x2 ~ 2x .~ B. 

Solution. P(x) is neither even nor odd~ . 
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Let . P(x1 ) = 0(1 , . P(x2 ) = ~· 

P"(x) = 6x - 10 ===7- P"(x1 ) < 0, P"(x2 ) )0, P"(t) =- 0 
..,- -, . 
P(O) = 8 (y-intercept) 

x3 - 5x2 + 2x + 8 =. 0 =-=7 x
3 

.::: -1 ====7 x4 = 2, :x
5 

;::: 4. 

(x-intercepts) 

P(x)-- oo (-:c:o) as x.-c:o (-oo) 

X. -oo -l. 0 x1 5/3 -2 ·x t2 
I 

0 0 + +. I + + - -•· y' 
I 

-(7:) /'I' 0/ 8 ,_, c(l . ----:-----_ ~2 
I 

y 

Y" 0 

Sketching the ,graph of a rational £unction: 

Let 

R(x) = ~ 

. / 

be a rational fUnction with 

n - k 
P(x) = '2 ~X , 

k=O 
Q(x) = 

1. DR= 1f:i ·- {.x:. Q(x) ,= o} •. 

m k 
L -~X 

k=O 

-

.4 -09 

+ + 

____..,.. c:o 

·, 
\. 

2. Q(x) = 0 gives vertical asymptotes at x1 ' a except. 

lim P(x)/Q/x) # co.- · 
x-xi ~ 

. 3. Asymptotes (other than vertical): 

y = 0 is the horizontal asymptote if n<m, 
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a 
y = ~ is the horizontal asymptote if n = m, 

n 

y = Ax + B is the inclined asymptote if n = m + l. 

( Obtai~ble by o~dinary division} 
n ·. 

y =_ · 2: ~ xk, is the curvilinear asymptote if n--m+r, r)l 
k.= 0 ' ' 

(Obtainable by'ordinary division) 

4. R' (~) = 0 gives critical. points (Ii', in Step 2, 

we observe that P(x) and Q(x) have a common fact'or x -. Xi,r · 
differentiate after conc~l.lation keeping ~ mind that the 

. ~ . . 

obtained derivative is not ,defined at xi).' Exalri:ine the sign. 

of R'(x) in a.table. ~ \ 

5. If necessary, examine R''(x) for inflection points 

and sign. 

6. R(O) is the. y-intercept and P(x~) = 0 (Q(xi)· ,i 0) 
gives x. · as x~intercepts. . 

1 . • 

x3 - x Example. Sketch the graph of y = ~---=--
x2 + x- 2 

consider ·inflection points and concavity) 

(Do not 

Dy = R - { -2, 1 j 
' 3 ' 

P~x) = X ~ X ~ P(~2) = -8 + 2 ~ -6~ P(l) = 0 

=9 .the line x = -2 is the vertical. asymptote,· 

but the,line x = 1 is not. 

__ (x - l)(x2 ++. x
2

)· x 2 + x , 
Y {x _ lHx } => .Y = x + 2 protideq xi ~. 

2 
X +X 

1 
2 . 

Y: = X + 2 = X - +. X"+"2 ~ y =· X - 1 l is the inclin!:!d 

asymptoteo 
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Y' = 

Let 

\ 
/ 

= -2 .+ ...[2. 

2 
y(O) = 0 is the y-interce;pt. x + x = 0 =9 x

3 
-1, 

x
4 

= 0 are the x-intercepts. 

"C, 

1 -3 -21 
I I 

! I 
r 
I 
I i 

I / 
I" 

: /1 
I / I 
t/ I 
)' ' 

/I I 
· I I 

/ 
/ 

/ 

/ 0 J. 
·/~-------ex, /" "" :. . 

~: Find the points. of intersection of the curve and 

asymptotes, if any, when necessaryo 
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Sketching the graph oi an alg~braic (non -rational) :f'unction: , 

An algebraic :f'unction was defined by the relation -

I , . .J 

Po(x) Yn + Pl,(x) Yn~l + •• • + Pn-i (x)y + Pn(x) = 0 (1). 

with polynomial coefficients and decreasing powers. of y, , or 

_by ,, 

(1') 

I , 

obtained from {1) as decreasing powers of x •. PolYnomials and 
i 

rational fUnctions are some special cases of algebraic functioriso 

The determination of.horizontal, vertical and inclined 

{oblique} asymptotes, if any, may be obtained by the use of -

the follo_v,dng theorem: 

Theorem. For an algebraic.:f'unction given by (1} or (1'} 
. . . 

~ 

· (a} The verti.cal asymptotes are given by the real roots 

of P (x) = o,, where P . (x} · is . the leading 
0 0 

i 

'coefficient in (1), 

'{b) The horizontal asymptotes are given by the real 

I 

I • 

roots of Q {y) =·0, where Q (y) is the.leading 
. '· 0 . 0 . . 

coefficient in {l'}, 

{c) The slope a and the y-intercept b of an eblique 
I . 

asymptote i ·=· ax + b is given by real roots ai 

:Of .R
0
{a) = O, ·and R1 (ai, b) =.0 (if R1 (a1 ,b) ;i 0} 

respectively, (If R1{a.i'. b)= 0 use :R2(ai, b) = ·o, 
~d so on), .where R

0
(a), R1 (a, b), R2(a, b), ou 

are the coefficients in 
·' 
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which iS obtained by eubsti tuting y = ax + b in ( 1) . or ( 1 • ) 

and arranging in decreasing powers of x. 

a) Setting y = 1/t in (1): 

n 
+ P (x)t = 0 n . 

=> P~(x) = 0 When t ~ 0 (y_.OQ) 

\ b) s·etting x = 1/t · in (1.), we get Q
0 

(y) = 0 . when 

t - o ex- oo > 
' c) From the definition, a = lim y /x ~ b = lim ( y-ax) • 

The equation (2) gives the common points of the curve 

of (1) and of a J.ine y = ax + b. For the latter to be ~ asym~ 

ptote, from (b), in·(2) we have R
0

(a) = 0. When R
0

(a) = 0, 
r-1 (2) f!tarts with R1 (a, b)x, • From {b) again, R1 (a, b).= 0. 

If it is not identically zero, we have b. Otherwise consider 

the next coefficient, and so.on. D 

Example _1. ;_Find vertical, horizontal and oblique asym- . 

ptotes, if any, of the function 

-·~+2. y=x -
X- 2 

So1ution. The. relation containing this function is 

(x - 2)y
2 

- ~l(x + 2) = 0 (1) 

x = 2 is the vertica1 asymptote. 

-3.. 2 2 .... 2 
X + 2x - _xy + 2y = 0 (1') 

No horizonta1 asymptote. 



/ 

198 -. 

Setting y =~ax + b in (~) we have 

(a2 - ~)x3 + (-2a2 ,+ 2ab ~. 2)x2 
-1-. (b2 - 4ab)x ~ 2b2 -= 0 

a = :!: ~ -::::;> -2 :!: 2b "'" 2 s: 0 ===> b = ! 2 

y = x + -2 and y = -x - 2 are the inclined asymptotes. 

Examp~e 2. Sketch the curve of the a~gebraic function -

Solution. _ 

y ~ i'(.x) e X • --~ ·. 
v~ 

There is one.vertical asymptote at x = 2~ 
In Example 1 asymptotes we~e obtained by the use .of a 

Theorem. ·we obtain here the oblique (and horizontal) asimptote 

y = ax + o, by direct use of limits: 

' 
a "", lim -~ = lim /~ = 1 

:x -.-Vx-2 x-co · ;x:_,.:oo 

b ~ lim _[r(x) ~ x}= . ~im c!x_: ; - _?.] 
x.,...;,.eo x~oo 

If: -1/2. · 
(~):. 1 1 (~). -4 

.., lim x - 2 = llm 2 x-2 · (x -- 2)2 = 2 l/x .l/: 2 . -x--c:o x~G~::~ - x 

Oblique 22ymp:!;ote3 y·,. :x + 2 

Remark. This_ unique result does not contradict the 

results obtained in Example 1, because, there the two asymptotes 

were those of the re~ation _(l), while the function admits only 

one). 

Y' ,. ~ 22 c;. X o !2 ~ 
X+ 2 

•x::--2 (x- 2)2 .i. 
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00~ 

'- (~)(x - 2)
2 

- 2X 2 
x-2 x -2X-4 

= Vx2 - 4 = (x - 2) 2.Vx2 - 4 

t~ ~:!! ,~(.t+:iiS) = x -:x} ~ ?J 

· so.t'~'I~ .uic.a.,t:Z .;;:~ =! ~As1$a ~-.prE-~ .:..-J5, 
;tA cW:S:O.i:;ta!!mB"'f_:;"'d .bswo.Uo'l bS ,oj t1 

Let. f:(x~f = c<.~;to~~~i1_·· 
. s . . 

~~l:~ept: ;§..2i9.2:t~-~ 
X Ell:'O _-?' .;, S(X S\Ol':h"'.f.) . . · · (. 

· to ;;iq_.S'l:S fl.dj· J±:J;h.>-:.i8 "(L!.o.i:;toro 
/ 

2 
I 
I 

Q(doo 
I 
1 

[I. 
Q .rLm 

'h 

$. 

£, 

......, 0 

<!'..!· '\'. 1 
\ 

7. "" '· ; 

= 0 

00 

+ 

'X 

Explain why the curve is below the oblique asymptote in 

(-w, -2) J and above in (2, oo )? 

~p~-e '-3• (ITranseena~· :runcinon') j ;•sketch the graph of 

y =~+COS X 
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So~ution. · 
/ -\ 

Dy • IR- {x: x _a (2k+~)~, k€ z1 
The function admits a perto_d T · ... · 27. It ·will BU:ffice 

·to sketch the~,curve in [o, 27r] . :f'ollowed by U'anshtions. At 

:x = 7r there is a vertic~ asymptote,. 

. . 2 . 
,, = COB X(J:· +-COS X) + Bin x . ..;, ~+COB X , = J. i:f' 

y (~ + COS x)2. (l.+COB :x)2. . ~ + cos X 

cos x ,I-~. There is no critic~ point, and' y') Oo 

X 0 7/" '· 27T 

y' + + 

y ·0· ~-oO ~ 0 
..00 21r % .. 0 

y'(O) 
~ =-2 

E:xampl.e ! (Parametric function). Sketch the graph o:f' 

the reJ.a.tion. 

{a)O) (Astroid) 

So-l.ution. 

Y€ [-a, a] (bounded) 

x(G), y(~) are periodic With T = 2r. we on:cy- ve:ry 1G­

in . [-~ •. 11"}; . 
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When 9 -> -G, then x ....,l> x, y ~ -y. There is sym­

metry with respect to x-a.xie. Vary then G in [o, 7J. 
When 9 - 9 +7T, then· x- -x and ·y- -y. There 

is symmetry with respect to the origin. Vary then 9 in [o, 7T/2]. 

$[ 3 a sin29 cos 9 
dx = 2 = 

. -3 a cos 9 sin 9 
- tan e <: o for [o, 7T/2) 

The function is decreasing in [o, ?r/2]. 

9 0 'lr2 

X a -- 0 

y 0 ~ a 

y' 0 

Example 5. Determine the asymptotes of the curve given 

X= t 
l· 

I t 2 +- , ·Y = -- • t t 

Solution. 

V.,A. . 
" 

. 
I Y/- 00 '7>t--;.. 0 or l t 1--oo =>I xl-- oo=9n0 V.A. 

H.A. . . 
I 

I xi _:a;) ==9 t = 0 or· I ti~Q:J ,-'9 IYI.:-'l":" 00 =9 no H.A. 

I.A. : 



y- ~ 

202 

{

Y+2x=3t,-l
0 

= . y- X=-.! -{1: 
, . t I Q 

~ = -2 

no I.A. 

no.I.A. 

~ y = -2x, y = x are the inclined asymptotes. \ 

.I 

E X E R C I S E S ( 2. 5) 

86. Sketch the. graphs of the po~nomials 
. 2 

a) y = (x ~ 1) (x + l)(x + 2) 

b) y.= (x + 2) 2(x- 2)2 
., 

c) y = (x - 1)3(x + l) 
2 . 3 

d) y = (x + 3) (x - 2) 
I 

87 •. Sketch the graphS of th~ rational functions· 
2 . 

b) = x + 3x +' l 
Y, . X. a) l.2 X 

y = 2 
X +X 

. 2. 
2x - 2x· + 5 

. c) Y = 2x- + d) 8x · + l.8 x 
Y = x + 5 x.~ 5 

88. Apply .the theorem in the teXt to determine horizontal, 

vertical and inclined asymptotes, if any, of the; 

following algebraic relations: 

/ 
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. . 3 . . . 
a) .(x - l)y3 + 2x y - 5x + 7 + 2 = 0 

b) Cy
2
,- 2)x2 ~ 2y3x + 4x - ,5y + l = 0 

89. Sketch the graphs of 

) 
X. 

a Y =vX- I 
...r;:-:;:I 

b) y = 
X 

.. 3~ 
d) y = xv x-- 8 

. 90o Sketch the graphs o:f the relations 

a) ..JX + ..fi= ~, 

91. Find a rational function o:f x . 

'· a) ,with range (-oo, -1] u[~ , OQ ) 

b) with range [-1, 4) 

92 •. Sketch: 

a) { yx == ba . cos Q b) ! x - a sec Q 
(ellipse) . - (hyperbola) 

sin Q y = b tan Q 

. - . t-t (0, 27r] c) { x - a ( t - sin t) . 
(cycloid) 

y = a (l - cos t) 

93. Consider the astroid determined by the 

parametric equation x = a cos3t, 

94. 

y = a sin3t. Let . the tang~nt line at a 

point P( t) meet the axes at A and B. 

Show that jAB/ = a. 

Given CIC , ·sketch the graph when y =X 

a.) ()(" = 0 b) 2 
CX=3 c) ex = 3/2 

d) DC= 2n.1 
+ n.e N e) oc. = 2n + l (ncN) 
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95: On the figure are sketched 

the curves of some .fUnctions 

f ~d ·g. Sketch the graph 

of f + g. 

/ 

~-

_, 

Answers to e~en numbered exercises 

86~ a) . b) c) 

-'2. ":\: 

_, 

88. a), VA: X= 1.' HA: y = o, IA·: No IA · ,. 

. b) VA: X= o, HA: y ,= '!. .[2, IA: y = x/2 • 

90. a) ~ 
i 

b) -~ 

.0 

~,-' 
Q, :J :IC til 

. \ 
92. a) b). c).· 

~ t d-

""!I 

.\ . 
. 94o 'a) v b) c) 'I 

1 ~='Xo 

·o 2: 0 " 0. 

X 

1' 
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2. 6 PROBLEMS ON MAJQ:MA., MINIMA 

Problems ori maxima, minima in mathematics and physical 

sciences lead to the determina~ion of a function on a certain 

interval on which it is. usually differentiable. The general 

proceedure m~ be outlined as follows: 

1. Express the quantity to be extremalized in terms of 

some quantities one of which is sel~cted as indepen-
. . 

dent variable, the others being written in terms of 

this variable. 

2. Dete~e the interval for the variable. 

3. Set the derivative of the function equal to zero and 

solve for the independent variable. Consider only 

those which are in the intei"Valo 

4. If a single root is obtained, the value of the 

:fUnction at this· point may be decided, by' the nature 

of the problem~ to be a max or min. Otherwise second 

derivative is needed. 
.. . ~ 

5. If the interval is 1closed at one or two ends,.then 

end points mU.st be t~en in consideration among 

local·extrema.obta.ilied by derivative. 

Example 1. Find the altitude h of an isoceles' trangle 
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of minimum area which can be circuii1Scribed about a circle of 

given radius r. 

Solution. Let ABg be the triangle 

with jAB) = . · \ AC J be dawn about the circle. 

Letting h = lAD J,, jnc I = a, area A ·is 

given by. 

.A = ab. 

A 

where both a and h_are variables. Selecting h as the variable 

we .express a and then A as .functions of h. From similarity 

of right riangles ADC and AEO.. we have 

. h 
- = 

!}_ = V;...(~h=-·· __;;.r.~.) 2_-...:r:-2_ . 
a' r a 

'and 

. h2 
A(h) = r I. 2 , . ht. (2r, oo ). 
· . vh, 2rh 

\ 

Differentiation gives 
. I 

2hyh2 
dA 
dh = ~· 

2 . . 2 
= r 2h(h - 2rh) (h~r)h 

h(h-2r )Vh2 -27-h 

2 ' = r 2(h - 2rh) - (h-r)h = 0 
(h-2r) .Jh 2 -2rh . 
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:::? h
2 

- 4rh + rl1 = 0. ==::;:. h
2 = 3rh ~ h = 3r, since .b;lo. 

Example 2. A rectangular box with a square 

base is to be built to contain 20 lt of olive oil • 
. · . ) . 

If the· materiai for the top and front costs o, 75 11/dm2 h 
. . 2 

·and for the bottom and laterB.J.' faces 0,50 TI/dm 
find ,the minimum cost. 

Solution. 

Denot~ a side of the bottom by . a and altitude of 

the box by h, then the total cost is 

2 . I 2 
C = 0,75(a + all:) + 0,50(a + 3ah) 

where a,.h are related by a~= 20 or h = 20/a2• So 

2 20 . 2 60 2 45 
C(a) = O, 75(a .:t- a) + 0,50(a + ~) - 1,25 a + a . 

dC · 4"' 3 450 90 di = 2,50 a - ~ = 0 ~ a . = 25 = 5 = 18 

3 
==7> a = \118 dm, 

a . 

h = "_gQ_ = 12 :vm 
3..ji8 . 9 

c .· = 1,25 ~ + 3
45 = 1,25 W4 + i~ v:rn· 

Illl.ll' . Vi8 . 

"3 3 = 3,75-~ = ~,25 ~ = 11,25 • 2,29 = 25,75 ~ 

Example 3. Find the point on the parabola y2 = 4x 

. which is nearest 'to the point :A= (-3, 6) 
" .. 

. .. Solution. Let · :P :;:;:·{x, ;,) be ani point on the: parabola •. 

Then the p.istance. d.= !API =V(x + 3)2 + (y - 6) 2 is to be 
\ ' . 

minimized'. If_ d is minimulil d2 is also minimum, since d > O. 
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So the functibn to be mi.nimi zed is 

. 2 . 2 
u a {x~ 3) + (T- 6) 

! . 

where x, y bein8 related 'b-J 
2 'f. = 4x, we have 

2 . 
u(y) = (~ + 3)

2 
+ (y - 6)

2 

2 
2(~ + 3) • ~ + 2(y - 6) : 0 I 

-~· 
2 y{y + 12) + 8(y - 6) ... 0 ::::;. y3 + 20y - 48 = 0· 

·, 2 . 
=;> (y - 2 )(y + 2y + 24) = 0 =7> y 1' = 2 ::::;. ~ = 1 

The required point is (1, 2). 

Example 4. Find the area of the rectangle of maximum 

area i~cribed in a circular sector of given radius r and 

central angle Q~ 11/2 · when two vertices lie 

a) on a terminal radius, 

b} . ?n the circular arc 

. and compare the two areas. 
0 R. 

Solution. 

a) The angle "' determines P uniquely on the arc 

and rectangle ~RS. The area of ~RS is 

where 

s A 

-AB, 



Then. 

/ 

·= r sino(. , !sPI 

IRS! = 
I 

lost.- /oR. I= r·cosc:>( _;_!!Q_ =·r cos..J- r sin~ • tanQ ~, tan. 9 

dAl. 2 .· "2 'd7:< = r .[cos 2o< - ~: 9 oc::]= 0. 
, •. 1 

9 
·~. . tan ·2"< i = tan 9 ~ x -=. -2 ' ·' ( 

· which corresponds. obvi~us.l3 to maximum· area. 

I • 2 9 
· . Q. ' 2 9 Q · Sl.ll 2. 
A... {-) = · r r sin - cos - - J 
--:-:~. 2 . L 2 2 tan 9 

2 r l · · · · · 1.-cos 9] .. 1. 2 . · 9 · 
::. r .· L 2 sin ~ :-:. 2 tan:Q =:: 2 r tan 2 

I . ' ' 

, I 

b) ·From (a) we have maximum shaded area 

. 1.·r2 t. 9 - an-
. 2 4. 

l · which is 2 A2• Then 

.• I 2 '. 9 I 

A2 = r t~4. 

To comllare, l~t 9 = 4t . (O<t <71"/8). 

. J. 
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• X E R C I S E S (2. 6) 

96. Find a number 

a) which exc-c:eeds its square ·by greatest amount, 

b)·such that itsel£_plus ~e time its reciprocal 

gives a maximum sum. 

97. Divide the niunber 48 into two parts so that /, 

a). 'the sum of the square of ·the parts is· ie~t, 

.b) the square of one pa..-rt ~ogether · wi ~h 3 til!tes the · 

square ot:- the other part .is the· least possible.· 

~. 98• Given·~ is~ckles right.tri~le ABC ( f.ABl = · !Acf>, 
find the point on the bypoth~muse · such t~t' 

~{P~2 + (P:f +/Pq
2 is· minimum. 

99. Determin~ the square \f l~ast area).nscribe; in a 

'·given square. of side a. {Each :V~ex cis o~ each s1;de)., · 

100. An open/ box is to be made or: a rectangW.a.r cardboard 

10 x 16 em by <m:tting congruent squares out of the 

corners and turning up to edges to form th'e lateral 

faces of the .box. Determi~e the max1mum capaciti of 
' \ 
the box. 

/ / ·~ ./ 

101.· Find the dimensions of. the · largest rectangle 
f 

inscribed in an acute angled triangle with base on' .. 

one side of the triangle. 
\ 



211 

~02. The ~ega of an isoce~es triang~e are each 50 em ~ong. 

Find the ~ength of the base, if ·the area of the ! 
,. 

·triaug~e is. maximum~· 

~03. Find the area of the isoce~es triang~e of ma.xinnim 
area inscribed in a circ~e of given radius a. 

~04c A window has the shape of a rectang~e surmounted b,y 

a semi-circ~e. ~f the perimeter is given, dete~n~ 
(. ' 

the shape of the window when area is. maximum. 

~05. Of 8.l.J. right circular cylinders .that can be inscribed 

in a given right circular cone, show that the one 

of greatest vo~ume has a~titude one third that. of 

the cone. I'Vhat is the vo~ume of. the cylinder? . -,_ ·. 

~06. A rectangu~ar screen is hung on a vertica~ w~l, 
· w:i.th ~ower and upper edges. being a and b meters 

I . 
above the ground respectively. How for awa;y (from 

the wa~) an·observer shou~d seat so that he sees 

the screen under greatest ang~e (observer's eye is 

h -meters above the ground, h<a <b) 

~07 o fFind the vo~ume of the right circular cone of max 

(min) vo~ume inscribed (circumscribed} iD. (about) a 

sphere of gi ~.en radius . r~~ 

~08. Find the point on the given curve which· is nearest 

to the given point:. 

2 a) y = .[i, (2, 0) b,) :c = 4x, (-3, 6) 
~ \ 2 ' ' 

~09. Find the points on y = 4x whose distances from 

~o .• 

(6, -3} are maximum or .minimum • 
.. 

Show that the point (2, 2} is the point on the 

graph of y = ~ - 3x · that is nearest to the point 
I 

(~. ~). ' 
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l.ll. ·Find the point on the given curve -the sum of the 
' squares of whose distances from the given po,ints is 

a ini.Dimum. 
) 

a) y = x, (0, O.), (5, 0), (0, 4) 

b) y = 2x + 3, (0, 0}, (0, 9), (6, 0) 
i 

c) 2 
X +Y 

2 = 25, (3, 0}, (0, 4), (0, 0) 

112. A· cone is to be made by cutting a.sector from a 

circl.e and rolling up what is l.eft. Determine the 

angle.of the sector that is left so that the volume 

of the cone is a maximum. 

113. A point A on a table is ill.umiat_ed by a l.amp on 
' 

the wall which is ._a meters distant, from A. How 

high above the table . the l.aJr).p s:pould be hung so 

that A has maximum illummatio:ri? 

114. The. sqWuoe of the velocity _of ,light of Wa.ve l.ength 

i on deep water is proportiona~ to ~ •. + f where a 

is a<positive number. Find the minimum velocity. 

115. What is the length of the shortest- line segment 

tangent to .the el.lipse x2;a2 .+ y 2/b2 = l and 

· terminted by coordinate axes? 
. . . . 2 

116. Given the parabol.a y = 4 - x 1 find the point on 1 

it in the first quadrant such that the tangent line 

drawn. at ~hat point forms with coordinate axes a 

triangl.e o£ minimUIII area. 

117. A rectangul.ar closed box with square base is to have 

a capeci ty of .27 l.i ters. _ Determine the l.east amount 

of material. required (in dm3} 
. . 

118. A_ re_ctangular box 'wit~ square base and with capacity . 
of 30 liters. is to be buil.t. The material for ·the 
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top. and ~ont costs l5 TI/dJJJ.2 . and :for bottom and 

other .later~l.' faces 10 TI/dm2 ~ Find the minimum cost.· 
. \ ' . . . 

ll9. The ~terial 'for ~he top of a cylindrical c~ \costa 

·twice as ni~ch per sq~e unit area as_·that for the 
' ' \ 

bottom and _lateral faces. Find the. ~OJ;lOrtioria for 

the .least cost.· 

120.· Find the iength of th~ shortest line ~egment· not .. 

poasing ·through, the ori~ and ending ·in the cc_»or~ 

dinate axes and passing. throUgh the point. 

(~3/2, b3/~). ' 

' 
.~121. A container . open at the top is made . in the form of 

.· .• . . 
a ;tight :Priam where the base is an isoceles right 

·. . tria:ngle. If the, capacity. is given, what proposi tiona 

Will. mak~ the amount oi: materi'a.J. Used, a ~? . 

122~ Find the slope of the line through the point (4, -5). / . . 2 .. . . 
out of which the 'parabola y = ax· cut.s the segment 

of shortest length. 

123. Firid the equation of th.e locus of points . p such 

that 
1
of ~ .chcirds of parabola y2. ·· = 8x through P, . . . 

· the one. of minimum length has. slope o·f l. · 

l24o· A boat manifaoturer eatimB.tes that he can. sell 5000 

1, . boats a year at 9000 ·IL each, and t:q.a.t he can . sell 

1500 more·boats'per year jor each 1000 IL decrease 

in price • .What price per poe.t will br~ tJl,e 
. I 

. greatest returns? 
' 

125. If.the .safe distance between the ~enters·of two ~s· 

'going v · Udles/hr i~ given .by the. relati_on 

s = o,o5 ~2 + 1,4 v + 5, 
,, 
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what . is the maximum number of cars that can sefely 

pass a given point in an hour if the cars are all 
. . ·. u 

going at the same speed? (Assume that there-is no 
! 

carat :the point when the cotinting is started). 

·Answers to even numbered exercises 

96. a) 1/2, b) 3 

98 • . Ihidpoint , 

'100. ' 144 

102. 50\:2 
/ 

104. X :i: \- = f/( 7f + 4) 
' 

106. Distance from the wall: v'(a - h)(b - h) 

· 108. a) (3/2, ~), b~ (1, ·2) . '' . ' . . 
-"' 0. 

112. 2../6 7f/3 rad = · 294 

114. v = .v2k where ·k is the constant of proportianalityo: 

116. ( 2/--/3, 8/3 ) • 
10 

118. Dimension: 3 x 3 x ~- , cast: 675 ~ 

120. (a ~ b)3/ 2 

122. -1 

. 124. 6166 ,6 

I 
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A SUMMARY· 

· (Chapter 2) 
------·------·-·--~-----

2. l • .If lim_ '[:r(x + .Ax) - :r(x)]/AX when Llx._ 0 exists, 
y=f(x) is said to be ·differentiable at x, and this limit · 
is called the derivative of :r(x) at x, ·some notations 
of it being dyfdx, y•, f'(x), Dy, Df(x).·f~D[a, b] . · 
represents~- function f differentiaple on [a, bJ. we 
hav_e ft. D [a, b] =='? f~ C [a, b). , nv nv d 
Cha;i.n rules: (l) (fog)'(x) = f'(g(x).g'(x) or ri = r . ai 
where y = y(u), u = u(x). ~ · 
(2) x =·x(t}, y = y(t)9dy/cti: = y(t)/x(tl = (dyjdt)/(dx/dt) 

I 2. 2. dy = f'(x)dx is the differential of y = :r(x).41 = dy is 
• the increment Of y, and dyfy , 100 dy/y ·are relative· · 

. ; · ~' percentage error respe~ti ve:cy, whire y m is the 
measured Y• 

' ' 
, 2. 3. Rolle's Theorem: ftC. C[a, b), f" D(a, b), f(a) = f(b) 9 
i f''(c) = 0 for some c in (a, b). · 1 

Mean Value !J!heorem: fEC[a, bJ, f~D(a, b) =7 
f(b) = f(a) + (b:-a) f'(c) for some c (a, b), or 

f(a+h)' ·= f(a) + h f' ~a+Qh) for some 9G (d, J.). 

L'Hospital'Rul.e: f, gE C[a, x], f, gED(a, x), f(a)=g(a)=O 

~ · J.iJD :t(x)/g(x) = lim f' (x)/g' (x) · if :the latter exists. . . x..,.. a .. x~ a 2 . . 
Extended M'lT: f~ c(a, x], f~ D (a, x). 

l 

I 
l. 
i 
I 
! 

. l 2 ' 
f(x) = f(a)+f'(a.)(x-a) + 2 :f''(c)(x-a) for some_ CE(a, x)~j 

Newton's Approximation Method for roots of. f(x) = 0 in [a, b):: 

x0 is that end for which f(x
0
). f"(:x

0
)) o. Then 

X =X l -f(X 1)/f1 (X 1 ) for n = l, 21 o•• n n- n- n- · 

2, 4. Relative extrema: If f' (x ) = ·o and 
0 

{ 

.(0) 
f'"(x ) · =0_, 

0 )0) 

f(x ) is a relative max . . 
c~ sign1 point of inflection 
f'(x ) is a relative miri.. 

0 . 

2. 5. Asymptotes: If f'(x) = Cf(x) + g(:c), where g(x) ~ 0 · 5e 
:x:-;. oo, then y = Cf (x) is a curvilinear a.Symptote. If 
Cf (x)' = ax + b then one has an. inclined asymptote if e.;lo, · 
an horizontal one if a.=O. X=Xc,- is a vert'ical asymptote · 
if lim . f(x) = G\'1) when x ~ x • -. . 0 . ·------_,...__:_ ______________ :_-______ . _ _._. ---- '-'' --------
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liiiSCELLANEOUS EXERCI,SES 

(Chapter 2) 
. I . 

126. Determine whether the following functions have a . 
derivative at the indicated points and if so what . . ' 

is the'derivative? 

a) f(x) ~ .(x3 + x) I xI at x = 0 

b) · y = x[xB at 

when. x<1 

.. {.
x

2 
+ 1. 

c) y .= at x = l 
2x -1 when x.)1 

2 
x ~ 2 when · x . !-. 2 

X + 3x- 10. 

1/X-

127. F~d the derivative of:· 
' .. 

a) y 7". arcsin x -_·arctan 

,b) y =arccos (arctan 

sin x 
C) y .= X COS X - -

X 

~ . 2 -
d).yc X sin X+ X COS X 

when x::i•2 

X 

2 2 . . 2 
128.·Find d y/dx if y = sin(7.rcos x} 

at :X= 2. 

129. Find y', y" in terms of t of the following 

parametric fUnctions: 
. . . 1 1 
a) x = t::'l , ·y ::;: -r-.· 

. t- 1 

130. ~ame question for: 

a} x = cos3t, ~:i = sin3t 

t 
.b) ~-= t:i 

1:1} x = t-sin t, y = l-cost 
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131. Find -f' (x ). 
0 \ 

if: 

a) f(x) = 2,.& (3x - 2), X 
0 

b) f(x) w ·tQ; X =. ax·+. ~ x, 
0 

c) i'(x) -= (x + '1)/..Ji, X 
0 

d) i'(x) = (1 + .Ji)(2 +..Ji)/x, 

'. 

= 4 

=a 

:'= 1/4 

X = 1 
0 

132. Find .the_ derivative of the following functions: 

1.34. 

1 - 2x 
a) y- = arctan x - 2 arctan . - 2 l- X_ 

. b) y- = arcsin x + ar~cos x 

: ) . l . j-.. ll' 2 c y- = arcs1n x -2 aros1n ~v. - x 
' . l -- 2 ._ ' 

d) y- = arcco_s x - 2 arccos (2X - 1) 
2 .· . ' . . . 

Given y- = 4 - x ~ find the tangent· of the angle"' 

between the tangtmt line and the line j-oining the . 

origin to· the point of contact. Find al.so lim tano<; 

as x tends to: 

a) - oo , b) -2 c) 0, 

A particle moves along the curve 
- 2 

v ' =' 2 m/sec and a = -3m/sec 
X · - X 

_d) (2), - e) oo 
3-

:Y = x -·x. If 

as particle passes 

through th.e point (1, 0}, find v and a at that 

inatant. 

135. Find f(x) ~ g(x} if ( fg){x) = 3x3 + 3x - ~, 
f'(x} = 2x-+ 1, and g'(x) = 3. 

. I 

136. Show that the following functions have multiple roots; 

and find theSe roots with their mul.tiplicity: 

- 4 '3 
a) x - 2x + 2x - 1 = 0 

' 4 3 2 ' 
b) x -- x - 7x + 16x + 36 = 0 

c) x6 + 2x5 - x4 - 4x3 2 . - . 0 -x +2x+l= 

\ 
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137. Prove that if a pol;yriomial equation P(x) = 0 has 

_ an r-fold root, then P'(x) = 0 has- an (r_- 1)­

fold root and conversely. 

138. Find the equations of the tangent and normal lines 

to ~he following curves at the indicated points: 

3 2 . . 
a) x = t - 3t, y = t - 2t; t = 2 

b) x = sin t, y =tan t; 

139. For what value of x: the derivative of · f(x) is 

-equal to the derivative of g(x) if 

a) f(x) = :ic3 - 2x, g(x) = -x
2 + 3x + 8 

b) f(x) =:= x ~ 2 , g(x) = x/2 • 

. 140.· Find the equation of the tangent line to . y = x3 - X 

a) _parallel to y = 2x + l 

b) ·perpendicular to y = 3x ·- 1 .. 

141. s = 15 + v
0 

t -~ ~ g t 2 is the equati~on Of motion _Of 

a parti'cle thrown upward with an initial velocity v • 
. . \ . 0 

(s is given in meters and t in-second8) 
- -· -

a) Explairi the me~ of 15~ 

b) find the largest height, 
. \. . 

c) find the largest velocity, 

d) find the velocity when it is turning:backJat s=l5~ 

142. If f(x + y) = f(x) + f(y) and if f(O) = O, find 

f'(x) and prove that f is a linear fUnction. 

143. If f(x + y) = f(x)/f(y), and if .f(O) = 1, find 

f'(x) and f(n)(x) and show that f'(O) = 0 or 

f(x) = c., 
' 

144. If f(x + y) = :r(x) f(y) and f(,o) = J., :find f' (x) 
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and f"(x), f(n)(x). 

. 2' 2 
145. If ey/dx = p(x), then evaluate dx/ey, d x/ey , . 

d3x;ey3 and ~xpress. them in terms if p, p' , P" • 

146. Compute approximate. increment of the fo~oWing 

functions when x. increases (decreases) from x1 
·to 

a) f(x) 

b) f(x) 

. 3 . 3 I = x -4rx, 
x2 + 3x 

= X~+l·.' 

~ =l; 

-~ = o, 

· x
2

· = 0,98 

x
2 

= 0,01 

147.· Compute _the following approximately by the use of 

differential: 

a)$7 
. . 

148. a) Find the area of a circle when its. rate'of change 

with respect to a diameter is 47!'. m3 /min~ 

b) Find the rate.of change ()f the circumference-of 

. a circle with respect to the area when the area 
2 is :equal to 4?7' m • 

149. a) Find the rate of change of the area of ~ circle 

With respect to it~radius when radius is. 3m, 

b) Find the rate. at which the volume of a right 

c±rc~lar cylinder of constant iuti tude 10' m, . 

changes with respect to its diameter when the . 

radiUs is 5 m. 

150. If y = 3x - x3 ·and x increases at the rate of 
' 1/3 units ~er second~ how fast is the slope of the 

curve changing when X = 3? 

151. The equal sides of an isoceles triangle are 10:m 
r 

long and base angles are decreasing ~t a rate of 

2° ;sec. Find the rate of change of. the area when 



/ 

220 

0 the base angles are 45 • 

152. Each of two sides of a triangle are increasing at 

the rate of 0,5 m/sec, and the ~~luded angle dec-

' reasing 2° /seb. Find the rate ot c~ange of the area. 

when the two sides are 5 m, 8 m and the included 

angle is 60°. 

2 
153~ A particle 'travels along the parabola y = ax +X+b. 

At what point its abscissa and ordinate change at 

the same rate? 
' 154. A particle starts at the origin and travels up the · 

line y = .J3X at the rate of 5. m/sec. Two seconds 
. ' ' . \ 

.later another particle starting.at the origin travels 

up the 1iiie y = x/..f3 at a rate of 10 m/sec. At 

what·rate are they separating 2 seconds after the 

·laSt particle has started? 

155. A clock. hafi hands 5 and 7 em long. At what rate are 

the.ends of the hands approaching each other when 

the time is 2 o'cloCk? 

156. Find the point required by the ROLLE's Theorem for 

· the following function in the indicate interval: 

a) . f(x} ::i: arctan X - 7fx/4, [-,.J,, 1]. 

b) f(x) = V3x ;;;. x2 , [o, 3] 

c) f(x) = (x + 2)1/3(x - 1)2 + 6, [-2, 1] 

d) f(x) = xl/3 - x/4, [-8, 8] 

157. Find the value of x which satisfies the MVT for 

the follovdng function for given interVal: 

a) y = tan x~ [o, 7T/3], b) y =arcsin x, .[o, 1] 

c) y = lx3 - 1), [2, 4] J_ d) y =sec x, [O,. 'lf/3] 



158. Eva.J.uate: 

a) lim 
:x:~oo 

b) - lim 
:X:-;+00 

159. Evaluate: 
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x:JX+~ 
y"3 -
- X. -.1 +X-

_, /2-. -3/2 
:x:-¥· +X' 

( - -3/2 -1 
2x+1) +X 

a) - lim ..,ra-:;-x - .J a - x 

·:x:-;;.o-v'ca2_- x2) + (x_- a). 

b) • lim.-~ - (n + 1)xn+1 + nxn+2 ' 

X- 1 (1 - :x:) 2 

' - r . 
• •• (x - ii)' 

d) l.inl . 
x~a 

160. EVal.ua.te: 

-a> - lim r Vx3 + ?x2 - Vx3 + aJ 
- :x:_,..oo . -

b) lim [COt X - -~ J 
x~o 

c) liin,.,. [sec x - esc 2x] 
:x:-- 2 

1 1 -
d) lim [ i- .sin x J x-.o 
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161. Find the intervals of increase and decrease of 

a) f(x) =V1 + x +.J 1 - x and find its inverse 

f:Unction 

b) f(x) = xn + x-n, n-EN 

162. Determine the constants a, bj, c such that 

I 2 2 'V1+2x+2x -a-bx-cx · lim 
x~o-

4 
. exists. 

~ ' 

163.- Evaluatel 

l 

c) . lim Vx - Va + _.;x-:::-;_ 
·_.J 2 . 2 x....,.. a x -a 

· 164. Evaluate: 

a) lim (sec x - ·tan x) 
· x~1l/2 

j 

) . lim (x+1}sin(x+1) 
c 2 -

x- -1 sin(x - 1) 

165. Evaluate: 

a) lim sin x -x 
x_:__ 0 x3 

c) llm 
x--- 0 

arcsin x- x 
x3 

?Tx 
tanT 

b) lim 7r 

x- ~ sec(x + 2 - 3) . 

d) 1lim- arctan(x -J.j3) 
X-? 7Tj3 tan X -

b) lim tan X- X 

x-o - x- sin.x 

d) lim -I6:X -...;'l:X"-1 
x--3 X+ 3 
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~66. Evaluate: 

a} lim arctan x - x 
x~o . x3 

~67. Ev~uate: 

a) lim (sec x - tan x) 
x-.lf/2 

c) lim x
2csc(3 sin2x) 

x~o 

b) llm 
x~ 

arctan x- x 
x- arcsin x 

d) lim . ( S~ X - 7r: X) 
X-+-7( 

l68. Find an irrationa~ roots of the following. equations 

to two decimal p~aces·D,r NEWTON's Method: 
\ ' 

a) x3 + 2x - 5 = 0 b) x4 + x3 + x2 
- ~ = 0 

4 ' 2 . . 
c) x - 4x -: 4x -· 8 = 0 

~69. Determine the constants a, b, c so that the curve 
3 . 2 ' 

-y = ax + bx + ex will nave a s~ope of 4 at its 

· points of inflection ( -~, -5). 

170. Find the relative extrema of the fo~owing functions: 

a) f(x) = (x-2)3(x+l) b) f(x) = x4 - 2x2 

. ' 3 2 
c).f(x) = 2x - 3x d) f(x)=~ 

~7~. Find and identifY the re~ative extrema: 

a) f(x) = 2x
2+2/x2 b) f(x) = 2x4 + 2/x4 

c) f(x) = x2/3 (~-2) d) f(x): = x ~ 
172. Find the re~ation between the const~ts a, b such 

,that the .following funct:j.ons have no extrema: 

a) y ~ x3+ax2
+bX+C b) y = a/x + bx 

~73. For the functions in Exercise.172 find a and b 

to have critical point at. 

a) (~, 0) b) (2, 1) · respectively .. 
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174. Find the relative extrema of 

b) if a= b 

175. Find, if any, the value of t ~or which-the given 

function has an extremum-and identif,ro 

a) x = t
2 

- t b) ~ = sin t + cos t 
. 4 
y =2t ~ t 

176• Find the value of ·t 

·y = sin t -.1:os t 

for the fUnction to have an 

extremumand identify: 

a) x = t 3 .+ 3t + 2 

t 2 ·- 1 y =. 

'b), X _::::. 3 COB t 
. . . 

y = 4 sin t 

177 • Find the absolute maximum M and absolute _minimum 

m of the following functions in the given interval. 

· tan x · [ ] 
a~ -y = 1 + sin x ' o' r I 4 ; 

b) ..,. __ sin x .· , ·[O, 71:'3_ J 
o1 · - 2 + sec x I· 

178o Show that the -~ction f(x) = x3(x + a) attains a 
minimum of -27 a 4/256 ·.• . 

179. Find M and m on the given interval: 

a) y = x/x2-4, [-3, 5] .· b) i =f x] /x
2
-l/, · [o, 2] 

c) y = x si,nx, [o, 1r/4] d) Y' = co~ x , [1!/6 , 7T/2j 

180. Find the ·minimum and maximum of 

where a, b, k, x are positive 
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· 181. Find m, M of the fUnction f(x} = x/(x + 1) 

· 182. Same question· for fCx) = 3'Vx/(x2. + 1) 

183. Same question for f(x) = sin x +1iJI cos x 

184. If :m, n are positi,ve integers with m)n, prove. 

a- ) · xm - 1 '- xn - 1 · ) 
. m , / n . , for .x ;t. . 

l85. Prove the. inequalities ·is Exercise 184 for m, nE Q .. 

186 •. If i'(x) ~ X + 2 . and g(f(x) = x2 - 3X, . find g(x). 

187. Defining 

.- {f(x) max{ f(x), g(x)1 = 
, .:5 . g(x) 

- ' . . . 

min{ f(x), g(x)}:= . 
. · {f(x)· 

: g(x} 
. I 

when 

when 

f(x)~ g(x) 

g(x)>f(x)J 

when f(x) ~ g(x) 

when g(x) ~ f(x)
1 

prove that if f(x), ~(x) ··are col'ltiriuous; then 

a) max{f(x), g(x)j b) min{f(x), _g(x)j 

are continuous. .. 

. 188. Sketch max { f(x), g(x)} 

2 a) f(x) = x , g(x)=X 

where 

b) f(x) = 1, g(x) :i:: x 2 

2 2 . 3 . . 
c) f(x) = x , g(x) = x +1 d) f{x) = x -x, g(x)=2x-2 

• ·- •• I • I 

189. For the given fUnctions in Exercise 188, sketch' 

mi9_ f(x), 'g(x)} 

190. Sketcn: 

a) tcx, y): max fx, ;}=21 ·b) {ex,~ :r): min(x, ;v} = 25 
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c) {Cx; y): min {x, y>.2} d) {(x, y): max {x, yJ~2J 

1 
191. Sketch: . 

a) {(x, y): max {x, Y} = X+Y} 

b) { (x, !,Y"): min { x, y J = x-y} 

192. Sketch: 

a) {Cx, y): ~·{ lx!, IYI}< 1} 
b) {ex, y): min {I xl' IYI}<1 r 

193o Find the cartesion equation of the following para­

metric curves: ··· 

a) . X .;,. sin t + COB t 

y ~sin i 

194. Same question for: 

a) x = 3 - t 
2 

y = t - 2 

195., Same question for:.· 

197~ Sketch: 

a) x = t + 1/t 

. 'y = t ~ l/t 

198. Sketch: 

) 
_ (x - 2)2 

.a. y - X 

· x2 + 1 
c) Y = 4x · 

b) x = sin t 

Y = COB 2t 

b) X = 1/(1 + t 2
) 

2· y = t/(1- t ) 

' 2 b) X= l ,_ t 

y = t + t 3 

b _ sin x 
) Y·- 1 +tan x 

3 
). x + 4x 

b y =. 1 X+ 

d) y = (x - 2)-/ x
2 

- 2X 
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l99o Sketch: 

a) Y' = 4x3 

lt3 + 8 

200 .. Sketch y = sin· 
X 

'1T 

4x3 · 
b) Y' = ~2~-

x + l 

'l 
+[ 2] 

l +X 1
. , .•. 

~ 201. Find a rational ~ction y = (ax +bx+c)/(x+d) 

Whicb. cannot be between -2 and 3 .. · for aey reaJ. 

value 'of x, an~ graph it. 

202. P lies on the s~micircle with AC as diameter. OB 

is the radius perpendicular to AC and H is the 

production of ·p on Ac.·netermine the position of P 

) -· a) on the arc AC; -·b) on the arc AB 

is a maximum. 

203. A statue 7 m tall stt;mds on a monuement 10m heigh. 

Where should a hoy st~d on the ground so that the 

·view of statue be greatest. 

(E.ye's level of the boy. is l m). 

204o The material for the top and bottom of a cylind!ical 

Cf!.D. costs twice as much her square unit as the 

material for the sides. Find the ration of.altitude 

to the radius for which the cost is the least. 

205~ Find the maximum ar~a of a right trapezoid of given 

altitude "h" and given perimeter ,,e.. . 
. . . 

206m Find the maximum area of an isoceles trapezoid of 

base . "a" and perimeter "2l". 

207. If a sum of the areas of a sphere and a regular 

tatrahedron is conatant, what is the ratio of the 
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diameter to an edge of the tetrahedron when the sum 

of their.vo~ume is 

a) a maximUm b) a mil1.imum 

208. Find the slope of the line through the origin if 

the sum of ;its distances from the :points (2, O), 

(1, 3) .and (3, 3) is a 

a) a minimum b) a maximum 

209. Generalize the :problem given Exercise 208 to n :points 

(a1 , b1 ), ... , (a~, bn). 

·2~0. Given. n :points (r1 cosG1, r~ sino1 ), •• : , 

(r cosQ , r sinQ ) determine ·a circle1 center at n · n n n 
the origin1 such that. the sum of the squares of _j;_!J.e 

di~;~tances of/ the points from the. ·circumference· be 

minimum. 

Answers to even numbered exercises 

126. a) f' ( 0) = o-, 
d) -1/49 • 

b)_No derivative, c) No derivative, 

. ~28. -2 7( cos 2?t .cos ( 1f cos 2x) - 7r2 sin 22x · sin( ir cos.2x) 

.. l).o. a) ..;.tan t, 3 sec4t esc t, b) ein t/(~-cost), 
. . 2' 

-1/(1-cos t) 

~32. a) 0, b) o, c) 0, d) o •. 
. . 2 ; 

l;J4. 215 ID/sec, 3/-15 m/sec • 

136. a) 1; 3-fold b) -2; 2-fold 

c) -1; 4-fold 1;. 2-fold· 

138. a} 2x - · 9y = 4, 9x-·+ 2y = 18, 

b) 2i2 X~ y = 1,. 2x- 4-f2'y = -3,;2. 
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140. a) y = '2x - 2; y =· 2x + 2 · ·. 

·b) 9x + 27y, .= -4i2", . 9x +· 27:1 = 10-J'2 

142'. t' (x) i.e · constant 

144; t•(x) = t(x) t•(o), t"(x) =. t(x) ~(0), 

f'(n) (x) = tCx) tlf( o) ~ . 
... . .' ' ·.-

. -.. -
. 146. a) ...0,03, 

. _148. a) 167f'm2 ~ 

150 •. -9· 
'. 

152. 13f3/8. ~ 11'/9 m
2/sec 

154~ (1g • 10i3)/122 m(s~c. 

b) 0,03 ' . 

b) ·0,5 m-1 . 

156.; ~) :!:y'(4 -71' )/n',_ b) 3/~, ·c) -7/ll, d) :!: 8/(3-vJ). 

158. a) 1, b)V2. 

160. a) 2/3, .. b) o,. 

162. a =.1, b = 2, c = 2 \._ 

164. a) o,. 

166. a) -l/3, 

l68. a) 1,33. 
; ..... 

b) 6/71 . 

b) 0,68, l 

c)(), 

b) -2. 

c) 2,60 

170. a). -1, l/5 b) 0,- :!: 1, c) 0, 1, 

172. a) a2~ j!, b) ab<. 0 •. 

d) 0 

' . 

. . ·d) 1,09 

d) min 1 

174. a) f(b); f(a),. ·. b}.Nore1. extr. 

176. a) t_ = q (mi.n), . b) t = ?r/2·{ma.x), t ~·ao/2 (fni11). 

JBo.- x ·= v'ib, t(~> = 2(b/a)k/2 

182. m = '0, · M = 3/2 

l8o. g(x) = .x2 - .7x + ·10. · 



188 •. a) .. 

'c) g(x): 

r 
) 
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0 'X. 

194. 
.. · 2 . 
a) y, = x · - 6x + 7 ·. 

·'t 
if 196o 

b) 

" I \~ 
I ' 

-J 

\ 
!· 

0 

'• /I 
., I 

, I 
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c) 
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/ b) 

'·' 

\\JJ ~ \ I 
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. 200. The curve is symmetric with· resp!'!ct to the ori~n: 
~ 

_, 

y = o. at -x = l/n for all ri~ N+ 

y..; l 'at 

y c: -1 at 

2 x=-
' 2n+l . 

2 
X = 2ii+l 

(n-even) 

(n odd) 

202·. ·a) PCO is an _equilateral triangle, b) B 

204. 4 - . . 

206. 'c- f- ~>Jc'e 2 ~ a2)/3~ 

2 

/ 
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.208. a) ~, b) -~ 

2~0. r = (r~_ + ~-f -+ rn)in. 
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