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CPREFACE
Being well aware of the ex1stence ‘of excellent textbooks of ‘{

feel that:the nature of the- challenbe, which‘motivated us to pre-
pare’ this work, needs a austlfylng explanatlon. Summlng up we may
state briefly the followmng facts'

a,. Thls wcrk is de31gned primarily for students who were"

|
similar. content, before adding another one to the market, we' humblj
- llke the ones at kETU ~ %o utmost one year 1nten51ve

language tralnlng 1n Egnllsh,

"be Its content'is closely related to the syllabus tradltio-
. nally followed at kETU and similar 1nst1tut10ns,

‘c.‘It is a practlcal answer to the ever.. 1ncrea51ng demandf‘

-effectively curb the avallablllty of the textbooks edited ’

caused by contemporary currency fluctuatlons which C Je
“abroad. . i . IR ,_:
: :
|

e Sanerely believe, that the topics treated in the two .

\ volunes, each contalnlng two dlstlnct parts, are self contalned

exerclses, 1nclud1nxr the .answers corresnondlng to the even number-.

"ed ones.

ie -express our gratltude to Prof. Tung Geveci, who klndly
‘read tne manlscrlpt for hls constructlve crltlclsm, and to our
4 ;”colleagues for their constant encouragements and to hlss Zehra Oner -

vfor her careful typlng,. - .

1979

‘and” compact. .Each part and each chapter is prov1ded w1th nunerous o
' Ankara _ !
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' CHAPTER I
' FUNGTION, -LINMIT, CONTINUITY

\
~

'1.1."'NUMBERs‘

A. Integers '
Followmng historical development ~the earllest numbers

were the countlng numbers 1, 2, 3, ‘ees My eoe o Introdu01ng

' the number zero,xone obtalns the numbers d\ i, 2, ess n, [P

'called the natural numbers. The natural numbers, except O, that _

v.1s, the countlng numbers are all posztlve and are referred to

“oas 2051t1ve 1ntege*s. A531gn1ng o’ sign to these numbers one

“gets the negatlve 1ntegers, namely,_-l, ~2y =3s eeo ; A p051tlve‘

) 1nteger, a negatlve 1nteger or zero is called an 1nteger.

B. Rational numbers . - . . .

Any number in the form of a ratio p/q of two integers

(a#0) is cslled a rational number or a fraction. Any integer
‘p is a ratibnal number- (p = /1)« Thus  3/4, 17/5, ;11/7; 6;
-9 are rational numbers. R ' -
The dec1mal expan51on of any ratlonal number D/q
obtained by ordlnary d1v1s1on is either f1n1+e or else- 1nf1n1te.
.It is known from Arlthmetlc that an infinite exnan31on of . a
fratlonal number contalns a repeatlng block as g1ven 1n the

_follow1nr exaanPS°-

0,19771977 ... 1977 i.'.. (= 9;1977).'
-.5,112323 o,oc. 2/3 ceo ( (= _5’11-2?) o
1 x o S :

A flnlte expanSLOn can be cons1dpred as an- 1nf1n1te ex—
_ vansion w1th "O" as repeating block:~ ' T - ‘

g
¥

12,75 (= 12,750)

!
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Examnle. Find the (reneat1np) de01mal expansion of the

'ratlonal number 152/55.

S D1v1d1ng 152 by 55 6nevgets

. 152 |55 -
o r-;:?6363...63;..‘=_2,7633
420 - )
1385 - .
350 | , | o

'

‘ Conﬁgrsely, any decimgliexpansiqh with repéating blbck‘.

{(eyeclie exnansion) renresents a rational'number.

" Exam Ele. Express the repeatlng dec1mal exnan31on 3, 7105

as a raflo of two 1ntegers.
Solution. Set
T '“jf“
= 3,7105
Multiply each side by 10000 to bring "," just after the
repeating bloék, and also multiply each side by 100 to bring

","  just before the repeating blocks:

10000 r = 37105,05

100°r = 371,05

‘Subtraction gives

9900 r =.37105 - 371 = 36734 . (.

_ 36734
9900 .-

Properties. If rl('P1/q1)v / r2(=p2/q25 are two

rotional humbnr", thon thp numbnrci

;

S
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a; 9, . 24P,

are all rational.

gorollary. Bgfween any . two distinct rational numbers
there exists at least one rationalrnﬁmber; hence infinitely
‘many . ' ' ' '

Proof. Let the given rational numbers be r, and T

, , 1 ST
T, 4T, ratiqnal.¢> X (r' r2) rational (why this arithmetic .
mean is between T and T, ?) ‘ V

1 .
This process carn be contlnued 1ndef1n1tely. S

C. Irratlonal numbers

~ DR

‘ A namber which is not rational is called an 1rrat10na1
number. Slnce any cycllc decimal expanszon is a ratlonal number,
then non cvc11c ones represent irrational numberss:

oL

0,81861688188881 ... (Number of 8's

increases by 1

“in each steﬁ)v

~ 4,303003000300003 4.,

: rhe existence of 1rrat10nal numbers may also be shown
by the follow1ng theorem; . '



'”’number.

; mheorem. If n is not the square ofa pos1t1ve‘1nteger3
then vf' 1s irrational.

' Proof. Sunnése /n = 'p/q vhere the 1ntegers P, o have
no common factor (d1V1sor) otner than 1. AnJ fractlon can be

reduced into this form by s1mp11flcat10n,>

R N ,2‘ 2,
An=p/a = qn=02"
' Slnce nlq n (n leldes a’ n), then nlnn' impiying”_n,p.
v Therefore for some 1nteger 'k we have v = ‘kna
. qzn é_kenz = k?n‘éﬂq?“;§ : nlq.

The results n‘p, n‘q show that p, @ have.a common
.*actor -n()l), contradlctlng the assumptlon that Py q had no-
"5scommon factor. - e 2 4‘AILH. ' B

-Some 1rrat10nal numbers of thls form are
vz, \fa_«/gx/'s_ (sbv V4 is not irrational?)

Progertles. Let r be a raﬁidnél_aﬁd“pc—bs an irrational.
are all irfétiohal;‘

Proof. 1) Sunpose that r+ % 1s equal to a ratlonal
number s. Then, r + eL- s -,-_> o = s-r 3 « is a ratlonal
s»number, 31nce s=r ‘is ratlonal. This contradlcts “the. hvnothes:\.s°

Hence r4+ot is is 1rrat10nal.. o

. The proofs of other cases can bp done 51mllar1y.

Remark. The sum, dlfference, product and the ratlo of

“two 1rraf10nal numoers may not be an 1rrat10nal number'



LGB =8, .'(3*7’5)‘(5*75 ==
EwHE -y --% Vig/z-

o Corollary. Between any two distinct'rational numbers, .

there ex1sts ‘at least one 1rrat10nal number, and hence 1nf1n1te—

lv manve.

_ Proof,’ Let the glven ratlonal numbers be rl' and r2
‘ ’(r < r, Yo 2 belng irrational, for a suff:.c:.ently large posi-

“tive lntezer m, the 1rrat10na1 number v’?m lS less than the

dlfference r 2 l' Then rl + (J'Vh) is 1rrat10na1 and 11es
between Ty and - r2 '

IFor‘all integers )xn the 1rrat10nal numbers r +(J”7h)
lie between -rlv and. r2‘ - - ‘ o~

D. Real numbers o S _
A rational or an irrational number is called a real num—

The four arithmetic operations (rational onerations) for
any two real numbers will always yleld real numbers (excludlng
the case ‘a/b where b_O)

The above deflnltlon nrov1des a c1a331flcat10n of real .
numbers as’ rational and 1rrat10na1. Real numbers can also be"
’ cla331f1ed as algebralc and non algebralc (transcentental) num-
bers: The roots of a nolvnomlal equatlon

; n .o ; )
a. X 4+ +a x+a. =20
o7 T °*" T Tn-d n

. w1th ratlonal coefflclents are called algebralc numbers. and

non algebralc real numbers are called transcendental numbers.
Accordlng to thls deflnltlon all ratlonal numbers are

.algebraic (x -2 0). Some 1rratlonal numbers whlch are

algebralc.ere 2, 5 - J3; for x —-J— = x _;‘ = 0, and



=5 -Vr— = (x.- 5) 3 = xe'— 10x + 22 .. Some‘
irrational numbers wh1ch are transcendental are the well known

number ﬁ'and the base e of natural logarlthm. '

Real number axis
A llne (stralght llne) on vhich real numbers are repre=

sented in séme manner is called-a . real number axis or shortly

a ﬁumber axis. In general a representation is'done'by choosing
_on - the axis_a fixed point. O as origin corfespbn&ing"to zero,
a'poeitive sense, and a unit length to locate first, integers;
‘in succession, o

-2 -1 .0 1 2 3. A

Fig.'l Number axis -

By the use of Thales Theorem; a ratlonal number p/q
can be constructed on the number axls. To. find the p01nt on the -
- number axis correspondlng to the number p/q,. a rey oT (non
parallel to ~0x) is drawn on which line segments o], [oQ]
of iengthe' P, Q units are taken (Flg.z).,Then Q is joined
to the pointkrepresented by 1. The line ﬁessing through .P and
parallel to BQ{]'intersecfs the number axis at the required
point. I ' '  .' LT
_When' p<g<0,- the point Q ‘is 301ned to the point rep-

resenting -1  instead of 1.



a) p/ad)l ) - p) p/alt
: Fig;‘ 2e :

Construction of a rational number

_ By the use of Pvthagorean Theorem, an 1rrat10nal number'

'in the form h where n is - not the square of a p051t1ve

1nteger, can be constructed on the number axls. ' .

Construction of succe381ve right trlangles as shown in-
Fig, 3a may be used to find a 11ne segment of length vr:

N

(a) - . (B  (e)

By successive = By a right triangie By a2 right triangle
right triangles when n'—a2+b2 . * wheén n=a° = b~

Constructlon ofvf—




* Corollary. Between two distinct irrational numbers there

exists at 1east”oné irrational numver, and hence infinitely manv‘:

o Proof. Let the glven 1rratlona1 nwnbers bp < JB( oc(j%)

" Then - (&+p) is either a rdtlonal number r or an irrational
number Y . For the second case the corollary is establlshed.
For the first .case ¢£+r),. (r+ﬁ) ‘are +wo 1rrat10ra1 numr
bers. betwsen. e and ﬂ'

v

The ex1stpnce of ratlonal numbers between two dlstlvct i

1rraxlonal numbnrs can be . assumed.

Ax1om. To any real number corresnonds one and on.y one
"301nt on tne number axls, ‘and convorsnly to a any point on the
ﬂumbpr ax1s correenonds one and’ only one ‘real number.

This axlom establlsnes a one-to-one corresnondance be—.
tyrenn the‘p01nts,on ‘the number axis and,uhe real numbers,

. Thé'nuﬁber; X - associated with a poiﬁt}'P oon‘the number'>
axis is called the coordinate of P, and the point associated
with a real number x is called ‘the gg E 6f X. The corres-
pondance be+ween P and x  is repreqon,ed bv wrltlng P(x) ’

or P= (%) From now on we make no dlstlnctlon between "number®
avd "n01nt" on an ax1s so that we may sav, for 1nstance, "p01nt

e

3" 1nstead of "number 3"

Sguare ‘T00%

A reai'numbpr Han dlst1nct from 7=ro is elther ‘greater
or =lse smaller than ze“o. In the former case one wrltes "d)O"
and  vwam 1s3sa1d to be os1t1ve, 1n~the other case one wrltes
"al0" and ‘"a" is said to be negative, If )0,  that is, if
"a" is ‘positive or zefo »“a" is said totbe hon;negative.
A positive real number  “a" ‘has two square roots (éé
roots of the volvnomial enuatlon x2 = a), one n031t1ve the
, other nesative, For a=4, For 1nstance, tho square ‘roots are

clearly 2 and -2..



~ i,

The p051tlve Square root of a()O) is denoted by ;/a ’
. ] , - .

~and the negatlve one by -ME: Thus,

N

-~.12f=:-2; ~7*(-3) ~/'9'- 3

.,

The number. 0 whlch is nelther p051t1ve nor negatlve has -

only one square root, namely 0,. as a double Toot of x2,='0;

Absolute value~wbi ' o .~“‘ [

The absolute value of & real number 1¢a¢ is a non neo-

| ative 'real number, denoted by |a| and definea by
o o L =\/? 00 g
or eqmyalentw'?y L o
fel 0 if a0 . i

- if “ad0

The equlvalency of two deflnltlons can be - seen by

conslderlng three cases ¢>°’, a_o, al0 separately.

_'|5|;\'/§2—L='"5, \-31 \/~3) \f— ¥
|-21= =(-2) =2 |2|_ '
eAsvaﬁiimﬁegiate corollary_we hé&é
Cereligix‘i: | _
B R S PRI I
Some ether proeertles .are- stated in the next theorem.

/
_Theorem; ‘If 2, b’ are real numbers, thenzv
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1. |abl= |a1 bl e |%|="l-a{;
5. a s b] £]a] s m
Proof.v_ o e
el \/GZ)_ \/_ J— Ial |b1
‘“2.' Proved simlarly. . a o
3. [asnl® = (arm)? o
Cae?a 2a‘.b\+‘bg Ba : -
) ‘_‘;alz voaoafp]? |
lal + 2]e] o]+ lbl
| = (el + % T o
B S R
whére [a&b[ a| + |bl bemg non negatlve, taking positive

square roots “of each s1de,
1

CJaenlglal s Iy

—

| foliowso ‘ -
L Changlng b~ to =b 1n the last 1neq1311ty the latter _
_is seen to 1nclude the 1nequa11ty. .
A _4|a'-vb'l.4|al + |p]

Distance

The dlstance between two p01nts A and B w1th coor—

~dinates a, b “on the number axis, denoted by
a(a, B).= a(a, ») = |aB|,

-7
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,‘j.s'tilefinred as the non negative.%eai nﬁmb_exi Jo-al.
E»xamgle.: | | : v
LaG, ) =ls-3=2 " a5, 3 =]3-5=2
2, a(3, =5) =3 + 5 = 8. a2, ) =|7 +‘2|-= 9

E. Complex numbers

’ The roots of the quadratlc equat:.on
ax” + bx + ¢ =0 (9-740)

are gﬁf.veh vby

. =b I\/ba - 4ac
X E :

e

They are real if and only if (1ff) the d:.scr:.mna.nt

A=b 2'- 4ac is non nega.t:.ve. Then for a real k if A— -k <0,

_ the roots become non real (mag:.nary) a.nd have the form

SRR 1 5 SR
x.1,7_2f E-

>where ‘u and v are real numbers and i =4<1, unit imagi- v
- nary number, m.th 12. = =l. 1 , L ‘
‘ _ Henece 1n ‘the general case for any A the,' roots of a

uadrat:.c equat:.on are number.s of the form
w4 iv

‘which is called a complex number,

v A complex number

"z =a + ib
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Eﬂfls real or 1mag1nary accordlng as b 0 or b # 0. The. feall

ixlznumbers a and b are called, respectlvely, the real part. and

o 1mag1nary part of z, -written

‘a = Re 2z, - . b=1Imz. B

Equality. Two cOmnlex numbers are equal iff their real -

parts are equal and 1mag1narv narts are equal-'

a + ib a\

c+id & a=g¢ D

\

 _Hence a+ib=0 & | .a

Con;,ugauon. If 2 =a+ib, then the number a - ib
is called the complex con)ugate or 31mply con1ugate of z,

wrltten z a --1b. o - B ~; o -

" From a'+ ib = 2= ib. @ b = 0, it follows that a
complex number is real 1ff it is equal to its conaugate.
' 1z =z & real 2; Sy '
T o o _ .
Addltlon and sub_- tractlon. If z a1 + 1bl, 22 = a2 + 1b2

'-f'then thezr sum and dlfference are deflned as follows:

. 20 zy - ?2 =8, - a2 + i(b - b )w

+ 7, ai + 8, + 1(b + b ),

‘.One concludes that

zq + Zpr zljf.zz = zl f zz

‘21:_4- ‘22‘»'..‘—'.
'”;,In words- The conaugate of a sum (dlfference) is the sum (dlf-

1, ference) of; conjugates,
‘ A complex number -is multlplled bv a real scalar k by

'irrmultlnlvlng 1ts real and 1mag1nary narts by k2



N o
k(e + ib) = ka + ikb

. Example. Simplify .
e)u=(2-3i) - 204 +2i)

B v = 2(3 - 2) ;_31

Solutlon. _ _
a) u = 2 - 35 - -8 - 41 = 2= '8 - (314 41) -6 - Ti
"b)v= »

6 = 41 +'31 = 6 -1i=6 +‘i

Multlpllcatlon and d1v1310n° The product of two complex

numbers is obtalned as followss:

3. (a + ib)(c +'id) = ac + iad + ibc'+'i?bd,

ac +i(ad + be) - bd (Note that

ELEES
| = (ac - bd) + i(ad + be) .
Coroliggx.~z'$ é‘+ ib =§ 55{% 52 + b2

: Examgle./Porform multlpllcatlons.

@) u=(2- W5 +E) i

D) v = (2= 3402 + 3 | "
_ Solution. - L o o ". N

,a).u = 16 +v2i -‘isi - 3i2 = lOfk l3i'+.3 =13 = 13i

B)v=(2- 31)(2 +31) = 22432 244+9=13

,4° -In view of above Corollary, d1v1810n u/v 1s carrled
©out by multlplylnz the- numerator and denomlnator by
the" conJugate v of the denominator° e i



14 a

’ Geometric Represeggggg op.
B,' te.king two perpeniiculm‘ axes m.th

a common origin .0, and considermg the . u%

2

horizontal axis as the real axip conté.ining 3
pure imeginary numbers (see fig.) any '

'cOmplex numbers 2 = x + iy - will be repre_;' Y

" scnted by & point P -as the Vertex of the ¢ |

J’rectangle OXFY . where X is on the real . (k-—-

‘axis vith absciasa X, and Y is on the -

imaginary a:d.e *» iy The pla.ne in wh.:.ch
complex numbers represented this way is -

o

' 'culled complex, plane (z-plane or A’RGAND p e)
On the accompanying ﬁgure, the numbers

1' 1’3"212 -.,21'1,"1,21’ 2-21 B.I‘eQ

plotted.

6‘\

The conjugate numbers g = x + iy and

2 = X - iy will symmetrically placed with . '-,.,‘

respect to real axis.

T

DRI

>\

ey
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Bemplee 1-3 T1-3 I.i-T 2 -T@rEt

One may-showlthet

CE1%p = 2%y %)/ ?2 :=.-;z-1/:""2

In words. The conaugate of a product (ratlo) 1s the product

A (rat1o) of congugates.

) » Theorem. (The Fundamental Theorem of Algebra)
" A polvnomlal equatlon w1th real coefflclent of degree n. has g
at least one root, real or 1mag1narv, .and hence n roots, real -

or 1mag1narv, 31mvle or repeated. o
Proof. Omltted.

_ Corollggx If a polynomlal equatlon w1th real coeffl-:
clents has ‘an 1mag1nary root it admlts its conaugate as anoth—’

er root.»

" Proof, The proofris an.applications of)conjﬁgation: Let
"l;he equation . .p(x)= ?'o - a_‘x - g.,‘.-l- ar‘X' . =0 "’th.Chcaﬂ be

" represented as

e P(x)‘ Z akx ='

: ?admlt the lmaglnarv number z ‘as root. Then

| Zakzk

= P(z).

=30

rv}Zekz 2: ek 25 Z: ak 2
'2' ék(z) = P(z_)» %..}P(Z):é

» ‘ Corollarv. A nolvnom1a1 equatlon w1th real coefflclents,\
fof odd ‘degree ‘has at least one: rnal 00t '

Polar form of comulex numbers and related nronertles

g,
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will be +rpeted in Chanter,

Ve conclude this section by two class:.flcatlon of numbers. _

1. Complex ﬁmnbers ' (a + ib)

-

Real nuinbers (a+ib) (b:O) _ Imaginary numbers (a+ib)( b#0) -
“Rational " ‘Irrational ~Pure imaginary numbers
] » R - | . ib (bf0)

. II. Complex numbers

N

Algebraic numbers Transcendental numbers

EXERCISES(lal)

1, COnstruct the follow:.ng numbers on the. number axiss:

‘a) 3/5 ’ ‘ - b) -7/3 (use Thales Theorem)
cr)«\/g . . | _ d) \/—é (use Pvthagoreas The-—
' ' Sl orem)

2. Give examples of two irrational numbers such that

‘" their
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a) sum  b) dlfference ~¢) product: ~d) ratio .

A:Ls a rational number

Let 1, e be two even and o 5

7 % be}tuobodq num='

‘bers. Then prove the follow1np~

‘a) e 2, ‘ elez, ol+02‘ - ‘are even numbers:

':4;

5e

b) e + 0.

1t % %1%

If the product of two consectlve

are ddd numbers _

-

.a) even numbers is- 624, b) odd numbers is 1155

find them.[ a) % 24, s s b)Y = 13, fss 1

If the sum of three consectlve'

a) 1ntegers 1s-294 b), even integer is 288

.¢) odd integers is 327

 find them. [{ltm‘ 75,43 Meullmda’ﬁz numlercz.s a varzaﬂ/e]

6o

Prove that the squa.re

- a) of an even number is an eVen num'ber

B

9.

b) of an odd number is »a.n odd mm:ber
Prove the irrationality of the numbers
a) /7 o b)) 3442

Find the value of \2x + 151 for

a.) x=—9 ‘ b) x--'78 [a) 3,.,) Ové]'
how the follom.ng prOpertles of absolute value.
&) Jaff=a® ) -lal¢ aélal

o) la-bl=lo-8 @ |al-0& a=o0

o) fwvl=lal o] ) Ja/vl=lal / po

‘@) fa+ o Jalelol  w) flel-bl|da - 5]
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10, #ind the distance between the given points. First .

] ‘ expréss ther as absolute value, and then compute.

a) 2,72 and 5,16  b) 3,86 and =7,28
c) -3,86 and 7,28 d) -1,23 and -12,35
11, ( 3 + i)3 =2 Ans 8. 261
¢—2—-t—1-— ' .‘,7'
Qe 5T =T Ams. (4471)/13

. .
- 13. Write a polynomlal of least degree with rnal coaff1-~

cients having the roots 3, 1 - 21, [; - 5x + 1lx - 15]

.14. Solve for real x and y 3

2-4 _2x =34y 4.

= -x = 5/6 =‘O:
3+iy . 2+ 1 D P Y ES

15, If z =5+ 41 find 2z° - 22 +zz A 60 + 320

1.2 SETS \
o Ao Deflnltlons | .
Any collectlon of objects (céncrete-or ebstract) is
called a set, and the obJects in the set are its elements or
' members. ‘ ‘ ' o
The sets are usually represented by éapitai igtters
‘/A; By seo ¢ Two sets formed by the same elemenis are saii‘toA
be equal, i A
The set A con31st1ng of elements, say, 2, &, Ankaré,
=Ty 1is denoted either by llstlnp the elements within two

braces, or by a diagram (Venn dlagram) in which the eleweqts
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are marked'arbitrarll&,in,the plane and.enclosed by a closed
curves: - ‘
A= {2, a, Anxara, =7}

A= {Ankara. 2, -1, a}

 The symbol € is used to mean "is an element of" or
"belongs to", and ¢ is used otherwise. Then

2ea, Ankara € A, T7¢A, Ankaga

A sét having finitély manyzelements is said to be &
finite set, and one naving infinity of distiuct eleﬁents“an
infinite set. Thus {2, a, Ankara, -7} 'is finite, while the
set {l, 2, 3, ees 3 D, ees ] of natural numbers is infinite.

If S is & flnrte set, the number of its dlstlnct ele—

ments is denoted by n(S) _ N
Example 1.

1. For the set D = {0, 1, 2, 3’ 4’ 5’ 6 77 8 9}
of digits (numerals), n(d) =

, 2. For E {Venus, Earth, Izmlr, 3, Earth, 3, -5}

n(E = 5.

‘ Another way .of representing sets is by the use of a pror—
ertyv common. to all elements, If such a property is’ expressed

by a true statement p(x), then the symbol
{x: p(x)} or { x] p(x) }

reoresents the set of all obiects having the oroperty p(x).
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i

The meanlngs of the symbols {x- p(x) and q(x)} and

{x° p(x) or a(x)} are clear.

Example 2, _(»for finite sets):

1. p={n:nisaaigit}={0, 1, 2, eer , 9}

2a .{n::

‘3. {n:

'ne Dy 'n is pz"ime}é {.2, 3,',5;"7\}’ '

n€ D, 1¢nd7}={1. 2, 3,4, 5, 6}

. Example 3. The follomng 1nf1n1te sets. of numbers are

used frequentlv in mathematicss

1.

. 2e

3.

4.

5

6o

{ n: _n‘ is a natural number} o

N =
= { 0,
.Z’= { ne
é{.;
0= {r:
q # 0}
v {r
R=f {2:
-:2=={z:

l, 2, o"oa y I, ooa’}
n is an ‘ini:eger}
A ,
’ ‘27 ‘19 01‘19 23“ 060}

r is a rational numbﬂér.} ={*§- : Py A€ Z,

r' is an irrational number}

' x is a real number} ={::: X€Q .or ‘er'}

!

~z is a complex number}: {a-q-ib: a, bg R,

A set worth of mentioninsr is the one having no élement
at all, It is called the ‘empty. set (null set) and denoted by
" #, so that n(g) =

Example 4. Each one of the vfollowing.is‘the null set ;3:

_ Al‘.‘{x:'
;‘ ot 3ov‘{X-

In any

the obj erts that

2

X + 1=

0, x€ R} ‘2 {x. }xl(o, | x € R}

x is a box, 'x is open and x. is closed}

partlcular dls(,uss:Lon, a set that contalns all

~enter into that discussion is called the uni-
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versal set. dlearlv numerouévunivéfsal,éets exist correspond-
ing ‘to numerous particular discussions. A universal‘éef is.
‘denoted by U. . _ o

If real numbers are taxen 1nto con81deratlon, 'R is the
universal set. :

B.kSUbsets : I R : T

A set A 1s said to be a subset of a. set B, if every
element of A is also an element of B, and one wr;tes

~ A¢B  (Read: A is a subset of B)
‘where B is said to bé a superset of A

It follows that any set is a subsnt of itself, and we
agree that the emnty set is a subset of any set. Thus

2

¢cp’c{1} {l} {1, 2, 3} ICZCQCRCQ}.
If ACB, but A ;é B one .uses' the notation

A<B (Read: A is a proper subset of B)

+~ where B contains atileaét one element not contained in A, -
With this notation the above relations can be written in the
“form '

gec g'c{l} s {J}*c{l,’.z;'3};wczcacacc n

‘ Examgle;S.LWrite 2ll subsets of “l, 2,_3};
o nswer: 4, {1}, {2} {x} '{i, 2},  {1, 3,
o3 2o |

-If each of two sets is a subset -of -the other, then
'clearlv they are equal, and vice versa'f
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' AcB and BEA &y A=B
This _implicétioﬁ can be used.'to ‘provelequ;balij:yfo'f sets.
Some subsets of R are in so _frequent- use that they
bear sr}eci,al symbols, namely: |
: I_i"' ='{x':. ‘x> o, xe.R}, ' ,Rf_?{ic: x {0, ‘xe‘.R}‘

R ='{x:‘ x€ R, x # 0}

In the same way we ~niay talk. about the subsets of Q, 7
and N . (Why N = # ?) However some authors use N for 2 .
In our notation, N is the set of all negative elements of

N, which is the empty.set). o

' Ce. Operations with sets . -

_ Given tworsets‘ A and B, by means .ofA three 0perétions
"r\",. " U“,-. and " N we define the *phreg sgts,‘ namely -
| l. AnB = {x:' x€A and x¢& B} »:.."'A intefsection B™
2. AUB={x: x€A or -xCB} 9 umion B
3. A\B':ﬁi: x€ A,xﬁB} o -mi'nu_s' ﬁ“
,Ver;n diagrams of .thése 'sets’lé.re. indicated byv shaded sets

given below: .
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‘

The intersection .AnB (which isfalso denoﬁed'by AB

or A, B)*

is the set of all elements common to 'A and B, the

‘unlon AL)B (whlch is also denoted by A+ B) ‘is the set .of
_all elements belonging to A or B, or both- A and B, and

: the dlfference ANB | (which 1s”also'denoted by A - B) is the

. set of all elements of A that are not contalned in  B.

o When A~B =, then the sets A, B are said to be dis-

Y ',{1, 2, 3} n{é, 3, 4 '5}' =7"~{2, 3}

2. {i,rz, ‘3} N5y = (2 3, i4, 53

are dls;]ozl.nt sets)

3‘.‘-;.'{1, 2,3} o1, 2, 3} = {1, 2, 3}
s {3, 2,},3} L {2, 3, 4,5} = {1, 2,3, 4 5} y
s, 1, 2,'3}\'\; {1, 2, 3_} = {.l, 2, 3}

| 6.  {1,' 2, 3}N {1 2, 3) = ﬂ Lo

T o2, 33814, 5} - (1 2.3}
S 23} {345y = (1 2)

" Fxample. 1o R~Q = Q° 2. RNO' =Q 3. Qne' =g

Corollaries.'

1.

AnB = Br\A - 1's AyUB=BUA

2. (AnB)NC = An(BnC) 20, (AUB)UC = AU(BUC)

' Corollar;es. -
1. Ang=A o, aus =4
2. AnG=8- B o '\2' .. AU = A
. = A o 3. AUU'=T

AU =
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Exa.mlnlne the accomuanylne' Venn dlag'am one ernedlately_
gets the relatlonshn.ns : L
‘ o AL g
'nv(‘_A)' + n(B - 4) /

. n(AyB)

n(B-4) = n(B) -~ n(A~B)

which when added member to member give

n(AUB) = n_(A) - n(BI) - n(a NnB) -

-

' Do Complement ' .

, When AcS, the dlfference 3 ~A ‘is ce.lleci‘the ,
' comglement of A w1th respect to (w.r;te) the set_' S, .and .
denoted by o ' )

(‘S A (Read° The complement of A WoTs tO S)

If S .is tc.ken as a universal set U the no’tatiOn for
the complement of A ‘is simply A'. The 1mmed1a.te corollarles
are cleaz" ' ‘

B

(a*) = A,' U’ .= g, g =0

Example 7.. For 5= {2, 4 5, 6, 9} and " A = {2, 6, 9}Cs
»fa.nd the complement of A w.r. to S. ‘ B

s

C A =s ;\A =‘;{4,' 5} -

Example 8, C Q Q! ,
" o ( ,

. Example 9, Verlfy the follow:.ng relatn.ons by the use of

Venn d:.agrams . : '
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&) (hp) = A'UD', - B) (AUB)' = A'ABY

Solutlon. a) Taking a (rectansular) region as the uni-

4 versal set U and revresentlng A and B by (clrcular)

reglons in U - one'ootalns a Venn diagram of U, A,.B on Which

the left hand side . (AAB)* is the shaded region, since the

unshaded reg 1on represents Af\B .

7 SEs2ss
i;;;A X 7 "—:(, ‘/xF*-\A
7 siies:

“AnBY - A'u s

In the second dlagram for U, 4, B, the set‘ AY

is
shaded by horlzontal llne segments, and B'

by vertical ones,
-“and their union is seen to be the shaded set in the first
'dlagram. ’

b) It can be shown in the same manngi5 It can also be
derived from (a) setting A =S', B

=‘T', The proof runs as -
follows:

(AUBi' (St UTO-)'.

- =UsAM")'  (from (a))

™

ST
=A'nB'o a
. The two propgrties (a) and (b) given in Example 3

above are known as De lorgan laws.

3




: closed 1ntervals.

'E. Intervals-. _r

‘Some.subsetS'of R, deﬁo ed by [e, b] (a, b), [e, b),_
(a, b]. and eelled'intervals, are of partlcular importance.
Their,definitions ’aeVWell as ,thelr graphs.on(the.nqmber axis.
.3re‘given’below= R i o

‘)

1. {x: agxgpy= [y 8] C % .
2. {x: a{r(b}'='(a; b) ’f_fg:—f_—“%?—#fi>
3 fxage)=lan) BB x
.v'4.‘.£k: e(igb} = (a, v} | a —% xS ‘
s x(e ] =(~0 ?1/‘,' S "x
6. ‘{é;:;‘x(c} _;'(_,o;, ¢) 3 " \
7. {x &} = [a, ) 3 T x
8. {x: acx } = (d, ) & E ;x E
9. {x: all x} = (-oo,co) R — -

‘ The lnterval [a, b],‘ representlng a l:he segment as
' 1ts graph on the x—axls and 1nclud1ng the end p01nts a, b is

called a closed 1nterval whlch reduces to a SLngle point in 5,'/ :
‘case the end points coincide . o g . '
The 1nterval (a, b) is distinguished from/[a;'b]'by

not. containing the end points a, b and accordlngly is called

an open 1nterval and reduces therefore to the emptv oet "]
_vhen & = b: (a, a) = ﬁ._," -

' The intervals [e, b). and (2, b] being closed at one’

end open at the other are referred to as semi open or semi

N i

{The remalng 1ntervals in the list ere exnressed by the use

“of. symbols -0 and 0o - called respectlvelv mlnus infinity

‘and plus 1nf1n1t1. It is 1mnortant to note that they are not

‘numbers, buu are convenlent symbols for denotlng p01nts at ln—
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flnlty of a numbers axis, T -
In a closed 1nterval {x. afx{b, xefﬂ = [a, b] ‘the

end p01nts a, b are extreme values of the varlable X Thls is

,the reason for calllng the 1nterva1 closed. _

In an open 1nterva1 {x- alx{b,  x¢ R} (a,'b),v for

~the varlable X there 1s no extreme value.

Exa.mple 10. Show that in the :Lnterval [_-2, 5) there

ils no largest number. " o

. Suppose there is a larsest number M- in [52, 5) Then,

since ° Ix.(E (¥ + 51< 5, .the midpoint - (m + 5) 1lies in the

. interval which is’largerrthan M, ‘contradlctlng that M was

bﬂthe larsest number. R ‘
‘Since the 1ntervals are number sets, operatlons with in-

~

terval can be performed. N

Examnle 11, For the 1ntervals A = (=3, 7/3)
B = (0, 4) sketch the graphs of the sets (a),.Af\B;r\‘
(b) AuB, . ey A =B - (d) B -'A

Solutlon. Flrst, one sketches the graohs of A and B
on the same number axis. If the _graphs overlap (whlch is the ‘
case for A and B), -one sketches (in practlce) one of the in-"
tervals on the ax1s, and the other not on the axis, but just
above the axis’ (these graphs should of course be thought as

\

drawn on the same axis).

. I3

O

.?0

. 7

Then the graphs of A B, AUB, A=-B and B=A

. _ A
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follow immediately:

K-r\B

: . o W
"AUB: X | '
- o [ P : .
A~B: L |
B-Az: ' o0——o0
W4

Closed -or open bounded intervals {a,' b], (a, b)

also -be def:med by a single inequal:l.ty :m’srolva.ng absoﬁ.u-be va.lue )

such as

{x2 |x ~ulg v} or: "{x:‘ |x - u| < v} (v>0)
of,which‘the fii‘st one, cOnsisting’ ofAz'all riumﬁers_ ;: 'whose

distance from the point u is less than or equal to v,

represents the closed 1nterval with midpoint u and. end po:.nts
U=V, U<+, while the second represen‘cs an open 1nterval

3 wrbh the same elements.

'Ex ample,
1. Find ‘the :Lnterval def:.ned by lx + 5 I £3

20 Express (=T, 3) vas an inequality involving an -
. 'absolute value. -

y

Solution.

¥

Lo k5143 5 -3 4543 5 -8&<-2 »[-8, -2].
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¥

2.u=3 (-7 + 3) -2, v Al ke 25

EXERCISES(1.2) .

16.. Write the following each 1nterva.l as 1nequa11ty with

absolute value,

) (3, @) ©) [~15, 3] :
. c) =3 -" y <3 +f] - a) "(—_a, b) |
+ 17 erte the follow:,ng as a, sihgie int“ervalz
‘ ‘a)'[-a, 3]0(”2, 5] - b) A[-z, 3]n(2, 5]
o) [7, 5]u(-8, 3) Q) [-7, 51N (=8, 3)
o lx-3l<s S D) |x e 6]€2 |
‘ i8. ’F:Lnd the set of solutlon -of the following equat:.ons -
- for x€R
Calsl- x =0 W lxed]-5 =0

“e)2lx -1 - jx[+2=0" a) 152 = 3x-—1o[-
o : RN B 3x 415 =

‘ ‘ 19; Write the follomng 1ntervals as 1nequaht1es in | '

o ‘absolute value: _ ‘
'a) (<7, 4 4). Ans. lxél( a [-11, -2] ,44:: lau—{K"'
20. Write the interval defined by
. ‘a) 1= + 3[<a Am«(-ﬁ,{) ) )x - 2|>o “AAs'. R

. ﬂmu.'er.s' v

6. o) |x-F ;, b ]x+él<9, Q) uss|cst .
| 7. a) [2 5]: 5)(2/3); c)(8,5] J) [?:3)_, e)(z,s) f) [31""_]
16..3) [o,2<)y b) {9, 1] , c)¢, d) {5] |
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1.3 "INﬁUCTION | , ,

. Some theorems p(n) in mathematics whlch 1nvolve the
integer n . as a varlable are usually proved by a method called
1nduct10n. These theorems are’ very often expressed by the use
'of some notations which we deflne below. )

Let. am,‘... y Bis eee s aﬁ be anJ numbers w1th al as
the general term where the integer " i " is called the index

" “yariable or ‘simply the index. (m41 Ln)

The sum ax.m + . s0e +° al + see + an where i runS'from

m ‘up to ‘n ~is denoted by the use of capltal Greec letter =
(SIgma) ‘

8, = 8 + ves + 2 (summation of fai from

i i m. _
' ' ' m to n),‘Z: being

“n

m

b

' called the summation notation and the product 8 eeeBioee8 s

. represented by the use capital letter 77-(pi) as

A}

|
b

being ealled the product notation- -

Example. ' S ' R ;

: i=6 S
10X (212 4 5) = (z 32 4 5) (2.4 +5) + (2 5 + 5)
A E 3 ' s (2 6 +5)

2(3 +. 4 + 5 + 6 ) + 445 =

. 2.86 + 20 = 182
© o2 T (21 4 5)

=2

(2.22 +5)(2:3% + 5)(2.4° + 5)

o +13.23.37

n;l:s‘_

=D

i= leoen

n- N ) T ) ‘ . N " . - 2
= eoo ' » e ] ’
.7?f a; =8 esed (peodoct of a;, from m to xn),77—
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The last example gives the product of all positive in- -
tegers from 1 up to n. ThlS partlcular product is abreviated

b “the use o+‘ notation ® § ® called the factorn.al notation:

le.ori = md . (read:m factorial, or factorialm)

Defining in addition O! as 1 we have -

Q
e .
]

=1, =1, 2l =12, 3}=1.2.3
4! = ’10203.4, 5! =10204.5= 425

(n + 1)} = lesesn(n + 1) = n!‘ {(n + 1)

Anotheir symbol is "l" which is put. between two integers
or between two. polvnomlak to mean that the left quantltv di-

vldeQ the rlght one:

5 |25; 972, a1l x-4]x? -4l

Some ‘statements to be vroved by induction are the following:

“p(n): . 2, 12 = n(n + lg(Zn + 1) for all né&lN
i=1 : : -

a(n): nbd 2", for all ne'Né ’
r(n): X - y"lxn - yn, for ball némlv'

.\ where the sets N,, N, or in general N_ ‘means .
[Hm ={m. m < 1, mv+ 2, ﬁvoa}

whlch consists of all success:.ve 1nteeers. smallest of wh1ch

is the" 1n'beper méﬂ
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The proof of a theorem -

- "p(n), for all ne Z, ={m,_,m + 1, m+ 2, .'..}', me 7.
‘by' induction is done in four etepsz v
l:._Ver:i‘,fying the trﬁth of p(m), or verlfylng p(n)

for the first’ 1nteger m 1n Z -

.2. Assu.m:.ng the truth of p(k) ‘for a number ke Z

\

‘~ 3. Prov:mg _p(k + 1) usmg (2),

‘ 4, Argunng as follows~ C S
p(m) is true by (1). S:ane p(’m) is true, then
p(m + 1) must be true_by_ (3)e Since p(m +.1) ;'Ls.' '
true, then p('m’+ 2) must be true again by (3y. . '
‘Contmu:l.ng this way p(n) must be true for all’ neZ .

Ele. Prove by J.nduct10n°

n ."; o » ‘ '
T i=1 Co T ‘ ’

Proof. Here' zﬁ- is 7, siﬁce, 1 is the least value
taken by n. : T - v '
1) p(1): S, 12 =i 12(2 + 1) & 1=1 (true)

. i =1 _ : : R

(In case p(m) is false the statement 1s d:.sproved and hence
there is no need to go further.) _
2) Suppose 'p(k) is true for some ke 21,‘ ‘that is, sup-
. pose S ' ' oo .

2 kfk + 1)(2k +1)
- 6- :

v M=

L
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‘holds,
-3) We need to ﬁrbve S R )
e ' k+1 ~ '
sk + D > i2= (k + 3)(k + 2)(2k + 3)
i=1
u}ader the hypothesis (2). Indeed, : o -
k+1 .ok, : '
S i 3 % h (ke 1?
- i=1 i=1 ‘
Y . '
= (k+ 1) \'_‘1‘131‘—6“—ll +k + 1]
(e HZ) 6(k + 1) _-
» 2 4 Tk 46
= (k + 1) =——p—
(k4 1)(x + 2)(2k 4+ 3)
i ' 6. a
ﬁhich is ok + 1), : - , -

.4)- Then 'vp(n') is true for all ‘ne 7. ®
Examplg 2. Prove al > 27, fo;' all ne Z .

" Proof. k :

1) For m=4, 4> 24 ~ (true).
2)4Sup'3:ose x> 2}(_ is true for 'k 74{

3).To prove (k4 l)!) 21‘*1, having

e+ Db =i 1325k« 1) (bv (2))
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it will suffice to show .\ :°

[

2 (k+1)>2k+1\;

or k + 1)2 wh:l.ch is true smnce keZ4.

4) n!>2 is true;forf all ,n674-. v L
RN . }.n  n; .
. | Examglg .3. Prove X = ¥ l X - v, fpr all. 1"16 Zl. .
Proof. : o
‘1) For n=1, xX=-y l X -y '(tirue) Lo
. 1k ok SR
2) Suppose - X - y‘ X =~y for some kéZ

We havé 'supposed divisibility of = - yk wox-v, that»is}f‘_ _ ‘

the existence of a po]ynbtﬂial B(x, y) such “that o . |

SRR | \ L o |
k k . ' - .

X =y =B(x, y)e(x = y)

k]

k+1 k-d-l

3) We prove x =y | x ‘using (2).
To use (2) we exgress xk * ~l - yk +.1 in terms of xk - "yk:'. ‘
xkd-l“yk‘ﬁ'l.: xk-+ l_xky+xky_yk + 1

!

x“(x - ¥) + ¥ -9

X (x - y) + y.B(x, y)(x -y)
- (by(2))

| ’-[x + .vB(x,y)] (x - 7).
= C(x, y)o(x - y)
me@ing that

x—y k+liyk+l
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4) Then disivibility holds for'all neg Zl.

EXERCISES( 1. 3)

21, Evaluate . , - Sy

6. . 4 ‘ ' ..

a) Z ‘12 '.’41’55 90 b) 77- 12 Aﬂﬁ 57‘
T Y 7. 2 Py
”lei '@jjf ”;g}%’ A Ve

22, Write- the following by the use of' 3, 7 ort . E

a) 22+ 3% 4 T R T
c) 3+ 6+ 9+ 12 +.15 4)3.6.9.12.15
~e) 5 . 10“.}15 « 20 . 25 . 30
f)'s,; 10 + 15 +20 + 25 + 30 .

23.‘ Write the following in the forms  (n - 1)fn and

(n=2}¢ (n- 1)n ' ' .

) - : - 49! 50
a) 2i p) 108 = e) 32l Q) 508 Avsr 46! 49.50
e) 12t - £) 100} g) 3! n) 5

244 ‘The symbol an..,ao' réjaresents a nositive number
with n + 1 digits (for instance 1977 1977)e A

vmathemat:.clans proved that the equallty
. n o ,
Z k> = By eeer 3

holds only for numbers 1, 145 and 40585. _Ver:.fy

the equality for =l;hes-:e numbers. .

25, S:Lmnllfy fbhi: following :

28 SRR - SRR - S -y

| 25
- d) [9] b( 41 ¢) [mml - 4) [2627],



,3}5

128 50 s 128 70} 5'-,\ su

An Ve ———
s T T 57/3 Do ot M s
v
Through 26 to -45 - prove by 1nduc1;10n
‘ n X rn+1 -1
26s 2, T _=\'—;—~—— (r;él)
k=20 . )

IR - ‘a) (1 +a)y1 +_na."_ ne 72 ‘
2Tea+1d0,ag0 J T
o SR - P o1 2
b) (1 +a) )J.+na.+-§n(n-l)a,.

28, 2n> n?,. nez, .
29..;)3'[4“-.-’1 . p)8 9% -1, nez
30, n$>2%, nez, C
- 31. a) 2n3 - 9n2.,_-ft- 13n 4»25)0, - ne€ 2'__1~

" b) 2n3

+ §n2‘+ 13n + 750, 'ne"z;z I o '
32. !a + oes + & l ((all+ ces +' ‘ 'ngz-

33, If a.i are all pos:.t:we or a.ll nega‘blve with
a; » =1, then BN

(1 * al).;'°" (1 +’é,n)>v]>.’>+ ay + .Q,fféu} nézl

’ .n
! 1 1. .
.34’12*"'*'(':?-_i')'ﬁ=1‘.5«? nez,
3s.fa §n; g(; Ly BRnelme2)
- k=1 . 3 S
b) % »k(k + 1)(k +2) = n(n +A 1)(;1:- 2)(n +' 3)

3. Z kok!—(n-a-l)
T ey

S
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: 3-8.\49 \n3‘+ (n:+ Zl.)3 + (n + 2) ’ ng:z ; S

T.s39.133]1n“2‘+122n*1 nog
40. 2: ( 1)1-1 '12'= (_l)n-l n(n + 1!
i="1 ; o _ ‘
4}._a°/- 2? & = 3 ah+1,, 3gn~ 29n-1=*'§n --2.~+ 1
42.: a) Tt et M on Z,
b) 2, ~(32 + k) = h3 + (n+ 1)3, new
k=1 v : o
43. a) 3 ‘pz'\- n, b) 5 \n - n ) T|n’=n" nez
44, a, = coSQ,. ) | g2 = cosze, o g
.‘gﬁ = 2a.n lcose -a - =%> a.n = cosne, _ne‘ZS,

45. a) 3/a (1 +«/2/n, néZ’ :
w ¢ Bl neg,

dnwerss
‘ U8y T, 61 - s
& a)é't, ',A).g(,, c)lz,ak, od) I 34
e)ifﬂ’f) IZ‘S’Z_ \ : -

1.4 RELATIONS ‘
| A, Rectangular Coordlnate System

Con51der in the plane two perpendlcular number axes 0x

and Oy ' with common orlgln 0, called a rectangular coordlnateA

sxstpm or a cartes1an coordlnate system. A plane provlded w1th

»

[



such a system Oxy is called f o

an analytic plane. Let P be

any point in the analytic plane

A -
with coordinate . x and.y .. Y
|where x is the abscissa and y B A N = (x, y)
the ordinate of P. P is repre- - .
éented by the symbol (%, ¥), o1 x "

_called an ordered pair of ;gal Récta lé?'coordinaﬁe .

numbers, a@d written P = (x, y) B systen
or P(xy)y) ‘ -

If I is an intefvgl taken on the.hbrizontal axis Ox -
(x—axis),.and‘ J an interval on the vertical axis Oy (y-axis),
 we défine the cartesian product »

IxJ as the set
Alx, ¥): xeI,  yed}

of all ordered ﬁairs’(of.points\}n the analytic s

plane) whose first coordinate x ’ rf

_is'in‘the first set I, and whose

second coordinate y is in the

second set Jo. The set I x J is

™

_then the shaded rectangular region .

|

in the figures ' LT i g
- , Graph,of IxJ
If J =1, the'cartesian product I x I is abbreviated -
‘as 1% and accordingly the cartesian product RS will-méan

the whéle analytic plane.

B, Relations o -

A statement' p(x, ¥) involving fariables X, y with

x€l, velT (ozj:with (x, ¥)EI x J) -is called an open statement
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which is true or false in I X J, or in a subset of I x J.
Ex Eles."_‘ .\'
; 22
1. p(x, y): X" +y é,25,- (x, y)e &2
' vTrue for instance for (-3, 4), (1, -2) and false
. for instance for (4, 6).
24 q(x,y): \x = s"f ] (x, y)é Rz . S A
True only for x=5 for any’ y, and false in other
cases, ' '
. . ‘ - . ': N - . 2
3. r(x,¥)s 2=2, (x,7)€R
Since 2 = 2 is always true, ‘r(x, y) is true for
-all (x! y) » . o

541 s(x, Y):b_ 2= 3, (xv Y)GR ‘
}Sinc'e. 2 =73 is false, A s(x, y) is false for all
C(x, Y) ‘

X

Let ICR .be an 1nterval (Read: Let I, wh:.ch is a sub-
" set of {R, be an 1nterva.l) on the horizontal axis, and J cR {
one ta.ken on the vert:.cal axis, Then by a rela.t:.on S from I °

to J is meant the set

. § {(;;;#): ieI; yed, 'p(is-ny)_} (1)
O - g

5 consistiﬁg of all po:.nts in the a.nalyt:.c plane for wh:.ch the

I Mmoo o an

Y

+

‘ statement p(x, v) is-true, -
. The relat:.on (l') can be wr:.tten more generally as

o S: R“f’ B". ‘P(X, y)_, 3 . T ',”;5(1")



39

to mean thet f is a relatlon from reals to rea.ls.

S’ ‘can be. restated as a rule p(x, y) by w}uch to a
number x in I there 13 ass:.gned e:.ther no ¥ or cme or more
v in Jde An:y' ¥ assxgned mth a glven x is sa:xd to be an
image of x under the relation § . - _ o

Yhen (l) is plotted’ 1n the .analytic pla.ne, h‘e résultiﬁg
set of po:mts is called the graph of the relation g - , Depending.
uporn the case, either § is the empty set (vuth no graph), or ,
the graph is a curve or a part of the a.na.lytlc pla.ne (a ?eg:.on)'.

In connection’ with a relation § : R -»lR, p(x, y) o
from reals to reals we def:.ne the set ‘

D = {x= ?(xs y)} ,

'cons:.sung of all - x of all palrs (x, ¥) in' § ‘as the domain
ofg,andtheset L S
R ={vy: (= 9}

~

of all images as the razig_g-ofs . Certainly DSE , R, cJ.

Examples

1. {(x, )z X+:s'
2 {(x, ) x '+y
3. {(x. )2 v<x

4. {(x, )1 ¥l =
5o {lx ¥): 2 2 =
6. {(x, y):z 2
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C. Inverse of a Relatlon

If g {_(x, y): (x, y)eI x J., P(x, y)g J.S a relat:.on
by the rule' p(x, y), then-the relation °

-4 {(x, y):f‘(‘k;‘ yled x 1, . P(m X)}

obtaxned from g by 1nterchang1ng I and J, and also X, y
in p(x, y)" is. called the inverse of $ . _
Clearly 1nverse of the 1nverse is the orlglnal relatlon.
_ From the defln;tlon it follows that the domaln (range)
of S is the range (domaln) of [ and also the granhs of §
and j -are symmetric w1th respect_ to the 11ne ¥y = x, since
the'point (a, b) in ¢ is the point (b, a) in' s -1 are

. symmetric in thatyline.‘,'ﬁl

_ EXERCISES (1l 4)
In the~foliowing exercises if the graph of a relation '

is a region, represent it by shading, and in case its boundary



a1

_ does not belong to the granh draw 1t as a dotted curve.
‘Sketch each of . the following relat:.ons from !R to- R-.' .

46.

AT
48,
43.

‘ i‘SO.

y 5’1...
52.

' 53_0'

_a) {(x,:fy):: x>3} Sy {(x, y) y = -l}

a)’ A ads x>} B (s v x>2, y<-2}‘j-:____‘
&) {(x"&):. *2 .4 = 4}$)§(g, ) % - 4y = 4} i
a) {('#'.‘.yj)‘s = 4 y% 0} b).{(=, ¥ xa +.y > 03

a) g<x.'_ : vl 0} b i 228 —>o}

a) {(x y): x+y - 2<°}b) {(x. )t x4 v - 1>o}‘-;v

a) i(x’,'Y)“, y-x < 02 b) {(x: Pt ',-\x]-t- 140 g

8) {(x, ¥): x = 2y<-1, 2x + y_>;}

) {(x, ¥)2 2x + y'>3, x 91'26'{-‘-1;‘ ¥L33 o
o) {lx y)e 2 +'y>3r7x' - 274l ¥y<3, = 4-'3@ ;
54, RS

'E‘:Lnd the 1nverse of each relat:.on

Ca) f(x, y)s x = -2} © B) {(x, y) x - 2y + 3<0} .

55,

c) "x—>v.=\.'/é - x° .d) x-—>y_l9-x2|_,-

Sketch the . graphs of the relations for (x, y)élR :

T a) {(x, y)' IXI 1, lyl- 2}1 '

b) {(=, e {x-ybx—y},

:'é):’{(x; y). IXHY x +\Vl -

_;"_d}) \{(x? P lx-yl|x+ y,17='0




42
. N ) |
"1a5 FUNCTIONS
‘A Definitions ) .
By a :E‘unctn.on from an :mterval I to an :mterval J is

meant a relation $: I —> I such that
.1)' I is the doxﬁain, J isb the range, and
2) Everv nunber X ' in the dornaln I have a s:.n.qle mage

:LnJ.

_ If f: I—J is a function, 'the image of a num‘ber X
of 1, written f(x), is said to be the value of the function
f at x, or one says that x is mapped to f(x) under f.

G

The notation for a funct:.on f will be

f: I —>»J, y= f(x); f: I—->J, x—>f(x)

1

To4(x, y)e x€I, ¥ ;‘f(x)} ‘
~ - | .
.where the equality y = f(x) is the defining rule for f.

Then  f: lR - IR, ¥ = f(x) _ is the general notation .
"to indicate that f is from real numbers to real numbers and ©
the domaln Df or do_m_f_ 1s the set.on which . f(x) is defined
'anrl . is determz.ned by the rule f(x), a.nd the range Rfﬂ “or
ran £ will be the subset f(Df) of  R. o

For example for the function’
fi R —> IFE,_ X - - X

the domgin is

i

bf :{5:: .. x , o} {x. | x2 13"5' (-1, 1].

The graph of f is a curve, in general, ly:l.ng entlre:l;y

in the reyctangular reglon Ix Js; and since every X in thg



»domaln I has a single 1mage, any vert1037 llne (1n the unalytlc_
plane) through the doma:m I :Lntersects the graph a'b exactly one

' poznt .

Exam ples. Wh:Lch ones of the follow:.ng relatlons from

(R ~> IR are funct:.ons and find their domains. v

Lo {(x,¥)s =_x2}v 4 2.{(x, y);i&j= x}v’
30 §(xy 7)2 x =2} 4 {(x,¥): iy = 5} |
Sy y=F) 6 {0y pyl=1-ld

Aniswers. , ,

(1), (4) and (5) ‘are functions, since every X . in
D has one n.ma.ge. For (1), D = R;  for (4), Df = _[R,‘_a.nd,'
for (5), Df=R.g' ' '

hecew:.sely deflned funct:.ons-

If £, gy eee BTE fu.nct:.ons w:.th pairwise d:.a;o:.nt
~domains I, Ty eee respect:weiy then the i‘unctlon h with
domain IUJ yees and deflned by the rule

- £(x) when - z€I
gh(x) = ’ ) .
’ 8(x) when zed

is called a piecewi‘sely defined function.

" kxample 1. (Absolute value function): .4

-x  if XER

x if xR { > %

more generally ' > ¢~ The graph of |x]
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—f(x)if £(x)<0

more generally

ls0f =4
R f(x) if £(x)0
.Exafnplev 2. f-(Gre'a'test integer function) : S
(’- T N 2 Co
-2 1f xg [-2, =1) J ‘ .
- 1 if xe[-1, 0) 2120
: S -
. v . L 1 GO
{0 xely ] T
3 : - e p
IO P T e U (I B T T T
2 if xe[2, 3). o 3
L - o The graph of [x]] .
E'f(x).]].é n if “ri$f(x)<n + 1,'Vnez 'I(f0r~a11‘ n).

The reason for calling the function [ [ the greatest in-

tezer function,

est integer not

"~ then

is that the number "[x] represents the great-

exceeding X, in -other words,'if -

it

a,dlo‘(z‘oo.--— a + o, OC 1°<'2 ose

»=,’—b,/81/32 ose '=.-b = 0, Ielﬁz ses

=—b-1“-1-0,ﬁ ﬂzo-.

, {‘Examgle.

~(b+1) +0, T, T, ces

[v]=a - Evl=-d+1)

3

Solve the. eq'uationb [7x « '%] =5 for x€R:
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| Soiution. K?x + 3]] 5# 5<7x + 346

# 2 7x<3 => 2/7 <x<3/7

B. TYPES OF FUNCTIONS

8, Polynomial functions:
'A function

P: R P(x) Z: akx >=ax .+ .;.+a (aéR)
R k=0 |

is calledia~§o1ynomial function whe:e the rdlec,

8B 4 vee v 8
? n »o.c 0 -
for P is a poiynomial ofnaeggee, n: (if 'ac #0)e The only
. nolynomlal without degree is the Zero polynomlal where all

Vcoefflcients are zero.;
- The’ polynomlals of degree 0 are constant, ‘and
P: B -~ R, P(x) =c is called a constant function whose graph

:ls a horlzontal line. A polynom1a1 o o B

P:-va-.»' R, P(vx) Coax 4 b. (a # 0)

of degree 1 is called a linear function of which the partic- )

ulariAcaae
I: R+ R, I(x)=x

is called‘the identity function whose graph'is»the'line ¥y =

b. Rational and 1rratlonal functlons.
A functlon

R: R —> R, R(x) =
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where P(x), Q(x) are polynomials %itthQ(x) having a'degree,
is called a rational function. o

The domain of the ratlonal function R is the largest
noss1b1e subset of R on which Q(x) # o,

‘ . ’ - DR =R f'ix? “Q(;) f o}
] Clearlv anv ﬂolynﬁmlal furct:on is a rat1onal functlon
~(w1th Q(x) = 1). A function whose rule cannot be expressed as

a r=+1onaﬁ function is said to ‘be an 1rra*=onal fUSct10“ '

‘Simple examples of such functlons are g;ven by the rules

y _.J—; y=cosx, y= 2%,

Ce Alggbraic.functions
A function '

f1R—>R, y=£(x)

{

is called an algebraic function, if y satisfies the relation’

PRI B o IR
- T S . n _
1gz;ojAk(%)y',= 0 ér An(x?y + eee + Ao(x)rf

R

where the coefflclents are polynomials in X. By rearranglng,

the rule can be wrltten as’

Z Bk(v)x |

0 or ﬁ (y)xm ; ees + B (y) =
k=0 | o | o

From. A(x)y - B(x) 04 it follows that any rational
. function (and hence any polynomial function) is algebraic.
Among other algebraié,functipns=we.mgﬁtion ones involvihg

radicals:
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VExamblé._Show that the fuhction.défined by the rule

cf

. o
= (1)

is an algebra:c fUnctlon.

‘Solution. We need to show that y satlsfies a- polynomlal

equatlonvw1tn polynom;al coeffzclents,

(l)%m/i-Zy =VX +x - =f,~‘ ’(y-‘l)_\/;=2y’+x‘
! ‘ Q(y—l)x:(ay-px) » »
‘ :>~XW2 -2xy + X = 4y + 4xy + x°

> (x-4)y2-6xy‘+x-x2=o I “-(g")

Remark. The relatlon (2) admits (l) as a root. Since (2)
1s of second degree in- vy, admlts another root as a rule of

another algebraic functione 2'

Let the roots of (2) be yl, ¥,e Since ,lyz ' X= :,'
and ¥y is given by (1), we get ' -
x = %2 VE =2 X = x° \fE - x

AT Ff+x=J'Tc“+2 F— vxe2

The relation (2) of degree 2 .in |y defines two func-
tlons (they are algebralc since coefflclents are polvnomlals
Aln X)e _

Iﬁ general, a relation

n . S ’
kz_;‘o Ak(xwy =0 ata £0)
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of degree n in YV deflnes at most n algebralc fu.nctlons

which we call an :mel:.cltelv defined functions,

Examgle.‘ The relation {(x, y): xé&R, %2 4 y2 = 4},
where x2_+Ay?4= 4 is of second degree in ¥, defines two
- functions whose rules are obtained by sélvihgv x° + y2 =4 for

v

y=V4 —x?.

Y

=2 a,_ 2 a

Graph of the function - Graph of the‘furiction/'

Sy = 4":vx2_‘ . o y.=~-V4‘-x2,

More generally a function defined by a relation
“f(xy y) = 0 is said to be an implicitely defined function.

For instance xyz -(x+1)y+1=0, ycosy+ x3 + % =0

‘. define some implicitely defined function, . .

"de Trigonometric Functions

A function which is not algebraic is called a transecen- -

.dental function. As some examples for transcendental functions

we give trigonometric functions which we will represent simfly
by their rules: ’

Rulgé for trig.fn‘.'" , Domain ~~ Range Period=T
y. = sin x - R ‘ =1, 1']‘ _ 2r
v = cos x - , R‘ | [-1, 1] oow
y = tan x R - {x:"x = (2k + 1) ”:kez} R. T
y = cot x R - {x: x=k7f_, »_Icez} R - 7;'
yassex . D, | R-(=1, 1) 27

tan
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y=gosx D Dy R=(L, 1) ow

their graphs dre given in 'an interval of length T:

yae

1
BA

sing —— - .  tan:.—— . csCcy —=—
N 1+1-F Sre—— B 1 R g8 =—-—~=
- . - : ) :

Identitiess

cos’x + sin®x =1, | 1+ tan®x sgczx,b 1 + cot’x = cad x

1+
"o

sin(x ~y) =sin x cos y - cos X.-sin y

1+

cos(x =y) =cos x cos'y + sin x sin y

+
+ ‘tan X - tan y
v‘tan(x ¥) l+tanx tany

8in 2x = 2 sin x cos x o
’ ‘ ‘ Double
o 2 . 2 2. 5 - 2.1
"cos 2x = Co08S X ~ Sin x =2 cos x -~ 1 =1~ 2 sin x} angle o
: com 2x7= 2 tan x S formulas
l-tanth
sin‘2_:_:.,=1-cosx
2. 2 A
L ‘Half angle formulas -
é°s2§_=l4cosx- :
ST 2 2
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sin x 4+ sin ¥y

 ‘sinxe=siny =2 cos 5—-'-5—1 sin %X’ } , »
: ‘ - o ; (Faétor form)
2 cos %l cos 5—;—1 :

coS X + cO8 ¥

€68 X = cos y = =2 sin x‘;y sin 2 Ey )

c. Monotom.c :anreasn.ni(decreasmg) functions:

A :t‘u:zct:.on f: D -» R is said to be an 1ncreasmg_ﬁmc-'

tlon on an 1nterva.1 I which is & subset of the doma:.n D, -if
f(x2)>f(x1), or : f(xé) - _f(xl)> 0

for any two numbers xl' éé I for ‘which 'xl<x
’ The graph of such a ﬁmctlon r:.ses as x increases on o
\I, and we say that f increases on I, '

. Under the same conditions for Xy X, if

lxy) <o) or f(xz)v-‘v‘f(xlA)(O, :

tha.n £ is called a decreas:.n&functlon on I.
The graph .of a decreas:.ng function falls as x :anreases-

on I, and we say that f . decreases on I.
a_gple. Show that ¥y = 4 ~ ‘x2. mcreaseé on the-interval
lR and decreases on IR . B ) '

i Solutlon. For xl, ngD = R with x <x2, we have

| 'f('iz) - £(x;) = (4 - xg)'-; _(4 -’}xi)': xi'; xg
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)0 when x,xelR

NE 2

= (ﬁcl-ga)(x + X, )

(O 'wh'en » xl, x'ze'&?"'-

If, £ :Ls an increasing (or decreasmg) funct:.on on a.n v

:Lnterval IC D, then f is said 'to be & monotonic J.ncrea.s:.ng

(or monotonic decreasing) funct:.on in the 1nterval I.

The :E‘unct:.on g:Lven 1n the a.bove exa.mple,' is monotonlc 3
_,:anreasz.ng in’ R and monotonic decreasing in R . c
“A monotonlc 1ncrea51ng (or decreas::.nz) mnctlon f in
&n 1nterva1 is- expressed usual.'!;,r by say:.ng that f is one-to-
one {or simply 1-1) in I t0 mean tha'}: to distinct numbers
Xyy x2 :.n I correspond cu.st:x.nct 1mages f(x ), :E‘(x ).
A Inverse of a funct:.on v L
A ﬁmctlon

- f:. D —»IR, y = :f‘(x) or f ={(x, y) xGD, y o= f(x)} (l) ’

'wz.th D as the domaln and (R as the range, be:.ng a relatlon
-~ from D -» R, its 1nverse .

=‘{(‘x,~y,~); xR, x=.f(y)} S (2)
v:l.s a rela*-ion from" R to . D. If the rela.tlon o is a

ﬁmct:.on we call T 1. the :l.nverse ﬁmctlon of f, angd . f is

said to be an :anert:.ble on the set D. , _

' S:ane f is a function: it ‘maps an x :m D J.nto a
i 1mage y 1n R, and s:.nce £ l: is a funct:.on from [R to D
11: maps ¥y Backwa.rd to 'the single image x :1.n D. This mea.ns

, .that f .dis an one-to—one funct1on and consequently £ 1 s.

' »one—to-one functions

The graphs of f and £ 1 are symmetric with respect
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%0 the line y = x. (The pairs (x, y) of f' and (v, x)  of

£ are symmetrical in v = %) )
 Example. Show that f: R —> B, y = 2x ~ 1 is invertible

on R. and find its inverse g.

f = {(X, Y): _XéR, y4=A,2x..‘1}‘ ) » ‘ .
f-1'=v {(I: 'y)-: : XZG R, X =2y -l} » ’
= {(xi Y)ﬁ _ XQR’ y.= x+ 1
| + 1

'é;zle—x»IR, g(x)r-;—z— e

Corollarv. If f: D >R, v = f(x) is monotoneﬁincreaé— '

ing (or decrea31ng) on ‘a 1nterva1 IcD, then f is 1nvert1b1ei

on that interval I.

Proof. It w1ll sufflce to give the proof for the case
where f is monotone 1ncreaszng on I. L o -

‘Since T is monotone increasing 1t - ¢
maps distinct numbers 1n I to dlstlnct num-
"bers in R.

If the relation £ is not a func-

fion'then_some distinct numbers yl, ¥,€ R

are-mapped to the same number. x in D,

contradicting ﬁhat f is monotone on I.'®

et f: R - 'R, be a function ‘with a domain D eR. Ir I
is a subset of D, then £f: 1 > J is said to be a-restricted -
function in the restricted domaln I. ‘

If there are some 1ntervals on whlch a functlon il
satisfies requlred condltlons, ‘then f is said to be restrlcted
on each 1vterva1 or a subset of it, and the 1nterval 1tself is

the larqest.

- Example. Find a restriction on-the.domain D of the

Ld
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function gi’ven by 'the rule' v = |x - 1]~ 2]x[+ x to be
a) a constant fUnctlon,

b) an- 1nvert1ble functlon.

Solutlon. The glven functlon ‘is the plecew1sely defined

functlon.

[ 142 if xg(-co, 0)
y=4{ 1- 2x if x€(0, 1

-1 ifTx (L,e0).

a) A domdin of restriction is (1,00),
b) ‘A domain of restridtion.is (esn; 0] on which the
" function is increasing, or (0, 1] ‘on which it is

- decreasinge. -

E. Operation with functions:
Iet . ‘

IR,y = £(x)
be a function with domain I. If c¢€R, then the function
ef: I —9'&% 'y ='(éf)(x) =.éf(x) (0)

is called a scalar multlpl of f.
Let now be’ glven two functlons »v

IR ye=ix.

.

g: 3> B, ¥ =a&lx)

~ with non disjoint domain I and J,.fhén f+.g, £ -'g,"fg, :

L
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f/g, called the sum, d:l.i'fererrce, _'product and. rat:.o of f and

2, are derf:.ned as follows-

'

.Domain ‘ ]
frg Ind, y=(f+e)(x)=1(x)+elx) (1)
f-g I, y=(f-8x=1x)-gx (2

]

() = 2 glx) ()
/e D, y= (/@) =2 /x) .('4),

. where = (I NnJ)- {x. g(x) = O} _
' Another i‘u.nct:.on is gof, called comnosrbe i\mctlon which

£ gt InJ,~ Yy

e

is defined as b
| gof: D,y = (gof)(x) = g(£(x))

“where the domain D is the largest possible subset of R on
which g(f(x)), f(x) and g(x) are defined, '

' Because . of the rule g(f(x))  we call alsc a ﬁmctlon
of :E‘unct:.on or a chaln function.

_ixl
X

‘Exa.mgle. Tet f(x) and g(x) = xv¥l = x be two

ﬁmctions. ‘We have .

p#,:R?éR-{O} ("‘” 1]7'
and
x!
0 (3000 = 3200 = 342

f(x) + g(x) = -‘E"" +xfl - .x"
2).(f = )(x) = £(x) = glx) = s

3) (fgﬁ(_x) = 'f(x) g(x) = -!3—'- x‘ﬁ .- x —lxhﬁ -x ;(x £ 0)

1) (£ + g)(x)

where cancel‘l atlon by x is vemsqzblc unﬂer x ;é 0 and 'l'h:.s'
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conditidn is jointly written with the rule.

B dw-in . E

As. to the cOﬁpoSitions gof and fog we have

5) (gof)(x) = g(f(x) ey =‘L;‘;L A - L;g.
(rom)(x) = £(e(x)) = £l =) =12 e : i' I
- @ # n
and : . A
g = (= 1-{o}, D, = (=eoy 1] {0, 1} = (-= 1)-{0}
. . ) . - ,('éwy 1)3

Example, Given the functions

= x - 7.7 &R -—=2R, gx)=x-x

f: B > R, £(x)
flnd the rules for the comp031te functlons' gof” and fog,‘and

then determlne thelr domalns.

B Soluxzon. .
1. (gof)(x) = &(£(x)) = £2(x) = £(x) = 2 o =E
! ; L o (x=2) |
_x - x(x = gz
(X - 2) (x - 2)

e = S o)

24 (ng)(x) eglx) —'2 - (x + 1)(x - 2)

J

=R -.{/2} , Do = R —A{'—l, 2}

‘gof

i
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Corollary. If. f  is an invertible fﬁﬁction, then

: -1

- -~ fl -

-of =F of I
where I is the identitwaunction nndér'a necessary restric-
-~ tion. : L
_ Proof. Iet f: D“€»>B.— y = f(x) with x =_f-1(y);
then ‘ . : R : R ) .
! -1 -1, -1 -
(£ o) (x) = £7H(£(x)) = £(y) = x = I(x),
(f—;of)(x) = I(x) for all ‘x implying that o = 1.
~ also, E

(£ of 1)(y) = £(£Hy)) = £(x) =y = I(y) = fof ™~ = I. ©
Cor&l}g;x.}(hog)of ='h§(gof).

(hog) (£(x))

U]

_Fo,'r.,v ((nog)of) (x)

n(g(£(x))) = no((go£)(x)) = (ho(gof))(x)
~ for all x. @ ’ ‘ ’
| Corollary. If f, g are ;nveftible furictions, then’

, .

L (go)™ = £ og

-

‘ Proof.’ We need to show that (gof)o(f™L og™Y) = I.
-Indeed, ' : ' ' ' ’

(gof)o(f toe™)

go(fof ™ )og™ |
g I og'-l = go(Iog-l)‘= gog_l é_I. 8-
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F. Even and odd functions _
Let f. DR " be a function with x€D¢ ‘-xe D. Then ‘
f is called -

l) an even funct:.on it f(—x) f(x) for a1l xe D,
' 2) an odd functlon 1f f(-x) ~f(x) for all xg D.

| Ele. For neN . o

‘ l) f(x) = xan is a.n‘ even function,
2) g(x) = x2r,“'l J.S an odd.function.
. Solution,

1) f(';x) =~‘.(_x)2n = x°0 '=Af('x) for all x¢ R
(_-x)‘2n+l = _x2p+l

= ~f(x) for all x€R =

The reader can shové that the function f£(x) '=_‘_x3,‘ —,xz

2) el=x)

is neither'evén nor bdd, zjind'that the zero fmction o(x) =
"is both even and odd. . ‘ - o
Why the graph of an .even . (odd) functlon is sym. w.r,to

y-axis ( origin )?

G. Periodic Funct:.ons _ ,
, A function T IR - R mth doma:.n lR is said to be
»Ee'riodlc if there exists a number (£ 0) such that . ‘

.

f(x £ D) = £(x) for all xeR

lwhere T is ca.lled a gerlod of f(x)
- If T ois a period, certalnly, all 1ntegral mul'c:.ples
of T are also periods. "
The smallest ‘of all posn.t:we periods is called the - funda- :
’ mentai perlod or the least perlod or the perlod of" f, wrltten |

f,. As a perlod of a constant funct:.on may be taken, any real

number.




'Exa.mplés.

1. sin X, €OS X (Tf = 27/"-),.
>2.' tan J.t,- cot x ~(Ti" =7)
3.7x- [x] (T ;i)

f .
‘The graph of a periodic function is obtained with the
repetition of the graph of £ in thevintle'rval of length Tf.

Corollaries.
1. f(x +‘.T) = f(x) = f(ic +a+ D) = F(x + a)
24 T . =T -(ce[R)'

3. 1If the period of f(x) is. T. then the period
of f(ax + b) is Tf/a-'Sunpose f(ax+b) is

- periodiec with perlod T'. Then
flalx + T') + b) f(ax + b) holds 1mply1ng
" -;(a.x +D +‘a.'.['") ;,f(ax 1- _b), = a’I‘"= Te = T = ‘.I'f/a.’

Example. Find the periods of cos(3x + 2) and tan % .

Answer.; -?—371 - _

4. If the perlods of f, g are f’ T respectbively,
' then f+g, T - g8 fg f/g are per10d1c and a -
positive period T  is a.n interval - of length T

"such thé.i_: T/‘I‘rf,f 'I‘/'l‘g a.re posrblve ‘integers.
Ekamnle, Find a period of c€O8 X + €OS 3x

: Solution. Let f(x) = cos x, g(x) = cos 3x. Then ‘we
“have T_ = o7, 'I'g 2773 ‘im'pl,vin,,a, that T = 27 -sirnce
T/T ' ‘

1

’ T/T =3
Ele. F:.r-d a penod of 2 s:.n X COS X -

' Solution. 'Perlods of sin x, cos x belnp ?7 27, - a
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period is 7= 22’ but this not the least perlod because

\

2 81n X €08 X = 51n 2x  has perlod 2172 =7
v 5.~gof _1s‘per10dlc 1f_ff is perlodic:

(pof)(x + To ) = p(f(x * T ) g(f(x)) (gof)(x).

’

N
He Inverse T}lzonometrlc Functions

v Each of the six trlgonometrlc functlcns has an inverse

in an 1nterval ‘in ‘which 1t is. 1ncrea31np or decreaslnp. For
’each one, a fundamental restrlcted 1nterva1 is selected. Thls

interval’ for a- partlcular functlon w111 be the fundamental range
" of the inverse of that function.

’.\
Trlponometrlc functlons,
thelr intervals of increase or decrease,

' 8nd’ chosen fundamental intervals

Intervals of increase PFundamental
£ ' _or_decrease of £ interval

y=sinx [(21{-1)2,(21(-»1) 7] -7, 73
y=cosx - [kvr, (k + 1)7;-], - Lo, 7]

o . AR o Tz, -
y=tanx . ((2%-1) 5 (2k + 1).50» ez P
y=eotx  (kr, (k+Dw) - (0, )
o . T !y_r 'w"r‘
y = cse x ((_21§ -1 3 ’_ (2k_+.1) 5) -z -2~)‘

exiﬁdr 1 w#y(k;ﬁr)f o f F-<mr;
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Inverse trigonometric functions, their.

domains and fundamental ‘.batflges

=1

o=l o
arcsin x (=sin "x)3 x=sin y.

. Domain

Fundamental range

T
-3, 31

' Example. ShoW'that

aresin x =

‘in the common range [0: g] "

= -1, 1]
: o IO | o oq
v = arccos X (;_cos “x)yx=cos v [-1, 1] [o, 7]
y = arctan x (stan  x)Sx=tan y (-0, o). -7, D
= arccot x (=cot—'lx)% x=_c‘o.t' ¥ (-ogw) . (0, 7!‘_)-
. - o o g e T
= ar.'cclsc x (-—}-csc | 'x)g X=csc ¥y (-é_o' -2}9[1,«:) (= 5 M-E)
. R, | o v v .
= arcsec x (=sec x)x=sec y {-om -Iufl, ) - (0, 7)
I L S A, 7
T ~ ‘ b
\ ~ e
N N s
\\ N E
AN ~ f
' N~ !
\\‘ _ ~< 1.
-1 ; g ’,4 a ag ¢ -’g o
'\ -
..... - e IO (L
1 ~Ta ' K
o . \ o
" Aresing —— Arctan: —— 'Arcescs  ———
Arccos: -=--= ‘Arccotb: ;-5--, ————

‘Arcsec:

arccos '\' /1 - xa
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1 st Proof. Let u = é.rcs_in X, Vv = arccos4/1l - x2. “Then
X = sin u, 4 /{ “x%zcosv = sin2u + ‘cos?‘v‘ =

x2+(1-x)-1

‘ % cosau = coszv —% w=v.

2 nd ‘Proof. Let 'ABC be a r:.ght trlangle mth

& = arcsin' x f;_i = sine« . Then

[Acl 1= x % cos & =4/1 -"x? = o= arccos '\/';L - be2
=S arcsin x = arccos4/1 - x% '

bExamgle'.‘ Show that, for the common range,

e '
arcsin x + arcecos X = 3 . S
: Solﬁtion.,Let "« = 'ar'csin x, B = arccos X
Then
' k x = sine, . ' =cos/6#s:|.na(=¢os/6'
4 °<+/’ =z
~Examples I'Na.luate o
' | 12 o7
arcsin S a.rccot T |
Solution. Let o<=‘a.rcs:.n ﬁ ’ [d =.arc‘c_§t —3— ,.o,r
sinec = tp = 17/7" Then’
| _12 1
‘ta.no(- 5 ’ tanle»"fl’?-_ 4.
: ' 2y _. . tanec - tan 5.7 1T_ 5 -
t - = =
'Q anfx /8) l+tano<tan{5 1+84 l

1
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EXERCISES (1.5
56. Which ones of the following relations are functions?

‘I_xzﬁ} b) {(xg yy: Iyl=x}

a) {(i, v): ¥

c) {(31 v): x = yz} a) (x, w)s x2 . y2_f 8 =.0}
57. Given the functions = - |
| x| if x4l S Ex‘\ﬂ\if x¢3
£(x) -3 if 1gx<2 % &(x)= ()2 £ xe3
1 s 254 2 if ‘x'7>3:‘

find R

a) £(1), g(1)  b) £(3), &(3) o) £(-1), &(-1)

WHhich ones of the'follow1ﬂg functions are polynomial,

Ut
o8]
.

rational, irrational, algebraic or transcendental

funetions? = - ' ' Voo

f(i) =~ﬁ;} g(x) -Jg‘x—l, h(x) =‘V1—x2, i(ij:tan X,

3

CR(x) = -3 6(x) = [x[, = H(® =3-x

. 59, Show that the following are algebraic functions

a)y-—"\/x\d-l-k‘\ﬁ(v-lv b)y-=«3/x'+l+3x_l‘

60. Fird the domain and range of

g1 i [+ 1 -‘
a) v =377 : b) v = = B

X if >-m(x<é

14

c) v
2

x° if 4&x Loo
61. ®valuate the value £(x) =[x] =t

a2  b) 2,913 YT d) 355/111
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e) =3  £)=3+0,47 & =3-0,27 k) -7

LDeif 4ds D poaf S
N 1) T

~62. Find- two exa.mples of fu.nct:.on whose graph 1s symetr:.c
' w:Lth respect to the llne v = X. ' '

e

"53. Find the :.ntervals in wh:l.ch the p‘:\.ven ﬁmctlon is.
' ;~1ncreas:.ng or decreas:.ng ‘ ; :
a)’y--.-l o by = x2 '_ c) y = x4 a)y

1,
_ x%e 1
644 Us:.ng their graphs find the :Lntervals in wh:.ch the’

glven funct:.on is 1ncrea51ng or decreas:mg
- a) Y‘.= s:.n x o \b) y.= tan x
e) y =sec x ) d) Yy = _00821! ‘

v . f - 1f f(x)) 0
- 65 'Defin:_'mg ‘ f+',= B ; | and
0 if f('x)( 0

L (£ if £(x)€O0 | |
£7=y .. . sketch the graphs of ' £* -

0 if £x)S0 . oo
and £ if £(x) is -
ayx  wxl e £ e-2f
e)’ cos X f)‘sin x (for (e), (f), xe [O, 2‘;7‘])

66.‘ Sketch the. graph’ of each funct:.on on the :.ndlcated

1n1; erval:

a.) f(x) lx[-—; R b)y lx[-—[x]/ [-2, 2]

(67; Let- vf: IR-->‘IR, x—>x3 + 3 and

1

gt R> R, x -—»»-3x + 7
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64

Then find
8) -2f b) f+e ¢t 4) £/g
e) fog' . 'f) gof g) fof "1'1) gog

Two funct:.ons wh:Lch are both even or both odd are

“said %o be of the same p 1tx. Show that the product

of- two ﬁmctlons

: a) of the sameprity is an 'even'mnction} ‘

" 6901

T70.

71.

e) {(x,'&)i\”y'

b). of ‘different parities is an odd' functibn.'

Let 'e:l, ol‘ denote- even, odd funct1ons respectlvely.

what can be said about eveness or oddness of°

+e‘ b)e

a) el 2 1* °1 ' l, e) °1'+ %2
d)ey-e; edeg-op L f)oyg o,
Write the inverse of each function. Which ones of

them are function‘?- -

a) {(x, y): ¥
e) {(x, ¥): ¥

X - 5} b) {(xv y)s x
3t a) {(x. yi: ¥y

arccos x} -£) {(x, ¥)z ¥y

'-1} |
2 1}

8in x}

Write the inverse functions of

.‘ o x =3 -l 2x + 1
wveEH S weE
- _3x -1 o : _ X

e)y =% | . a) V=& -1

T2,

ADefining e Lo

] ] 1 when f(x) >0 5
"sgn £ ={ 0. when f(x)= 0 (read: signum f) _. 4'
' ~1 when 4f(x) (0» R

‘ Sketch the graphs of sen £ if f(x) is



65

a) x - b) {X( ©ie) xa-l B d) 4 N xah‘»

e) 'eos x __—f) sin X (for (e), (f), xé [ 0, 2;7'})

73 . Pfove

"a) (£'+ g)oh.= foh + goh -
. o .y . .
‘.b’) (f-g)oh:foh'-goh '

e)- (fg)o h (foh)(goh)
| fffd) (f/g)o b = (foh)/(goh)

T4. Write the. 1ntervals in wh:.ch the follom.ng fu.not:.ons '

""a.re monotone (you may use gra.ph)

;a)y b)y 81nx_+cosx‘-c)y lx-l;.[+4

X +'3
5. F:Lnd the mverse of the functlon gn.ven in Exerc:.se
T4 choosuxg one proper mterva.l ‘ L

764 Find the inverse of the fu.nct:.on e RS o
P 3x -1 when xg -1 h
y = v } N s

3x
X + 2

.When- x)-l

7. ‘Find the po:.nts of intersect:.on, if a.ny, of the g],vgn .
pairs of ﬁmct:.ons.

x’+27. x =2

’.’.‘ -a) y

4=x_-'1’~'y-»=x+-l, ‘l
' 2x - 1  3x .41
b) ¥ = X33’ y?———,a-_:x

78, If f(x) = ein x 'and‘?gkk) = x2'+“é,r.theﬁ figa‘f
a) (3 +7)g(2x - 1) . b) £(3a) g(sln a) |

‘ ",79.;-F1nd the ranges of the follow:l.ng funct:l.ons (Hlnt.
' Solve for x!) ' o
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2
b) y = X .
7T %2 S 2x - 3

2. 3x’ -

»?) y= + 1
80.'Find,the-periods of
a) cos(2x + 3 b) Sln(g -2)  ¢) tan(3 + 7)
Q) cot(3x =)  e) cos(7x -7) £) sin(27% - 7°)

g) sin x cos x ~ 1) tanax. .
o S R : SN ‘
8l. Examine the’ following functions for evermess and

oddness~ ' , R

) C . Ly

a)lxl B3 -x e) x + 2x

2 £) =3 ' &) sind2x ')

o xR

j R ‘sin’ 2x
e)le- x sin 3x
82, Find fog and gof if

- f(x) '=«/_X+l. g(x) = — =

x ;4x+3"

and determlne the domaln of each of these compos1te

functions.’
' :83fvExpress the'éréa of E o . .b : A&Wy)
' ':a) the trlangle AOB inl%erﬁs of © :. c'rcle
b) the triangle AOB in terms of x
c) the reétangle ACOD  in termsiof FQ . g

. o o c B
d) the rectangle ACOD in terms of X. y
" '84. Find 2 domain of restriction in which the relation
’x + vl— y+2=0 is a functlon. '
85. Given the relafion. 9x - 36x + 16y + 96y + 36.=

Write two functions equivalent %o this relstion.
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ffnwerd-- | ,
5. @) finction, 5),c);d) relartions e
57. &) ft=-3, g(1)z -1 . 4) fB8)=3, 3(3)—- , ) f)= wr /) -
5B 7(’- a[j&émlc,l.ﬂ'nz.l/"ml $= 4 """l h: a/gebra/c) ¢r‘na ]

£ émnscenc{u;éal .1-" ,Oofyﬂaﬁlal G a/jeéra/c-

// ,oo'ynanlal\ IR

1.6 . LIEIT
A Deflm.tiOns
Tet f be a' function-defined at every po1nt *x of. an’
-. ‘open interval I, ‘expect perhaps at a 'pon.nt x e 1, that 1s, J.t
is not requlred that £ be defined at Xy a
- Ve flrst 1ntroduce the notatlons' o
ox > X, (Read. X approaches on, or x tends to x )
to mean that lx -x l can be made arb:.trarlly small by takn.ng
B 4 sufflc:.ently close to - xo (wrhhout belng equa.l to' x ), or :"
to mean that for any posn.t:.ve e (wh:.ch can be faken as small

‘as we please)

0 < tx - xo‘ <4 | . ,.

»helds for all x in the set

'.(xo.-if',’ x, +J)-{'xo}
where “the open :Lnterval N[xo'! (x -S X, +J) ‘is called a -

nelggbo*'hoo of x, while the aat N(x )= N[x] - {x}

‘ a deleted nele;hborhood of xo.

\

———
Xotd

N[xo] — ':‘VI‘\I(xO): —o— o—
x =5 x_ x+j x -5 x_
o - To . : ( o

A S-npurhborhood of x ' A deleted §-neighborhood of x‘o
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ﬁdw_we are defining the limitiof the funetion £ at x:

The function f is said to have a limit £ at the point

‘xo' if If(x) -,£|, can be made arbitrarilv smull when Xz Xy
or moré_nfeciselv,'a'function f has a limit £ at L if
corresponding to4anv aiven,positiveinumberb € ., one can>find a

positiveinumber .«[fg) such that
e - 1) <e
. ! :
' fbr_ali values of x fér ﬁhich
R ‘ | 0 <‘x - X;KS; or. X€ 'N(‘xd) ' T

If this is the case, one writes

3im f(x) = 7 ~or f(k)—»g , as”  x ;>x°.
X—> X o
ST o :
F’cr—-————-— -———
. £ i
l b )
X
58
o} ; ﬁiLT #

Tt should be noted that the statement O([x - x {<§
excludes the point L from considerations. Moreover no restrice—
tion n.is imvosed on to the way in wﬁich x approaches X

o
from left or right.
- As a first result we have the

A
4

Corollarv. A function cannot have more than one limit

at a given noirt.
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Proof. Supp_qsé 'f has the limits -7 ’ .Z‘ at a point X e
We prove {4+, o | ‘ | .
o Since /£, [' are limits at X, given €»0 there exist
deleted neic: hborhoods N, N'_ of xo such that

CxEN(X) = [£(x) - l) <e,
x€ N'(xov)Ag: {fb‘(x) -'f'l<£

| ‘Forming |{- E'l ;. we vha‘ve

1o —el= feee)) =) - (s0) =€) -
L& R = i) = Drfeete = 26
Since £ can be taken arbitrar"ily 'sm'al'l',';, if follows that -
£= g'.. ) _ . ) o

Remark. To test a number / to be the l:un].t of a fu.nc— ;
t:Lon f at a point xo, it is somet:.mes useful to apply the

' equlvalent deflnltlon of llmlt, namely, a function 7 has the .

limit ﬁ at X,r when correspond:.ng to a glven J )0 one can
find & £ (5)} 0 such that - ‘ " ’

x€N(x ) =>  |£x) = £]<E

where £~>0 as X —» X .

v Exam ple 1o Let I be the 1dent1ty ﬁz.nctlon which is
' def:med by the rule I(x) = x. Then show that “the limit of

I(x) at the point X, is X

~ Proof. We are using the above equivalent definition of
limit, ' ’ '
' For a given S}O Cwith
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| 0_<l* - xIKE W

we must find an E_}O correspondlnzr to ‘bhlS { with €50 es
§ — o such that.

L ‘ i(x)_ - xo[ <€ . L (2)
‘since I(x) is equal to x, in view of (1) we ‘have
‘\I(-x) - xo\ --[‘x'v- xo.\ P4 £

end taking 5 as equal to’ 8 we have (2), and 6—70 as S-—a» 0.8

Examvple 2. Let f(x) = x2 + 5. Show that .

lim f(x) = 9 | PR
x .2 L ’ . :
- Proof. By above Remark for a mven S)O an 6(5)) 0
‘-is to be determlned such that :

| l_" - ‘?(<S'...‘.-f(1); 2 16F s %) - o)ke e (2

with £-> 0 as §-=0. ,
In v1ew of (1), for the left hand s1de of (2) we have

\x - 4[ lx - 2‘ {x + 2((5\(x - 2) + 4)(5( 5-1- 2)..

- Paking £ = {(S+ 2) e have (2). and - £&-> 0 as S-—> 0.
The ver:.flcatn.on of a numoer s to be’ the llmlt of a-

giiren function at a given po:.nt can be done in the same wayy

but the 11m1t of a functlon at a given po:.nt is, determ:med 1ﬁ

general bv the use of theorems on llmlts ( pract1cally). .



N . |
8 \Left ‘an'«"right limits:
'I‘he llmlt of a functlon f at a no:x.nt X, k' uhder'thei’
condltlons ; '
R XX ‘O\( ix ~ xol &5 . !

©is ca.lled the left limit of f' at| ‘x_, and fh_é limit of £ at’

'xo under the condltlors ’ o
i

N x)xo'; o<|k;xos<s;g

A T [

is called thp rlght 11m11- of‘ f at x ..

*+ The- notat ions for left limit are \

© lim. £(x), lim  f£(x), - lim 'Lf,(x)_.,. ‘lim  £(x),” lim’ fA(x)
X>x . XX xS x ,x-ynlc;" X X,

X £x : ‘. , o
<% : L \

and _tho'Se For right one are:

= : . oy
Lm  f(x), lim £(x), Lim f£(x), lm £(x), lim £(x) ., -/
S . + X
X —a.xo o XSJI X, X wxo ‘ ,}-c'?xo N XX
X > X v {\., ;

At a glven no:.nt xo some ﬁmctlons have both the lef+ ,
‘and right l:x.mlt, some others have onlv one, and stlll others T

have none.

If both the left and r:l.ght limit exlsﬁ at x, .for a
) functlon f, and are equal. to- each other ( f), then we say
thafp f(x) has the limit- f ’ and one wr:.tes

g S o1lim £(x) = £
, vx_?xo i
If f: I =R, where I is an interval with end points a

1




‘12
. - .
~and b (a<b), ‘then the limit of f at "a" is. defined to
be the. r:.ght llmlt at a, and the 11m1t of £ at "'b" 1s

,_deflned to be the left limit of f at b.-
’ \

. _I_i_xgn;g]f_. Evaluate the followmsr 1m1+s.

lo 1lim  x lxl V - 2 Clim [x - 1]] -
L x>l | S x»3 !
T Solution.‘

: - '_/e-xel when x/¢ O ‘ S
1, Since x |x|] = { O when x =0 ‘
x% when -i) 0.

" then x {x( = = x? in a deleted neighborhood N(-1) of =1,

and
lim. x,\xl' = lin (=x%)
X -1 ) X > =1
Vo2 . L2
© 0 lim (=x7) = lim =(=1-h)" = lim (-1-2h-"1 ) = =1
x”=-1 h=>0 - "  h=>0
S . RS0
11m (-x ) = -(-l+h) = lim" (sl+2h4h2)'= -1
x\ -1 h--O h 0O ~ -
ny 0
= \ lim x|x}= -1 since the left and right limits exist:
X-» =1 . N ' e

and'vequal to each other.

2. 1lim Ex -l] _ llm [(3-1’1) ]: 1im [ 8-6h V’+ hz 1

X3 - . h=>20 _ h-> 0
o : ' h)O : : o h)O
¢
= lim H_.‘s - h(6 - h)}I
hs O

a5 0
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where’ for sufflc:.ent]y small h one has" 0<h(6 - h)(l N

vaplylng 7<8-h(6-h)<8 and llm3_[x -lﬂ—?
| , X o

l:Lm [x - 1]] 11m [(3 » 12 - 1] hm [8 + 6n +,hzﬂé,«8

h>0 | o o . h>0

‘Since the two limits are distinct, there is no limit at 3.

- Remark: In case 'f(x) increases .or- decreases :Lndef:.m.- Coe

-tely to. oco.or tO‘—ao when x-ax‘; or,x'-_-a, x°,or x,—>.xo -

- then we- say thdt f has no limit,

Though we say that there n.s no 11m1t at such cases 1t is

g}
however ¢ tomg to wr:.te
im- f(x) ,=._.°°_ or- llm f(x) =oo ‘._.dr 1 R
! x-e»x?r S g_,,xd .
lim f(XS _=-‘;§‘ or. "I'Lir.m+f('x) ==° r.-
X >X_ | ‘ o x__',x-q : :
Example 3.
1. lim  tan x ==o  (no limit) ~
‘x§ 2 — N - .
2. lim —F— = oo (no Limit) -
x 1 (x-1)" R

"If frI-> R is V»a;_,ﬁmétjv.’on where I is an interval
.involving o Or = @0 we: can ta¥k»‘ about the limits -
lim £(x) im  £(x) (1)
X ->o0o0 . X =0 L

Setting x = 1/t and noting that



T4
m X = 1lim ok . 1lim X = 1lim
—

the limits (1) »a.r'e' defin»’ed"-b}f the equalities _

lim 'f(x)'% linf + f(%.)", Tlim f(x) lim _ Vf(;l-) .

2, Setting t = 1/x, we have

X -9 '7?7 + 3 t 0

1

ot

0-. " x> -0 te0 -

2=43  t.50° 543t

1
%

, ' sin 3
cum SR E L gyp 2 ‘lim | x.sin i, - 0.
v - 1 X
tsee . x>0 3 x-~ 0F :
~ since 8in(1/x) ‘is bounded.
| T ee x (1 v
o lim T = lim = 3 = ln —3— =3
 X>eo 5% -+.3 X x(5+-—.71‘ x 53———7
: v T : . <!
or _ .
» L L.8
T o Tt : '
~ ox! +8x . t o as 1+86 1
Slim == lim = lim | 7= % .

X-s00 x>0 : _ x-—>-oo t=>0 t
7 I f is a nerlodxc function with period - T, _oné,_;sets :
x=a+ kT 1mnlv1nn- lim £(x) =, lim’ fla + kT) for any -

X 5 00 ) S l{—uop . . .

Ex Ele 4. . ‘ A
’ 1Lim Siil 4] °
- ©0 _

Solution 1. Sirce  Jsin t] (1, _'-‘_t‘ne‘n \Sln i { ‘i" "o



B. Theorems on. lelts \

" Theorem li R ‘\'
L — ‘ \
a) i f{x) =c (e 18 ‘a constant), then 11m f(x)
e x—»x ,

“b) If lim £(x) = f and ¢ “is a consta.nt, then

XX
~ "o

Ce)If um- f(x) =€ .end  ££0, then
X X £
d) If '.f: I=J is invertible on I and if . .
R ~ T ; I ' " L . :
© lim f(x) Ty then = lim® £ i(x) = x
X=X, R x-'—syo. S °

PrOOfo K '

’,‘a»_)_'s:l.nce ‘f(x) - c' ‘c - cl 0, then {f(x) - cl<£‘,’.'.,:._
N ’for anv g>0 and for a.mr N(x ) '

’ :'b) »S:ane for a g:.ven £>0, there exJ.sts N(x ) such

x € x> a0 - 4<e

i

) __?w‘é‘hé.v_é,for xéN(x )

‘c f(x) - c@[ [c‘ lf(x) -Qkfclg 6

" ¢) First we obta:.n th¢= 1nequa1rby (a) below Io~ fg
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e =8¢ Ce < 18] 4s taken). -~ - -
il = 1ell ey - 8fe (rvom [f= - hﬂ(a-q)
et 1l lel] <e

| _-a<(ﬂvﬂ¥wf<e_
=. 'o-<l€l g(lf(x)[([£+g Ceee (B)

}

vy 4»

Non for. xeN(x )

lf('»c)-fi | I

e gl = T Eooma St oa

©.d) Since f is invertible we have y = f(x) &
X = f‘l(v) so that ’

/

1im -f(x):-.yo(;) llm- £ (y) = x oS lim " vf“‘."(ic) =X, &
X=> X , v—»v X—=> ¥, ‘ e

o 'Theorem 2. If the functions f, g have limits at a'poiht
X , ‘then '
. o .

a) .l.im ‘[f(x)"é- 'g(x)l = 1lim If.(x) 4+ lim g(x).

X—> X’ T X=X XX
->~O \ _>O 7—90

b).‘ lim [f(x) - g(x)] lim f(x) - lim g(x) -
X=X 7 x,_,x'o - X—>X, -

—

c)' um  {£(x) g(x)]: Lm f(x) . lim g(x)
x-;xo . x-->xo ' 'x+>xo

d) lim- [f(x):g(x)]: lim f(x) s lim  g(x)
K xa x—»xd _ x-—x»’xo

(if lim g(x) # 0)
.‘-X-—>)'(_o\
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Proof. Lgt
lim f(x) =, lim g‘(x) =B
XX S X xo o .

Then rr:.vnn £> 0 there ex1st deleted ne:.ghborhoods Nl’ N2 of -
Doxg such that =~ ‘ ' - ‘

_xe-ivl = {2x) -<E,  xew, et - pl<e.

Taking N = Nln N, » - we have
Axewglf(x)-u(kg, lg(x) _/sKg o

3 a) xe N =}lf(x) + p(x) - ("""ﬁ)l ]f(x) -o<+ g(x) -lal
‘f(x) "“l lg(x) ~FI¢+5 = -

: S:ane &()O) is arb:.‘crary, then . f(x) + g(x)»oc-pp as XX, ‘.’

b) s:l.mz.la.rly proved. | «

) x€ N=> | £(x) glx) - dﬁl |
={£(x) glx) = °Cg(::) +o<g(x) - c(f‘

sl -=) gx) + « (g(x) - p)|
| &E(x) - of [a(x)]+ loc{ {g(X) -Pl -
<£[g(x)l lxl & - |
<a(lﬂ+8) +lclE | |
xe N = {£(x) &(x) -nf\ {4 +|f‘ + &) E-:? 0. |

. Fx P
d) 1im —%—-%:: lim f(x). = lim f(x) . -
XXy g# ?"" o[ o &lx )], , x"”xo ‘ ;

S XX
T
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S =ete (Theorem le)

o
R
-lR

Corbllagz., Let a composite function _gofv_ be"giv'e'n'.- ‘Then‘

lim ”'f(:'c)i=°< l‘a-nd lim g(x) = g(d)% 1im (gof)(x)—g(cc).‘
X=X, L X e ) x—a xo »

' Theorem 3. ’

/

1) If C£(x) <g(x) holds for all x in a deleted
nelghborhood N(x ) and if - f, g have llmlts oy
/3 at- xo,. then o{(/S

2) If- f(x) < u(x) <g(x) holds for a.ll xe N(x ) |
) and if | f, g ‘have the same hm:.t 4 at X, then»

lim - u(x) = Z_'
XXy .
. Proof.

S

r

g(x) - i‘(x)) 0 = lim [xz(x) - f(x)]“) 0=;> 1lim g(x) -

X—> X oxewx
lim £(x)»0 5 g -«x30 %"?‘419 :
X—» X o S
E [+]
2) since f, g have limits- £ at %€ f,\n " then
‘there exist N 1 (%, )_,’.'N "(x ). such that’

x€ N (x, )= [f(x) —fl(a, xeN (x )=> 1g(x) - Z}(e |

implying £ -¢ < f(x)<-€'+s and. £ -a4g(x)< €+e. Since
fx) ulx) {'g(x)' we' have: ¥4 -E( u(x)(f-p- € which mplles
' |u(x) - £]<€e or tha‘c 1im u(x) -{=[¢f 2

‘X > 9
-—% )



n ' ‘
P(x) = Z a, == g lim  P(x) = P(x )
. . 0
k=0 ‘ X—> X : .
Proof.
/ 2 k
iim  P(x) = 1lim 2 & x
X—> X XX k=20 ’

= 3 lUm (a ,"k)»"f" (Thgpreﬁn 2a)

"
™Mb
P

( lim "xk),-._ (Theorem 1b)
0 L -x—->x° S . .

Z :ak { Um x) .o (Theorem 2c)“
x—»xov K

it

P R

1

P(xo)_.

Coz;olla_z:x 2. If 'P(x)/Q(x) is a rational function mth

Q(xo) # 0, then
' ‘ : P(x )
lim -%—l

x-—»x
: 11m P(x) ‘_
Proof‘ ‘lim P x) T ————— ‘ (Theorem 24)
_—t Q(x lim_~ Q(x) ) . -0
K> X . X.-.,x
o : o
P! xgz

= “(Coroll, i) '
Qx,) ,
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' C. Indetermlnate forms ‘ ‘
If lim f(x) =0, lim g(x) o when x> X or

X—>eco, ’the use of pronertv

o f(x) _lim £(x)
11?1g(x) T lim g(X)

_does not help in gettlng the limit of” f(x) / g(x), since the
form 0/0 1s not deflned ard may. be taken as- equal to any num—:i

.'ber Ko Indeed the equallty 0/0 =k is eoulvalent to 0= 0.k |
“and the larter holds trup for anv ke B. For thls reason 0/0 |

is called an 1nde+erm1nate form. The 1ndeterm1nate forms that-';

Swe encounter 1n this. chapter are

s e 1 e 0, o -oo

olo

t

. There are also three other whlch arise in con51der1ne
11m1t.of a function of the form f(x) g(x)’: and are 0%, g
and «:o. These 1ndeterm1nate forms will be taken up in a later
. chapter where, by the ‘use logarlthms, they w1ll be reduced to-

‘above mentloned 1ndeferm1nate forms°

_a. The 1ndeterm1nate form 0/0:

- A remarkable example is the follow1ng
=0 18]
8 >0 o

"whieh we Etate as g theorem:

 Theorem: If 0 is .measured in radian, then

Aim §i§—§-= 1,':6r_:. lim -Eg—-\=
ewo O T gL, Bno



~ ?roof. .

‘a) mgm Limit: o(g ( = o_;g,ﬁ,lf (Jeg ’C;i) -

. ~‘:§ Il I’T‘[ us""i- fan Y

& 1
= vl<sin‘9',<cos'9 i
o sin @ \
= Ly — n > cos G
 since lim cos ® =.1 we have, from Theorem 3,
... sin® B
lim 5 = b

T G 04

b) Left limit: Set &= —8' (8'>0).

. ) N o . ' ': i N
TR L i}_n_L_z lim ;1_2._0_ = 1 (from a)
8-> 0 k 9---0 = a0 S
6<0 S eryo0 0'> o

Slvxce left and right llm:.ts exist and equal to. ‘each

other the proof :.s comm.eted. B8 ‘
'\

Examgles. Use the previous theo_rem'tc evaluats: -

1. lim 2121_{3_@ ‘ 2. lim -3’;—"—% (t is in radion}
t=>0 B 0} n : .
Solution. ‘
1. 1im smgt_"it = lim _2_ s:.x;%Bt - % lim s:.g h _ %
‘ t—> 0 , t>0 €7 “h»0 '
2, sin 2t A .
lig SN2 g 2E 2 2, sin2t,.osin 3t 2
" N = . .- . - m = -
t—» 0 Sin 3t t__bosnx 3t ° 3 3t—_>o 28 Lo 3t T3

3-&-
{
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bs Indetermlnate forms °°/oa. oo -'oo," Q.00 t°

We note that - -oo/_-oo, - @/, % /-0, ~w+o0. 0.(~o0)

are also .1ndetem1nate forms, All_‘are reduéible t0 the indetei‘- ,

minate fbm: 0/0.

X0, T‘nen

ach
o

Let f(x)—oo , g(x)-»oo when 'x_yxo. or Xx-$00,

Then.. & o i

LT f(x) cpes _oas l/z(x)
1 10 8 27 - 11m 1663 127

S | L
2, 1im [£(x) = #(x)] ?[“‘?]= lim {1_/f(x) - 1/g(x)]

1/e{x) - l/f(x)
: o]

= ]_'m 1/(£(x) g(x)

fLeﬁ: now, f£(x) - 0, g(x)_a@ ‘;,hen . x, o
3. llm [.f(x), g(x)]:—. tO.ao]; 1im l_;g;)(_c;)t_) = [%_)

TAlsrebra:Lc methods of evaluatlon. :

7' a) For a- rat1onal function P(x)/Q(x)‘ (1n cases % '

.00 m) let -
- n 3 . m i
B(x)= 3 p x, Qx)= 3 -q X
' i=0 - i=0
- 0 when ngm -
. s »
. P(x) reeq_} _n .
1), Lm 56 —[ay]— 5. hen n=um
X 00 n
"{ ©0(or -o0) when nym
-p(x)(x = x_) :
2) lim. :eng; [ ] lim - ‘(T()—(?T;ET {(by remainder
: x..9 x5 L x= X, 1 , o’ Theorem)



; p(x_ ) :
AN oo BlX - 0 L .
= lim == (if not indeter-
x> x q»(x). 4 xo) minate)

If indeterminate, repeat the process, or setting

"X = x_ +h write

° R . S
— ’ x) - . P(x + h'\‘
lim < - = lim -————5-

x>
Thn.s methaod of 1ncremant is appllcable more generally

to .the ratio of any two funct:.ons.

Ex gle. Evaluate the follom.ng hmts-
3

i, p.3 +5x + 6 cdsx v
1) Lim —3x2 + 4x . 2‘), hmr r o o
s S X = S eX
S T2 2
'3) lim x°-84 - 4) lim ,"4,*‘2"3_“4"“8
x=2 3 o _ o 'Xee =2 X7 4 2x7 4 Bx + 16
Solutiori,.

'x3-§-5x'2+6

1. 1im ER2XE 40 g4p x(x*s*S/"

X =0 - 3x° 4 4% Ko-o9 X (-3 + -)
X + 5 + p » .
= lim ‘ = (no 1limit)

XD w00 wd B om
. i 3+x

2. Setting x = 5 + h, we have

2 ,
: il
- , cos(s + h)’ . ' ,
: nmﬂ,i%—s——’i [o]= lim _,__.:2..1;.»_._= lim :‘%‘-—l‘l: 1
X~ E -a-nx h--:-O ' . : h—0

£t (0] e xc2Een
X=> 2 (x = 2)(x" ¢+ 2x + 4)
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. . X % 2 . 1.
m ’ ‘3

x~.>2‘x2+2x+4_.

or‘,'setting "x 2+ h, we ‘have
2 3

Lo X =4 ,(2+h) sl ~_4h + h”

lin “~——— = 1lim i2+h) -4 .1im T + 6h2 + b3

X2 % =8 h0 (24 n)> N 8 h>0

2

| ~'h‘_9°,12+6h+h ’ 3
4. hmx4+2x3- 4x - 8 ={%]= 1im (x+2)(x - 4) -
C 0 Xe=2 X+ 2x + 8x +16 L xw =2 (x4 2)(x +8)
Ca %2 - (x+2)- (x _2)
= Tim - —[ ]— l:Lm .
X-»=2 x> +8 —2 (x+2) (x»-,2x-_e-4)
x—-'2"7 -4 -1
= 1im - T = . _—= - =
X -2 22/-231(4-:4..* 4+4+4 .3

-

- or, setting x = =2 + h, we have

x3 + 2x2 - 4x - 8

- . (h=2)2 4 2(h = 2)% - 4(n - 2)<8
lm R 3 — = lim T 3 ,
xX>=2X + 2x° +8x+16 h—>0 (h=-2) +2(h-2) +8(h - 2)+16
= lin — T3 = lin = b= ..
h— O0h" =6k’ + 12h° ~h— 0 h“ = 6h+ 12

Wi
.

b) For an algebra.lc funct:.on. (J.n case a:;;oo )

As :.llustrated in the follow:.ng exa.mples, 1ndetem1nacv
‘can "bé removed in general by nmlt:.nlv:.ng numerajbor and denorqlna-f
tor - by the conjuguates of the express:.ons. ‘

Example 1. - lim ‘\/xz + 3x-«/x + 2]-—?

x-=9°o



Lit
o

'-

s
/4

R —— Ry 2 ‘ /-2 i
lim (A\/X/ .4.# 3x n-'\/xz + 2) Vx + 3x + VX &+ 2 ! .

X S AR x/’xz‘

- 3}\'_ ‘v'\/’:x + 2

It
j=
(a8
a8
)
s

o™
X
]

Examnle 2.. lim X2 =2

N

Selution.-

(x - 2‘(V2x + 5 + 3).

= lim =-1-,1:'ml'A‘2’°“*5+ =3
R SRR S E R
g |
Example 3. lim -’*/’T—*.Z-;?,_

: X + 8
X =5

Solutlon. In the 1dent1tv

%I%) (?/;érr;\/ab «/—-)-a_-q-

eachvfactor at the left hand side is the _con‘;ugatevof the other,

and we have .

lim%ﬁ+23*/x242.x+4*hm"—‘x+8 » ’
: ] - 3/xd -

a8 T O 3L o3 L4 g g CHBIGET zasam

, EXERCISES ( 1.6)
86, By & , 4§ technigue show that limit of

.

a) x? - 2x is 3 when x - 3,



86 .
b)fli;:;iL is 1 when X —> 2.

-1
)X .

87. If f(x) = (x + 3)/(x - 2), flnd a {)O correspond-
ing tog= 1/10 for all x ina doleted nelghbor—
hood of 3.

88, Find the left hand side+hd rieckt hand side limits

7 Of . o » : 5 s
) ______fx = ﬁ.'[. when X — 40 S+ b)Y
X =4 T }x - 2‘

o) x[x] wner;.‘xa.,-z:-:.. ") Linfuc]f 2enumen
R Xl

when x —> 2 ‘

89. Evaluate the limits, if any:

a) lim_ fx ﬂ..lsj S b) lim (x{=x] - [- XU )

V5 f N R
e} iim [[co.; X + sin x] o a) llm {cos X + sin x]
X0 . x4

90. Evalua e the follow:.ng hmts, if a.ny

a) l:Lm sin x o R b)._lim tan x

"X . . : i K D0 )

c) 1im 28X o a) lim =2 ;
g i X sin X “
x—»_ao ’ X->00o - N .
RPN . 32 2 :

e) lim v, Where Xy - 3xy o+ Sy.- 4 + 8 =

) X—» 0O . ‘

91.-Eva1uate the follomng umlts, 1f anys

é.); 1lim {2 + x] . . b) llm = (x

x—> 3/2 v D X =2 (xI

2,4- 3)

‘c) . lim ﬂ:x + —-] sin -éT.x | d) lix\nA_sin(-27-r+ 21:#)&; x_2+iE

! : S v
" e) lim. ‘Seec x . £) lim e
2 x—>7?73 T T x—>‘l/3 K 23: + 1]

92, For each of the f01low1.ng caSes, i:md examnles ofc
fu.tctlons f, g and xo at which- thev nave no °

- limits but
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4
v o A -
a) f +g b)) £ -g e) fg - 4) f/g
~ has a limit at X . ‘

93, Find limits, if any:

i

a2) lim . (sin x + cos x) b) liﬁ ”(‘xl;'tan,x)'

> 7[/3\ X -774 \ . _. -
_ c),x%i?b x cot f‘ | o d) lim dvg &xﬂ
94, Given f£(x) =1k + 4',and"'g'(x) = x2 - 5, find

a) Lim (fog)(x) D) lim (got)(x)
x->3 . X-—v} :

¢) Lim (fof)(x) - 2) iia (808) (x)
x-,s s X‘—" 2

' 95.AEvaluate

a) lim arcsin x " b)‘llm . [arccos x]
x—3/3/2 ' ' X-—»l/Z '
. o L 3.2 2 a g
¢) lim. y, y being defined by Xy" - Sx Yy + 8x_+ 4y ~ 8=C
X—> 2 : ' ' O . A\ o

d) 11m Vs v belng deflned by X y2 fjﬁxzy - Bx + 4xy - 8=0

X 0 ; .
e) lim £N(x) if f(x) =‘-’}-§-—}—§--

T X-» 2
96. Determine the constants -a and b such that

x3.— 6x + 2b
X + 2

L 3
S X - 8ax + 2 .
a) linm e =9 ~b) 1lim

X =2 ‘ ; , .

=G

97.. Find the limits, if any: o
‘a) lim ’XI*IX ; i -1 b) lim l% - 1L—|xl+ 1
TCxwW 1l x° -1 x A1 . ~ ,+’1

98, Evaluate the following limits, if anys
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3 2 s
goum BExo2o2 ]
x=>-1xT +x +2x+2
e B (16 &onit =]
Taom 5 ;
X-»00 x4+ 8x
) B
¢) 1im X 28x tel
X000 XU = 5x 4 7
: 8 3
d) 1im 3x° + 100x~ + 12 [3/8]
x>0 8x + lOOOxB,-»Q -
o L v
e) lim X = 6x° = 8 : [—?/5"]
X+ 5

x> 0

99, Pird the. limits, if ' any:

. X3,.— 3x2 + 4
a) lim - 3 3
x> 2 X7 - 5% 4-?}:(_4“4‘
x2- 2
B) 1im ___;L
. ¥ - %
v—> X 3
x-—>7r/2
4) 1im 1 -.cos, x
sin x

x— 0

100, Eval‘-.late

~a) 1in 222088 [lp] 4y 1ig _______s;..nQZ)éo.Za:x’ [4]
8—7 sin” © x—> 0 '
101. Evaluate
. S j ,
&) lm %%—E b) lim 2=
x-=>w/2 T x> 0
- T3 -c
¢) 1im  Lot(x - ”,/3\ 4) 1im A=.cos X °gs X
x=7/8 tan(x + 3) x>0 x
' . 3/2 /2 .
102, Evaluate lim - X x° qu [3.-41

X— 9



103,

~¢) lim

104

&) lim ‘-—3—_-1- | 00 b) lim

_Evaluate the follow:.ng llmits, .1f a.mr

x sin (s:Ln x)
l-cos (srn x)

* % _)_3 5117151 v7r’ x.,_ W ey 0

. 1a£c2i: Z}-{- <y, 1im . '8in“x +231n 3
X—» 07 T SR x—>0 x

Flnd the l:unlts' ,'

';”;' a.) lim - (x -—2-) tan x ‘b) .flim; Ji cse x - °

x—>7/2 e : x>0

: c) 1lim x sin(kr + x) d) lim~ —————— co08'Xx

- 105.

106,

1074

-a) 1lim

Evaluate

.a) lim

o - - I o 1—77172 '75'—'%-:

m - (1 +t) ? [ ‘/2]
t—e 0 . < T | ’
o) 1o Y 1 s 3% -2<1 + t'- RS [—3/7,]

= 0 _"'«

[N
e

VX 4+ 4 =2 -b)ll 3«/2x+6—2 ‘
X 0 X+ 3 X l.,/x + 3 2 \

Evaluate the llmlts, :.f a.ny

-a) lim- (ta.n x - sec x) b) 1im - (cot x-- csc x)-

x—*7'72 : . - x-'» o

¢) lim (\A + 3x— - 3x)

‘ 'iba;

X O

;,_a) lim 3,./4 3 - f)

x—b“ .

'Fl"ld an 1nterva1 for the 11m f(x\ when x -—? 4-.\:'. ‘

:Lf 2% + 3>f(x) >x + S.n.. [[9; 1’31
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109. In the Figure, P is on the

unit circle in the first
quadrant, If\Ivis the mid voint
‘of the segment [CP] and J

R Ve
is that of are 4P and N

. W
is the »oint wkev’ I7 in-

tersects the lire DA, find
the limting position of W
on ‘OA'_wﬁen‘ P — A. »

(Hint: Take & = X a0P).

110. Let O0A, OB be two perven—
dicular lines wvassins tﬁroughr
the center 0 of a circle.
Let i, J be noints_n?'the
segmént [Oﬁ] and or tha arc |

AB such that [0T|=|ogfa, .

a3l = [Efn. Tet N be the M)

voint vhere IJ intersects

. 0OA. .¥ind the limtin~ vosi-

tion of N(n) as n—+>o , ’ [_-loN[: yory
AN
CONTINUITY .

Continuity is among important concevots about functions, .



91 .

L~

A function continuous on a-closed interval enjoys hany proper- .

V‘ -t1es, and ‘the graph of such a functlon con51sts of a 51ngle

 'n1ncp that can be traced w1thout llftlng the- nenc11 off the
i<'papep.,‘ . S . i .. .A[
B .,‘ A functlon f deflned on a closed 1nterval [a,: b]) is
:Sald to be contlnuous at an 1nter10r p01nt A xoev(a,;b)_
S Mmoo £(x) =Tf(x) (1)

_ x> xo § L o ,
o Contlnulty of f at: the end,p01nts a and b is defln-
ed by (1) by the use of rlght and left 11m1t% at a and b

reqnnctlvelJ. A functlon whlch,AS»not contlnuous at a p01nt

ox é[?, b] is sald to ‘be- discontinuous at xo._V

3 .
frcnwraen .
o . .

Graph of a functlon ; :' " Graph of a function
. continuous at x . . discontinuous at X, -

A functlon f. R - R, g1ven by a. rule is dlscontlnuous

at a p01nx X, at 1east in one .of the following cases:

1) f is.not defined at X (Missing point discon- .
Cginuitv) T : P

© 2) f is defined af';xé but not\in:aideleted neight-
o borhood(l)

N(x) -off‘xo.'(Isblated-pointidiscoh—‘
itlnulty) o PR S .

1) Some authors recard f continadus at an lsolated point, Ln
a deleted nelghborhood of which f is undeflned.
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3).lim f(x) does nof exist at’ xo (iggp discontinuity)

e |
4) lim f(x) exists but this 11m1t is not eaual o f(xo)’

\
(?Pmovabla dlsconulnul,f)

mhen we have the fo‘loalng tVDes of discontinuities as .

1lluqtratnd oy graphs'

T

1

! -

1

5 )

:~

l‘
‘Liissing point discon- . Isolated point Finite jump dis-
tinuity or removable = discontinuity _ continuity

'

- discontinuity \ : \

R it

3 Y,
Finite jump dis- _ Infinite jump Infinite jump

continuity discoﬁtinuitv © discontinuity

uxamnlo l. Why the followinz funetions are not continuous

‘at fﬁdlcated n01nts. and what is thp troe of dlscontl nuity?

1af(x)=-‘——-,x =0

X o}
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BT 1 when x = -li- .
2) g(x) = | s =
x when‘;x}o
D ax) =222, x -2
4) k(x) = ———, x =1. - - . o
o x =1 o . " .

 iAnswers: . L S '
1) . ’ 1*’}—'_—» f 'is not. deflned at X, = 0

\(flnlte Jump)

S 2) ? : S x=<1 :1.s an :Lsolated point of Ee
- B ' (1solated no:mt)
3) 4__1__;ﬂ?___;;:’ hois undeflned at X, = 2. h.hav-
: 'J.ng limit (=1) at - X, = 2 - the .

. dlscontlnulty is removable._ i

4)

N

Example 2. Test the functlon f(x) = I xl for contlnulty

at the origin. - _ i : g o ¢
Solutlon. Since 11m1t |x|- - \ .

and this limit is equal to f(o), f

k is undefined at x =1

( 1nf1n1t e jump )

e

1

is contlnuous at: 0.

Example 3; Test the function

.
: 1 T .
£(x) =[32t,- +_1]] at x =3+ . : 1=
i’ . ) ; ) . oy
- . Cms _ _ _]_. . [
‘Solution.’ lim, ) =2 = f(2)‘. Lo
X~ = A
.2 ' ;
It ‘.is_ cf)ntinuous‘. o - , ko __%..i.% 1




94

J

Examnle 4, Find the set of x's on which f(x) = [xz]

is continuous.

Solution. Since f has (finite jump) discﬂon*lv:inuities
21, X = I/z (aeN) ~only, then the set is R f{x: x = Wa,
2 € n). | y | o

If f:[a, b]—> R is continuous at every point of .tyhe .
closed -interval [a, b], then f is said to be continuous on
[z, b]. Sim\ilar definition is given for a funection defined .in

an open interval (a, b).

'{f: f is continuous on [as b']}

ﬁotation. cla, 6]
' {f: £ is continuous in (a, b)}

¢(a, b)

Tl

. B. Properties of continuous functions:

Theorem 1. _ i S
‘f,'bégg C(a, bl=y cf, f Ig, fe, f/gec[a,""b] where the

latter holds ivhez_x - g(x) ;élo. and c 1is constant. C -

Proof. We only };,ro've the' contlmiityj cf on [a, b].

. Since fgCla, b}, then for ',xog {2, v} we have 'x}}?éb £(x) .

£(x,).

© How,

lim  (ef)(x) = lim cf(x) = ¢ lim £(x) = ¢ £(x ) = (cf)(x,)
X=>x_ X—> X ’ X->x_ : S
o ~o o
The other cases are similarly proved using tﬁeorem; on 1imifs.
Corollary. If P(x), Q(x) are two polynomials, then
'Z)vP_/Qe C(—_OO.,°O)' ‘excevt at the roots of Q.
Theorem 2. If fe C [a, bl, then

1) There exist . xi, X,€ [2, b] such thaf:

f(xl) ‘= ms:f-‘(x‘), f(x.) = I»’:)f(x)

N



25

for all . x¢ [a, b), where m, li are the 'smallest and

largest values of f(x) on [a, b].

- 2. For any S with m ALK, there"’"e'xi‘st's ”e.t"le’ast one

cE (a, b) such that f(c) ._/a. (Intermedla't:e value

theorem)

Sketchv proof. . a

S

~ Since f is’ con’cmuoue on the closed 1nterval (a, b} f(x )
is def:.nlte for all xo ; on the sa.rne 1nterval, and the set of
all f(x ) has a 'smallest value m and largest value N.
f be:.na' contlnuous on {=, b], 1t is an onto funct:.on
from [, ] to {'m, M], o
-The- numbers:- m, ;h ~related to:a function. f " cortinuous

ona closed 1nterval are called global Lor absolute) 'ru.nlmum,

maximum of £(x)," respecftvely.<

M

‘ Example. Finti 'm’, M, and . .c, 1f any, " w:.th/u f(c) rop
the follow1ng funetions. in_the- 1ndlcated intervals: a.nd/«, R

@) £(x) = gEy, [14], p=12
b) g(x),_: 2 {2, 5], /4‘—14 .
c) h(v};') = lx ,4\ [-5/2, 3], /u_9/4

~ Q) K(x) = 1A% (a1, 5), ps 4/9,,f:,12 Cv s




(Vo)
Oy

lw'zon. : ' _ B

. AR . . ' : ) .
'a) Since f is increasing in [1. 47, we nave

o= (1) £ 1/8, o= £(4) = 4/7. /'«—‘ 5[1/47, «4/7:!'.

' |\)|0~'

m S _ 1 o
.hh>6n’ x+3°2 = C'— 3€ [1' 4]-
b) S:ane g is increasins in [2, 5], we have
m = f(2) =2, ¥ = (5} = 23, M= lbe Y_F’. 45}., Then
s /

¥ =2=1%> x=%4, and ¢ =
" ¢) From the Eran

N om= £(=2) = £(2)
M= £(3) =5,

]

o,

M= Ze[o. 5}« Then LS
Ix2-4l.=‘—%x2—A‘~.:-&9-'%'\x2—m;‘_9 = )
*,b277% M3,4" 2 7

- ~ . , r |
ey = =5/2, ¢, = -xf?'/z, _ c3 =V7/2, ¢, = 5/2e [-s/2, 1].
»:i\ Since . is defined on an oven in Terval *ﬂere will

be no sma.lest and no largest values, bu" ~—<P(x\<l(.

S 6(1/‘2)5_,’ l)_then‘ 142 = 4/3 = X = Y3203 ¢ = 3/2¢ (1, 5):
Corollary. If f€ C[a, b] and £(a) £{b)< 0. then there

exists at le;st one c€{a, b) such that f(c) = 0, 1in other
woris the vequatiqn f(x) = 0 has at le'as_,'t one root between a
and .b. ‘ ‘ , '
. To fi'nd an anproximate root .

of 2n equation f(x) = 0, 1n the

Iirst step, one determines an in-

heey

' 4
terval' (s, b] on wh ch f is eon~

tinuons mand  fla) f(b)<0 and +ne '

V.
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) corollary :ruaranteeq then the exls*l:ﬂrvmD of‘ a root in (a. b\
'I‘hprp are. some mt=+hmis for such a dotemmatlon, two of
’whlch are meﬂtloned hm:-e. Each cor'qr:‘l:s of flndlrw :m*ervals

[a ..b]mth f(a)f(b )<0fsuch that ‘

[aly ‘ bl] 3[&20 b2] o § [3-3, b3’]:. 0‘0 : [ano | D,’]D ‘e e .
where the length of '[a-n-a hn]' tends *o- 0 as’ n—oco - and ench .-
intéﬁai_ coﬂtaining the szme z_‘oot o, th° numbers al. a a‘)....

(or bl,' b o By ‘ese) can be taken as ‘the first, seconi, tnir

3’

aee anprox:.matlons to the root c. (If in tue prow “fay}‘,_
h A

or f(b ) = 0, - for some value‘ k of n, then the root c is
at hand) v : ‘

" First wayv: Take [a, b] as [a.l, l]‘ Le* a(l be’ the
"m:.dpo:.nt of [a ’ _bl] Ir f(a( ) = 0,. then atl
herwise f(e( Y50 or < 0. If f(d_l) f(a1)<0 sa_,r, take

[al, 1] as [aa, b)e Iet o5 be the midpoint of [az, b2]. ‘
If. f(c(z) 0, then «2
. If f(c(z) f(b )< 0, say, take [o(a. b2] as [a 3]_, and =0,

on. Tho vrocess . can ba cont1nued to anv dpsxred approximation,

(1

is a’ root, Ot-

is a root, othemse f(q.' ¥> 0 or< 0.

Second wav: Referring to the first way above - ql» is

: t&ken heres as the point where the chord joining the end rvoirtg

of the durve 1ntersects [a;. ] = (a, b)s The proces ontr-\nmf
. as in the flrst way ta.klmr g( ‘s as :mte*sndwn of caa*ds wite
x-ana.\

Prom the- equation

.%'_f( ) - fb)-fraz

‘of the chord dassine throush the voints ‘(a,-r(an._. (5, £(p)
" we obtain . ' - '
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' Example. Find interval(s) on.each of which .

F(x) = 2%3 ~Tx 43 =

' has one root, and tpen flnd one of them apnrox1mat=>ly annly:.ng- '

tno flrst and second wav. ;
- Solution 1‘0 f(-2) = -;6<0 f(-l) 8) 0, f(O) 3)0.,,
£(1) = ‘-2<o,» f(2) 5% 0 ;3 c € L-z,,-l‘_\, ce [0, 1. 'c-3e[1,' 2.

Let us f:.nd the second root bcz.

o
ge

-

I N
[N E

. 1 "',.
’ f('2'),'=_-.-1/4”<\0‘ = 1/4:

(SR

s £/ = /32y 0. x3 - -;-( - 3.

i

mh—*
hll—'

S't;oppl.nrr at th:.s step we get 3/8 as the thlrd apnroxlmatlon
of fhe Toot w:.th largest error (- - -r-) 1/8

,.?/5‘

,
v
R

~b|\<-.
Ni<

I

Solutlon 2. “1 =a -‘(b - a) f(a)

£(p) - 'f(a_) )
3/5 g, £(3/5) —_-96/125<0=> L e[o 3/5]

!

= 0 - (1-0)5%



< =0-(-0 = T5/15
%y =0=(5-0) —F ,3v5175/157
\ - : 125 - A
> fleg) = ~59/628<0 > (e [0, T5/1571.
! °Z_3 =0 ,-" 1:5,'57" - 39 T, %'—5—3- w:.th an error
o ' : 628 ~ 7 less than
5 (g2 -0y =T75/314.

EXERC IsE s { 1. 7)

. 111. Test the follow:.ng

v d.:.cated n01nts i

' a) £(x) =|xl, xi = 3/2, ‘x2"=.lo .
") g(x) =[x], x =3/2, x,=0
112, Same question for: ) _ 
x.‘.+ l‘L when x>2 |
= \\ . i = i
a) F(x) = | | R x,.= 2
' "3 ) when | x<(2
2 0.4 g o
X +1 if x}l ) J
b) &(x) = ' o X =1
2 if . x‘l E ‘
! x4+ 1 ,if,v xy 1, v
ity L ; o EREx =1
30 i x¢1 |

,

functions for cor;finuity at in-
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112, Show that the followins funeiiors ars coMtimuious

114.

115,

116,

117,

-_a\ fx) = 1.

for all xgF: _

'xz, b4 <’—1
x= =1
-x+'2,x>—l'

N

P 2
b) 2(x) =4 ﬁijf;zzT:fi
C X7 e x + 1

Show that *he folloawing funciions ars.contiruous at

all x
‘a) f(x) = lx2 - 2l ':%
e) n(x) = 3x = 5

in their domain of definition:

B) (x) =4/x" ~ 5x « 4
e = s w2

®ind. the »oints of discontinuitv and identifv their -

tvpes of the following functions, if any:

a) £(x)

X - 2

c) R(x)

1]
3
-

‘Same guestion for:

) Xe 7 X<O
a) £(x) ={1, ~ x=0
p v
11
—1—/x- x)O-
=/x ‘cot x -

e) F‘(ﬂ

x2+3x—10 »

. | x2 + 3, )':<2
b) g(x)={ . '
(5 =-x, x>=2

vd), G(X), = [x]'— x

b) g(x) = —
_ sin x
. fan X

1) G(x) = —————
\ arctan X

Find the points and type if discontinuity of the

- following func*t‘;ivvons in the indicated 'interirals, if

anvs: '’
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™~

oo C ’2 - C
a) f(X):'i?x-_—%l—B—m—y k _/;[0, 2]

b) &lx) = ;[-2—,;—’;:;',"' o sT

(

| 05 h(x) . sin x +.C0S x ' 1[0,,772]

118,

L) k(x) = sinx | S Yo, 72l

Sin X = C08 X

ercsin x -
Find the points of discontinuity and identify: their

types. of the'folldwing functions on their domain,

Cif any

‘a.) F(x) —{s:l.n x}

'-b)‘g functlon defined bj | .1f
) f#3yé '_ &Zy' - xy2 I*'VB’W: -+-‘5'>;".‘,;vy +3 ’=‘o
c) GoG if 6(x) —-EX + IB k ) - ,v :A' jnkVMM““;m"*\
fld)H?ﬁlf H(x) = -

119,

PFind the po;nts of dlscontlnultv of f + g. fg,

: Vf/g if

120,

121,

N

:b) f(x)

s ! L2 1
f(x) = 2x -7, 8(x) =x" + =5

Find the p01nts ‘of dlscOntlnulty of fog and gof N
and determlne thelr tvpes, it any, where :

a) f(X) = vx2 -1, -;g({c) =sinx

1

c§é;x, o e(x) -3
: A X+ 1 ’

Fird m, ¥ ' of the following functions in .ae given




1/?2.‘

ft
o
]

interval if. fhev are’ contlnuon s then find x - for
the siven value of f(x): ‘

3

Gyexon (L] 00 -

h) 1[’=lx + 3|+ xQI [—_9. ?]. - f(x) =0

\c.) v lx . dxl- 5[—1,"3]_. ‘ f(x) = 2.

aly _ﬂ— + 1] . [1.,,4] ,- f(x) =1

Same questlpn f“or“

ca) £(x) = X7 5-[x?y » [-1. 0], f(x) =
B) £(x) = % f T [3,'7]} £(x) = 5/6

¢) £(x) = ~ [ 5]y £ =0

-~ 3X |
da) f(x) = sec X + csc X, [7//0, 7]’/3] f(x) =

1223 .

124,

C125.

1) £(x)

‘Find approximately a root .of f£(x) = 0 in [o, 1] .

and determine the maximum error,

2

a) f(x)=2x"+ X =1=0

3x2+2Xn1#_0

'Find the Toot of X ~5x+2=0 in (0, 1)

approximately with an error less than {0%.

A (Use both wa,rvys)‘

Find approximate root of sin x + cos x in (0, 7}

and give the maximum error.
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A SUMFARY

{Chanter 1)

| R

‘19 " 4-

1.5

" where I =D

2 _ ﬁ(n+1)(2h+1)

M s
-

o

B
o~
o]
+
=
—

ci=l i=1 6
13 raGint? . & k. l,o
5 2 =[Ael] 3 afeaIE, ()
. e 2 ) . r=l1 A
i=1 ) . k=1 T v
“The relation from I to J with defining rule p(x, y)
is ‘ / - v o
g {(x’ V) x€ Ty - € Ty . ‘_P(x.v Y)}
and the 1nverse ’ g-l of g

—{(x,y) x€J, yeI, 'My,XQ

y’ = f(x) (ass:.gnlng one only one yéJ for each xe I)

; and Ry :E‘(D YCJ. are the domaln and

- | ‘range of f. f is wr:u..tten Tz Df_> lRf, “y = f(x).

' Tyvpes: Polvnomial, ‘rational, ii'rational° algebraic,-

transcendental, exp11c1t, 1m'011c1t, even, odd' perlodlc,

‘ \plecemsely deflned functions.

| 1.'5 )

1.7

lim  £(x),  lim . £(x), and  lim f(x)= ére left

X—)X ' x> X : X—>XxX
s) . Q

ltmlt, Tight 11m1t, _and ]unlt of f(x) at . X e o
oo — o & 0

Indptermlnate form@.. _%,; ’ ,09 oo, 00, 0, O‘, 1, 00

x> x

continuouq on. [a, b] B f€ ¢[a, b] ‘attains its m1n1mum 1
~value m, " its maxmum value My ~and all intermediate

values 1n between m, M.

 The, I"unctlon from I to J is & relatlon with the rule.‘

CIf lim £(x) = f(xdy, £(x) 'is said to be continuous

8t'x,. ° The notation f&Cla, B} denotés function £

I T I T T




126.

127,

128.

. 129,

S
»Prove- (ac + b2 (a2 + p9)(6? + d)

[
[a]
&a

NISCELLANFOUS EXERCISES

(AChaptér 1
A natural number .»n is called comvposite if n = a.b
where a, b arevnatural numbers greater than fl, :

and called prime 1f n1. and not composite. Show

' uhah f=ach of the natural numbers bptweev 90 and 100 -

which 1s comn031te has a prlme factor less than 10.

‘What is the value of “x Y I j2 - x\\A,
for X =57

2

Prove:

. 2 '
- a)y n- even ﬁ n even

2

b) n odd ? n odd

130.

131,

132.

133,

134,

Solve the followlng for Xy yé R.v

‘a) X+ 2i = 3- Syi C ) (2x = i)(y + 31) =17 +k4i‘

c) -%}f}%l -3 +yi ) 2x + 1 = (5 ;.i) X+ 73
Evainate : . | |
) WE At b WE e
‘For each case find a Vrelation-_\between real x and
y if z2-3z;+'2; - (z=x+iv) is
a) real D) pure imaginary

,erte a polvnomlal of 1Past dep‘ree w:.th real

‘conff1c1em:'= having the roo+s 27-1 and 1 =« 21.

It n(A) = 8 and n(B) = 5, what may be the larsest

and sm.allest vé.lues of’

a) a(AUB) - b) n(ARB)



135,

105

If VA = {n 3]n, ‘n (100,.'.vhéN } and

iBf=-‘ m 4ln, 'n<100, : neN };

~ “compute. -, _ . '
a)n(a) »” b) n(B) “ e)n(AnB)
*@nuum ﬂnM-B)  f§MBAM

136,

In a p;roun of students there ‘are n(F) 12 foot-‘.
ball nlavers, ) n(V) 8 voleyball nlayers and

‘n(B) 9 basketball players. If n(Fr\V)

.

a){rpcta.hgles w1th area A} -b)‘ {sQﬁé.fes}

.n(FnB\ 35 n(VnB) 5" a.nd n(FuBuV) -18
“find. ’che number of studnnts plav1ng .

'a) football onlv - [6] b) baqketball onlv [2] A

c) Voleyball only [o] d) a.ll. [1]

.Wh10h of the follow:.ng are the subsefs of “t:he set :

R of‘ all rectangles?

e) {parallelo&-rams} ) d) {nhombuses}

: e\{recta.ngles w:l.th dlmensa.on a' x 29., aeR}

VWh-l ch of the follow:mg are the qubset of nolycrons?

. V.F'a) {trla.ngles} b) {squares}
b.ﬂc) irectan:rlpq} ’.  ; : d)v{c;.rc%.bes};_.
.e){hexagons} f) {pyra.m:.ds} :

; g) {spheres}

139,

Given thP qets 4 {(", V)GF lxl lY‘ } B
2o (o mest - A< ma

'\'C = {(x, v)elR [y[)x } granh them in” thP- R

_cartesian plane. and then obtain _the_ graphs of

\

~a) ,AUR B A=C ¢)BAC =

H




140,

106

Find the interval. defined by ' .

a) fx'-;3]$2:" s b)[x+2’<3,

141.

142,

: b)‘lx + 3] - Léx -1 -x

143.

‘ a) 2[x +v4l —A!x - 2[ + X

144,

145,

) |x+:71<.9 ) ]x-—9|<7

Exnrnss tho plven 1nterva1 as an 1wequa11tv 1nv01v1np

ap absolufe Yalue: ,
a) (3,8 . b)) [5, -7}
c) [.-4’ 7] g d) (-27 51'

Flnd the qet of solutlon of the follow1ng equations

[{ 3V | 3+\/?}]
o L{t2}]

a) ‘x - Qx‘,- %=1 = 0

Same question for

i
o

h)»[X,- 3’( -|x+1|+4=

Prove bv 1nduct10n-
a) = 4 y is d1v151b1e bv X + v for né'zl

b) < - yn' 1s lelslblP Y X -y for ng zl

Prove by inductlon. L

T DA S S .-_1_.__1*_*__1” s
S 3 -4 *** T on-l  2n  n+l \ﬂ+? °**" on’
‘n’GTl. N
‘Prove by inductidn:

146,

147,

Sin nx
el o

Sinx ‘(n‘ for neZ), x # k.

Given the relation x o‘|v‘ =1

' a\ qketch i% b) write its inverse

148,

'Same_question_fdr )k]‘+ IV‘ =1 -



- 150,

.\‘\

.Find ‘the inverse of the relation

(x - y)(By +‘i)'+,l = 6{},;

Whlch ones of the follovn.ng rp’l atlovxs are svmm¢=+rlc9

""a) ilx-f.fL v )4} b\i((x, v)°’7‘c+v4?}

L c) {(x, v): x-—v)l} -a) {(x, y)- xv + 4 = } ’

2

S ia) i(x, efx+ YL(Z} f) i(x, y)- ‘xYn - 1 = Q}

_,Sketch +hn graph of +he relahons -

"a) S‘ {(x, v, tv[-x-;-l)O}

152.

®) §= Ux,vhllﬂ-y[ 3<0k

Same ouest:.o"1 fors

a) {(x, yye [x-2]= 3, [V = 3ﬂ = 2}

i b) {(x, y\' [x] [y] = 1}

153.

,Sket ch'

“a) {(x, }):“ x| + {x - 1{ = 3}

S {(x ) gy - -y -1l > 3}

154.

155,

&) (e y)e (vl =[x -1 >3}

skebeh: . N p 

Ce) [(x, e x| | =2} ) { (=) y)' [x] = 2}
¢) {L(%c, ML 3(- = 1}&\ {0x v) [[x - %]}_ 2, v-l}
Sketch ’/

a) {(_’c; ."r-):' [2x -5-'3] =5, [v]= 2},

O {x )t |xl+ |y =113}

. b) {(x','v_\:‘ Lox + 3]]: 5, v| }
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156. sicetch the graphs of the relationss
Vit 0 [x][¢] = 1}
n) {(‘x,' 7): Lx}[v}= -1}
&) {(x, y): Lx10¥] = 03
1) {(x, v): [x}[v] 4}

157. Prove

) éY[X]é x<¢fx]+1 "%)(é14¢~04x-[x]<1
M EIEI R " a) 0«[x] -2 E-’zi Js1}

158. Given in the Figure-a window with constant area S.
The glass in rectangular form vermits the light
half of that of semicircular form. Find the amount

of light e(x) vassine through the window.

: | 2=
" {Glass in rectangular.form vermits amount ,-}

of light £, ver unit-area).

. 159. Find the area. A of an isocales. triangle with
equéi sides a and angle between them is- x; then
discuss the continuity of A as a function of Xe

Find m and M;

© 160, Find the distance function ‘d4(m)  of thc .foot of
the perpendicular from (4, 0) to. the 11ne  y=mX.

Find tne domain D and’ rangn of tnls functlons.

161, A varlable p01nt_ﬂP on (x - 2) + y2'= 4 is given,
'~ Find the sum,of'the coordinates of - P with respect '

to the line ¥y = X, and . V = =X,

:1620 I ff&V§§,+ ER x2 + Xy find f(x).

4

'1630 if f(x)r=wa2 +_1,  (x) = x/(x + 1 flnd

‘a) (foe)(x) - b) (:rof\(x)
o £ d) )
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164, If" l/p - l/q 1 ‘show that f(x) xp_l and
C o elxy = X3 -l _are inverse ﬁmcthn‘s,.. o

' 165. Using the data given in thé Figure =

-

_ compute the time - t(x) for a man 2 l°£”’c.~ — 'f_,
walking from A %o B via C if. » Vo
- : 5 kv
the speed from A to Cc is 2 km/hr \ !
]

""and c. tovB 153hn/hr

' "166. VI,et l(x), e (x) ‘be two even a.nd 0. (x), o} (x)
‘ be two odd funct:.ons. what can ‘be sa:.d about evenness

or odaness of

a)v 92.9'6-1 o | ) e'lool
'c)Oloel' - '_r’d)O oOl?

- 167« If F, G, H arel:bm g:.ven 1nvert1ble furctlons .—.mcx
£, & h are unknown functlons def:med by foF = G,
"Fog = G and PohoG = H show that )

Go ¥ T S g=F oG

'fc') h= p"l oHo Gt

a) i‘

| ,153' Given f(x) =vx + 1, g('x) = éa‘nzx “and h(x) = 4x?
- f:l.n_d‘ the following: ' ' ' ‘
a) (fogon)(¥7/4) B (fon ;ole)(ﬁ’/}i
e)(goho£M3) - a) (nofo g
169. Prove: _ |
L P Az
1

cscz csé' csce =0
7 e T .

170. Prove

1

NF

: 1 10 1
arcta.n 5 + arctan s * a.rcta:w =

© 171, Waiuaﬁe the followins
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‘«I . v" .

ia)‘arétan EY + éﬁétan z e u%)larcsih 2 +>arctan 4
3l arcian g+ @ ' R 5 T ST 3

“e) arctan % + arctan —f—z;igii d) arcsin x + arctan x

172, Find tae period of the following functions, if anv:

: . 2 2 N .". - L
a) y = sin x cos"x - b) y =sin 3x sin Tx .
c)y ='5 L [ §'ln d) y = tan 3x +.ébs 6%.
’ 173.~Find thp 1nt°rV41 in whlch the given fUnctlon is |

‘ monotone 1ncreaqlng'

s a) £(x) = 1 '2‘ - b) £lx) =%
Sl oax ’

ey £(x) = (2x 4 33 @) £(x) = -
t T : : l-x

174, Evaluatéithe‘limits, if any:

x—>4 s x->?’/2‘ -
175. Evaluate:,
a “,o aSint 't Sina
" a) lim >3 -
' o ast 0 1T ea -
) lim ~b cos ag‘: 3 cos 8b . ;: . ;
b—="u L ) . : T
. N o 1 ) - . 1
e} lim —% 8in t tan 2t
.t-_>o S AN
P N . ) / .
d) Tim (l + a.x)ﬂ‘/x if 11m (1L + x\l X e

x-»0 K x—+0

176, Pind the 1imit of €L when ¥ —»2 if |
£(x) = (x & Y/ (x = 2). '

' e oosin {x ~a)
U . 8in. x - sin a*
X A . o



178.

f 179.

181..

-leen f(x) = [2x - ]]

‘111

L
T

F‘va'b a‘-p +m follomvw .'1n1+s if any:

é | lﬁm _{x[x _- 11] Ex] (’C - 1\}

») 1im 3£12111 o e) fiiw- '-lﬁz;géfi ‘ |
x-1/2 "‘" x—=2/3 _[ "
1 1 \ : ! : : !
xw0 * X1 . : o
Given  - o <o ‘ ;
» ' sin x when E -w(x <~ /2 '
,  E(x) = .‘:-71 [ when x = —772 -
. 0OSX = 1 when x) - /2
Aa.) flnd lim f(x) - when X o -7?72, if any
‘b) Is the functlon contlnuous at the same point? \

b)) f:.nd the set of x on which

a) find Df
: ST f(x). is continuous,
'c) Is it monotone? d) find ;l:he inverse relation,

i

Find the set in which f(x) is. continuous:

*a)‘,f(x)" = arcsin x + a.rc_éin X

~e) f(x) = x T a) f(x) = _Zi:.gi
o ' {X - 4)(‘!.;. 3 s ) .Vx 4

182,

- as a ﬁmetlon ofoc ’. ",ax‘gfl'—; E ‘
: cflnd thn acufe an:rla o< f‘or
'wh1ch x -'4’7 . (O <°<<772)

183,

Vcoord:.nates of the point P

From the F:.;rure, flnd the

Wr1+e the area of an 1soce1es tranero:.d as the
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Ifunctlon of base . x 1f unner base a is equa.l to

i latnral sulem .

4

184. Find the area Ae¢) of A ABC
7 as a function of & ‘where C

lie&- on a qua.rter of C‘.LI‘Cle

‘of radius R, and find : my M

if Alx) is ‘continuous.

185, In the given Figure, prove

v |
«+P=Z».»




ANSWERS TO EVEN NUWMBERED
SELECTED EXERCTSES OF CHAPTRR 1

- ' l \‘ 1. 1 (T). 16)

2.8) (34v2) 4 (5~42), B), (4 «V3)4 =43)
. 6. Hint: lké!‘@ 2k is .even, 2k + 1 is odd. . ‘
10. Use d{a, b) ="ib - a\ R

L

o
le 4 (v, 41)

b}
v ,
"X
< <1 r SR
b) s
,/
Ny
ool S8
o N\
52, a) . M A b)
. i B y R,
: o] A——=
o T
/;.
o Y ; . o y e
- 54.8)y ==2, - LI 2x =y =390

-c)x=:/V9f“’¥2'v . ,d)":.‘é“'.'yzl‘ |

1. 5 (»n, 52}

.60" .a) R = g_.“lvv 1}.:: - R - {.09 1/9}
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» [-1, 2], [0,'00), T el R - [2, 4] ,A R - [2’, 16]
62. y = /X, y.= X. | | |
l 64. a)‘[2k2’- 7),’/.2, '/Zkﬂ’/+v'ﬁ"/2], jiricre:sl.sipg;? ‘

- [ek7r+ 772, 2x7'+ 3772] , decreasing.

b) [kZ’- w2, kw+ 7/2] ; iﬁcréaéi’ng

c) [2k%m (2k,+'l‘)_77] iner., ‘[(2k + )7 (2k.+ 2)77]&901‘;
’ {1’)" [x7, 'kv} 7/2] decr., ‘fk7+ 7/2, ¥ +7] iner.

66..2) - , b),

x
70. a) y=x+5, . b)y=-1 '3
o d) x = y2 -1, not a function - e) ¥y = cos x
f) y = arcsin x : ‘ o
. . /
72, 8) MY Y R y c) 7
1 o 1! ) S ,
. et -,i D . . ':.O_—I_—o
d) ki e) K} £)
o - Y4 34 2z 4 g
2 ol 2. * O . 2w of o
=0 I, o> -t o0——o - G———0

T4, a) (=20, =3), (=3,0), b) ['37/,/4,,57”4],[57#4. /8"

C\ ("_°°y =2), ["2’ 0]1 v[o‘i 2]9 [21“”

. 760 y=

{(x + 1)/3 when x g =4,
..'-‘23?/(3 - x\ when - —3<‘x<%
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80. a) 772,  b) 67, ) 277, &) 7/3

ez, . D1 T W

- 82, (£0 )(x) =/fx% = 3x « D/ - ax = 3), [-1, Du(3e0)
(g o f)(X) =VX + 1/ (x + L wafx + 1)' . R - {1, 3}
.84, ("°°, —2] . ' : ‘

1.6 (p. 85)
88s &) =1, 1,  b)-4, 4, c) 6, 4, . d) 0,0
90. a) No limit, b) No limit, ¢) O, = d) No limit, e) O
o]

92, a) £ [x], g: =[x} at ‘xé 7

b) f: x +[i],_ g [x] at x€ 2
c) £: Ix], &f-x] et xE 7

d) f: tan x, g3 ta.n,x'.a‘.l: xo'e -4

’949'571ﬂ§- v) 3, VT a) -4
| 96. a) 6, | /b) 2 o
104.a) -1, b) 1, ¢) No limit, 4) -1
 106.a) 3/2, T m s
1, 7 (ps 99)

112, 8) Discontinuoué, since 'f(2.)‘ is not defined, »

b) continuous, = c¢) discont. at x =2 and x = 1-:

116, a) Discont.v at x =0, at x = 1', finite’ jump at

S ox = 0 infinite jump at x = 1.

b) Infinite .discontihuity ')é.t X = k7 (k # 0), and

removable discont, at x = O. _ ’
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v

¢) Removable dis_cont;'at "x = 0, infinite jump at ,‘

= k7 (k < 0).
d),Removable chqcont a.t_' x
(Zk +.1) 7'/2.»5

0, infinite discont, ‘'

atx

(2k + 1) 7/2, flmto ump.e
]

118. a) At x

' At x = ,0 ,-— l,- 1nf1n1tp -,u"m.

Atx such that x é N, f1n1t¢= ]umn.
d) ‘At":‘. O, 1nf1n11:e Jumn.
» 120. a) No- éoint o’f. d;sppptlnu;.ty; ; 
b) .No:‘,_.p“oint of disééntih\;ify;‘

122, a) £(x) is discontimious on [-1, 0]

0)'m = 3/4, kﬁfé.7/8 x=5.
&) m= 1/, W= 3/40, " x =9 .

) m =’21/2-..’ N’ = 2 + 2/1/_ No x since 1<m<fﬁL i

124, 7/16, error. 1/16, _' |
Chéﬁter 1 ’:(:n. 10/1\ 7
130, a) x = 6, ‘ v= -?/5, o b)x =1, y =2; x = ';.1/_%,".3,3' -6

"c) x = 7/4, _v = -1. SV x = =1/16, v = =3/16.

132.?;3.) y(x - 1) ‘ - | b),.x2 +‘ Zy? - x.v‘=»“0 . |

134, a) ‘max.l13, min. 8;- - b) max, 5, -min, o
138.m), b)), e
100 8) [15], D) (<5, 1), o)(-16, 2), ) [2, 16]

s T w xl vl =




158,
160.
162,
168,

172 |

174,
| 176.
178.
180.

182,
184.

.‘;,17

by ey
d(m) = 4iq/v1 +’m2; D; = R, Ry = [0, 4}.’ .

f(x)'=‘(x4 - 12x3 + 562:2 - 120 x + 99)/4.

a)vZ,  B)V3, c) tan?ls,  4) 16/3

8) 7/2, b)2m, )3, 4 T3,

. Hint: Transform first the given expression’ into -

linear form such as 3 tan 2x - sin 5x, and then
find the periods) :

8) 0, - b) 0.

5. |

a) 7, B) 0, o) No limit d) No limit
BB, B E-{x: x=k2 kei)

c) yes, - d) x=[2y -1].

X = R cos 2K, ¥y = R sin 2% « = 37/8.

Afot) = %‘- (- Bin«) cosox; m=0, N = 1/2;

.
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CHAPTEP 2

. DIFFERENTIATION
2o 1 DRRIVATIVFE
A. Definitions:’ - - |
_ Iet f: [a,’bj -» R, v = f(x) b & function defined on
‘a closed irzfe'r'\‘ralj [ay b] ard let .xée (a, b). Tettinm lx b

D

_a point ir a deleted neighborhood W(x,) of x_ . we call the

difference Ax = x. - X_ ' an increment of x, which is nositive

or negative according 28 x is on.right .or left of X, If
Ax {0, it is called a derrement. The inerement A% is a new

variakle independent of X which mav also be denoted bv He

V?or our function ¥ = 'f(_x), consider the differance
Av = f(xd + Ax) - t:"(,xo'),, .

which may be ' negative, zero or positive, it is called an
inerement of V. '

Now we form the ratio of inerements, namelv
C ( . T

4v _ Af(x) tx, « A,}_c.) - tlx,) (xdx )
Ax ~ ax . - Ax TaLx s *Qi

called 2 Aifferance osuotient or Newton gquotient, and consider

C limits as Ax tends to 07, 0" and 0, if anv, and if all

exist thev ave respectively called the left derivative the

risht_derivative and the Jderivative of 'f at - X e So in case

' r - B :
lim ar ’ 1im 4y

x=x-0 Ax - x-=0" Ax_

exist and eoual to each other, *he -common limit
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Joflx_ o+ Ax) = £(x )
[¢] : 4 fo)

-lim o -~
x.—s0 - ‘A&? R ' /

]
i=s the deriv=ative of < a% X and f Jis s said to hn.

aifferentiable4atv Xe

T bl is used for Ax, that’ 1s, if h-Ax:x—xo’,f

the der1vat1ve is a‘so exnrpssei as

£(x 4+ B) - £(x))  £(x) - flx) .
©1lim o - 7 or lim . —— =
hee O CT X>X =T %o

N

Example. Flnd thp deer?tlve, if anv, of the glven

"’urctlon at 1nd1cated noznt°1

2 x =2 Crx) = 1=l x =
1);-y =x% xy =2 BRI J=l, x,=0
_ Solution: - 5 Y : .
222
1) 11m g? +jh% — 2. - 1n : igﬁill- llm (4+h)
 h-» (B - . h—ﬁ 0 b h=» 0 .

S ’ | Sy o -1 when by 0
) 1am 2Bl -0_ .. Ibl , ,'
“h=-=0 ho. hw 0. 2 ' ,
. - o ‘1 when _h<:0
;The 1eft dnrlvatlve is -1, right derlvatlve is’ 1 at

X, = 0 but thern is no dnvlvatlve at that polnt.

If f [a, b}-> R. has derlvatlve at -every p01rt X of '

(2, b) is said to be Aifferentiable in- (a, b). The dlffErentla-

o b111+v of f at tﬂe end n01wts a, P is deflned by the r1~ht

and Teft de*iv*+1vee roqnectlvelv.

Potat*on' S o B \

D[a, b] {f- £ is dlff‘erentaahle on [a, b]} s

2



NMa, ) = {f: ‘f is d:ffnrnﬂ*lcoln in  (a, b)}

1€ = f(x)€ 1 'J[a, b] the derivative (the In'r'ot dm‘lvatlva)

of f at xe[a, r)] is denoted in various wavs:

o Cdy af , a .
vt {r orime}, T', = = (dv br Ax), =<' 7 (a4 by dx, y), = I

anbh «r n
Dxf" (D sub Xy ¥)s v-va

f1 ‘(f one).  (Dx = d/dx)

and - thn rinrlva‘r:lve at a particular pomt X, is written as

foU ows :

ey 2 SR s . a
(fr{x)) x =%, or £ (x) x = xb’.‘f (Xq‘.\g Dx"(x;),/x - xo’ cee

‘Ex=amule. Find the derivative function of the fdllowin‘é
functiorns and fird the set on w‘xich'derivatives exist.

2

a) v = x- b))y =X c) Y,=x:l néN
‘Solution. ‘
al)dy= (x+Ax)2 - x% = 2x szg-.(Ax‘)z
» Av Av o : '
—— - — . { -
= Ax pr Ax = ax 2% 5 T ?°)

) A""_‘ X = AX -4‘\/—; (V¥ + ax -V\Vx ¢ Sxe VEY

Ax AX A)\(-‘/ﬂ( * AV - 1f—\
af 1o - ' | o
av = w9 F )_ ’ o ‘ -

.n"vn = _‘L A\’ - (AX‘Q(...\ ? \

.

MAy= (v cax) - X"

AY _ =L 4 IRELRIN IS P
Z=rx . A""{-ﬂ"?:?ax"ﬁ‘_x ; (=00, 00}

Byxamnle, Same avactsan fans
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f(x) = F(x )
a 0.

J1im f(x) = 1im f(x )+ 1im - .
XX XX ° XX X =%
' - o 0 - :

im (x - x, \ f(x ) - f'(x/) . 0=f(x)
X Yo o

@ ©ard. it followq from thn def1n1t1on ‘of cont1nu1+v of f,iat
P xo. thaf f is contlnuous at xo.v§1ncp .xo is faken arblt-

~

Lo rarily on [=- b],A Cis contlnuous on Ea. b).

“We ﬁdtn‘that the converse of th1s +heor9m‘1q not true,
that 1s a funcflon covtlnuous at a nownf mav not be dlfferentl- .
o \ :
able at that’ n01nt. Indped,' £(x) = [xl is oon+1nuouq at 0"

w1thouf belnv dlffere“tlable at 0.

B. Géometric and nhvsical iﬁtérnretations of the .

: ffrét derivatives. S =

Geometrlc 1nte Eretatlon.,f

3

Tet. f: R -’ m ‘be a functlon w1th graoh as shown ln the _

flgurp.\ThP r1pht dprlvatlve of. f(x\ at X being

f(x) - f(xo)‘

A
- lim e = lim -—-';%;
x-a.x < e T AxX-> 0
Gk)ﬂ&) ‘4._;V65j?0)
. : ol
“where }I is thp slone of tLe hne nassu.mr throuph

o = (x s f(x )) and nearbv n01nt P Cx, f(x)) ori the

curvp, 1t represents the slope' of. the limiting line through P

‘as P annroaches P . This 11m1t1ng line is the rlght tangent
llno of f(x) at xo. _
q1m1‘9r]v the left dP”1V1f1V9 of f(x) ,Xézgié‘the

'slope of the left targent line at X e If/both-left end right

dérivativgs.exist and eaqual to each other”at,'xo thé-derivaﬁivé:

i



a) flxd = ix [Y,-& T?k FnY 2(+Y = [v] %"
&= o,
a5 )
2 s - - R . / T .
. '. Y e X Wnoe ).g_. 7 3( ...nx-\ wher Xé-l_,
flxy = - . Compfrixd -t
. i o - .
P3xT o+ ix when Xy =0 AX - 7( wher v) -1

F %) evists when x¢-1 or ¥Y=l, sirce thev are
nolynomial f:metions af X, but at x = -1, 11("' =Ftix) = 3
and x};i{_rl]),,_ £r(x) = =3 1imit dnes rot exist, Then f(_‘ ~} is

47 Pferentinnte nn (ooe, «1Vuf-l. e,

L 2
n)
Ly 2 \ , :
glxY = nx";, | when ngx¢gn +1, ne?7
2 (x) = 2nx wnen ngx{n + 1 ng 7
Deriwative exists when m<x¢n + 1, ne€ 2’.“ bt
’ ' : Vo
im etfx) = 2(n -~ L)x.  linm . g'(x) = 2n x
g AL ) X = 1. ’
are not- the sime ~2xcent at "X = Q. .

v

Then dei’@Yﬁtijre exists or the set R < T 4+ {0}

Thgorem. f¢ fa, b] = fe Cla, b], that isa 39 Ffarerti-

\
ahl» f‘uﬂc"'* on Qe n gomtimnane Syneti T

Proof, Tet  x¢fa. b] a~d  xe Mix ). Rinee x £ x_»
tha idengitv T

flx) = ffx )
. o

Plx) = f£lx ) » Y x - %)
[o] (o]

X - X
Q

hnlde, Myline Timit of each gide when X —» ¥ . we have’
_ ‘ T .

.~



point of- interséction.
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o

_exists at x6 and it is the s]obe;of the un aque tawvﬂ‘r 11np

at X e Consequertly, if f{x) has @e?lv&thQ at X (then

the curve renresented by this furction has (ymigne) tnzent

lin~ with slope f'(xo),' ard normal line vith slowe —l/f'(xo).

) Theh we have tho aguations of tangnnt and the normal 11npg

throush \xo. f(x )) with krown. slone 3
v . - : . :
\ ) R
P 5 = o -
y=f(x) =1 (xq) (x va)

\

“and

,y - f(xo\, =}_;'_(;—Ti. {x = xo)

4

The slope of the tangent line at a poiﬁt is' the'slove of

the curve y = f(x) at the same point. Let & be the angie

‘between the vositive x-axis and the tanzent ﬂylikn'e at xc; Then -

tan « ='f'(x°) where o« = arctan'f'(v)'co) is the slome angle‘
of the curves at x . ‘ '

The ancle between two curves at a ceértain common ‘point |

is defined to be thn d.'ﬂE.'lB befween the tansrent lines a% this

nnlrﬁ' Two . curves 1r'tersect each other orthoaora]ly at 2 po:mt

‘ if the angle botwpen them is QO cat that voint, and they are

tangent, at- xo :1f the angle of ;n‘bersectlon is zero at xo,

-Examr';le.‘ Find the equations of tangent and ‘normal lines
at the noints of intersects of the followins curves of
= f(x) = x2, v = g{x) =v8x, and the ancles between their

12

Solution, F‘qua:rlnxr 4 's- we have 4 = 8x > X = o,

? 2 = vl 0, v2 4 and the points of 1nt§rsecflon are
= (0, 0), A;- (2. 4). ;
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. ; s . ’, E N
£7(x) = 2x = £9(0) 20, £(2) =4

g (x) =-J'_?c' = f_' is nq?’deflned at 0, but. .
for X - 0 ’ hav:.nxr ! (x)-ot-o we say that the slone of f(x) o
at 0 is oo ‘meaning geomptmoallv that the tangent llne a't; 7

(o, 0_) is pervendicular, to x-a.x:.s. z'(2)

Tangent line at (O, 0) to f(x)- ¥ = 0.

Norma" 11vxe at (0, 0) to . f(x)' =0
Tangent line at (2, 4) to g(x): v =4 = 1,(x=2)
Nozfrpal line a-_t;‘ (2, 4) to; g(x):-‘y .—,-'54_: = =(x - 2).

As to the angles, at the origin e, = m/2, andat A

4 -1 R
tan c:<2 =17 =‘.;3/.5 = '_’-(2 = arctan 3/5

. "\' .
. thsa.c?l 1nterm:‘etat10n (Rectlllnea.r motlon)

" Let s,.. s(t) ‘be a functlon of time - t renresnntlng
" the diétance s. travelled of a moving partn.c;l.e on a stran.ght
" line. Then in ‘a time 1n1;erva.l [tl, 2]€D (dpniain of), .we

" have the average velocrbv.

_ . , ‘ _ _s(‘tg") - s(tl)
= . V/= = ) -~
\ =" .‘tz,- P

To f:.nd the. 1nsta*1tarveous ve1001ty v(t ) at t e D

we form t"w prton auot:.ent
1

4s _,?(to + A%) - s(ta) :

’ — . A.t_ g At :' ‘ }"

‘then EERE -'. : -
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. -s(t 4+ At) - s(t ) AN
Cwlt ) = lim 2 - 2
ats0- .. A™

if exists.’ it any - instant t the velosoity is

\

v(t) = st(%) = =

Y mhe abqo'l"tn value 'v(t\! is thn emmd of the nart1c"¢=.-

i

TIn fhp same mannor we have

Be— e, a(t) = v
a8 the avnrage aocplpra+1on in time 1ntn*va1 [t J2] andA )

1vqtnnt°neouq acoelerat1on at tlme t.

Exgmnle.‘vathe'equg$ion pf mot;bn'on a line is given by

’\f 8= t3’- 27t em/sec,

¢

- : o
f]nd the follow1nﬂ°"“

a\ average vnloc1t1eq in the time 1r+ervalq [0, 3] and .-

[o. W'J 7 |
.b) v(ﬁ\~_§§ -tl ='3; #2‘= 3J§),> o | |
'c'\f'g from t = 0 to =3, and from t=0 %0 t =33, "

K3 abqolute dlqtancP travelled by tha narflele 1ﬂ the
~intervals’ [o. aj, [0, h/‘_'l '

e) Find tha tlmo wherp thn accnlora+1on is 12 cm/spoﬁ

Solntibn$.

. . C o i )
a) s(0) =0 om, 's(3) = =54 cm, s(zﬁ\ Oem . =



.

= =18 em/sec in [0, .3],

Vo=

0 en/sec  in [O,“3V§].

b) vit) = 3t? - 27T = 'V{%) =0 cn/égé, v(’J}\ 54 cw/qec.

e) g = =54 ~0==54cmfrom O to 3; s =0cm fror O

o 31I_.

~ v : .
a) |s ‘ 54 cm from 0 to-3; |s| =108 cm from 0 to 33.
"e) a = g:' 6t %y At =;1? = t = 2 sen,

Heigher order derivatives:

Let f: [a, b]J> R be a differentiable function, If f£*

is differentiable,its derivative is the second (order) derivative
. of f, written: ' . \
. »

y* (y double prime),”  £f", -Q—% (d?yv by dx square),
' axt - -
o 2 2
af  4d - ;2 2 a” -
5 =3 v (& by (ax)7, v), =3 £,
ax  ax~ - ' T ax
Dxx V.(D S‘_lb.xx)’
’ 2 a4 a ~a&°
© D Iplfeneone). (= =)

If 'f" is differentiable one talks about the third

{order) derivative f"* of £, In general nth order derivative

of f is denoted by the symbols

(n)  (n) &, ae a° at .
‘Y T ’ n’ n?' n’r o

Cdx ax

Tn analosy with fe 2(a, b7 <he svmhols |



h2ve nbvinus meaninss.
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. \‘
fe Dn[a,'_';)]_,‘__ﬂr fe Dn(a, ‘b)\-'

DR . L

" C. Theorems on derivatives,

Thaorem 1. If feDfa, b] and c is'a constant, thien

D) (o) = et D) (s v o ng;

, ' _;f'(_x) when ‘f(x)véo '5 B o L
N . . f(x
) feeolr=4 &f(x)] = £'(x )f—(x),—
-  £'(x) when f£(x)>0 ‘ :
) ‘ 0 when n ‘<.:t“(x)<ri +-1, . né-z
RO £y L
- ;o Does not. exist, when’ £(x) = neZ
'"Proof.

1) 74 is a d:\.rect consequence of the deflm.tlon T

1

dnrlvatlve_k ) '

N

PR A R ST
_2) {f(x) _)’"_.hl-tﬂ_o"h *F(x + h) f(x)')~‘
PR f(x+h)—f(x\ . 1
== 1lim Jim: e, =
_ _‘f' x\_
- f.x) -..
e ‘__f(,y» RO f=frx), F(x)€0
lr(xd] =4 [f(x\[' ={ s .
' e, f(x\>o T ), 1) 0

. }f(}(‘x\ -‘_féi)‘_fv( ).
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4) [f(x)]' = 0 ‘when n<f(x) <n + 1, ne 2, since
{f(x)] = consta.nt under the cond.:.tions. [

In case f(x) =n, néad the'der:wative does not

exists, ,s:.nee [f(x)] is dlscont:.nuous et x =n.

Thaover 2, Tf f, = are dif?qreﬁtlable functlons on a

common domain. ther

2

D(f+g)=f =g 2 (fag) = -
o . L ‘ j . s R . ‘
Ve st 4) (D= TESE (o) £ 0)
| o ' P . : T ., g/ E ~ :
Proof.’ R ’ :
. ) P - ' Yl
1) (£« &) (x) = 1lim (f,+“p)(x h; gf + 7)(x)
: ~h=0 - . '
. gip HEeh) +oglx s h) - Fx) - o)
" h=0 ' b
. (; Y - £lx) . elxsh) - olx
o . = Lim. flx + hﬁ fx) + lim Aix.h)h ‘q(x\

]

fr(x) =+ q'(?)vﬁ (£ +‘g')(£).\
(f -'-79'\' ‘= 'f' - x‘v"
2) It can be proved as in (1\

(f2)(x + h) - (fp)(x)
h

Tim.

3) (fa)t(x)
’ h—- 0

N

- i Hxen)eGoen) - £(x) gx)

v "\'h_’o h
= lim ‘f‘(x-o-h\ p(x-r-h\;l— f(x) ,sz(x+h)+
h—b (o i '
 1im f(Y\ o(x + h) -~ ffx\ g(x)
: n
h—=0 .
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e Y = st _ : o o
1im, ZX 2 h;’; 209 yin glx+n) 4 - '
he O . ‘h=0

lim foo 19m S(Z % ) = afx)
h»s h-=0. .o R

= Fx) mlx) » £(x) 2(x) = (F1e)x) & (For)(x)

(fr'e + F2)(X),
4. (Byrix) = (. l}'-cx) = (e 24 rdyoy gx
& ) ) g g :

f' fo

=

7 Tﬁisrtheorem; if’expressed'in terms of the symbo.
D=D_ = d/dx, takes the forms

X — S R
1) D(f 4+ ) = Df + Dg 2) D(f = g) = Df - Dg
3) D(fa) (Df)g s £ 4) D§_= (pf)e ; f. e .

. _- " g.

. ‘ oy . . )
where T . is called the derivative onnr9+or. An operator in

Eeneral 19 a mapnwng from functions to functions so +hat +hn
,0pnra+nr D mans diffPrP“tlabIP functlons to funetions, For
1nstance if (x) = ,2‘ and =(x) = 2x, then Df(x) = g(x)g
: The derivative oparator D has, in narﬁ.cula}, the_‘%.w,o
oronerties _
i) Df & g) = Df + De B i1) Dlef) = o Df (cisa
. o : constant)
An onératnr~hévinr thesé/iwofnrnperties‘is'called;a>1innar
» overator., Hence D is & linear operator. it o° is-dnfined
# - to be the identity overator T with tlp nromerty I(f) £} the

'fo]10w1ng ‘are 211 11hna“'on9ra+nrs°



‘ E . ' . . . .
o 3 n  _n+l -1
0(=T). Dy D% Dy ese » D% "0 = D ™Y, Ll

We define the .sunm D° + D} and e Dp‘ bv the equalities

(D + DD F =1 D for all feDC

-

5 3 (eD)f =e Df RN

The operators o+ 03 ana e ° 'saliéfy (i) and (ii) and-

hence are linear onprators.

Examnle. nnlv tho Ilnﬂar onorator QU? - D + 3 to the

‘functlon f(xY —\/- - x « (Here 3 means 3D,

C(20° =D+ 3)WE - x2>1= (gnz)eﬁ - x2) - DWE - %) +
R 3 x = x2)

‘=2ﬁ21/§;2D2x2—DJ)-C+Dx2.+3\/;—3x2

2D (5) - 2.2 -—ﬁ—;—«» 2« WE = 3x°

101 1 2
R I Y + WE -

-

Theorem 3. (Chain rule) Let ' fog be a»comnosifn function,

If £, £ are dlfferentlable on their domalnsl,then fog -is

dlfferentlable on 1ts domain and the derlvat:vp is. given bv
(fop) (x) f'(e(x)) g'(x)

Proof, Setting v =-(fog)(x)'=\f(g(x))' we have’

dv . 1 T flelx + Ax)) - £a(x)) ‘ L f(g(xs + A g(%)S-f(H(X))
— oz J1 = 1'1m :
dx . : AX : CAX

x>0 , - . x>0
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LI

. (f(e'(x) + 4’“‘” - fg(x)) 2__2%‘.

x—>0 AX :
Coaim (B2 ¢ 2() = £(e(x)) _as(x),
", (SR

whare setting .u = g(x), we have Ag(x) =Au = 0 asax-=> 0 /
from the differentiability of g(x), and- - ) P

(e e ' .
: & - 1im f(u * A'll)l = f(u) 1lim ﬁ_u_ :
Au-+0 . 4 a8z

=rr(u) . B f-(e(xn L. ®

“As a first extension of this theorem we have the chain

A rule for v o= (fog oh)(x) f(g(h'(‘x)), namely

‘where .y = 'f(u);.v u = g(x), v =nh(x), or

(fogoh)*(x) = £'(a(h(x)) « &'(h(x)) « h*(x)
‘ _Phis theorem and its generalitations are extremely useful .
., in differentiatins some functions’ of ‘comnlicated nature,
Fxamnle. Differemtiate the functions. .
'a)y='\/x2-3X+2-' by = (x2\¥3x+2)3,

Sohi‘-l“lon.
a) We think of y- as the function of fur\ctlon f(g(x))
‘where v = f(x) -‘\/— u = x2 --3x + 2. 'Phen



2x - 3
21/x2 -3x +2

5 . .
y U=X = 3Xx+ 2 we have

(2x - 3) =

4y _ 4y 4
dx ~ au * dx

‘Corecllarv,. If f:/m - R is différentiablevand_invertible

~in an interval, then "1 is aifferentiable and

N

e

,3u’2‘ . (2x = 3) = 3(x'- 3% + 2)%.(2x-3)

1, .. 1 )
: £fr(f “(x)) - ’ ]
-Proof. Since (fofnl)(i) = I{x) = x, we'havé by above

theorem’

1= ((fo£™)(x))* = £2(£7(x)) « (£ 2(x))Y,
and thén the desired result.

. .
X+ 3

Example. If f(x) = 3

, find %’f‘\l(x)
, ‘ x = 1/4

Solution 1. The inverse of the civen function being

-1 _ 3%
f(x)_l-.x

‘

by direct differeﬁtiation we have

d =

3 16 , ,
-— (x) = e —_— at X = 1,/4.
R e S

' . - ' X .
Sotution 2. Bv the use of cerollrarvz,;—r:— = -1—‘- = X

N
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) 1 11 )
f: l - ’4"' . f : z -?t/j 10 )
» 3 A 15 FORR 3 .4 -1
- fr(x) = —— :f"(f (Z)) = £'(1) “ 2% £ .(x)-‘-.-.
) (x+3) . o
| ‘_ j
- x o

_ Implieit differentiation.

If a function .y = y(x) is implicitly defined as in
22 ' 2 . o .
Xy =5xy + (x" =2x) =0, xsiny + cos(x +y) =

. . ‘ .
the derlvanve N of a theor°t1oa11v'ex1s+1n~ unknnvm funection
ie oht'alrwl bv term:- bv-tprm dlfferpntlata.on *rledino' a re1 ation -

%olvable for y' as y'(x, V).

| Examnle. Pind the derivative of the functions o

x%y% 4 5xy = 2(x° £ 6x) = 0 at A = (1, -3), and find
‘V" (x,\ V).
%o'luﬂor. lef‘m'p“t'xatlnv every hterm mﬂn rnqnect x

‘knamnp in mind +hat y is funchion of Xx we have

ox v2 ' x2(2vyt) + 5y +5xyt - 2(2X - 6) =

(2x7v + 5x)v* + (2xy2 4 5v = 4y + 12) = 0. °
Setting now x = 1, ¥ ='--2,. we ;'_{e't
(=425 vi1(1) 4 (81044« 1) = 0=$-v'(1\

\

" For vrf(x-..v_\ < wa heye

' . : M

2‘,(v'/1 + 5y -4y 4 12

R L
97:2,v+ Sx -
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ol
LB

Corollarv, D x = rx (re Q)

. ‘ ) -
T Proof. This was oroved earliasr for ve Zo = M.

If r€7, set T = on wi*h n€ N. Then

=1
r -n 1 -n X “fe=l r-1
Dx =Dx _hx,q:,_’n = =-n X - =r X .
) X
- o Lt . . -‘n./a B
Let now r = p/g€EQ with n) 0. SEuulnC" y = x"" we have
yo‘ = x? which when differentiated- 1mn11c1t1v nves '
L a=1_, v-1 IR
1y ¥ =p x or.
o w2 S N L T T £/
1 b - - -
: q \.,0.— a ,yq‘ q xP
=-‘§3 v/a-1 S B

That the corollarv holds also for: ré€R mll be proved

in a 1a er chapter.

Derlvative of & varameiric function..

_ Consider two functions = x(t), y =v(t). ‘When t is
eiimin.a.ted betweeri X and v (whlch 13 thPoretlcally possible)
‘one obta:.ns a rela+1on ‘between Xx and y g1v1ng rige to an- .
‘1mnllc1t1v defined funct’or!. Such a function v = y(x) defined

bv the pair

i

x(t)_ ,

Y(t);

X

@

¥

where % . is a varameter, is ealled a parametric function. The

vair (a) may define one or more functions eaeh of which is a

-

varametric function,

Theorem, If x(t), v(+) are differentiable functions,
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_ then tra parametric function defined by (2) is differentiable

and the derivative is siven bvr

dr _ F(B) ey
a = X',(_‘b) ’ (X(t) * 0)

where X(t), #t) ars the derivatives of. x(%), y(t) 'with

rasnect to their srgunents -t.

. Proof. Since x(t), v(t) are Aifferentiable with resoect

to. t we have S ' . e
. $(t).= 1lim 2%‘- , W) = lim :-;‘l’-
o . 0 ' t=>0

’

so. that 4x = 0,. Av—> 0 when ' At-> 0, and

lim Av/At

av . Ar | .. Ay/at 4= 0 %) &
= = 1lim —' = lim - = - = - .
. dx x>0 A° 30 Ax/At 1im Ax/At x(t)

t=> 0

~ Example, Write the eqﬁation of tangent line %o the curve’

of the. parametric function x = 2 -2t, ¥y =73t + 2 at the
voint A = ( ,/-% , 7/2) c.orres'pondin,r; to t = %'.

Solution:

) C. ® " | » /o 2 dV -
¥ =2t~2, V=3 = dv/dx = §/%x = 3 (t = 1= == -1/3
' ‘ R ' 4=l

Since -m = =1/3 the ‘equation of the tangent line at A is
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I ~ ' : :

D, - Derivatives of irisanomatric znd

inverse *trigonomatric functions.

Theorem. The derivatives of trisonometrie functions on

their resnective domains are

1. D sin x = cos X - ‘24 D cos x = = sin x
3. D tan x = ‘sec’x 4. D cot x = - ese’x
5. D sec x = sec- X %7n X - D'esc X = = ecsec.x cot x
. Proof, D sin x'= 1lim ‘gin(xeh) - sin x '
—_— . 3 h oo
. h— 0 - - ;
: ' . 2sin h cos(x + E}
: : ‘ 13 2 ‘ - 2
. : = iim . ~ 4 -
) ‘h—> 0 ‘ ’
t ‘ N N . .
‘s‘n!h «
= lim . o 2 lim cos(x + %) = 1,
h-» 0. e h—» O . .

='1l, CO8 X = COS X.

2. Deos x =1 sinﬁg‘— x) =~cosC§ - X)eD(=x) = -~ sin x.-
3.Dtanx = D sin x _ cos x cos x - sin x(= sin x)-
cos X : : 20
_ cos X
N .
. et see’x.
- -2 TR .
ecos'x - v
4. -Proved as in (3). o 1 B

1 .= 8in X 1l  sinx - N
= - - % = = . gec X tdn X.-
cos X - eos®x COS X cos X s .

-5 D»Sep x =’D

64 Proved as in (5). @&

Theorem. The derivatives of the inverse trigonometrie

o

funetions on their respective fundamental domains and rastricted
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1

3, D arctan x = —— 4, D arceot x

5. D aresec x ='W - b D-arecesc x
FeS 1 .

1. N aresin x =ﬁ, 2, D arccos ¥ =
o L -x" - . - P

1
1 - x
—-— 1"'
l#xz

Dependinz on the restriction, the ahove fractions involv-

rs

"ing radical mayv have ovnosite sign. Diseuss the nases, .

Proof. 1. Setting y = aresin x with xe{-1, 1].

 implicitly with respect to- x sives 1 = (cos y)v!

ar

T S
sy

VAR
co 1 - .sind_v 1 - x
2, v = arecos x '(VG[~1, 1] , yelo, 7] ) '

> x=cosvy =) = (- sin y)y', (sin y)0)

q o : 1
'v":- ‘= - - J.

Y .

3. v = arctan x  (x€ l-oa, o). ve (=Z, Ty

2’ 2

ve[-w2, 7/2], we have 'x = sin v’ which when differentiated

(cos v>0)’
Az, )

.
W4
H .
. L .
..f. 1 [
A

= x=tfan v =3 1= (Secey) veo o ST ,_—’—"f.—

. T 3 . . 3 1 . . - _O —_—

% ! = . - = - = - —— _-.—.T__‘._,:""
anny 1 tansr 1 & x2 T e

~4, Proved simil=rly,
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:}7\,'\?”: areaac x _(,V,.e f—_ao;‘-"]U[T-w)-_.’ , :
‘ e [0. 7/?)u(7,/7.7f]') = , '—gﬂ ;
=3 x = sec =};]\.*= (sec v. 'b?l‘;‘!"r\ AR -
(;.eep};: v = -7:c,' tﬁ_"'\v_'.«'t> o) |
1 ) o 1 | = 1 R

,"4‘
i -

T gec y tean v

e02x jl"- 1}«1'\/;2 - 1
6. Proved similarlwr, |

Frampla.
1}

at 1nd1 oa+pd pointse,

’

x

a\ V =7 S'i_?l - Y = 0
X %+ 2 \
b) v = arcros ‘3;- . 3= (0, -,;), B = (0, 3w/2Yy°
_ Solution:
a)y* = (cosx " é) 2 5 = vo(Q)'_ 1/2
R - (x+ 2) o
’ . , ' ) ‘ -32'- at A
SIS S |
: V{ = (3} '
.2

-

l\?_.l 1=

| &
o

(2. i\

.

m-«d the devivatives: of‘ +ho *‘ollnw:mrr farctions’

T 'P”v* fhn ‘Aaerivative, if anv, nf the’ fo"‘l_ow;_mv fnnotl()ns

at the inelicated nnink b Nevrtonr o*lot'l F‘Y"t‘ '
x s X o= -2 b\ T o= v,

e) v = [)‘( = ‘Sx] =1 ’

a) ar
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i 2. S=me guestion for: » _
" - - Cx x2 -
a) y = -5 ., x=1 ) = —, x=0
XD el o _ U )
} C)‘-’=lx—5|, X =2 ‘d)V:‘X-l,x:—ﬁ“
f 3. Find the der*vatlve of each function by d1ffnrpncp
‘ .
$ . quoflant,.and discuss their px1stnnce°
‘ _ s x'_mmn x<l_ : . x+1 when' xg0O
Dy=1 e ;o
9x  when x»1 g X'+ 2 when x>0
: ‘4. Exvress the followine limits in terms of f£(x):
, - - ' S f -
1‘ A | a) 1im f(x hg f(x) b)) 1im fi{x + Zh;” fix)
& ] h—s0. AT h=>0
o e(% 4 o — TleomY - 1
| ¢) 2im FL X Zhh £xeh) 5y qip EHx e h) = flx - h)
w _ h=>0 . . hes 0 - -
f -~ .
| . . ' - 2 “ v . .
e) 1im ﬂx+h+h.ir)1 - F£(xY . £) 1lim f{x+an) 1—1 f(x+bh)
h— 0 h—s 0

Se Let; f(x).:r “ (x‘ I)o*= £1(0) exist? Does - £*{x)
}i 7 1» for x £ 0 exlst?

6. Fivd a nolvnom1a7 of least dopren with th“r"lVPn

condﬂtlons-’

b) 1) = 1, Q°(0) = 1, Q*(2) =0, 0" (0) = -6

7. Find ¥v' br Newton quotient if vy = aresin Yo
(Eiéﬁ;fusé x = sin 7Y,

8. IF lemw), = D%(-°°.§o\;ﬁ £hen mrove"

2y -1im FIx - oh) - of(x )4 £(x).

- he> 0 5 n? |

= 'F"{Y\




©B) L lim

9.

10.

ilq'
s= 10 £ = 5%« 3.

co 0141

a(x + ) = 25(x + 2h) + 2z(x + h) - a(f{f
B0 . e ~ o3 ’ -

N . T

Find, if anv, the eaustion of the tangent ard normal

‘lire to the curve of,

a) # =:x2 + x| at  x

i
&
s
T

o

_b)f,y_:[kﬂ x2 = 3x at x=0, x =:3/2

c) v ___“”I‘;, at x‘“:-j»l; x=0

}fi’,._‘ at.x‘=—8.' : o _ ‘

AYy =
?ind-éonstants a, b. for f(x) = az»: 2 if £(1) =

and f£'(2) = =2/3

Let the equation of motion of & particle be -

fa) If particle qtarfs ta. morn at + é 0, " at what

= é"'(X)

,tlme t1: it stons° What is: thp dlrectlon of motlon?

vDoes the motion contlnue after it stops?

b) When thP nosition of the nartlcle*wﬂf be. qvmmetrlcal

of the nos1+10n at t = tl, w1th rPsnect,1n1tiél
i“3051+10n? i '

”

c),Tha+ is tho averase va1onltv ‘in the tlmp intevrval.

[0, 1] 9 and at what “time the vo10c1tv will be 5

unit enc7

TA) Sbbw that the motion has econstant acceleration. -

a) 2f(x) -

Rind (3830, (beGo)e, [eoo|r, [0} ir

a) f(xY = xz' ey fUx) = Y x V\'o) fx) = 2% + 3

elx) B FIx) el

o

1F ff(*\ = af%. =lx) =j§2'- 2% firdlthé derivatives of
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v f‘(x) B L etx) :
} ——— : 3 R S
S I , R S -

Tet. f be a differentiable function. Show that the

*faﬂ*nﬂt Winpv+6 f de' 17f A% the yoint ‘xo'>ihtere

'ceof the x—avle a+ n01nts whlﬂh a*n crwmp+*10917v

nlnced w1+h reenpot +to xo. oo ) o , L

o

If. u-— u(x), v = ‘v(x) are functlons dlffernbtlablp

’nn to anv ordpr thprp is a formula for ‘the n th

_derlvatlve (uv)(n) establlshed bv Teibniz. For n=2

) and 3 th@ formulae are

a) mﬂ":wwxgwquw&-

D) v(,_"lv)v‘u: = uty + 3u"v'+ UtV + uvhe

o Prove'thesevaﬁd write the ﬁﬁfmulé‘for n'= 4,

" ‘ 4y e T . N
’ C) (uV)(‘ = eess . . . ’ o
' 2 .3 . -
4Ann]v the llnear Oﬂprator 1 +.D + 2D -~ D7 .to
a) 7(4(— 3x2 . . v b) 8x1/_

7.

b

Prove bv induction’

n nel

a) Dxl =nx P 'fné‘z;:‘
- ,'b‘) had xn\_ rii' ;.;.-.(ﬁ - 'm + D me 7' “(mgn),n isvfi»xed.v

' a) (x + 2)(x + Tx

19.

Find’ fhp dprlvatlves of the followmna functlons b <

5/2 b) (5x +x) (2 -‘—3—

c)1/5x3‘?‘,. S y "..d)-.VB T+ x ;x’ ->  /

Find £0(x) it £lx) = !3x2 - 2% & 5]4_.%

N

“Prove, the. followiﬁm -

-'a) ﬂorwthlve of. a *wmod1 functlon 13 a nnrlodlc '

functzon,

'
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) Derivative. of an even function'is an o0dd function, ~
."g)'ﬁerivativéfof.an odd fﬁnction'is'aﬁleven‘fhnction;
".GiVQ an’éxaﬁplé.of 5 nonperiodic fuh§tfgnvwhose :

derivative is pewiocdie. )
-2, Find (fog)'(x)' and l(gof)'(i)'1fbrmthevfplldwing ,.
 pair ’of'mnctionsl'f and. g, end 'wr'ite the set of .

x's on which fog and rof. are dlfferentlablp-

a)-f(x)‘= v;- 3x, g(x\ —-~/; L v o SR i

b) ffx) =vx2 1, g(X) =Ax 2

220 If £(x) = x° = 5x0« Tx + By alx) = fx‘3».-;-2x;,_, find
1(for) (x\ at .k = =2 R e o

23, Find f and: g if (fog);( =’l \+ -?-FTI , E

1 . —

¢ g =2x+ 3 mmd ef(x) = ‘Q?ITT‘

--24.'If f(x)=x3+8, f:md (g7 (0))'

25. Find‘the derlvatlve of

e

" &)y = sin - 2x - 7b).y.= sin(x cos x)
o X+ 1 S , L -
b) y_:'fanzx,- aéézx» S a) ¥ g.s¢¢3(x?,+ 3x)

26, Find the equatlon of the tangent 1ine'to‘the cﬁrve_af '

'Vlndlcated n01rt°1

7 V3. i
a)v=‘v 8in X, A= (- 1"%') L . o o - 1

~b) y = sin- F— cos x), B = (--, 0) . o
*27.5Find.the derzvatlves of the follow1ng funct10ns- R
. Ay = cos Sx - tan?x _b\ v = arc51n (1 cos lx\ - ;
e) v o= tan(arc31n 5 ) a) v = arcsin x + arca;n 3X, ;

' , b T - o - : i

e) v = aresin (sin x) ) ¥ = cos (arccos x) |
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. ~ : . '\.’ [N N N . ., A
. 25, Penve by induction (MEAN): o )
2l Mein x = ginfvy &+ » %'\ oy
B T ; T2

b) fﬂneos. x

77'" N L
ecoslx &+ n =) Loy . {
2 ) I :

nt S ' | . N .

& Ne . . ! {
= (0 mme TR !
L L |

' n

! {

L
]

kD

=

-

o

- 20, Wyaluate dv/dx -ard sisnlify |

f.l
)
N

i 2 ‘ x o el T x »
Y. -.a - aarcsec - b).-—arcsn!:; % == xya"-x

T e e = : - R

N Y ' . fx —-a "1 } b .. .
| S ! C\ 2 arnrgin‘ —r—— . A areta - o ¥ o
- : e ' h ~a - e~ h “,(ar ;\7’). L

‘ v
\
w

. > / . “oax *“b . 2 )
&), == 2rnhan — . where A= p" = 4200
CONR T T A= T L - aaelh

—

30, Write tve eghration of normal line
N X'=0 - sin 8

n
-y
\\
N

a) to the aveloid . .- At 8

-7 b tA the ellinse - oo at A= (%, vY

37, Prave 7

s

) D7 sine = (=17 win @ b)Y 7 coa 8= (<1 eng &

T 8ire = (f-l)n ro-=9 ,.ﬂ‘Dz,m'l cos 8 = "(..'-1)“ sui"“‘ N
V . , o ’ﬂl‘u ~“ 1\ B L ’
32, Ping —-; —X—
-

13, WinA tha eguation Af tha tar~ent and narmal.lime t9

o) T)'rl"'l-t-,l'

&

S ‘7 the curves of the followine fimctiqns at the indicatef

. i points: e : - L
- )
)
I .
] !
| ,
: N . (
o .
e
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. x sin _xzr, x’=‘v5/2

arctan (x—2 . . A= (0, 774)'

t

a) v

B,

By

x=5see 't

e){ ; at % =

 »|§

v = A tar
) xsinv-y =0 ot a-tZ, Ty
. A moviﬁg;particlé_haé conrdinetes X = 4 cos t,
v = 3 sin t as fomections of 4ime t. Find the
followings . / BT
(;omnonents of veclocty)

a v., v
x? vy

b\waned at time +

c) a, a (components of acceleration)

d) amoimt-nf acceleration a
35, Find the ppints where the tangént 1inevare horizontal:

3

'

ra) vy = - 12% N b) v =

X + 1

e) ¥y = 3 sin x +4/3 cos x in [0, 27]

Ty o2 2 .
B) X° = 2Xy = v 4+ 4y = 2x 4+ 1 =0

2
e . R
v o=t -3t
\
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inswars to even mirhered avarcises

a) n, F) 0, : n)\1? A Dpeé “ot exist
q\',rcfy\; bj éf'(y\( ' &) Folx) A 2ff(x)

e £V, (a - b‘.f'(.x)’

R v,'h\ P a6 n 5

].nvl

12,

. 7896 : B - j

a = wl, - b = T ‘ a= -]9/4,.' : .brf—'- 7/8
a) bx; | ~p/x’,  2x; (if x2@mY 0

P Y 120737 U ir fRE M 0

) A: —2/lox w0V, 2'?3{ « 3|/ (2% 4 35 (if 2x& MO

a) ..YA ..,_ Ax)' + 2’3,)(p - 18x ,—_I 12,
DY EWS + IF + 124T < M(x/E) a

5/2 YVD

a) axt a (09/2)c72 Lax” L 3% 3%, b)Y 10 « 32,

o¥ (155 = D/(ayhxd = x)y @) (7 4 20/03(7x « 2P,

1/1?‘

a) y =VBx + (32 -T)V/6, . b) v.= Tx/2 « 7/0.

a) ¥ + v = 17?, " 1) (2 cos ©)x = (b cns G)i = (a2-b2)coso air@

n. “!! - X
e e U £
X o

a) =4 sin t, 3. cos 4, Db) 5, ) =4 oos t., =3 sin t, 4) 5.
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2. 2. TDIFFEPENTIAT.

e Definitions end a Theorem:

Here we %hall nttach moan:mps to’ the svrnbolq' "dx" andv

-"dv" and to the bar e a;nnearlnp' in the svmbol -g-% for

: derlvaflvn nf =2 dlfferpﬂtlsble fuﬂctlon v = f(x)

Tho svmbol ax anne»cr‘lnp' 1n dv/dx is arw real number '

whatever in (=oo, o0} and 1t is called the dlfferentlal of
thn 1ndenenden'b varlable x. ‘It is another :Lndenendent varlablp
_like X (and dx “is not a functlon of x) i

" The- symbol ' dy avvearing 1n the derlvatlve dy/dx is

the’ real number deflnnd oy
& = f°(x) ax (saf)‘/ o1

and 1t ‘is called the dlf‘ferentlal of the dependen‘b var:.able Yo
. The dlfferentlal dy is a functlon of both: 'x and ax.. L
In view of (1) - the ‘bar "— LB :Ln -l 1ndlcates the
»rat:.o s:Lgn, and we read dy/dx as dy over: dx. When dx 0,
‘bhpn dy :

~Examx_3;.e. T L

2. ., 22 ,
l.y-_-jta.nx -.gdy:(secx)Zxdx.
":2_;'y=secx-%dv 2=secx. secxtanxdx aseczx

tan x dx 7
W1 1

3. v = arccés«fb—-% av =~ o dt -

Wrrrlmr the theov'evnq on dnrlvat:.ve with D renlaced .

by d/dx, and mu'l+1')1v1np every. tem by dx, we: have:
- Dy
x Theorém. If u, v are differentiable funetions, then

1. Al 4+ V) = du + av. : 2. d(u- ﬁ).-: du - av -
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T R L X 3 w4 - .. , e
i, dfnv) = vidu + uiv 4, 4 -3 =---—————-’_u > uAv (v £ 0)

e Interurstiatiors of differentials

* Geometric 1n+ervretat:mn-

“Let ¥y = f(x) be 2 function mfh nranh as qhown in the
- f’1~uv~p, ‘!r“! 'iif*‘e!w'\t’ablﬂ at n po*r!t xo.‘
. Theﬂ -g—; = tf-met dv tano( dx = tan« ax.
Thprﬂfov'e for the dvnn f'u-urn the 'hfferpn- :
© tial fm' the. given functiOn dy Tepresents
. v’P ’I‘.

Although the exact incremant is

v =HP=dy+TP=av +Cax

where E€-+0 as Ax—» 0, it can be avvroximated bv dv -

when . Ax is smll,

a [

" Example, Use 'd‘ifferer;ti.a'l to commute 4/ 23 approximatelv;'

o Solution, \/‘ 23’ ,z_au_ggesti_consideﬁ ng the function ¥ =~fx

. with . xo‘= 25 - (for imnediate evdluation). ‘Then 4x = -2, .and

e R
AV = dv =5 “"" 3.5 (~2) = -0.2
Lo : !tsz.__ Lo

‘ Brror, T,ét ¥y = f(x) he a differae-tiabdle funetion. |
r-ﬂwtin; ouantities x and v. If x is measurinc with an
frpar Ax (= ar), it ia rnauirna "‘tb find ar’r"nr nade inkt Ve

H-.-. ""POP in. v 13 . v = flx + AX) - f(x] d’ “‘éA’ro .

F{pr"tectlnc thn tom EAT _\VP "“Vﬂ as thﬂ error' .

e A? : Ay = f'(X\_AX :i,f'("'r)a”- »
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AT or Ay in the error in v correspbndiﬁg_fq thé.-
error Ax = d4x ir x. ' ' - '
When mbasufirg fhe‘distance Beﬁweeh two cities with
ﬂorreot dlstqwce 500 Pﬁ. supﬁosn one véqu an'e*ror of 2 km,
nwﬂ wHen meﬂsnr1n~ +ha Jisten bn+wnnn two trees with correct

1
dlstﬂnco 50 m, one mqu% an error of ;-m. We mav dlscuss as

0 which mnaqurnnpnt lq mo*o accurate. Since

L2 ., 1/2
500 <7562

s

the first measurement is more accurate then the second.

Thareforae the relative error defined bv. dy/y is more

imﬁort?nt then the error. cdy  itself.

The abs lute srror tAvl is dpflnnd by ," —_ym‘

0

wherev~v " VﬁA-are the corrnot and measured valueq of v

reganectively,

5.

? or qiﬁnTiﬂifv one uses verceﬁt {vercentare) error ) .

deflned b] 100- « In nractlce v is unkndﬁn. Then for

eiatlve_error and nercentage error are taken

¥ aa w0 ’ \
7. - T . |

3
3

For. a civen ralation  y = f{x) between two auenties x
and v the error Ax - in x can he determined bv the accuracy
of the ppaguring 1nstrumpnt, and. the crror dv in 'y is » \

obtalnpd by d1ffe*ent121, o

'Examnle 1. & sauare land Was a measurad side 8,23 m. If
the error in nezsurament is 0,5 em, what will the error be in

the (comnutation of) area?

Solution, Tet x Dbe the side of tha sduare. THe area

s A =x%, "hen ‘A = 2x ax where dx and  dAA  are arrors

i
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"in x and A - reencclivelv, Then"
- : " - '

. ) ) ’ ) , . 2 2
: ’ _‘20 8?30 0’5 = 8?3 C'ﬂ = 8:23‘ dam-

2
S
1]

‘ ' T ; . L,

I

-~
o>
]

Pxamnle 2. The voluwme V of a soherical hall is determine

3

od as. q90 cm w&th an error o? dV = 5 cm%¢ Find fhb error apd

r°19+1vp nrror i radius re .

L Solufion To f1nd r, from V. ? wn ‘solve i77 r37—_920:

| ”m'= 3 1%— - Then thn Prror can: bn obtalnnd as . follows'
(S Ty 4 ‘"'3 2. o 690,2/3
Bt ' » . V=§7rr L= av =47rdr = 5 =47(_—7’_-) dr

T 690 f ) = =

QV . 0. Related rates:

The derivative

g-r S

is the rate (amount) of chanss of v with respect o the
. - Vo N

variable  x, Writine (a) in differentiable form '
. ‘ | o ,
df-ﬁ‘f'(vi'ﬂx - n)
‘and svwposine that X 'ahd' are both Punc+1orq of a wnrp- '

meter +, isuallv time, wp have ?ron (H\




== fUx)5F . ()

‘where now - “dAy/dt. anrd ix/ﬂ* are the rates of chanse oP V.
~and’ x WIth reSpect to %+, and - (e) esfablz"hps therefor= a -

: reWated rates.

In solvzns ﬂroblams on related rates onp must flnd the
;reIQtlon between tha nuantmtles 1nvolVed, and then dlfferentl-r

”’a+n tha+ rnlﬂtlon W1th respect to the narameter.

Examble 1. Let A ‘be the ‘area of ‘a- clrcle of . radlus ’r‘
ari snﬁnoqe r varles w1+n tlme t. How the rquns dA/dt 'and
,dr/ﬁt are rnlﬂted to0 =ach oth°r°: ‘

Solutlon:vHaVIHf A= zrrz or A(t) 7Tre (t\~ we gef._;

by Aifferentiation

ar .
at °

gl
0.
‘9:
H

which is the required rélation between'the’raféﬁr
anmnln 2. If the redius r of a sphere decreases

7 cm/sec, how fast the volvmp v :decreasés whén r‘=>5 ch?

Solutlon.

wnere  dr/dt =7 ‘and T = 5. Then

av. . R
I 24 .57 = =700 omd/sec.
it '

VXﬂnn1° 3. Sand. falls to form a conieal nile a% the Faté
of 'l() m /"11“ Tha hp'l oht of %the rn_'l': ie a]_wnv& nquaﬂv-‘. ‘l'h
,rpdwuq nf tho hasc How fast the altitnde of the nxle inereaases

~ when it je | m‘?
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AR Solut:.on. Let at the time t the radz.us be b a.nd
“alt:.tude he By hypothes:.s T = he Then -

av. 2 dh

1.2 .13
= =7 = . av. - aa
V 3 20 Bﬂ'h % @ 7h" 3% |
% 10 = ?'4520 % = %% = _ m/seCo

Exam gle 4. A particle 1s forced be move in the pos:.t:we

2 vu.tha

(counter clockw:l.ee) sense on the parabola y = 4 -x
" constant speed of 2 units/sec. Find the components v < vy, of

the veloc:.ty at . A = (0, 4) a.nd B = (2, 0).

dy/dt they are related by

_ Solution. v, = dx/dt.

3% = -2x R.. Then we heye c
v_ = =-2x%v, v'and v e Ve =4
¥y = x : x y = .
At Ar #2 + V2 = 4; v v== 0  v = =2 'uz':its./'sec."‘
~ T x T 'y Ty TP Tx I
At B: 72 +'v2=4- v =—4v N =;2/\/i_
Tt T 4 o Yy x= 'x V=l
'V 38/‘V -

EXERCISES (2. 2)
36. Find the differentidls of the following functions:
a)y=x =32 +7m+5 b y=-—7E=

. c)v'.-.-arcsin (uz-l) “'d)s=tsin i »
1l+%
37. Find the approximate values of the follomng using

differentialss: _ 7
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‘&) 3333 ) s:m32

38,

39.

40,

4L

42

c) (3,2)4 -5 (3,2)3+z(3.2) d) tan 42°

Find the error in the area of a c:l.rcle with radius
11 cxn when the error in the ra.d.:.us in 2 mm.

Equat:.on of mot:.on of a part:.cle is given by

3 St + 3 km, If percent error in 8 is 2
vhen t = 10 sec, jwha‘b is- the.peree_ntage .error in
87 | | o
If a side of a cube is 12 cm with a.n errorvo,a cm,
what is the errof and i‘elative‘ error in the volume? -
A partlcle is forced to move on: the elhpse\
4x + 9y =36 in the posrbive sense with
vx = 2 m/sec. Flnd Vo and the: speed of - the .
pa.rticle when X = 2, ¥ 0. '

Find the rate of cha.nge of vclume of a sphere of

. ‘radius R with respect to the area of the sphere
v when R = 10 cm.

3.

44,

~

A water tank has a shape of circuler cone with vertical

a.xia a.nd vertex at bottom. The radius r 1s 10 m
and l;e:.ght h is 12 m. The water runm.ng :.nto the fonk
rate of 250 1t/min. How fast the level of water 13
r:.sing when the level is 8 m above the vertex? '

If a cone has hase radius .-R, equal to iterhe:.ght,

'what is the rate of change of voiume"ﬁith\resject

" to the lateral area of the cone when R = 627

A 45;

In a reeta.nguia.r ‘cooi‘dinate ‘system Oxy . two

pa.rt:n.cles A "and B are moving A on positive.
x—ax:.s and B on y-axis, :Lm.t:.al_‘ly 10 and 2 lcm ]
dzsta.nt from the ong:.n respectively. If A moves :



48. A ladder of 5 m lerigth leans against
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- toward O and B away from 0, with velocities -
2 and 3 km/m:m respectively, what is the rate of
change of the d:.sta.nce AB ﬁith respect to tz.me t

' when +=3 min?

46. A boy 1,60 m tall is stand::.ng on the ground, a.nd a
- 1light source is rising up vertlca.lly mth a constant '
veloc:.ty of 2 m/sec. The head of the boy and the
l:.g,ht source are mtlally ‘in the Bame level and
3 m apart from_ each other. Find the veloci‘t_:y_ of

" the end point of the shadow of the head of the boy
when t =4 sec, How fast the distance between the o
~ head of the boy and the end point of its shadow -
decreases at t = 4 sec? ' ‘

47. A trough of 4 m length has cross

2-0&»5
_section as shown in the f:.gure. o
_Some number of animals consume of

7. 5o m

1 ton of wa.ter per minutes How '
'fast the level of water, decreaees ‘
-when deepness of water is 20 em?

‘a vertical wali. If the upper end
slides down at the rate of '20 cm/sec,

' a) What is the velocity of lower. .
end ‘(On the'ground), .
',b) Bow fast the area of OAB is -
~ chenging, . .
. c) How fast o ie ehanging?
when the lover end ie 3m away from the wall?

49. Given'a tria.ngle ABC with b= 60 m, c= 40 .18
If the a.ngle A increases at the rate of 0,1
radia.n/aec, ' '
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~ @) How fast is the area.cha.ng;mgvmen Aa”’/z
o Enﬂ A=W3’ » : : '

1

b) How fe.st is the szde a. :.ncreaszng when A = 7/73.

50. A po:.nt in an angle of ’/7‘/3 is mov:Lng to' a s:.de -
“in perpendicular directlon with the veloc:.ty of
5 km/hr. How fast its_ distance from the other side.

:Ls cha.nging a.t any time?
Answers to "ebfen’; numbered. exez;ciées R

36 a) dy = (3x -’6x‘; Y)di,v' . b) dy = (2x + X )dx/(l + x)
o) e 2 dq/ﬂ/

— -e-i ;)acos £ )dt
l+t (l+1:) ‘1+t

B .d)ds=(s:m’

38'.. 447710 P _

40, 86,4; 1/20.

| 42,_51‘ L

46, =3/20 n/aec; 1,248, AT
48, ,a) 4/15 m/aec, o b) 7/15 '_inz/s'e,\";_*' - c) -1/15 I;ad/ée‘&..’
50, 5/2. ' ST S



_ corresponds to a po:.nt cc (a, b).

derlvatlves at c-
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2.5 3 'PROPERTIES OF DIFFEENTIABLE FUNCTIONS

A. Rolle's Theorem and the Mean Value ’.l‘heorem
’Theorem (ROLLE). Let: f(x). be defined on“a closed
interval [a, b] If f(x) sat:.sfles the condrb:.ons, called

~the Rolle s cond:.tion, o

) s@ecls, v, 2) 2(x) €D(a, b) -

©3) £(a) = £(b),

o then there ensts an intenor point cg (a, b) such that
- f'(c) = 0

/ \

Proof. If f(x) is a consta.nt f‘unctmn, then the

Holle s conditions are sat:.sf:.ed and f'(c) =0. for any point
¢ € (a, b)  and the theorem :LS establ:.shed.

I.et f(x) be a non. constant :f‘unct:.on. From the contln-

*uity over [a, b] it attams its minimum a.nd maximum M - viith

m< M. S:.nce f(x) is .non constant, from (3), m or M.

Y |

; Let M be attained at
c¢(a, b). We prove thé.t for this .
¢ ore has f'(c) 0. ’
' ‘Since f(x)eD(a, ‘b), the

deri\'rat:.ve f'(c) exists at ¢ as E
the connnon value of left a.nd right e a

lim _L_L‘__i:.(ﬂ _.(._L o, since f(J_;)QM,

x>c "¢ x->c S S

e xKe
. lim éwé lim —i—}—;—-’é 0, :since 'f(x)<M..
x ﬂ"cf x=-e C X=>c :

27
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.‘;-_Hence o<f'(c) 0 = f'(c)
S:Lm:l.la.r proof ca.n be g:wen for m. 2o

‘ If one ‘of the Rolle's condrb:.ons falls to ex:.st, the
‘.theorem may not hold. We give below some examples of ﬂmctlons
for which +the theorem does not hold: '

K%

cond. (1) fails ~cond. (2)'fails = cond, (3) fails .
. Exemple. For which ones of. the functions -'Ehe"y ‘Rpi_lev"s :
theorem is .applicable .at indicated interval; if so, find a e
. po:.nt :meh.ed by the three Rolle's condlt:.ons. - :

‘ a.) £(x) = lx[, [-2, 2], b) g(x) _ -7>2.le_ - 4x, [-.52,"'2]

Solutlon. E e » A

a) f£ is cont:.nuous on [—2, 27. But f be:\.ng not
d.ifferentia‘ble at x = 0, the condition (2) fails to . exist a.nd ‘
the Rolle's theorem ma.y ‘not hold in [-2, 2] V

.b) S;.nce g(x) is a polynom:.a.l, it is contmuous and
differentiable at every Xx¢ R, and the first two Rolle's
condition hold. As to the third’ one it also holds, since
g(=2) = = g(2). Hence g'(x) =0 is sat:.sf:.ed for some_
ce (-2, 2). Indeed L :

) g'(x):}x\ -4x,-4-0 => cl’a-’-‘

24 412 2%4
3 ‘

2 g (2 z)
={ =-2/3

"2/3 € ("29 2)
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. 1In case the solution of f£'(x) = 0 is.too difficult

' to' obtain, one has to show “the existence of ¢ in. the given
open intervals R o L A -

v : ample. If Rolle's Theorem is applicable to the
_funct:.on f(x) = x sin x in [0, h’] find 2 number c¢ (0, 77‘)

as :mel:.ed by the Rolle s conditions. S \ : '.

-

Solut:.on. This functlon is dlfferentiable at any xe (R

’ ‘and hence- continuous at any x€R, and in pa.rtlcular on K

- [=2, 2] and | (-2, 2). The third Rolle's cond.:l.t:!.ons holds a.lso.‘*
‘ Hence there. exists. ce(-z, 2) at which f'(x) = sin x + X cosrx
= 0. The 'tre.nsoondental equat:.on sin ¢ + c,cos ¢ =0 "cannot

‘be solved. exactl& fo‘r";c. SRS :

The ex:l.stence of a root of f'(x) is shown from its .
contlnulty in (-2, 2) by f:.nd:l.ng a submterval fx /5] such '
that f'(o() f'(o<)< 0. Since :

E Al %’)= 1, -2 (F)

2 =-1

_have 0pposn.te signs, there is a root ¢ in (27 )C(-Z, 2).

_ The Mean Value Theorem (MVT). Om:.ttn.ng the third Rolle's
'conch.tn.on we get a theorem as a :l:‘:.rst extens:.on of Rolle‘'s. .
_,Theorem, ‘called the Mean Value Theorem (MVT)

Theorem (Iu'VT) Let f(x) be a funct:.on def:.ned ona
closed interval [a,- bl. If ’ S

l) f(x)E C[&’ b]p - 2) f(x)QD(a, b)s . L
then there exists an 1nterior‘point “cglay b) such that v

f-(e)=w @

b~a

Note. If f(a) . £(B) - then the m ‘reduce to the Rolle s -

; 1
i



- 159

~ theorem. The"equa.lity"(a) means the e:'(istence of ce(a, b) -
~ such that at' (e, f£(c)) the tangent line is pa.rallel to the

chord of the ‘curve joing its end points 4 and B.

° Proof.® Cons:.der the funct:.on cp whose graph is the -
segment [AB] Havmg ' ‘

?(x)=f(a)+-‘—l———fiﬂ(x-a), R

.the ﬁmction f - ‘P is seen to satisfy the three Rclle's

~

‘ cond:.t:.ons.

1) £ -$eD(ay B)
2) £ -9 is contlnuous at a and b
3) (f (?)(8-) = (£ -9)(v) =

" Hence by Rolle's theorem, there ex:.sts ce (a., b) such
that (£ -<p) (c) =0 or f'(c) (p’(c). Hence

1 : - f a
Af'(c) Y . @
The equahty (a) is va]id for a<b or. b<a., since
these :Lnequalitles are not cons:.dered in the- proof. _ o
. Let Xy x¢ [a, b]. The theorem holds for the interval

m.th end pom‘ts x» X =X 4h and (a) becomes

£(x) = 2(x) + (x = x)) £1(0), o€ (B )

f(# +h) = f(ico) +h f'»(c)i_,' | Ce(”: %)

- ' : [«]

-’f(i:; + h) = f(x)) + B f"(x@} _eh))..‘ 10<eQ1

where the symbol (%, x ) denotea the interva.l (x, x ) if

~1<x or (x,x) if x<x.
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ple. Given f(x) 3 - 9x +1 on [-1, 4] apply

the MVT to d.eterm.me an :Lnter:.or pomt c as :unpl:.ed by the
MVT. ' '

» Sol&tion. Since for the polynbmial' function  £3 -%x + 1 ..

, the two conditions (1) ‘and (2) ‘hold, such a pomt ¢

exists in (-l, 4). To determ:me 11:, from " f1(x) = 3x -9,

we havg v
3c2 ) 9=f: -_(51(-5.1')‘. \4 -.36 + 1A-5(-l +9 4 l) =944 _ 13 .
=7 - 2 _ % =3‘§ :> . ; t ¢3—9/3 |
| : "_=«/3T'9‘{/3’=”,2e(-1, 4> ’ R
_—;. » o =>c=w/~/3€(4, -l)v.”'

= -/39/3 A-2¢(—1, 4

Corbl]_@.t_y (

J..if'.'(x)A' 0 on“" [é., b] —;/f(x) = consta.nt :

"2. £1(x) g'(x) on - [a., b] $ f(x) = g(x) + c,
-c. 1s any consta.nt : '

Proof..

i. Applying the MVT to £(x) ‘on [a,_ x]c[a, b}, we have.

£(a) + (x = &) £'(0), ce(F B

',f(x_) ’

f(a) = consta.nt, since f£'(c) =

lﬂv

2. f-(x) = g'cx> - () - g-(x> 0

=> [f(X) - g(x)]'

0 f/ f(x) -'g(a-)

Th:l.s corolla.ry can be used to prove 1dent1t:|.es, an’
111ustrat1ve examples of whlch a.re.
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Y

. ample. By dlf"‘erentzat:.on, prove the :.dent:.t:.es = s
3 2 .3

a) cosax + s}:.nzx: =1, b) ‘(.’,aft%)%4; a’ +, 3a x + 3a.x +x

;PKI'OOfe

a) Ve tra.nspose ‘the’ r:.ght harid s:Lde term(s) to the left, L

and ‘set f(x) = cos®x ¥ sinzx S I Der:.vat:.ve bez.ng LT

/I _f'(x)—2cosx(-s:.nx)+23:.nxcosx£0, ‘we
conclude that f(x) c (constant).‘ e is determ:med
by & spec:.al valie’ of x, sa.y 06 f(O) l+0-l G

- Hence coszx + s:.nzx - l 0 or coszx * sinzx = 1,

. b) 'Sett:.ng

v’.":I:‘.:;: vt f(x)

we ‘ha:ve e

f. (x) =J 3(8' + x) T 38’ - 681; 5’:. ,:;5:”“ f‘ BAEN

'=3(a+x) -3(a+X)

= f(x) =c = 'C‘=.f(0) =. 8.3 -

The MVT for two functlons, l'Hosp]_talis Rule . ; N
., ZIheorem (CAUCHY) Let  f£(x))rg(x)"+ be two - ﬁmctlons

def:.ned on a closed :.nterval [ey: b], If f(x), g(x) rsatisfy

the four cOndltJ.ons

e

- o

1 f(x),‘ g(x)e [a,! b] o2 ), g(x)en(ab) |
. 3) g(b) ;5 g(a) - B e

4) £(x), g(x) do not vanish sxmulta.neously in (a, ) PO
Then there exists an.j
~ that

ter:l.or po:.nt cc (a,vb) such
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Proof. Comsider the function -

. F(x) = f(X) [g(b) - s(a)] - &lx) [£(b) - f(a)J.

' It satisfies the fir_st two Rolle's conditions and also the
third one,’ namely, - F(a) = F(b). Hence there is an :.nt@r:.or
point cg(a, ‘b)  such ‘that- '

."z‘a-_(c) - f'(c)[g(b) '-efg(a)J_ - g-(c) [f(b) - #(a)] = 0

Since (b) - g(a) ;4 0 by (3) and smce f'(c), g' (c) do not
vanish snmltaneously by (4), we have the reqa:.red result (a). @

e remark that (a)- reduces to the MVT for one ﬁmctlon
as seen by ta.klng g(x) = Xe '
_ An :|.mporta.nt use of - (=) ié' in the’evalﬁation' of in-
A determ:.nate form 0/0. Thus if in (a) one sets f(a) = 0,
gla) = 0 and if the theorem is appl:.ed to the :Lnterval [a, x]

one. obt a:ms

: ‘ f(x f*'(c —_—
L #B-58 ae eeww
"wﬁich we state as the 1'Hospital's rule:

'Rule (1'HOSPITAL). If

l.»f(x)‘,..g‘(rx)e_ c[a, x], 2. £(x), &lx)e D(a, x)
3. £(a) = 0, gz) = 0 4. lim xists,
 Hay -0 gta) o0 Ha—i(-} exists

. -then
' im +l | :L{m £ix)
' x—>2a R €' (x)

This rule can a.lso be applied to ind»eteminate fHrms
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Oo/oQ for x -—» a or X —> o0 , wn:.ch we state as corollary 1
a.”ld 24 -, I C

S £{x) 0 1im ‘ f"'x!l -
Corollary 1. li.i g(x)-['_Q-]-x__wx> a(x) If the.

 latter limit exist. -
Proof. Setting x = 1/t we have

1 Dt' £{1/%)

t
t) t—» O g217t5

£ (/%) ~ -l/t )/
tiﬁg(vw-riﬂa hm‘%l

orolﬁaﬂ . l:.m IO [E]: lim Eﬁ%,if the
— a8 | -

s 8(x)
latter l:.mt ensts.

i f’;)ﬁ 1im
x—»oog/> t»‘og

‘P::r‘oo‘f.‘ Let,l un HEL g (;é 0) \

x»aaﬂ |
[— . _ilﬁ_tl ) . -
A= x{ima_ a(x) llm l/f(x) [ ] o
e D /g(x - g’ﬂx}{.g (x ) _ g (x)
= lim = 1lim - lim
x=g D W) T, ~f* (x)/f (x) aEg(x)] f'(?)
Ty Iy &

X-> 8 . X> 8

ample. Find lmts by l'Hosp:.tal's Rule, when: pOSSlble.

vx + 4 X+ 4 -3 , : x2‘
a) Lim Tx=-5 ~b) lnm X - 8in x ,
x**-5 . ‘ X000 . . X
- x% 'y sin.x> | |
¢) Um SF——7—— d) - lim [;-cot x]
x—=Q tan"x - x—>0_’ _ -
J . 2
)" '3'2'4-56 :
X->2 i

ST : R
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/..v }

So.:.ut:.on., ' | S - _ ‘ ) "
a). Vx_.«:i:_}_ -2 )y 2 BE=Z_1 |
x__?s'x-5 , x—>5 l’ 6
LT x2 o0 2x
b) lim =T}
",‘ B ‘v\v
= -lim 2 = o ' (No limit)

lim

2x + {cos :':2)\2x 3

- x=0 tan®x - ‘x>0 2 tan x sec’x
L x ’1 + cos x2 x 2

= lm  g==— o = lia === Lz 5— =2
x>0 sec x - x=0 x—>0 sec’x

d) lim (-3-;- - cot x)‘“ lim- ( %ﬁ—:-) =

x>0 v B x—>0 : . N

.v\/
sin X — X CO08 X
X sin x_

| gos—% = cos-¥ + x sin x _,[;9.]
sin X + x cos X 07

¢

= lin
T X-=0

=..1lim
~_x—>A 0

wh:.ch is a.n :Lndetezmnate form. Apply:.ng again the sa.me

. rule we have

x sin x 8in X + X cos ‘X
lim sin X + X COB X . lim COS X + COS X X sin x
x—= 0. o ‘x—> 0 - S

Sx -6 14

= ': Pt - A g 1 "' ;. [} |
e)” lim- 8x+ 5 =513 .Applylhospn.talsrulev‘

and compa.re the results._ .'Ihy the. results are d;stlnct‘z

, In th.:Ls prob..em l'hospltal's rule :Ls not appl:.caole

1
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. Reﬁark. Since in the statement o‘i the theoren, r_a, b}
is an intervel, having a(b the equality (a) holds for a(b.»
But” s:.hce the proof 1s valid for an :Lnterval w:.th end nolnts

a and b (with no restriction a{b) the equality ,(a.) '
valid also if bla, but c ,ma-y be different:,' |

| f(a) f(b) + (a - b) f'(b) + — f"(h’)(a 5)2 . (a./).f ’

Let ’/xo, xé[a, b]. The theorem holds for the J.nterval
with end po:.nts Xy X =X, 4 hs '

f(x) = f(xo) + f'(xo)(x - va-) + % f"(c)(x - x;)e r_ce(xo, Sc) (a"‘)~

[N

f(xo +h) = f(xo) + ‘f'(xo)h + ;2'- f"(c)hz;' c = xo +‘ Gii, 0(9(1 (a"')

where the third terms on toe rlgh hand sides :Ln (a), (a'), (a") ;
and (a"?) a.re called the rema:mders, denoted by R . \{hy

Hl f'(c)(x - X ) in KVT?

'l‘he remalnder and :Lts geometnc :.nterpretat:.on ‘

Co*xs:.der the rema.:.nder -

R lfﬂ(c) (x-x)

2 2
in} the. h:VI formila (a"), namely in ; A
£(x) = £(x)) + f._'(xd)(x. - ;o) +3 m(e)(x - x ) - (am)

w.h?re xo'efa, ‘b], xe N(xo), c€ (xo, J‘{)"
Since the equation of tangent line

to £ at xo.is

y - £(xg) = £10x)(x = %)
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since there is no indeterminate form. . v -

The extended KVT

Theorem. Let "‘(x)' be defined on a closed interval

By o] 1f f(x) Sa.usﬁes the two conditions .
l- f(x){._‘c[a, b_}’ R 2. f(x)QD (a, b)’

then there ex:.sts an :.ntenor po:wt cf,(a, b, such that , - :

f(b) f(a) ‘f—LaTl (h" _ a)* % f"(c).(b _ 3)2 (a) -
<f’(x)= ,f(#_)i -,ff(‘é) - (a)(x - a) Y '(x:-a)}?,.t |
‘It sat:.sf:l.es certa:.nlj the first two.condlt:.ons §f Rolle s -

Tneorem. e determ:.ne the consta.nt ’)\ such tha.t J.t also sat:.sfzes
~ the third cond.:.t:.on ﬁa (a) " P(b). Ais then given by o

= f(b) - f(a)‘ - f'(a)(\b - a) -%X(b -"a)a\ o (b)

_For the A given by (b) there ex:.sts 1€ (a, b)

sucn thet ¢ (c =

-. Consider now the ﬁmct:.on
cf,'(x’)'f‘; ‘f"(»x\') -'f-(a) - Ax - @)

defined on fa, ¢ ] It sat:.sfles the flrst two condlt:.ons of
Rolle's Theorem as well as the- third one, since ‘f'(a) 0= (f (cl).
Hence there exists ‘c_e(’a,‘ l) such that Cf"(,c) = '

0 =¢n(e) = £7(e) <Az = £(c)

and (é) follows, B
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the relation  (a") takes on the Sborm

)[V '.V‘ : . .
- £(x) =y 4+ Ra'"
Y

80 that R2 means i;he differénce f(x) - y of the ord:ma.tes

of f a.nd ta.ngent line at. x, a.nd may be taken as a measure
of der:.vat:.on of the curve from the tangent llne. o

gle. Given f(x) 3’- - 3x, find the interva.l for 7

,(’:R2 when X = 5/2 and xo = -2.' : A '
glut:.on. The extended MVT for f(x) at X, =2 iss

‘_N

- f('x),= + 9 (;: - ,2)‘.+ 3 f"(c)(x - 2%

M)

By =

#(e) (x - 2)°
- 2 6e(2 - 2‘),2 =3, (2¢e <5/2)
B,€(3/2, 15/8).

B. Increasing and decreasing ﬁmcti'ons. :

By the use of the MVT we obtain a creteria for a
‘dJ.fferentJ.able function to be mcreasn.ng or decreas:mg at &
po:mt a.nd on an interval.
| Let f(x)é Dley bl. A point xg[a, b] is said to be.

a eritical po:.nt of £ if - f* (x) =0 at xo. At Buch a po:.nt
the tangent line is hor:.zontal.

' Theorem. A functlon f(x)e Dla, b] is 1ncreas:.ng
_-(decreasmg) on [a., b] if f'(x)} o (f'(x)( O) for all :
‘x€ [a, ble ‘ R , o
Proof. Let X3 x2 (xl.(x ) be any two points on _
[_a, b] Since f(x)e' D[a, b_] = f(x)e C[a, b}, the MVT is




| on [a, b]
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apphcable on the subinterval [xl, xa] and we . have, for so:ne '
°€ (x ’ x )y

SRR .' , | o '>0. when.f'(x)>0

S T T 40 when f'(x)<‘o.a
- If f'(x) o (f'(x) <0) for all xé [a., b} then

f(x) :.s said to be non decreasi_ng {non increasing) ﬁmction

- ample. F:Lnd the cretlcal po:.nts and- determne the in- :
tervals of mcrease a.nd decrease of the funct:.ons '

%3

S @) gx) ==l -3x+2 | b)g(x) = srcten x

. Solution.

&) f(x) is di':t‘feréntiablev on (~=,cq) and we have
'f'(x) = 3x -3 = 3(x -1). Critical pom’cs. xy.= =1, X, = 1.
: In'berva.l(a) of :.ncrease. v '
f'(x) = 3‘(~x2 - 'l)>° = (=00, =1) . or (1, )

. _Interva.l(s) of decrease., 7(-1, 1)

1) g'(x)_

5~ 7 0. There are no cr:.t:.cal po:.nts -
l+x

a.nd & is an inereasing ﬁmct:.on on (=05 ,00)..

If x e (a, ‘d) is not a crlt:.cal po:.nt, the derivative

of f at- xo is ez.ther pos:.t:.ve or else negat:.ve' in the

former case f is said to be increasing at . x 0! in the latter

~ case decreas:.ng at x .

Co- COncavity and extrema:

Y differer;ti'abie function f: B -~ R is said to be
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concave upward (downward) at a point

of x
S -

X -
o

-0

The terms concave up (down) are also used.

71
t
]
1

o % %
'Graph of a function
conca;ve__‘\ip at x, .

“d~

(o]

_Gragh of a function
- concave dowm at X

’0_

‘The concept of concavity is related o second order

derivative. Indeed, the ‘-ifdllov%iz;g theorem holds:

Theorem. A function £ Da[a, b]4 'is concave .ujx‘(down)
en the interva.l [a, b] if f"(x)) O (£7(x)< 0) for all

xe[e, b).

Proof. In view of the def:.ni‘bion of concavity a.t
x e [a, b] we form the differeénce between - £(x) and the
' ordinate y(x) of the tangent line at x , for any x{ [a, b]

panely

R

f(x5 _-Y =R,

where
the sign of y"(x) in fa, b] =

[ B

s - -

-4
k

o ‘ ) %o 1 Ab
- Graph of a concave up.
function on [a, b]

/

a - . Tx

- O

2 _’f“'(,c')# (x -'=‘n=‘,)2

(x - x ) >O in N(x ). Hence the result follows by

=
H
T

.
1

1
I
]
i

> x

a -

oopm

%
Graph of a concave down

function on [z, bj B

x»

:Lf in a nelghborhood ,
the curve hes a.bove (below) the tangent llne at x .
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Examining the .above f:.gures, we see that in the concave
up case the slope tan of the ta.ngent l:me at’ X, increases -
. as xo va.r:.es from a to b, :Ln other words, the der:wat:we
function £'(x) is increasing on [a, b], while in the concave
down case f'(x) ‘is a decreas:mg fu.nct:z.on. ' - ' '
A It is seen that the tangent line at B, turns in
_ counter clockvn.se (clock-wise) sense as P moves from A to
. B when the curve is concave up (down). '
From, th:.s observation we conclude that at a pon.nt xo
fwher}e £(x) *is concave up (down) the segond der:.vat:.ve v
vf;'(x)' is positive (megative) at xo. : PO S
" A point (xo, f(x )) on the curve of :E‘(x) is called
' a point of inflection (or inflection Eo:mt) if at that point
‘ the concavity changes. sense (up-» dovm, or down—y up).
Lo _ Af. such a point the tangent line is chang:.ng from ..

in other words the curve J:Les above the tangent line in one
-side a.nd. 'below in the other side. Aga.:l.n at such a point the _
tangent l:.ne (m.th slope f'(x), finite or 1nf1n1te) crosses
the curves ) o

]

i

]

[]

! -
x ‘ol Ko Tx
An 1nflect:.on point Anﬂ inflection point_ An inflecfion point
with' arb:.trary " with horizontal  with verfical
tanger_xtl:.ne BT ta.ngent line : tangent line-

Cdro’&' « If 'for a ifimction f(X)eﬂ'D‘?[a', b, -

rotating in one dlrect:.on to rotating in the oppos:.te d:.rect:.on,' -
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(xo, f(x )) . is a po:Lnt of :mflect:.on, then f"(x ) = 0.

Proof. Since f(x)e D [a, b] = f"(x)e C[a., b], ‘and
sincé o (x) changes sign as X% 1ncreases through - X, it
‘must vanish at xo. a o _ ) ’

] The converse of this. corollary 1s not true, that is, at
a point x, vwhere I%(x ) ='0 the fu.nct:.on may not have an
inflection point, as the point ,\ X, = 0 for f£(x) = x (néNa).

Example 1. Given  y = 4 - 2x3 12x 2 -4 flnd the
f’zntervals in which the curve is concave up (down), and flnd

J.nflect:x.on po:.nts, :\.f eny.

Solut:.on.’ y(x) be:x.ng‘» difi‘érentiable we exmxié the
sign of y" = 12x2 - l2x - 24 = la(x - x'= 2) = 12(x+1)(x=2)"

Intervals of concave _ups (-°° _-l), (2, @)

Interva.l of concave down: (—1,' 2) ,

Since y" =0 at =1 and 2 vand concav:.ty changes

at them, the po:.nts of inflection are.” =1 a.nd 2.

Example 2.> Same -questlon for

“ a)y.= X : .13'; ‘ b)Yy = x5 - 10x3 - .20x._2‘.'-j'.' -le'_- — 4.
Solut:.on.
! : (X-B) ‘(x-3)‘ B e -
y" =-8‘(x - 3)-3 = _8 3
: - (x - 3)

" Interval of concave down: (-0, 3)
~ Interval of concave up: (3; )
Since there no point at which y" = O, - there.is no

inflection point.
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“®) y'—sx»‘-30x -40x-10 '-_-;, _
| n=20x3-60x-4o 20(x.-3x-2) admitting

the rat:x.onal root 2. Hence

.\.._

Ea = 20(x - 2)(x +2x + 1) 20(x - 2)(x +1)2

/ I'nt‘e'x"val,of_v coneave dowii: (=0, 2)
Interval of concaive’up: \(2, oo)

- Slnce concav:ty changes at x = 2, thls po:.nt the :.nflect:.on' o
’ »pon.nt. '

' Example 3. Sketch the curve of -

X 5'sec tv.

o

4tant

= y
in a ne:.ghborhood of the poxnt for t = 7/6 (shomng ta.ngent

l:.ne and concav:.ty). v

v_SOlU.t:LOn.' _ 5
e o8y 4 secStat 4 ‘ 776y = 8
¥V T & "5 sec t tan t at - =5 ceet =y (78) =3
S SR SN S S
y"_',dx‘S csct-s at csct.,dx‘
4 2, 1 Ty 32
=3 (—csctcot t)ssecttant-—-}y'( ) 5<0
10 o 4 . :
X = 3 ¥y = === when -t =7/6, /IR
RV V3. T ,
ot 1 10//3

Newton's Method for f:.nd:._ng approxlmate root. -

Let for a twice. different:.able function f(x), a ,root

Vof‘ the equat::.on f(x) 0. be determ.ned by success:.ve
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apprOxJ.mat:Lona. One has to f:Lnd, ‘in the first step, an 1n1:erva1
[a, b] conta:.m.ng a 51ng1e root ¢ 1n its J.nter:.or. Existance
of .8 single root in- (a, b) is quara.nteed by the cond:.t:.ons-

(1) £(a) - f(b)<0 ‘ ‘

- (2) f'(x) #0 in (a, b), (£ is increasing or else
'decreasing). Impo'sing‘the third condition -

(3) f"(x) £ 0 in (a, b), (£ .ia‘concave'up or else
. concave dovm), we have the follom.ng exheuat:.ve
. cases -as to the. shape of graph. ) '

SRR AR N 4

./¢/4 - j/////?‘ ﬁ\$\ 3 r\\\\K.

. 1 S 1 ' R . ] .
R ek LA B SR NG
o8 X b.x Of3] x Ol 2 3 ¥z of 4 b x

,4’/ ; [ | %.\\‘ﬁ R \_‘/s,

“As the initial’ approximatioﬁ"'xo “one fa.kes that end
point among a, b a.th which the tangent line. intersects
x-axis at a point x, which is nearer o the root c, then
one obtdined by the other end.. This proper end X, is- b, a,.
a, b in above figures. There is a rule for determining the .
proper end without use of the graph. The rule is: the proper
end x, is that end ‘among e, b’ on which "£(x) and f"(:g)

have the same sSign which can be verified by examining above

i’:.gures. . .
Hav:.ng determined the 1n1tial a.pproxlmatlon X, by
above rule the first- a.ppromma.’s:.on .xl' is given by L
_ f(xo)
1
1 o f x,

s the x-intercept of the tengent line at (xo. fc Ya))
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,

The root ¢ is contained then in a smaller interval

mth X, as proper end and the second approximation x, is
" given by ) T » .
| £(x,)
X, = x

2 = %) f'( 35

as the x-intercept of tangent line at ‘(xl,.-f(z,))-‘ -
By the same argument the next approximation is
£(x,) | ,V V
S X3E=Eps f'(::z2)'b
and 80 om. o
If we summa.r:.ze, f:.nd an’ mterval sat:.sfy:mg the three
conditions (l) » (2) and (3) and determine by the above
" rule the proper end as’ :.nit:Lal approxmat:.on xo 3 the next -
T a.pprox:.mat:.ons x x2, eos be:l.ng given by above fommlas

Example l. Find the approx:.mate posit:.ve root x5 o\i’_‘
2 ..

£f(x) =x"=-3x~-1=0

Solution. We determine -an interval containing the
"posit'ive root ¢ of the equation by the condition(a):

£0) = -1, £(1) = =3, £(2) = =3, 2(3) = -1, £(4) = 3
=~ ra, v} = [3 4J.

fr(x) = 2x ~ 3, f"(x) =2 are pos:Ltive on [3, 41,
The interval contazmng then a single root c. :

The proper end xO: =4 is the proper end, smce
f('x),‘ f"(x) have - the same sign there. '
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Xy = 4, . . ‘.

"i-“ 0 = 4%“1%
.;’(17/5)—2_2.2..2%_1' 2f39~§gsf25=_£_
£ (17/5) -3 ,3";%% .

gagiz'.szs-_‘!:f.'_‘.ﬁ_gz’-9=_3___,‘

57195 5195795 - 9%

 Exemple 2. Same question for tam x - 2x = 0 in [0, 7/2]
 Solution. We find a smaller :Lnterval [a, b] on which |
the cond:.t:.ons 1, 2. and 3 a.re sa.t:.ef:.ed. By trial we find

'[7r/4, 37/8]. By use of tables, | |
| ) f(7r/4) =1=-7/2=1~ 1,570 = 0 57o<0,
 2(37/8) = 0,069 0.

2) £(x) = sec’x - 250 in (7’/4,? 37/8), |
3) (x) = 2 se¢2x ta.n\x,)"o.,in. (74, 37/’/8:_)- :

The' mit:.al root:; :' é»SWB g 1,179. L

| f(xa) 069 , .
xlex -7—;-5 1,179 -/'-J’-é-g—o=1165,
f(x y . .

: 0,098 o
= xl -—-—7 = 1’165 - 4’319 = l 142, -

EXERCISES (2.3)

51, For each of the following ﬁmct:.om find a po:Lnt, if
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- 8) y=2|x| =3 L-z, 2] R

53.

. 'v 54.;"

55.
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any, for the given interval that is required by -
the Rolle's Theorem.
a) :f(x) = x' = 9x%, [o, 3]

-4

-2
b) f(X)’é. —2—— ’ [—l. 1] -
: X+ 4 ST

‘ c) £(x) "= ein (x° "‘Zsr';): ["\g’\/.’»f] ,

a) £(x) =~|=:;2 - 4| - Xy [,-2," 3] v

1

Same questidn for

]x -4] +|x, [-2, 2]

e) y = s:.nx—cosx [— ’ O]d) y-;-g—i-i—f—z-,_[o,?j

For i.éacn, of the following mnétilons,,f‘ind a.point-
for the given interval that is required by the MVT:

8) £(x) = x>

- 2x + 4, [o, 2]

b) £x) 1 5 [0 3]

) £(x) = sin x + /3 cos x, LO. 773]‘

Find @ in £(b) = £(a) + £'(a + 6h).(b =~ &) for
each of the following function for the given

’\ixitervAai as réquifed by the MVT:

a) £(x) = x3 -a:',r._ [l, 2] - b) f(x) = , [2, 4]‘.
¢) £(x) = sin x, . [%, %] ‘ a) f‘(x)‘= {x - 3‘-}::,} /[—l; 3}

Prove by differentiation that the following
functions are constant and find these constants.
: ) .

.a) cosze + 8in“® b) arccos x + arcsin x

c) sin36 - _3cos?9. 8ind + sin39
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'd)yz-—x whexfe xéti’i, y=t-=

177

-

‘2
t

et

For each of the following pair of ﬁmct;ons find a
point for the given interve.l that is. requ:.red by
the-Cauchy's MVT: -

3

‘&) f(x):: x ;x, g(x) = x2\4 3x, fo, 2].

b) £f(x) =3 sin x, &(x) = °°Sax, E%,- ’ {1

57,

, 58,

59.

60.

Apply l'Hospital's Eule to evaluate limits

,a).lim_sinx-'aina b) . VX =1

: 22 e BV
x> a x° -8 x> 3 ) .

¢) lim -—;iﬁﬁthl Q) up Hax=2
X~y o x> 7/2

Same queation for | S
L3 2 '

a) um LT SX oEx2 . g g -'39-5‘—’1--(55-—‘-——l
X-»1 x” -1 x> 2 . SRR

_ » - ,/2 ‘
¢) lim (x-—)secx d) lim ﬁ‘t—*?

X - T/a . ’ X—> —2 .

Evaluate the following limits. (When you use

1'Hospital's rule, why the results are not the same?)

. 3 :
s X0+ 1 L tan x + 2
a) lim =3 b) lim ———1"'85-123

X =l ‘ . x—=0

Given f(x) = <t 422 + 5, ‘find the interval for

 the remamder Rz, :.n the extended MVT when x, = 2 _

61,

and x = . 5/2. : L

Find the 1nterva1 in whn.ch the follom.ng functzons

are increasing (decreasing)



} e) y = —= 2. d) yi$ ein x - cos x
§ ' 1+ x ‘ R '

. 62; In the follow1ng, determine the condltlons for the
‘ constants ‘a, b for f(x) to be 1ncrea81ng '

(decreaszng) function,

N

_’sx_:_;i. R &+ e
a)y- x4 b / s b)y— bx+3 If) 7

;;ax'+ Y

2) y = cos tx in [0, 27]

63. For the following parametric functions find an in~
terval in which the functions increase (decrease):

: P » = 4 cos 3t X

| . 'y = 4 sin 3t ‘ R

4 cos t

3sin t

64, Flnd the interval in which the following functions

* are increasing (decreas;ng). I o
V1 - x4‘4.arcs§n_x%

2

\

&)y

arctan (sin xL 1b)vy

s : ey Ixz - 5x 4+ 4|~ x, d) y arctan X +

14 %2

: 65. Find the 1nterval in whlch the curves of the follow-
ing functlons are concave up (down) and find
inflection poznts if anys

. _ . 2 S
a)yy = x3 - 8x & 4 b) y = xx : i
c) ¥y = tan (x - 2) d) y =2 see X

66. Sketech the graph of the follow1ng functlonn sna-
nelghborhood of the 1nd1cated poxnt.

a) f(x) = 3 - 7x - 3, x=2, b) 8(3) =1/f; X = 04

,_} . . \‘.
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c) ,h(:ﬁ) = -—-2—3- , x = 1. 'd) h(x) = Hax - l]--x, x =1/.

Given y = (X - a)(x - b)/(x -c) evaluate y" ‘

_ and then find the intervals of concavity for the
caseso , ] B
a) c<a<b o b) a<c<b _' c;)'a<'b<c L

68,

By Nem“'a method find an 8Pproximate value of the
root in the given interval‘- S I

a)x -5x+1=0 in ['O, l],

"*_b) sinx+5'-*=o ":..n [--,o]

69.

70,

- 52,
54.
56,
58.

60,

4

Find the }elation between the constants a, b" for-

‘the given functions to have no point of inﬂzction. |

a)y—x4+a.13+2bx2+x+2
2 ,
x° + ax
b) Y x + b
Find the constants a, b _for the given func\:ti_éns

“to have a pbint of inflection with horizontal tangent A

at the indicated points
a)y «_=' a.x3 + bx.2»+ X 4 3,::‘;=1,;

8Slnx
gs8in Xx = /3 .
b) y= - 54coB x ’ X ‘/37

Answers to selected even numbered exercises

a) No point, b) No point,  ¢) -74, ) 7/2

8)V1/3 ~1, 1) (f3-1)/2, e) V2, 4) any 6.
8) (3 +VEB)/15, b)ﬂV% o |
a) 0, L b2, ) -, Q) 8/3
5, 67/8). T
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62, 8) b»3, bg3 for any acRR, '

b) ab> o0 end’ a(3a ~ 2‘b4_)< 0, ab<o0 \’and a(32~2b)> .O.

¢) a~2630, &= 2640

a) (0, 7/(26))U(27/(20), 27/v), (7/(2b), 37/(20))

64. a) (<72, 7/2), (7/2, 37/2),
B) (=0, ~1)u(0, 1), (=1, 0)u(L,e),
©) (1,2 (4y0), (~e0, 1u(2, 4)

o d) (=, ®), Non decreasing.

66. 1+

2. 4 . EXTREMA (MAXTEA ~ MININA)
A. Iocal Extremas o
A function f£(x) is said to have a local maximum

(Llocal minimum) ‘at x if there exists a de'lete}d neighbbi'-
hood. N(xo)‘ of - x, such that :(xo)>f(x)' (f(xd)<f.(x))
for all xeN(xo). o B ‘ :

‘ If x, is an end point of the intervel [a, b] of
definition, the above inequalities are taken for all -

x{IN(xo)n[a, bl ‘ B
' The term relative extrema is also used t0 mean local.

[

i
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extrema. Y

~

" The follom.ng curve of a certa.:.n ﬁmctlon ha.s local
ma.xiunum at a, 'x6,' and local minimum at - x 4, X, b

: ‘H’

|

! AU

| ’ :
2N

]
{
4
1
2y %5

nfpem=—-

af--

6
- Theorem. I.et f(x) and. f'(x) be a d:.fferentlable _
“functions in.a domain D. If f£* (xo) 0 with x e D, ‘then -

xd is a | , | -
8) maximm point of £ when £"(x)<0,
. b) m:.nmzm point of £ when ©(x)> 0,
c) :.nflect:.on po:.nt with horizontal ta.ngent vzhen

f"(x ) =0 with f"(x -h) f"(x +h)<0 for
suffn.c:.ently small h. ;

Proof. We have, from the ex‘bended MVT
‘f(*),—f_’.(,xo) * f'<xo>f(? %) + 3, + o) - x)°
and the h&pothesi’s f'(xo) =
f(x)’ - f'(xv)'e & M (x_+ Oh).(x - bx )2.
ot 2 o . N - M

a) f"(x )0 = f"(x + Gh) -0 for all suf:f:.c:.ently
small h. ‘

= 2(x) - £(x,)<0 => £x,) > 2(x)s
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b) In the same manmer, one cbtains f(xd)(f:(x).

c) It is a consequence of the definition of the.
~ inflection. point. &

The following figures illustrafe, an intuitive proof of
.~ the same theorem: : o L ,r T

N

y 4 AN _ '
z ! : '
| ! | o
! — - > - L .
g ol T, P 2 o x ol A z
A maximum . Aminimum . ' An inflection
(relative)  (relative) : point

Corollary. Let f(xz), £'(x) be differentiable functions
~on D, If f(x ) is a local maximum (minimum),. then f'(x ) =
and £(x] )<0 (:f"(x )>0)e

Proof. The reader can . prove ‘“the corollary by cont-
radiction (J.nd.lrectly) 2 '

' There may exist other relative (local) extrema for a

function f(x) other than ones. determined by . £ (x) = 0. The
follomng f:.gure 111ustrate such type of extremas

| The gra.ph ‘has such relat:.ve maximum et xl, ang
relat:.ve minimum at X35 (at X5 there is ne:.ther relative



- maximum nor’ mm.mum). ‘
To find the po::.nts where £(x). has local extrema one

A Prdce‘eds as’ follows' . ' : _ :

1, According to related Theorems, solv.mg f' (x) = 0,

2. Finding po:.nts vhere £*(x) does not ex:.st, S e
" (see (Xys Xyy Xyy :1:4 a.bove) '

13 Pinding pomts of" d.xscontinu.tties a.nd examming them, :
(See X, X, xs)

Y-y Exa.mim.ng f(a), f(b) when f(x) 18 consxdered in

a closed mterval [a, b

A ﬁxamgle 1. F;nd a.nd :.dent:.fy all cnt:.cal po:.nts: .
X" =-4x 4+ 8

&) ys= -»6'x, o C b) y,=

¢) ¥ = sin x + /3 cos x 4t +'% y ¥ = 42 -

" d) x

N

Find also local extreme, if any. -
Solution. A
8) y' = 3x° ~12x = 3x(x ~ 4) =0 =%, =0, x, =4
y”=6x—12=6(x-2) \
. yu(o)
y*(4) = 12> 0. There is a 1ocal min a.t 4, f(4) -32

- 2(x -2) -
(x® - 4x + 8)?

-12(0. ‘There is'a local max at 0, f(O) = 0

e 0 %-x;-,z

2(x - 4x + 8) ~ 2(x -2)a 2@: - 4x+ 8).(2x’ - 4)
v (x - 4x + 8)4 ‘ ‘

\'ytl:’..

o o - 2.(4-84+38) "
y'f(2) : T v<9., Xy

= 2 is a relative max.
" a @ wed »
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£(2) = 1/2.

S .,- . : ) l
' = -y = 3o ————
e) y° = :cvo‘s x -v3 ain x .O =5 tan X = 775

oy

%, =

y"(x) = -sin x =+/3 cos x-

Y-'(Jﬁi). = ~sin (-g-.- k?’) -ﬁ‘cas (-2[4- ];7)‘

= ._-“-;-'.cos k7 4-»0-'—;/3[% cos k7 - 0]
, {0 when k is even
= =2 cos k7 (relative max),
>0 when Xk dis odd
c (relative min).

¥(x,) = sin (3 + k7) f\f'.'i_ cos (g +k7)
="3-' cos -lé?' + 1/3 :/-zcos X7 -
2 o8 3 3 (
: 2 when max
= 2 co8 kK7 = '
o ' -2 when min.
8t +‘% 3 '
. < 8t2 + 1
d)ﬂ= - . = =0, = t,==1/2
T E gk a? o1
t ’
2 . T 3 o
4y 4 &y (4 dryat 4 8t 41 1
ol & & W & TW I, WA
a8t 1 . _agtt
(8212 8t - = (8t3-1)3
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=y~ %)> 0. A local min with y(-1/2) =

Exemple 2, Find the relative extreme of the function .

' i[xz'-‘}, when . x<3v
£(x) = 8 when XxX=3°
x +[x—‘-l] when  x>3

[
J

<<

on the closed interval [-3, 5]
Solution.
Step 1. Since

— 2x when. x{3
x" -4 » ‘
£1(x) =4 No.derivative whem x = 3

1 when x>‘3, .xé'Z"“

S 2 tn [-3, -2)u (2 3)
= | =2x in (=2, 2)
l: in  (3y0) - 3

we have f'(x) =0 = x = 0. Now, since Oe (-2, 2),

f"(O) = -2 = f(x) has a rela.t::.ve max at x = O

Step 2. f'(x) does not exist at the points x = -2,
‘ 2y 3; 4, 5  and we:have‘ £(=2) = 0, ‘f(2)'= 09" £(3) = 8,
£(4) = 7, 2{5) = 9. Since f(x)= 0. when x 3 it follows
that at X = =2, 2 there are relative min. (Sketch is helpful).

Step 3. Points of d::.scont:.nu:.t:.es are x = 3, 4, 5
—Whlch were dlscussed :Ln Step 2 )

Step 4. £(<3) = 5, £(5) = 9 are relative max.

v




_absolute ma.x or no absolute min. . -

S

b

\ , |

:Ba The 'absoiﬁte extrema ‘ _

- The largest ‘(s’niallest) valee‘of a function in & closed.
interval ' [a, b] is called the absolute maximun (absolute
minimum) or s:.mply max:.mu.m gmmmu.mz of the function on that
intervals ' . o '
Compar:.ng the defim.t:.ons of absolute and local extrema ‘

‘we see that the concept ‘of absolute extrema. refers to the whole
-interval, _wh:.le tlie concept’ of relat:.ve (local) ones refier to.
, nelghborhoods. ' ' '

The above def:.m.t:.on 1mpl:.es that ~the absolute maximum

;(mmmm) of a function’ def:.ned on [a, b7 :Ls the max. (min) .

_of the set of all local ma.xma (mm.ma), and this gives the

method of finding such max:.mum and minimum, We remark that a
function: which is not contn.nuous on a closed mterval, or one

def:.ned on an open mterva.l may not have the sbsolute maxlmum '

~or absolute minimum,

The follomng graphs of certa:m functlons have no

!

; “ P e . ‘
> T o - j—’z .
VEIT N S
No absolute . No absolute ~ To absolute
extrema S ) extrema o maxima

o
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- . The pi'oblem of 'determiﬁing'the absolute max (min) of_ a.
function defined on‘a closed ‘intez?val reduces therefore to the

' ) problem of determ:.mng the local ones.

Ele. F:Lnd the absolute max:.mum Iﬂ and the absolute
, ‘minimum m of the follomng ﬁmct:.ons.

8y £ [-3, 5]~ B, f£(x) =c
2 #1 ﬂ 2
b) £: [2, 3]~ R, f(x) =572
S S x4 1

) £ [=F, 3] B £(x) = |x - Y- 3fa]s &
Solution.

‘a) f'(x) = 0 for all xg[—_}, 5] and f"(x) = 0. Then

, no po:.nt in the 1nterval is’ a local extrema.. But for all

xe[—3, 5] the absolute max a.nd absolute min are the constani c.
- First we f:md all rela.t:.ve extrema :.n the g:.ven closed

, interva.l. '

f'(x)"-:_‘—zﬁ-,—é':'o = x:O%f(b)-:—
To(x 4 1) : :
(1t is not heceséar\ity to ident.(ify 'fl;.is point ‘fp"-'be ma.ﬁ or min).

2y 3 ey -2

£2(-2) = ;1 £(3) = - 2
Abs max’ -l-- ma.x‘ 1 3/5, -3/5, —l} = 3/5
Abs min = min {3/5, -3/5, -1} =-1

"
°

') £6.0[-1/4, 3], but £gD[-1/4, 3] except at x
. and x = l.- TR

| 4x+’1if-l<x<o (4 ig -’*%4::4'0‘
Cf(x) = {1 - 2x if 0¢ (x<1 :f'(x) -2 - if ox<1

--1_ o ir l_éx<3 lO"if 14x<3
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-1 of the function mey be the absclute extrema.

£'(x) does not exist at 'x = 0O and x = 1, Then £(0) =1

is a relative max, and f(f_l.) = «l is neither max nor min.

Tl.

- a) £f(x) = ]x -16|-6x b) f(x) = X

T2
73.
14.

5.

76,

7.

.functions ‘to have a relative extrema:

g) y=Xx

f(-3) =0, £(3) =1

max {-1, 1, o}:=
min {-1, 1,0} =<1 .

Abs max

'Abs min

EXERCISES (2 4)

Fz.nd and 1dent1fy the relative extrema of the

follomng functlons :

1+12

Same ques_‘cioh for the functions given_ip Exercise 65. -

‘Same question for the functions given' in Exercise 66.

Pind the values of a, if any, for the following

at x.=\/§-‘

a.)'y!= za.x 8t x = =1 b) y =~
x +1 ‘ ) X"+ a

F:.nd the absolute extrema of the following funct:.ons

a.t the’ g:.ven J.ntervals- '

3

sin x o 37 4 .
= 4x, [-3"1-]) =2+ cosx ’ [5’ _2—3
Same question for |
a) y = sin x +V3 cos %, [76, T7/6]

b) v 1+ tan x, [77/6, 7"/3]

Prove the following J.nequal:.t:.es by the use of



78.

- 1
,a)y =T+t

794
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absolute extrema. v k . C : v ‘\‘

a)’ _xz—x+1> %_ b)), x4-ﬁ44.’x‘,3>-"27_'

c_)-"—z',—"'-_é‘}"—l(g‘ d).ggi__“'_’l_.<.2,
B} ] 3. 2 .
b4 +4x+8

x +x+1

I":Lnd the absolute ma.xlmum and minimum of the follow- .
1ng ﬁmct:.ons in the g&iven :Lntervals o

gy —, [0, 2]
X e 1

8 4\/;‘"' ?‘2"‘ [1, 15]

c) y‘ = 31.2/3-0-2:,\ o, 8]a) ¥
Same Quest’ion for _

a}‘.r‘(x) = :Q’[»x -1 + 2x, -1, 27

b) £(x) = 3 4- 3z, [—3, -1]

" 8o.

... 81.

82.

Provg the :|.nequal:|.t:|.es under the g:.ven cond:.t:.on.

a) x*% 4+ (l - x) , ‘- (ng<l, o()l)

'b) 21;3 +' 3x- 2. 12x + 7>0, ‘ (x>1)»

e) 21 x(xan 1, (x # 1, x>0, new)

a) &% . 2 1 <x + —lz (x ;é'l,f.x 0, neEN) :
2 » _

Prove the inei;ue.}ity' for o¢ [0, 77/2]74

¢HB2 <1 (sommaw) B

~

3

Prove:

a) Cos x )1 - % x2 for x€R

b) tan x),:: + %‘- x3 i‘or Osi <772

-,"c) sin x + tan x>2x for o<x<7r/2

_d)- cos <s:|.n%z for 0<x<7¢2;

x®
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. 33s Prove

a) (: + l)d+l .'(E)a‘

\

84. P}'ov'e :

’ ;a) cos4x + sin: x

x2+x+1‘

>/
<

] 2
a).arccos x >Vl - x

' b)"arcsm x<x +\/~

3

if' x>0,

~b) 1::_4 a;/dg‘]x]d . jal

Wi P

if 04x<1

'(&2 - a +.l\)

| . ¢) (é_..cos X + b sin x{\{‘\. /a?, + 'o2~» >_

- 85. Provg

ir -1gxgl

if 0€x4&1

¢) arctan x\<x —%- x° if 0<xgl

3

a) erctan :_:}:_: --%_x if x>0

Answers tO even numbered exerczses

’ .b) (l! 2)) (‘Jy ‘G)t
a) (=7, 1),

74, a) Any a,

T6. B) K =2, m=-<2,

5/.4’ m;= l‘, .

28, ' m

n_
(=]
- .

ey N

: (0, y(O)), Rel-mm- (16/3.

¢) No rel. eX5Te

((4}: + V)7, -1).

'b) 2

b) 'Ia’=w/3.+1,."

S ay=272, u

'a§ 0, |

7(16/3))

_fn_¥»€\/3+l)/1/3
b)) K ='16/9, m=

1
(o]

9.
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2¢ 5 CURVE SKETCHING
A general procedure for sketchmg the curve of a g:.ven :
function f-.lR—>-fR, y = f(x) is the following:

B Determne the doma:m Df

ir f adm:.ts a per:.od T, sketchlng is. done on [o, T)

" followed by tra.nslat:mns along X-axise.

" If £ is an ‘even (odd) functn.on sketch:.ng is done on
= [0, o ) followed by symetry m.'l:h respect %0 y-a.x:l.s (orz.g:.n)

24 F:.nd po:.nts of infinite ;umps and 1nd:|.cate them by g
dotted vertical lz.nes asvertlcal asymptotes B

!

_ 3. Determine the asymptotes (hor:.zonta.l, obl:.que, curv:.- '
. linear) ‘ ) :

It .f(x); - (or =00 ) as  |x[->oco, then the _éurve
'has_ a.n‘rinfinite branch and ’;che‘r‘e may exists a."cu;'ve ‘,a}ﬁproaching'.
indefinitely to the curve of-thé function. This is,the case
when f(x) is of the form or can be point in the form

h
/
,

f(x) = ‘f’(x) + g(x) "@th g(x) -0 as ]x:'}->oo; (a)

and the graph of ¥y = @(x) . is called a curvilinear asympfdte

inéludipg the special cases . f(x) = ax +".b called an inclined
‘asymptote if & # O, and a horizontal imptote if a = 0.

i If there is an inelined (honzontal)
asymptote, ¥(x) = ax + b, then from

’ _f(’x) = ax ‘+'b + g(x)

the unimown constants a, b -are determined by

X—>o0 - X300
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/
g
/

4. Determ:.ne the cr:.tlcal points and J.ntervals of
increase and decrea.se, T

5% If necessary, detemine the inflecta.on po:.nte a.nd
intervals of concav:.ty,

6. If necessary, fi.nd ‘the intercepts and some special

_points, -:

Arrange a ta.ble shom.ng the above data for x, y' s ¥
ang if necessa.ry for y" e.nd then sketch the curve,

' Sket _the '- of 2 jolynomial function..’
v o —
Let P(x) = aox + ess +. a.n X+ a.n -'(a.of._o)
be a polynomia.l functn.on of degree n),z.

1. D b, a. No period. For symmetry compa.re P(x) and
P (‘x)v

24 ‘No- inf:.m.te jump (no v'ert:x.cal asymptote) Discuss

behavior as X -»e0 (-°°),

3. No hor:LZOntal asymptote (31nce P(x) hes no limit
‘as  x— o (-oo)). ‘No mcl:.ned asymptote (Since P(x)/x has no
limit as ‘X =t 00 (-oo)) No curvilinear asymptote too,

. 4. P' (x) =0- g:.ves cr:.t:.cal po:mts. Exam.ne the sign
of P'(x) in a ta.ble, : '

5. Exa.m:.ne P"(x) for inflection po:.nts emd concav:.ty,

‘ ' 6. P(O) ‘is the y—:_ntercept, x-:.ntercepts are determined
by P(x) =

_7x3

Examgle; Sketch the’ graph of P(x). = - Sx + 2x + 8,

Solution. P(x) is ne:.ther even nor odd, S
o o 5 -v19 _ 5 +/ig
Pv(x): 3x2 ',,,_' loxspgs-:o:.xl: “"'."_—3_‘", x23'-—3——“-

i
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et B(x) = o, Blx) = ot |
: P"(x) = 6x = 10 = P"(x )<o, P"(;2)>'o, ?n(%) -

.

'l
o

' P(O) 8 (y—mtercept) _
x3>-5x +_2:_:+8=,O‘é x3'.—.'-1gx4='2, X = Ae
(x-int ercepts) ' . o

B(x)= oo (=) a8 x-mos(-02)

N
sl
»
8

x. -0 . =1 o  x  5/3 Ey
Ly + 4 E + + AO,',- : - - 0 + +* :
1 . . 1 -
o , ‘ m o 0 \"_/ :

Sketching the graph of & rational function:
o N . . . )

-Let

. R(x) =§:)
" be a rational ﬁmétion_with ’ :
c 2 Do x
F) =kz= 0 ak = o -.-_Q(X) TS, 5

.. D, =R {x° Qx) = o3..

v 2. Q(x) =0 gives vertical asymptotes at xi's except
lim P(X)/Q/X) # @, _l ! .
X—» xl _

3. Asymptotes (other tha.n vart:.cal)
y= O is the honzontal asymptote if n(m,

{
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,a : : , .
yE gl_l, is vthe hofigontal: asymptote if n = m,
n . “ » .| . . . B
y.= Ax + B _is the inclined asymptote if n = m + 1
' (Obtainable by .ordinary d,ivision)" '
y = Z’ Ak x  is the curvilinear asymptote if n=m+r, 1

Tk =
(Obtainable by'ordinany divisioh)

;

4. R* (5:). o g::.ves eritical poz.nts (If, in Step 2, .

'we observe that "P(x) and Q(x) have ‘& common factor x - x:L
d:.fferent:.ate after concellat::.on keeplng in mind that the v .
obtalned der:.vat:.ve is not deflned at X, Yo Exa.m:.ne the sign-
of R'(x) ina table. o : P

' 5.‘ If nece’ssary,' examine ‘R*(x) for inflection points.
6. R(0) is the y-intercept and P(xj;)"= 0 "(Q(xi),;! 0) -
~g1ves xl* as x-intercepts. ’ o

- x

Ble. Sketch the graph of y =
: X" 4 x -2
cons:.der 1nflect10n po:.nts and concav:.ty)

(Do not

D =R~{=2, 1
y o { » 13 , .
P(x) = 0 = x = P(<2) = =8 + 2= =6, P(1) =

» _ % . .the line x = -2 is the vertical asyﬁptote,'

but the.line x = i ié not. / ’ o ' |

. e 2 - '
= L)(x" +x P9 x :
y= E:T— 1§Ex + 27) =. y x :‘ 7 provided x # L,
= x2+x - '
y= T;—-é- = X = 1 +.x +.é = ¥y =X =/l is the inclined

"asymptqte;
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i

y" _ x2 + 4x + 2

20 o . med ST Y
T (x+2)° SO0 M TEoVE xE2eva.
et - e
y(x,) = o¢qy vy(xa)v=0<2~- -

‘vy(Q) =0 is theﬁy-intercept. x2 f;x'= 0 = x3'=,-1,

x4 = 0 are the x-intercepts.

x [ -e -2-ZT -2 -1 =22 0 1

yo;k +

-0~
!
!
(o]
' .
(o]
+
+
4

Yy - —OQ/Y/aél \\
(g €0) -

T U S «
% N R

Note' Find the points. of 1ntersection of the curve and
as,,'mptotes, if any, ‘when necessary. i
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Sketching the graph of an algebraic (non .rational) function: .
An e.lgebraié function wes defined by. the r'elation )
J- : T

. : , (
i (x) y + Pl(x) n,1 + ees P (x)y + P (x) 0 (1)

with polynomial coefficients and deczfeasing powers. of Vs '.or

Qo(y)x + Qx4+ el +r,,Qm‘_l(y)X_+‘Qm(y)f o ()
* obtained from (1) as decreasing powers of "x., Polynomials and’ »
rational functions are some special cases of algebraic fﬁnctio:is.
) The determlna.t:.on of horizontal, vertical and inclined k
(oblique) asymptotes, if any, may be obta:.ned by the use .of -

the follomng theorem:
Theorem. For an a.lgebra.:.c functzon gz.ven by (l) or (1v)

-(a) The vertical asymptotes are g:.ven by the real roots
of P (x) = O, where: P (x) is. the lead:.ng

’ooefﬁc;en‘b in (1),

(b) The horizontal aeymptotes are given by the real '
roots of Q (y) = 0, where Q (y) is the. leading
oeff:.c:.ent in (l'),

' ‘\(c). The slope a and the y-z.ntercept b of an. eblique
asymptote. y ‘ax + b is given by real roots ey
" .of .Rd(a) = 0, and Rl( s b) =.0 (if Rl(a.i,b) £ 0)
Trespectively, (If Rl(a , 'b)- = 0 use Rz(a s b) =70,
and S0 on), where R (a.), l(a, b), 2(a., b), esa
are the coefflc:.en’cs in
o Qo(a?x? +-‘Rl(a;. p)x= L + eae "e-LRr_l(a,b)x + Rr(b) =0 (2
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which iS obtaired by substituting y = ax + b in (1).or (1')

- and arranglng in decrea31ng powers of x.

-Prooﬂ'.

a) Setting ¥ 1/%» in (1):
“VPB(x) f_?l(xj# + oeas +>Pn(x)tn =

0 when t — 0: (y-a>°o)

> 5@

I8

3 b) Setting x 1/% “in (l), we get Q (y) O when
4 =0 (x-—>°°) '
S ¢) From the def;nltlon, a = lim y/k; b = lim (y-ax).
' ' o X—>o00 -x—>0 '

' The equaxion (2) gives the common p01nts of the curvev
of (1) and of a line y = ax + b. For the latter to be an asym-
ptote, from (b), in (2) we have B, (a) = 0. Vhen R, (a) = 0,
(2) starts w1th Rl(a, b)x v. - From (b) again, l(a, b) = 0.
If it is not 1dent1cally zero, we have b, Otherwise conszder

" the next- coefflclent, and so.on, &

ample l.'Flnd vertical, horlzontal and - obllque asym—'
ptotes, if any, of the functlon o ' .

Solﬁtioﬁ. The. relation conteining this fﬁnction.is
(x = 2.)13'2 - x?(x +2) =0 : . (l) |
=2 .is tﬁe verticéi‘asymptote."
- Tt

: Nb‘hofiZOntai asymptote.
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. Setting ,y'=iax + b in (1) we have

y

N

(8 = 1)x3 + (-2a%4 200 = 2)x - (b - 4ab)x = 20° = 0

a=11 = —2 Ede-2= O = b _ 4 2

\

y=X+2 and y ==X = 2 are the J.ncllned asymptotes.

_ Example 2. Sketch the curve of the algebraic function - .

y = 2(x) = *\/x-3
Solution. D, =R - (=2, 2]

There is one. vertlcal asymptote a:t X =25 ;

" Im Example 1 asymptotes were obta:.ned by the use of a

Theorem. We obta:.n here the obl:.que (and hora.zontal) asymptote
Y = ax + b, by direct use of l:LmJ.ts'

a.'., la.m -=L-=l llm_‘/ 7

i [f(x) -'x]= la.m[

v
o

- l]
X—=>00 ) ) »
(x + 2) é (x+2)
= lim e q4p 2-E20 (x - ZL
X060 . : X X—?m : —l/xz

Oblique asympttote;'-y' =X+ 2

Remark. This, uniqﬁe résult -does not contradict the _

: results obtained in Example 1, . because,' there the two. asymphotes
- were those of the relation (l), while the f\mct:.on admits onl,y

one).
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095

~‘x+2 2 '- 1

- V2 -4 }(x-2)\/2

i 3d S(LedS) = xaR} - A

‘ s:‘:.f;‘t":%> Hfﬂ.,ﬂ’m %s’- Wlﬂbiﬂxs@s a’ifm“ l-'\/_ x, = 1 ++/5.
IA .emoitalens$ nd bswollor [«S. 0] o '
Let . f(x ) = xf¢°W 4«5%‘2’

$i Meme;_:t. -2%5’“*§;m&%§§g

i

X 86o & 4 (:et aosvf)
SRR § T 55'.3 q?culzéq_éss.:zrnp 2,9‘9?58 %, -

NP0

L l -
} R
Y
: . \\ v . » . » 0 :I : l/ .
.55' e ey : A o . ’34 ' M
, ‘ U T i ) | :
Y o1 .

- ’ ' . ) /7 J
“ho dgstyn odd dodedd o (moidomyt ?-orlmatam i) !

Explain why the curve is below the obhque asymptote in
(-oo, =2) ) and above in (2, )7 .

Example g (Transcexi‘da‘f‘ f‘unetlon). Sketch the gra.ph of




vy Vo7 7 0,
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A
i

Selution. - '
| D =R~ {x:xs= (Z+1)7, ke 7}

‘'The function admits & period T =‘2T; It”wiil suffice

" to sketch the.curve in [0, 27] followed by translations. At

x=7 there J.s a verticel asymptote.

com x(1 +.cos x) + sinzx 1+coa X : 1

=‘1 €0B X i
(l + coB x) o (1+cos_ x) " ¥

y" =

cos x # 1. There is no critical point, and’ y'> Oo

N Y
x|l o . r 27 - ¢

oy o+ +

- ) -0

—— o o - ——— —

7 /air x

gle 5 (Pa.ra.metric function). Sketch the gra.ph of
the relation. - : ‘ ‘

i"(O) -3

: x=a éos3e~ L P
L o - (a»0) (Astroid)
' | y=a2a sih30 '

Solution.
Ix| =.alcos f9|3$ a8, amd yga
= xc[-a 8], ve[-s, &) (bounded) - ‘

x(6), y(8) ere periodic with T = 27, We only vary O
in- 1 7). '



201

When 8 — -, then x - X, ¥ -—> ~¥» There is sym=- -
metry with respect to x-axis. Vary then 8 in [0, 7], ‘
" When © - 0 +7f, then X — =-x and ‘y— -y. There
is symmetry with respect to the origin. Vary then @ in (o, 7/2].

& __3=a sin%e cos ©

3 =~ ten 8 < 0 for [05 7/2)
.-3acoseain0_ . ‘ ’

The function is éecreasing in [0, 7/2]. :

ol o 7/2

by
x=t+%\,\ y=t-%.
'So;ution.
. Vohe ¢ o T .
L [ylv—»o;;tr‘——? 0 or 1t|-—°° =|x|=> co=>no v.A. o
I%.A. -8 |

.i ’ . ’ - .
|x|=o =% =0 or |tle== |y]>==> no H.A."

I.A, ¢ y=8&+b
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o . (0 t2_ 2 -—2 *a.l=-2
[xjpost { > L2224 o
' %o t""l 1 "a.2=l

" . .V » 0
¥ +2x =3t —

: ) S @nOIvo'
| y-28x = !

3 (oo 10.I.A.
Vy=X== :E' —_— i .
= y-= -2x, ¥y = x are thé ineclined asymptbtes. ) \‘

8

E.XEkRCISES (2. 5)

~ 86, Sketch the graphs of the polynom:.a.ls ’

_a)y=(x-l) (X+l)(x+2) 1\
"b.) v = (x + 2) %x - 2)2

o) _y; (x - 13(x + 1) -

Ay =43 -2}

87,;'Sk.evtch the graphs of the rat:.onal :mnctlons )
12 x

a)y = , b) y = =

) ' X 4+ X v _ ;
_2xm ~-2x+ 5 > - 18 x

’c),Y— 2x_l d)y x+5+ x_s

' ~ 88. Apply 'bhe theorem in the text to determ:.ne horizontal,
vertical and inelined asymptotes, 1f a.ny, o:f the »
following algebra:.c relations: I S

" :



89.

Sketch the graphs of .
S X + 1
a)y =\/§_:_I S by = ;
/ ...1'”-," Coiy | 2
Sketch the g'a.phs of the rela.t:.ons s

- 900

o1

92,

) (% - 22? - 2y

1203

8) (x = 1)y° + 2xy - 5% + ¥ +.2 =0 .

3z+4x-,5_y.+l=

—

Find a rational ﬁmct:.on of X .

. a) ,mth range (-, -1]0[2. , 09) |

' b) with range [-1, 4’) )

'a.)\/_-r- .A=«[‘_a‘.,' 8.70 b)\/_ VY ‘Q/‘E.,' a

-

Sketchs
a) (x=2a coseﬂ' b)igx-=a sec &
(ell:l.pse) ' : (hyperbola.)
y=b s:LnG' . »y=b ta.ne :
~e) (x==ea (t-sint). L
. SR e [0, 2‘0’] (cycloid)
: vy =2a (1 «-cos t) 4 ] S
Consider the astroid determined by the. . AQ)
parametric eque.t:.on X = a cos3’b, B P
y==a s:.n3t. Let the ta.ngent line at a =

94.

- point P(t) meet the axes at A and B.

Show that IAB[ =a. -

Given y = x » sketch the graph vhen

a)¢c=0 ‘ , b)~“=-§' e) X = 3/2 |

4) « = 2n, neN"

(o]

e) et = 2n+1 (n€N)
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95, On the figure are sketched

 %he curves of some functions .y

. £ and ‘8e Sketch the. graph
of ¢ + &

!
-
-

=1

' - Answers to even numbered exercises

86. a) .~ _b) SRR
T TN i
\ ' .v : \ / -3..0 /
A o -2 | 2, 2 £
| A
. 88\, a) Vs x =_l;' HA: y'=~'0_, IA: No IA -
b) VA: x = 0, HA:y =242, Ia:y=x/2.
' 90. &) 7 f ’ )
920 .8.) : o
.“’V

f ‘94, a)
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PROBLEMS ON MAXTIMA, MINTMA

~ Problems on maxima, minima in mathematics a.nd ph,ys:.cal

sciences lead to the determ:\.nation of a ﬁmc‘b:.on on a certain
interval on wh:.ch it is usually d:.fferent:.able. The genera.l A
proceedure may be outlined as followss '

BN

1.

Express the quantity to be extremal:.zed :Ln terms of
some quantlt:.es one of wh:.ch is selected as mdepen—
dent va.m.e.ble, the others be:l.ng wr:.tten in terms of.

~ this va.r:.able. '

2.4

3.

4e

" 5.

Detez;m:me the mterval for the vam.able. _

Set the der:.vatlve of the function equal to zero and
solve for the independent variable. Consider only

'those which are in the interval,

If a single root is obtamed, “the va.lue/ of the
“function at this point may be dec:.ded, by the nature

of the problem, to be & max or mn. Othemse second

derivat:l.ve 15 needed.

Ir the :Lnterval :LB {closed at one or two ends, then
end points nmst be taken in consideration among -
local extrema obta:.ned by der:.vat:.ve.

ample l. F:.nd the alt:l.tude h ‘of an 1soceles trangle»
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of minimum area which can be circumscribed about a circle of

- given radius r.
Solution. Iet: AB(;' be the tr:.angle

with j.ua] = '|ac| be damn about the circle. |
Letting lAJ)[, |nc| = a, area A -is

&iven by R

" where ‘both a and h are vaiiables. Seiec'ting h as the variabié A

we express a and then A as funct:.ons of h. From s:.m:.lar:.ty

of r:.gh’c nangles ADC and A.EO we. have

b laEl g_\./(h“-r)2 -2
a ' r = a° r
= bhr=avh®-2th = a= =i
: . h® - 2rh .
and (
A(h) = r s . he(2ry, o).

5 1 2n o220 2
2h - 2rh - & S b
i an _ < 2% _amn
dh h® — 2rh
2h(h2 - 2Th) - (h-r)h 2(h - 2rh) gh-rz

N

T n(uezrph®ern h-Zr)\/
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./ | | |
= h2>-4rh+rh\=0‘§,h2=3rh¢'h=3'r,'since h#0.

Example 2. A rectangula.r box with a squa.re
base is to be built to contain 20 1% of olive o:Ll.

- If the ‘material for the top and fron'b costs 0,75 ‘i{/dm "
"and for the bottom and lateral’ faces 0,50 ﬂ/dm

find the minimum cost. ‘ _ ' S . a
~ Solution.

Denot:.ng a side of the bottom by a a.nd altitude of
* the box by h, then the total cost is

= 0,75(a2 + ) ¢ 6,50(a2 +~3ah)f

Y .

rwhke_re a,. h‘_ are related by a.ah 20 or h = 20/&2. So
c(a) = 0,75(a% + %0) + _0,50(a.2 + %9) =1,25 a® + %2

’ a

- -a; =0-%la =—2-§.=-—§=18
= 3/18 am, n =»3—29— = lg 3 /324
o ,
‘ 3 45 L8B30
C.. = 1,25 /324 + = 1,25 -\/32 324
“min 3@ 18. .

3,75 3’1/3.2 = 11,25 %/i’ 11,25 . 2,29 = 25,75 T

/

; Ele 3. Fln.d the po:.nt on the parabola. y2 = 4x '

:1',"v:wh1ch is nearest to the po:.n’c A = (-3, 6)

: Solutlon. Let P = (x, y) be any po:mt on the parabola.i-
Then the d:.stance A |AP| -\/(x + 3) + (y - 6) ‘is to be

minimized\, If d is mlnmum a2 is a.lso mm.mum, since d> 0.

[
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So the function to be minimized is

| u= (x4 3%+ (y-6)°
where X, y being related by ;{2 = 4x, we have

!

uy) = G+ 3%+ (v - 6)7

o N |
:‘%52("‘;+3) .§+?(y-s) .-.»_o
= y(y2 +12) + 8(y = 6) = 0 = y° + 20y - 48 =

e

= (y - 2)y "'23""'24).:0 = ¥y 2 :,xlal'
?he‘reqyuired'point is (1, 2).

ample 4. Find the area of the rectangle of maximum
area 1nscr1bed :Ln a clrcular sector of given rad:ms r and

central a.ngle 0(7/“/2 when two vertices e

8
: a) on a termlnal rad:.us, S L Q P
| b),pn the circular arc S V 4 -
.and compare the two areas, - " Al A
R 0 RS
Solution.

&) The angle « determines P uniquely on the are AB,
a.nd rect&ngle PQRS.vThe area of PQRS is '

= ISSI szl

- where

[
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R

‘r, sine¢ 'y . ‘O(c<<0

oo
it

.r\T

E
‘u'

Rg . rominx -
]OSI - [ORI =T cosx -%%;3 T cos«:( -;-‘:n-in-a—

‘Then - |

v
RN
4.

siz'zoc).'
tan @7

A,x) = r? sin« (cose -

\
. N
P

. - - -‘2 . ‘
, ;’ r?[siizx' oS X - ::goé:( S :

-;flf -

‘  sin 2u S .
_r[cos2o<-tan03-0)‘_ R
= . ten 2| = ta.n;o 5 x=3
- which corresponds obviously to ﬁaximumarea;

29
2
G -

9 2r . @ @ . Bin
IR I e
r2(%a g 1~cos 0]_ 1 2 9

"2 tan’6 .t"’“‘-\_'z' =

5

b) ;~From\> (a)-wé have maximum shaded a.réa_(

-wh:;.ch is 5 \42. ?hen

- . o . . K’

- To compare, let e = 4% (0<t <7r/8)o
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E XE R c I S E R) (2. 6)
96. F1nd a number
a) whlch excceeds 1ts square by greatest amount

b) such that itself plus nlne time 1ts reclprocal

gives. a max:.mum sum. .

97. D1v1de the . number 48 1nto two parts so tha$ Lo

e

e a) the sum of the square of the parts is 1east,

b) the square of one part together with 3 times the'
' square of»the other part is the 1east p0851b1eo

98 Given an- 1socales right trlangle ABC ([AB[ ‘Acf)v
_find the point on the hypothemuse such. that’

Fﬂ +-§EF |pd? is minimim, 5

e 99. Determlne the square of least area, inscrlbed 1n a

-

gaven square of side a. (Each vertex is on each side)o

‘ 100. An 0pen/box 1s to be made of a rectangular cardboard
v 10 x 16 cem by cutting congruent sguares ou& of the

' cornere and turnlng up to edges to form the’ lateral

faces of the box. Determlne the maximum capacity of

the box} » L o V.' g .
Co , SR ) iy
101. Flnd the dimensions of’ the ‘largest rectangle
'~ . inseribed in an acute angled trlangle w1th base on
one side of the trlangle. L '
o - N
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102; The legs of an :.soceles tr:.a.ngle are each 50 cm long.
Find the length of the base, if ‘the area of the oy
-tr:.angle is ma.x:.mum.» . '

» 103; Find the erea of the 1soceles tria.ngle of maximim

. erea :.nscr:.bed in & circle of given radius a.

. 104« A window has the shape of a_recté.ngle surmounted by
' a semimcircle. If the perimeter is given, determine

the shape of the window when area is ma.x:.mu.m.

105, Of all right c:.rcula.r cyhnders tha.t ‘can be inscr:l.bed
. in a given rz.ght c:.rcula.r cone, show tha.t the one
of. greatest volume has altitude one third that of
 the cone. What is the volume of the cylinder?

106. A rectangular screen is.hu.ng on a vertical wall,
~ with lower and upper edges being & and b meters
above the ground respective]:,r. How for away (from
%he wall) an observer should seat so that he sees
. the screen under greatest angle (observert's eye is
b -meters above the ground, h<ab) '
107./Find the vélumé of fhe rig};t circular cone of max
(m:.n) volume inseribed (circumscr:.bed) in (about) a

sphere of given radius r.

108. Fz.nd the point on the given curve wh:.ch is nea.rest N

to the nggn»pomt- : AN _ - '
. a)y= \\/7, (2, 00 - b) ¥ =4x, (-3, 6)

209, Find the pdints on 'yz = 4x whose dlsta.nces i“rom
( =3) are maximum or minimum, ‘

110, Show that the point (2, 2) is the point on the
graph of y = x3 - 3x that is nearest to the po:.nt
(ll, 1). :
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Flnd the point on the &iven curve the sum of the

» squares of whose dlstances from the g1ven points is ‘

112,
- eircle and rolling up what is left. Determlne the

113.

a)y

’

a m:.n:unum.

)
Xy (0, 0), (5, 0), (0, 4)
b) y = 28 + 3, (0, 0), (0, 9), (6, 0)

¢) xZa® = 25, (3, 0), (0, 4), (0, )

A cone is to be made by cutting a. sector from a

angle of the sector that is left so that ‘the volume

. of the cone is a maxlmum.

A p01nt A on a table is 1llumiated by a lamp on

the wall whlch is. & meters’ dmstant from A. How

ki'hlgh above the table the lamp should be hung 80

114,

ns.

that A has maxlmum_lllummatlon? o
Tﬁe’sqaare‘of the velocityvofylight of wave length _
? on deep water is proportional to '§'+ % where a

is aapositive number., Find the minimum velocity.

What 1s the length of the shortest llne segment

) tangent to the ellipse x /a +'y /b =1 and

116.

stermlnted by coordinate axes?

leen the parabola vy = 4 - x2; find the point on ‘

it in the first quadrant such that the tangent line
drawn. at that poiﬁt forms with coordinate axes a

'\triangle of minimum area,

117.

118.

A rectangular closed box with square base is to have

a capecity of 27 liters. Determine the least amount
of materlal requlred (in dm3)

-AAreotangularlbox>w1to square base ahd with capacity

" of 30 liters is to be built. The material for ‘the -
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top a.nd front costs 15 u/d.m and ‘for bottom and
other lateral faces 10 d/d.m mnd the minimum cost

T

- 119. The ma.tern.al for the tOp of a cylindr:.csl ca.n\costs '
'tm.ce as much per sq_uare unit area as that for . the
" bottom and lateral faces. Flnd the prOport:.ons for
the -least cost._ ’

1?’0.‘ F:.nd th.e length of the shoz’test 1me segment not.
L poss:.ng through the origin and ending’ in the coor—

d:ma.tea.xes and pa.ss:.ng through the po:.nt oy
(3/2 3/2 e L

121, A eontaa.ner Open ‘at ‘th‘e‘tep is made. in'ﬂ;e form of

K a r:.ght prism where the base is an 1soceles nght ,
. tria.ngle. If the. capac:.ty is glven, what propos:.tzons
 will make the emount of material used & minimm? .

122, Find the slope of the line through the point 4, -5)
. out of which the pa.rabola ya 8x -euts the segment
of shortest length. o S

‘_;!.23. F:Lnd the equat:.on of the locus of points P such Cn
L that ,of all chords of parabola. y = 8x through P,
: the one of mnimum length has sZLOpe of 1.

124, A boat ma.m.facturer estimates that he can sell 5000

' boats a year at 9000 1L ea.ch, and that he can.sell
1500 more boats per year ,for eaéh 1000 1L decrease
in price, What price per bost mll br:.ng the -
A.‘greatest returns?

- 125, If the safe d:.sta.nce between the centers of two ca.rs-‘ |
go:.ng v miles/hr is g:.ven by the relatlon 4 o

- 0,05 v2_ * ‘1.4'y7+'5,

s
'



214

:what 1s the ma.xlmum number of cars tnat can sefely
‘pass a g:.ven po:.nt in an hour 1f ‘the cars are all
going at the same speed? (Assume that there is no

car at the. po:.nt when the countn.ng :.s started).

N

Answers‘ to e§en numbered exerc:.ses
95?3) 1/2, v 1) 3 Lot 3
98. .Mdpon}t , |
‘100, 144 R
102, smz

04 x _\r 2/( Te 4)

- 106, Distance from the wall: \/(a - h)(b - h)
1108, 2) (3/2, «/37“), B, 2)
112, 26 7/3 red £ 294 o BT |
-'114. v =,\/2_k. where ' 1s the constant of prOportianahty.
' 116.;(2/«/3, 8/3) o  , o
| 118_._5Dime‘né'i.ori: 3x3x }%.»’ _cest: 675 TL.
120, (a + )32 |
| : 12?. -1

124, 61666 - . o
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- A SUMMARY
‘ (Cha.pt‘ex‘ 2)

2. 1. If Ln[f(x + Ax) - £(x)] /ax  when Ax— 0 exists,

’20 2o

2. 3.

2. 4.

2, 5.

y=£(x) is said to. be different:.able at x, and this limit -
is called the derivative of fos at x, some notations
of it being dy/dx, y', £'(x), Dy, Df(x).-fe D[a, b]
represents A function £  differentiabple on [a, b] we

“have fe D[a, b]= fc C[a, bJ,

Chain rules: (1) (fog)'(x) = f'(g(x).g'(x) or 91 = ‘-11 .

where y = y(u), u = u(x). dz '

(2) x =x(t), y = y(t)> dy/dx = F(6)/%(%) = (dv/dt)/(dx/at)

dy = f'(x)dx is the differential of = f(x)esy = dy :_:.s, '

. the increment of y, .and- dy?ym, 100 dy/ym are relative
error, Eercentge error respectively, where y is the

measured e

Rolle's Theorem: £ c[s, b],’ fe D(a, b), f(a) = £(b) =
£'(¢) = 0 for some .¢ in (a, b). R
Mea.n Velue Theorem: f£¢C[a, b], f<D(a, b) ?

2(b) = f(a) + (b-a) £*(c) for some c (a, b)',’
f(a+h) = £(2) + b £*(a+oh) for some ©¢&(0, 1).

v L'HOSpital'Rule. £, geCle, x], £, geD(a, x), f(a)=g(a)-0

= lim f(x)/g(x) = lim f'(x)/g (x) if the latter ex:.sts.

Extended MVT' fc cf{a, x], feD (a, x) ‘ R ‘

:E(x) = f(a)+f*(a)(x-a) + l f"(c)(x-a) for some ce(a, X).

Newton's Appronmation Nethod for roots of f(x) 0 in [a, b]
x_ is that end for which f(x ). f"(x o) 0o Then

°
xn,= n -1 "f(x )/f (x 1) _for n - l’ 2, -eV.OV' :
Reletive extrema. Ir f'(x ) =0 and

{ <o, f(xo) is a relat:.ve max.
(x ){ =0, cha.nging sign, point of :mflect:.on
>0, f(x is a relative min., -

Asymptotes: If f£(x) = <f’(x) + g(x), where g(x)—>0 a8
x>0, then y = ¢(x) is a curvilinear agymptote. If
@(x) = ax + b then one has an inclined asymptote if e#0, -
an horizontal one if a=0. x=x, is a vertical asymptote

if lim f(x) = oo when x—->x°.
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EISCELLANEOUS EXERCISES -
. (Chapter 2)
>126. Determ:.ne whether the following functions. have e
der:.va‘b:.ve at the indlcated p01nts and if 80 what

1s the der:.vat:.ve? ‘
a.) f(x) (x +x) lx ‘at x=0
x[[xﬂ a.t x ='l. )

x2 +1 when x<1

b)-, v

e) y=.9 IR at x=1 .
2x = 1 when xP1l _
X =2

2

X"+ 3x - 10

when  x £ 2 -

ae@=) et w2
: . l/x» 1 when- x=2 e
'127. Find the der:.vat:.ve of' ' ”

>a‘)_,y = a:rcsin X - a.rc'ba.n V_’T

arccos (arctan —= ‘.2) '

by y -
T l+x

gin x
. X

)y =xco8 X -
d)y=xsin x 4+ X co8° X’
a2 2 L2
128. Find d'y/dx" if 'y = sin(7cos’x)
~129. Find ¥', y' in terms of . t of the following
‘ parametric functions. '

V,a) x = y ¥y = — b)) x= TS T = .
TTE-I TR AT ELY 42 1

130, Same question for: ’ '

' a) x=cosdt, y=gindt  b) x=t-fint, y = l-cost

'
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&) f(x)

132

‘a)‘.y-= a.rcfban Z .- -;‘- g:ctan -

b) y = arcsin x + arceos- x’

217

Find £'(x ) ifs

2k (3x - 2), x .‘
Y Y

.
(x + 1)//3, x

I
R

b) f(x')

c) f(i)--’

o= WA
(1 +V/3)(2 +VE)/x x =1

4a) f(x) %,

Pindvthe denvdnve of the following ﬁmct:.ons~
2 s

l-x

~

T2

&) y = arcsin x e_--J-‘ ércs;n 2xJ1 - x°

o133,

134,

a)y

2

-';- arccos (2::2 - b‘l)

Giveh y 4 - x2, find the ta.ngent of the angleo<

4
‘arccos X

between the tangent llne and -the line Jjoining the
origin to’ the point of contact. m.nd also lim ’ca.nx
as X tends to:

-, B2 ) o D@, e

A pe.rt:.cle moves along the curve ¥ = 3 - Xe If

v, =2 m/sec and a = -3m/sec as part:.cle passes

b 4

© through the p01n1: (1, O), fn.nd v and a at that

5v13s.

136.

Fnd £(x), g(x) if (fe)(x) = 3x

.a)x

instent.

3 + 3x - 6:

£'(x) = 2x. + 1, and  g'(x) = 3.

Show that the foilowing functions have multiple roots;

and find theSe roots w:.th their mult:.pl:.c:.ty- -

4 .3

- 2X +2x-l

b)x - 3-7)' +16x+36

°)-,x6 * 2x7 _ x4 _ 4:!3.’-',112 +2x41=0
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Prove that if a polynomial equat:.on P(x) 0 has
an r-fold root, then P'(x) =0 has an (r - 1)~

: fold root and conversely. :

138,

139,

. 140.

‘a)wf(X)

b) £(x)

Find the equathns of the tangent and normal lines

to the foliowing curves at the indicated points:

$2 = 2t; %

2

a) x =_t3 -3ty ¥

b) x = sin %, yétan t; + 774.

¢

For vhat value of x. the derivative of f(x) is .

-'equal to the denvat:.ve of g(x) 11‘

% - 2x, g(x) =% + 3x .+ 8 K

;—;—2' , &lx) = x/2.

Find the equation of the tangent line t0 y =X = x

e.) parallei to 'y = 2x + 1

- b) perpendlcula.r to ¥y = 3x'= “l,‘k :

141, s

=15 + v 1: -3 2 & ta is the equat:.on of mot:.on of

a part:.cle thrown upward with an initial veloc:.ty Vo

(s is- g:r.ven in meters a.nd 't in- seconds)

a.) Expla:.n the meam.ng of 15,

142,

143.

144,

b) flnd the largest height,
¢) find the la.rgest veloc:n.ty, ‘
a) find the velocity when it is turning ‘back,at s=15,

If £(x +3) = £(x) + £(y) -and if £(0) = 0, find"
f£*(x) and prove that f is & linear :E‘unc't;:i.on°

It f(x + y) £(x)/£(y), end if i‘(o) = l, find
£9(x) ana £(x) and show that £1(0) = 0 or
f(x) = '

It f(x+y) = 2(x) fy) mna £0) =1, fina £1(x)
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and £(x), '_f(n)(x).'

145. If dy/dx p(x), then evaluate dx/ay, 4 x/&y "y

x/d.y3 and express thentln terms if. P P, p"'

146. Compute approxlmate 1ncrement of the follow1ng

furictions when x increases (decreases) from x,

1 .
%o Xa ‘ . R 1 ' :
a) £(x) = x3<-r.4vq3/x.' "1 ="15'.”x2‘ = 0,98
x5+ s SR
b) £(x) = -—x-—:—i— xl = 0, xz = 0,0l‘

147. Compute the following approxlmately by the uSe.ofb
' dszerent1a1° ' '

a)’\/— B b) 2/_—'.7 “ c) (2102)3-5(2102) +7(2102)0

7 '148. a) Flnd the area of a clrcle when lts rate ‘of change

with respect to a diameter ls~ 47r m /mln,

'b) Find the rate of change of the clrcumference of
.a clrcle with respect to the area when the area
is equal +to 4me .

149, _a)'Find the rate of - cha.nge of the area of a circle

with- respect to 1ts radius when radius is 3m,

| b) Find the rate at which the volume of ‘a rlght

- etrecular cylinder of constant altltude lO m, .
changes with respect to its diameter when the
radius is 5 m.’ '

3

150, If y = 3x -x and x " increases at the rate of

1/3 units per second, how fast is the 910pe of the

curve changing when X = 3?

%

151. The equal sides of an isoceles trlangle are 10. m
long and base- angles are decrea91ng at a rate of

‘2°/sec. F1nd,the rate of change of,the area when

\
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the base angles are 450.

Each of two sides of & triangle sre increasing at
the rate of 0,5 m/sec, and the 1ncluded angle dec~

'reasing 2 /Sec. Find the rate of change of the area

 when the two sides are 5 m, 8 m and the 1ncluded

153,

154,

angle is 60° o Ty

A'particle‘travels ‘along the parébola ¥ = ax2+x+b,-
At what poinx its absclssa and ordlnate change at

‘the same rate?

A particle starts at the origin end travels up the
line y =-3x at the rate of 5 m/sec. WO seconds

',later another particle starting at the orlgln travels

up the line y = x/v3 at a rate of 10- m/sec. At

. what’ rate are they separatlng 2 seconds after the

155«

‘last particle has started? B T

A clock has hends 5 and 7 cﬁ long. At what rate are
the.ends of the hands approaching each other when

jfthe time is 2 o'clock?

F1nd the poxnt requzred by the ROLLE's Theorem for

'the follow1ng functlon in the 1ndicate 1nterva1.‘v

" “,a) £(x) = arctan x - ’/7’X/4, [—1: 1]

. by 2(x) =hx - x5 [0, 3]
) 2(x) = (x4 Y= =12 4 6, [-2, 1]
a) £(x) =x/3 - x/a, [-8,8)

157.

e)y

Find the value of x whlch satlsfies the MVT for
the follow1ng functlon for g1ven 1nterval°

arcsin x, [0, 1]

sec #f [0, ‘W73J

8) ¥ 't_an x, [0, 73], 1) y

| - 1], [2, 4], @y
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158. Evaluate: |
oy we sEEYEEL

X—>co V“ x3. -._1+x.- o !

e SV
X0 (ax l) 3/2+i-1

- 159. Evaluate':’ "
| ,a) J:..m va + X = VJa -x

x>0 P -5 + (x-8)

+1 nxm-z i

.b)";; hm 1% - (n e 1)
. x—>1 (1 - x)

- ‘e) Hm- (x_- -)(x - —) ces (x --),

n—oc
’ ) . i fx1/3 - 8.1/3
. d ' "17“'_17'
X->8 X 2 _ W2

1160, Evaluate: ' o "

ia.) lim['z/x +2x \/x +8]

X—>o

b) lim’ [cotx-—]

x-—>0 A
c) lz.m [secx-csc 2x] d) lim ;- ,sinx]
x—>Z x>0 :

2 ) " .
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161, Find the intervals of increase and decrease of -

162,

. 163.-

165.

2) £(x) =\/1 + x +V1 - x and find its inverse

function - 7/
b) £(x) = x> + x 2, neEN
Determine the constants &, b, ¢ such that
Y A 3 2 .
Tim l.f 2x +”2x -45. = bx - ex _exists,
x-»0" x". S
Eva.iuate‘:k . , o
‘ . '(x2 + aa)(xz-- 32)".3/2
8) lim s3T5
x—»a (3x f-a)(x -a”)¥""
b) li.m '\/’az"-xz-r-a-x
x—>ava - x +1/a3 - x>
S Vzx-Vas+ Vz-a
' x>ra . AV x% - a
Evaluates ‘ o
AR o sem ZE
a) lim (sec x -= tan x) . b) lim
Tx=sT2 4 x—3 sec(x + 3 = 3}
S/ R :
e} lim -(x+1)s§n(x+ll‘ a) lim ar::z.nxg x-- 7/"-432
x—+=-1 &in(x“ - 1) x=>7/3 _
Evaluste: v
: "~ gin x -'x tan X - X
a) lim ———. b) Um R ————=
%= 0 x3 ,x_>o~x-s1r+.x
n v R . —
¢) lm arcsin x - x d) lim V6=x =V lex-l
x3 x=>=3 X+ 3

wx—;—O )



166,

167.

168.

‘169.

170,

171,

223

Bvaluate:

2) lim arcﬁan3x - ; b) lim arctan x.— X
x>0 — . X0 x‘— a:cs;n x

Evaluate'

- 1
siq,x =X

a) lim (sec X - tan x) d) 1im (
x+172 S R e

c) lim x csc(3 sin x)
x—a-O
Find an irratlonal roots of the following equations
to two decimal places by NEWION's Method.
\
a) x * 22 ~-5=0 »vb).x4 + 33 + 2 -1= o]

c) <t - 4x? § 4x -8 =0 'd)-25'+ x3 +2X~-5=0

Determiﬁe the constants a, b, ¢ 8o that the curve
3 2

-y =ax” + bx" + cx will have a slope of 4 at its
‘p01nts of 1nf1ection (=L, =5),

Find the relative extrema of the f5110w1ng functlons.

) £(x) = (x-2)3(x+1) ) £(x) = =t - 2P
o) £(x) = 223 = 3x® a) £(x) = /x% - 2x
Pind and 1aeﬁtify~§he relative extremas
8) £(x) = 2x2e2/x2 by E(x) = 2t + 2/xt
o) 2(x) = 3x2) | @) Hme=x Y4

172,

a)y=x

C 1736

Find the relation between the constants ‘a, b such

‘thet the following functions have no extremas

3+ax2+bx+c , b))y =a/x+ bx

For the functlons in Exercise. 172 find a and b

to have crltlcal point at.

a) (1, 0) : b) (2, 1) - reépectively.v




174,

175,

224 ’
. o \
Find the relative extrexha 6£
« R T
£(x) = 2x7 = 3(a + b)x" + 6abx

8) if agb . b) if a="b
Find, if any, the value of ¢ for whlch the g:.ven
funct:.on hes an extremum. and identify. '

ca)x=At -t S b):\::sint-a-costv

,' a)wx =t e3te2 ). x

177.

1764
B .-._vextremum and :.dentn.fy. -

4

vy=2t t -_'y. s:.nt-—cost

F:i.nd the value of t for the ﬁmct:.on to have an

.-y=;t2,"'1 ""y=4smt

Find the absolute max:!.mum M a.nd absolute m:Ln:Lmum
m  of the following funct:.ons in the given mterval.

a)y eI po 7/4]

1 + 8in x

2 +. sec X

b) y_ﬁ —sin x . [_0917/33

178,

Show that the- functlon £(x) = x3(x + &) attains &

‘mmimmnof -279./256. '

»-Ma)__ y = x{x—{;f, [=3» 5] | b) y"‘='[x_]]‘lx2-l) ’- [O, 2_7

¢) y = x sin x; 0,741 a) y = 222 E’f/6, 7/2}

1180.

Find M and m on the given intervals

Find the minimum end meximum of

2 = @F . B

\

' where a, b, k, X are positive



181,

182,
183,
- 184,

‘,"é)

e - ) B
_‘b)x‘;:l}x

185,
186,
- 187,

225

Find m, M of the function £(x) =x/(x + 1)

- Same qﬁéstion'for f(x) =3 x/(:at2 £1)

Same quest:.on for f(x) = 8in x +4/3 cos x

If m, n are posxt:.ve integers with m>n, prove .

. .
-l> ;]f, for xy1.

m
A 1
T

y f°r °<x L1

Proﬁ’evthe inequaliti'es -is'?.xercise 184 for m, ng Q.
1f f(x) X+ 2 and g(f(x) 2 - 35:f, ‘find g(x).
Def:.ning ‘

£
: max{f(x): g(x)} {

& x) '. 'ﬁlfxen ' (x) f(x)

1

(x) “when: £f(x)y g(xj

L "f(x')l when f(x){s(x)~
- min{f(x), gxlf={ N gdpes
T e mmen s g2,

; ?rove 1i:'hza:l: if ‘f(x), g(x) " are corfxtixiu‘ous,l then

a) ma.x{f(x), g(x)} ) b) ﬁin{f(xi, &(x)3 -

are continuous.

188,

'.a.) f(X) = xz,‘ g(x)gx b) f(X) ’ g(x) = x

: 18_95

-~ -190,

Sketch max{f(x), g(x)} where »
.
e) £(x) = xa, g(x) = x2+l d) £(x) = x3-x, g(x)=ax;a

For the g:.ven funct:.ons in Exercise 188 sketch -
m:.ng_f(x), g(x)} ’ ' »

Sketch“

a) {(x, y) max {X. y}-2§ ') {(#,a--:r)z n_xir_x{x; y} =

|

2}
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c) {-(%";y);»min {x’ y>/2} ‘, d) {(x, ¥): max .{_x, y}sz}
,191. Sketchs . . , o
a) {(x, ¥): wax {x, ¥y = x+.v}"
0 {92 min{x 3] = =}
192. Sketch:
" a) {(xy ¥): maX{lx!, lyl}<1}
b) {(x, ¥): win {|x[, [yR<1} ,
193, Find the cartesion equation of the > following para-

metric curves:

sin t + cos t b) x =sint

: a) X = =
y=sint . ¥y =c08 2t
194. Same c';b.e_stion fors
'a)x;3-t '_b)x=1/(l+t2)'_;
y=tP-2  ye=t/1-4%)
- 195, Same question fors ' |
a)x=tant B x=1=1%2
|y = tén2t | y=t+t
196. Sketch: y = &t 0T
T xT e 2x e 2
197. Sketch: '
' . __sinx
a)-x—t+;l./t b)y"_l+tanx‘
.y = + Dv l/t
198. Sketchs R .
’ ) _x-22'- ‘ Vb)' __x3+4x' )
)y =S yeERT

4x

e : -
L aysExt Q) y. (x—a)x/x?—axv



199,

- 200,

201,

227

Sketchs
> S : : S
8) ¥y = ——— By ==
x +8 ‘ x 4+ 1
Sketch  y = sin - 7
/ ' X +
+x/

. ‘ - . L | v
Find a rational function y = (ax2+b1+c)/(x+d),
which cannot be between -2 'and"3,,for any real

- value ‘of x, and graph it. ‘

202,

203. A

204,

P 1lies on the semicircle w&th AC as diameter, OB .
1s ‘the rad;us perpendlcular to AC and H is the

-productlon of "P on AC. Determine the posxtzon of P -

S , S ,
‘a) on the arc XE; o b) on the arc. AB

so that 'API [PH! is a meximum. . - i -
A statue Tm tall stands on a monUement 10.m heigh.

Where should & boy gtand on the ground ‘so that the

‘view of statue be greatest.
-(Eye 8 level of the boy. is 1 m).

The material for the top and bottom of a cylindrical
can costs twice as much her square unit as.the

 material for the sides. Find the ratiom of. altitude

. 205,

206,

to the radius for which the cost is the least.

Find the maximuﬁ area of & right trapezoid of given
altitude "h¥® and given perimeter "eﬂ

‘Find the maximum area of an isoceles trapez01d of

g base - nan and perimeter "26"

207,

If a sum of the areas of a sphere and a regular

‘tatrehedron is constant, what is the ratio of the



508,

228
) /

diameter to an edge of the tetrahedron when 'bhe sum
of their. volume is

a) s:)_ma.ximum .. .+ 'b) a minimum

Pind the slope of the line through the origin if

" the sum of its distances from the points (2, 0),
(1, 3) .and (3, 3) is a '

209,

'210.

a.)amm.nmm O B)amaxiﬁxﬁm'

General:.ze the problem g:.ven Exerc:.se 208 to n pomts

(311 bl)’ ‘ase 9 (a s b )-‘

Given n poi.nts (r cosel, 1:-l s:.nG ), 00; 3

(r_ cos6_, r sin® ) determine a circle center at
n - n’ "n n . /

- the origin, such that the sum of the squares of_ the

126.

128,

. 130,

132,

134,
. 13517.

Cooe) -l, 4~fold 1;. 2-fold 15 2-fold

138 ;

b) ?1/53'_?

d.:.stances of the po:.nts from the c:.rcu.mi‘erence be

m:.m.mum.

Answers to even numbered exercises

'‘a) £(0) = 0, b) No derivative, ¢) No derivative,

a) - 1/49. k : |
S 2 2 2 T
-2 7/"cos 2x cos( W’cos x) = 7° sin"2x'sin(7 cos x)

a) -ta.n t, 3 sec41: cse t, 1;) oin t/(;l:;cost), a
: —J,/(l-cos t) ‘ '
&0,  ®mo, o  _ao.
2/5 n/sec, 3/Q"'nvbec . ;
a) 1; 3-fold N b) -2; 2-fold -

a) 2x -9y

4,._9r~+23_f= o
=1, 2x =42y =32,

g



" 140,

142;

440

6.

8.
150.
152,

154,

E 156.

158,
160,
162,

164,

166,
. 168,
| 170,
1724
174,
176.

180¢ x =

182,
186,

229 o -

a) y X - 2, - Y 2x+ 2-: L

) 9x + 27y —4f gx + 27y 10x/—

f'(x) is constant R L.

£1(x) = £(x) £'(0), f"(x)-f(x) fg(o).

ER(O} —»f(x) EJORS

o). 03' \f”« -'*;?" b) 0,03 . |

a) }.677’111 v b) -0:5_"m_-,l'

131/;/8'4 ’/7'/9 ‘m‘a/sec‘ B
(19 = 10¥3)/122 m/sec.

w/TZ"_7F37§i 0 32 e -, @t 8/(34'). S
a) 1, - ' : b)ﬁfil. / : o
ey 2/3,  ®)o, \c')';gg'umié,ﬂ- 8o
a=1l b=2 e=2" - ;
$Do, - wer oo layye
o3 - e

.a)fiv33f" b) 0, 68 !* c) 2,60 Cay 1,09

8) -1, 1/5 b)o,-l, 19)0,1, Q) mnl
a) a2<35 oo b)‘ab'{ol..
a) £(b), f(a),_,i b) No rel. extr.

a)t o(m), )t = 7/2 (mex), 37,,2 <mm)
b, f@JEE) = 2(b/a)k/2 R

_m—O, M=3/2

g(x) -7x -7x+10



b)

;230




231

_"

0 at -x=1/i1 for all neN |

y
j,é 1 at x = én T (n-gvgn)
y An vo‘dd)’

r-'_—-lat x-&ll

 ‘202}'&) PCO is an equzlateral trlangle, _ b) B -
204, 4 R
206, (£-a)V(L2 - a2)/3. .



232

208.8)%, - b

210. r = (r, + ,f"; * 7,)/n.
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