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1. (B) (Beta Distribution) Given

r; ~ G(x;a:,1) =exp((a; — 1) logx; — x; — logI'(a;))

for ¢+ = 1, 2, find the distribution of

Ty

T+ X2

N =

[Hint: G(x;a,b) = exp((a — 1)logz — bx —logI'(a) + alogb)]
We define

o= T+ X9
Y2 = I1
The nverse transformation is
Iy = Y2
1—
Ty = Yo/y1 — Y2 = M
Y1

The Jacobian determinant

J 6x1/8y1 8x2/3y1
a«751/892 8:62/33/2

_ 0 _yz/y% _ 2

- ’ 1 1/y1 —1 1| y?/yl

The density is



py,y2) = pei(y, v2), 22(y1, y2))| /|
= exp((a; — 1)logys — yo — log'(a1))
exp((ay — 1) log yQ(ly: w) yQ(ly: w) log I'(a2))y2/y;
= exp((a; — 1)logys — yo — logT'(ay))
exp((as — 1) log g + (a2 — 1) log (1 — y1) — (az — 1) logys — % + 1y — logI(as))

= exp((ay +as —1)logys — %)
1

2logyr —logI'(a1) + (a2 —1)log (1 —y1) — (a2 — 1) logy — log I'(az))

= exp((ay +ay —1)logys — y_ —log'(a; + a) — (a1 + az)logy)
1

exp(+logI'(a1 + az) + (a1 + a2) log y1)
2logyy —logI'(a1) + (a2 — 1)log (1 —y1) — (a2 — 1) logy: — log '(az))

(1 —y)=!

(
(
(
(
exp(logys — 2logyy)
(
exp(—
(
(
(=

exp
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= g(yz;a1+a2,1/y1)r(a1> Ia )y

Hence

N ) P
F(al)r(ag) yl (1 yl)
p(y2ly) = Gyosa1 +az, 1/y1)

pln) =

2. (8) (Bonus) Given

Ty Q(Ii;az‘;)\)

for ¢ = 1,2, find the distribution of

Iy
T+ X9




