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Kalman Filter Models, Linear Dynamical Systems

e The latent variables s, and observations y; are continuous

e The transition and observations models are linear

— Example: a point moving on the real line
— A deterministic dynamical system with two state variables

position 1 1
ok ( velocity >k ( 0 1 )Sk LT BBk

Y = positionk — ( 1 0 )Sk = Csy,
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LDS Example

e We allow random (unknown) accelerations

1 1
S — (O 1>Sl<:—1‘|‘€l<:

Asi_1+ €

ye = (1 0)sk+uy
= Csi + v
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LDS Example

D S O G

¢ In generative model notation

s ~ N(sg; Asg_1,Q)
Yy ~ N(yg;Csg, R)

e Tracking = estimating the latent state of the system = Kalman
filtering
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Kalman Filtering and Smoothing (two filter formulation)

p(171 332!$1 333|332 £U4|333

I

yﬂxl y2|332 y3\$3 y4\x4

e Forward Pass (Kalman Filter)

aﬂl 110

- < o

p(y1.) = plyr|rK) (zrlrg—1) p(zglzg) p(y2lz2) [ plz2lry) plyilzy) p(zy)

1:K /QCKTK/QC KK11/5I;232\22/$12111;1 1)

O‘K 5‘,2
e Backward Pass
Py1:x) = /p(wl)p(wliffl)---/ p(wK—lle—2)p(yK—1|wK—1)/ pPlegleg _pyKlzr) 1
] JTK—1 g UK g )%
BK—2 Pr—1

e Replace summation by integration
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The Kalman Filter: Moment form

(xkn Axk—l? Q)

$k|513k—1 ~

= =

Yk|sk ~
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The Kalman Filter: Moment form

e Forward Pass (Kalman Filter)

2|1

. ~ . “1]0
—~
Ply1:K) = / P(yT|5EK)/ p(lewK—ﬂ---/ P($3!w2)p(y2!w2)/ p(zalz1) ply1ley) p(21)
N ~ J \ ~ -4 al
(077 a9
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The Kalman Filter: Moment form

e Moment form: We represent the a messages in moment form

Aplk—1 = P(Y1:k—1, Tk)
= pWik—1)P(@k|Y1:k—1)
= exp(lg—1)N (ks trjk—1, Zk|k—1)

e Note that

p(yrk—1) = /dxkp(y1;k_1,a?k)ZeXp(lk_l)
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The Kalman Filter: Update equations (Moment form)

e \We need to compute

p(yl:k7 xk)
= exp(lk)N(iﬁk;MMkaEMk)

A |k

e A product of Gaussian potentials

Akl — p(Yk|Tk Q| k—1

= p(yrlzr)p(y1:—1)P(Tr|Y1:6—1)
= p(Wrr—1)P(Wr|Tr)p(Tr|Y1:6-1)
= p(W1:k—1)P(WYk> Th|Y1:6-1)

= exp(lg—1)N (yr; O, R)N (T; tkjh—15 Zkjh—1)

)
)p
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Finding p(yk, zk|y1:6—1)
e We know

p(yk,mk!ym—ﬂ — p(yk|$k)p($k|y1:k—1)
= N(yx; Coi, RN (2k; fg)r—1, Zpp—1)

e \We need the other factorisation

p(yk7$k|y1:k—1) = P(yk\y1;k—1)p(ﬂfk|yk7y1:k;—1)

Cemgil CMPE 58K Bayesian Statistics and Machine Learning. Lecture 9 . Fall 2009, Bogazici University, Istanbul

14



Finding p(yk, zk|y1:6—1)

e We will consider the vector
Tk
Yk
e First, we will show that we have the joint density is
-
. T \ . Hklk—1 Yiklk—1 Yipk—1C ))
Lk R— - N ) ’
p( k yk‘ylk 1) (( Yk ) ( Cﬂk|k—1 ) ( OZk|k_1 Czk|k_1CT—|-R

e Then, we will compute the factorisation

p(yk7$k|y1:k—1) = P(yk\y1;k—1)p(ﬂfk|yk7y1:k;—1)
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Derivation of p(yr, Tr|y1.6-1)
e Remember

yr = Cop+ €
€ N(€k7O7R)

e Expectations are conditional on observing y1.._1.

() = (Czp+ex) = C(zg) + (ex) = C (xg)
= C:“k|k—1
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Derivation of p(yr, Tr|y1.6-1)

e Cross terms

Covlye,zx] = (mal) — (ye) (i)
ety = (Cxp+ ep)x,
= Cxpz, + exz)
Cov|yx,xrx] = C <37k37];r> + (€x) <$k>T — CMk|k—1MkT|k—1
= OXpjk—1
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Derivation of p(yr, Tr|y1.6-1)

e Covariance terms

Covive = (wawyi)— (uk) (yr)'
Yy = (Cxp+ep)(x, C! +ep)
= Cxpx, C' + 26,2, C" + ere)
(i) = (ConalCT)+2{eaal) CT + (enel

= <:1:k:1:,;r> C' 42 () <:ck>T C' + <6kekT>
= O(Cov [zg] + (1) (zx) )CT + Cov [ex] + (ex) (ex)
= C(Xgp-1 +Mk|k—1lﬁ2|k_1)CT + R
Covyx] = O(Ek|kz—1 + lik|k;—1/ﬁg|k_1)CT + R — Cﬂk|k—1MkT|k_1OT
= CZs1C'+R
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Factorisation of p(yx, Tr|y1:6-1)

e We compute

P(Yk, Tkly1:k—1) = PYk|Y1:—1)P(Tk|Y1:k)

e From the factorisation theoem

P(Yklyre—1) = N(yk; Cpigjp—1, C2k|k—1CT + R)
p(Trlyik) = N($k§ﬂk|kazk|k)
Hilk = Hiklk—1 T Zkz|k—1OT(OZkz|k—1CT + R) " (yk — Clikk—1)
Sk = Skjk—1 — Skk—1C" (C8p—1C" 4+ R) 'O
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Computing [
e Remember

exXp lk — p(ylkz)

= /dmkp(ym, Tr)

= P(y1;k—1)/dmkp(yklmk)p(mk!y1:k—1)

= p(y1:5-1)P(Yk|Yy1:6-1)

Sy = CZpp_1C' +R

1 1

= 1 — 5y — Crkpe—1) Sg (ye — Chigpr—1) — 5 log [275k|
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The Kalman Filter: Update equations (Moment form)

e Compute prediction error and covariance

ek Y — Clig)k—1

S = Czk|k_1OT + R

e Compute the so called Kalman Gain matrix

Gy = Spp_1C'S;"

e These simplify the update equations

1 1

I, = lp_1— 56;—5’]{_16]{ — §log 1275 |
Prlk = Prlk—1 T Grex
Yk = k-1 — GrC¥gp—1
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The Kalman Filter: Prediction equations (Moment form)

e \We need to compute

Aklk—1 = P(Y1:k—1, Tk)

= exp(lg—1)N(T1; trjr—15 Zk—1)
e Marginalisation over Gaussian potentials
Aplk—1 = /dmk—1p($k|$k - 1)Oék—1|k;—1
— /dmk—1p($k|$k — 1)p($k—1|y1:k—1)p(y1:kz—1)
= p(Y1:k-1) /dmkz—w(mkz!mk — )p(p—1|y1:6-1)

= eXp(lk—l)/dmk—1N($k;A$kz—1,Q)N(wk—nﬂk—uk—hEkz—1|k—1)
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Finding p(zw, Tr—1|Y1:-1)

e We will consider the vector
Lr—1
T
e First, we show that the joint density p(xx_1, Tr|y1.6—1) IS
N(( Tp_1 )( Pr—1|k—1 ) ( 2ik—1k—1 Spo1jk—1A4"
e )\ Apk—1p—1 )\ ASp_qko1 AVp_qp—1 AT +Q
e Then, we we compute the marginal

p(xk|ly1—1) = /dxkz—ﬂ?(xk\xk — Dp(zg—1|y1.6-1)

)
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Prediction Equations (Moment Form)

P(Tr|y1—1) = N(xk§ﬂk|k—172k|k—1)
k=1 = k-1
Hklk—1 — AMk—1|k—1
Spike1 = ASpapa Al +Q
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Implementation

e Setup a parameter structure
e Generate data
e Inference

e Test and visualise
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Setup

% Transi ti on nodel ;

A=1]11,01]; %Transition matriX

Q = 0.1+xeye(2); % Transition noise covariance
% Cbservati on nodel

C=1[10]; %QOonservation matri X

R =0.2; % Cbservati on noi se covari ance

% Prior p(x_1)

m= [0 1]";

P = eye(2);

% Di nensi ons

N = size(A 1); % St at e

M= size(C, 1); % Cbservati on

%0 Need to check consi stency of parans
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Generate Data

% Nunber of tine slices
K = 40:;

data.x = zeros(M K);

data.y = zeros(N, K);

% Square roots

SQ=sgrtmQ; sR=sqrtmR); sP = sqgrtm P);
for k=1:K,

| f k==1,

data.x(:,k) = m+ sP+xrandn(M 1);
el se

data. x(:,k) = Axdata.x(:,k-1) + s@randn(M 1);
end;

data.y(:,k) = Crdata.x(:, k) + sRcrandn(N, 1);
end;
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Implementation, Initialisation

al pha_pred.| = zeros(1l, K);
al pha_pred. nu = zeros(M K);
al pha_pred.Sig = zeros(M M K);

al pha.l = zeros(1l, K);
al pha.mu = zeros(M K);
al pha. Sig = zeros(M M K);
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Implementation, Kalman Filter (potentially instable)

for k=1:K,
% Pr edi ct
I f k==1,
al pha_pred.| (k) = 0;
al pha_pred. mu(:, k) = m
al pha_pred. Sig(:,:, k) = P;
el se
al pha_pred. | (k) = alpha.l(k-1);
al pha_pred. mu(:, k) = Axalpha.nmu(:, k-1);
al pha_pred. Sig(:,:, k) = Aralpha.Sig(:,:, k-1)*A + Q
end;

% Updat e

e = data.y(:,k) - Cral pha_pred. nu(:, k);

S = CGalpha pred. Sig(:,:, k)*xC + R

G = alpha pred.Sig(:,:, k)*C *xinv(S);

al pha.l (k) = alpha _pred.l (k) - 0.5«e’*xinv(S)*e - 0.5+l og(det(2+«pi=*S));

al pha. mu(:, k) = alpha_pred.mu(:, k) + Gre;

al pha. Sig(:,:, k) = alpha pred.Sig(:,:,k) - GCral pha_pred.Sig(:,:,k);
end;

Cemgil CMPE 58K Bayesian Statistics and Machine Learning. Lecture 9 . Fall 2009, Bogazici University, Istanbul 29



Numerical Issues

e Avoid using i nv in a serious implementation, use slash (or backslash) instead.
SigcrC *inv(CGSig«C + R);
should be implemented as
(SigrC)/(CSig«C + R);
e Avoid using det , as it can likely blow up in magnitude
0. 5+x| og(det (2*pi *S))
should be implemented using Cholesky factorisation

sun(l og(di ag(chol (2*xpi *S))))
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The Kalman Smoother (RTS)

e The aim is computing

p(xk’le)

e Known as Rauch-Tung-Striebel (RTS) Smoother
e A Correction Smoother for LDS

¢ Is different from forward-backward algorithm of hmm’s,

— No need to store the observations
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The Kalman Smoother (RTS)

e At the last time slice, the forward pass computes the exact marginal p(xx|y1.x)

e Recursively “correct” the filtered estimates for k = K : —1:1 as

p($k|y1:K) — /dwkﬂp(wk,mkﬂ!yhf()
— /d$k+1p($k|$k+1,y1:K)p($k+1|y1:K)

— /dajk+1p(ll?k|$k—|—1,ylzk)p(xk—l-lkyl:K)

— <p(£l?k|37k—|—17yl:k)>p(xk+1|y1:K)

LTk Tk k
= /dﬂfkﬂp( +1/41 )p(ﬂfk+1|y1:K)
p(xk+1|y1:k)

e Divide by the “old” marginal, multiply in a “new” marginal
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Factorisation of p(zg, Tri1|y1x)

e Consider the joint density p(zx, Trr1|y1:k)
N (( T ) , ( ok |k ) ( Y|k e’ ))
ij+1 ’ AMsz@ ’ Azklk AzklkAT —|_Q

e Factorise as p(xk, :ck+1|y1;k) — p(xk+1\y1:k)p(33k|33k+1a yl:k)

e Result
p(xk’$k+17yl:k) — N(xk7ﬁ7 S) (1)
o= pgp+ SepA (ASAT + Q) @k — Apwge)  (2)
S o= Spp— SepA (ASgpAl + Q)T AT, (3)

: —1 1
Using N (215 i1 + S1255 (w9 — p12), 51 — S1255  S{g)N (w95 g, B2)
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Write

Jp = Ek|kAT(AZk|kAT+Q)_1

= A 0,
From 2 and 3, we have
v, = (I — JeA)pge + JuTpgr + € (4)
where
5 = Sk — JRASk
e ~ N(€0,)

Thr1|y1:x ~ N(Trars o150 D1 k)
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Taking the expectation and the covariance of 4, we obtain

Trly1:k N($k5ﬂk|K,Zk|K)

prr = (I — JuA) e + Jepiir
= gk + Je(frt15 — Hrsiik)
T — |k = Je(Tre1 — tot1)kx) T €
Covize] = ((xr— prr)(Tr — prr) )
= Ji <(55k—|—1 — Mk+1|K)($k+1 — ,Uk—|—1|K)T> J;;r + <6€T>
Spr = JkZreinrdr + Sek — JAZ g

= szk—|—1|K<]lg_ + Ek|k — Jk(AZMkAT + Q)J;;r
= i+ Je(Shr1x — Shrp) e
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Cross terms are needed for learning

Cov [zk, k1] = <(37k - ,uk|K)($k—|—1 - :uk—l—1|K)T>
= <(Jk(:ck+1 — Hgt1)K) T €)(Trt1 — :“k+1|K)T>
= <(Jk(£lik_|_1 — ,uk;+1|K)(xk+1 — Mk+1|K)T>

= Jr2pt1|K
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RTS Smoother Equations

ho— SaATE,
Pk = Mk + Je(ler1 g — Brt1)k)
Spr = Skt TSk — Skaar) e
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RTS Smoother Implementation

% RTS Snoot her

gamma. mu = zeros(M K);
ganmma. Sig = zeros(M M K);
for k=K -1:1,

| T k==K

gamma. nu(:, k) = al pha.mu(:, k);

gamma. Sig(:,:, k) = alpha.Sig(:, :, k);
el se

J = alpha.Sig(:,:,k)~A *xinv(al pha_pred. Sig(:,:,k+1));
gamma. nmu(:, k) = alpha.mu(:, k) + ...
J*(gamma. nu(:, k+1)-al pha_pred. nu(:, k+1));
gamma. Sig(:,:,k) = alpha.Sig(:,:, k) + ...
J*(gamma. Sig(:,:, k+1l) - alpha pred.Sig(:,:,k+1l) )*J;
end;
end;
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Filtered vs. Smoothed

5.5 ; filtered ; ; ; ; 1

3.5

4j SmOOthed “‘ : | .
V - B

True States

25 : ] ] : ] ] : ] . ] ] : ]
-2 0 2 4 6 8 10 12 14 16
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