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There are 8 questions. Point values are given in parentheses.

You have 180 minutes to do all the problems.

Q 1 2 3 4 5 6 7 8 Total
Score
Max | 12 6 6 6 6 6 6 12 60




Solutions 9

1. (What is ...) Use the space below each question. Give concise answers, long answers (> 2
sentences) don’t get any points.

(a) (2 pts) State the Bayes theorem.

(b) (2 pts) Prove the Bayes theorem.

(¢) (1 pts) Which term in the Bayes theorem is called the prior.

(d) (1 pts) What is the difference between a state transition diagram and a graphical model?

(e) (1 pts) What is the difference between maximum likelihood and maximum a-posteriori
(MAP) estimate of a parameter?

(f) (1 pts) There are two approaches to statistics. One is the Bayesian statistics. What is the
other one?

(g) (1 pts) What is a conjugate prior?

(h) (1 pts) What is an undirected graphical model?

(i) (1 pts) What is the marginal likelihood? What is the difference between evidence?

(j) (1 pts) What is an Exponential Family? What is a Canonical Parametrisation?
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2. (could have been a quiz question) Let z; and z, are two discrete random variables taking
values in {—1,1}. We know that p(z; = —1lzo = —1) = 1/4, p(zy = 1|zg = 1) = 2/3,
p(zy = —1|zy = 1) = 3/7 and p(xe = 1|z; = —1) = 2/3. Show all your work.

(a) Find the following quantities
i. (2 pts) Joint: p(xq,x2)
ii. (1 pts) Marginals: p(x;), p(x2)
iii. (1 pts) Max-marginal: max,, p(z1,x2)
iv. (1 pts) Covariance of x; and x9
(b) (1 pts) Are x1 and x5 independent ? Why or why not?

The given data implies the following conditional distributions:

plxi]|zs) | 2o =—1| 29 =1 p(ra|xy) |29 =—1 |29 =1
v =—1] 1/4 1/3 zi=—1] 1/3 2/3
x =1 3/4 2/3 v=1 [ 3/7 | 4/7 ]
Since
p(@1]|z2)p(x2) = p(w2|21)p(21)
We have
p(x1,29) | X9 = —1 To=1 p(ro, 1) | 29 =—1 T9=1
ry=—1 p/4 (1-p)/3 r1=—1 q/3 2q/3
r =1 3p/4 || 2(1-p)/3 r=1 [3(1—-¢)/7]4(0-¢q)/7]

This implies the (overdetermined) linear system

p/4 = q/3
(1-p)/3 = 2¢/3

3p/d = 3(1-q)/7
21-p)/3 = 4(1—-q)/7

The first two equations imply

p = 4q/3
p = 1-2¢
3-6¢ = 4q
g = 3/10
= 4/10

The other equations are satisfied

3(4/10)/4 = 3(1—(3/10))/7
2(1— (4/10))/3 = 4(1— (3/10))/7

so the given data is consistent. We find the joint distribution
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p<513'2,$1) o =—1|x3=1
xy=—-1] 1/10 | 2/10
xn=1 | 3/10 | 4/10 |

(6 points)
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3. (Model construction) Suppose we have a dataset of the exam grades of 200 of students in

3 different subjects: Sports, Maths and History. For each subject we have 3 exam results.
Suppose we believe that there are three types of students : Nerdy, Sporty and Arty. We
believe that a student can be either nerdy or arty but not both. He or she can be also sporty
independent of being nerdy or arty. Given the type of the student, the grade obtained from a
subject by a student is assumed to be a random variable. The grade distributions have the same
parameters for all students and exams of the same subject. Grade distributions have different
parameters for different subjects. Moreover, each student can be ill during an examination,
independent of other students and other examinations. If a student is ill during an examination,
this would only affect the students performance for that examination.

(a) (2 pts) Carefully define the appropriate random variables to represent this scenario.

(b) (2 pts) Draw the graphical model including model parameters and denote the conditional
probability tables

(¢) (2 pts) Suppose we wish to find a MAP estimate of the parameters. Write down the
loglikelihood function that needs to be optimised with respect to the parameters given the
data set. Remember, unknown variables need to be integrated over.

(a)

Indicies
ie{l,...,200} student
s € {Sports, Maths, History} subject
ee{l1,2,3} exam
Random variables
T € {Nerdy, Arty} Type
S € {Sporty, Not Sporty} Sporty
I € {Ill, not 111} Health
G Grade
Parameters
A Parameters
(b)
Gi,s,e ~ p(Gi,s,e|Ii,s,ea T‘ia Sia )\s)
]z,s,e ~ p(ILS,e)
T; ~ p(T)
Sz ~ p(SZ)
)\s ~ p()‘s)
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p(G>IaT7S7)\) = (Hp 1,8, zseaTvwa’za)\ zse) (Hp ) (Hp()\s)>

1,8,€

p(G,)\) = Z > D p(G 1T, SN

(6 points)
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4. (Time Series Modelling) In the following figures, observations y; from two processes are given
as a function of time index t. Observations are known to be discrete with y, € {1,...,30}.
For each realisation, define a plausible process that would generate similar realisations. Define
the appropriate latent variables (if you use any), draw the graphical model and provide the
conditional probability tables and/or state transition diagrams.

(a) (2 pts)

30
25
20
15
10

5

Figure 1: Process 1

(b) (2 pts)

30
25 ®
20 sesssssssee esso

15
10

10 20 30 40 50 60 70 80 90 100

Figure 2: Process 2

(c) (2 pts)

30 T T T
251

40 50 60 70 80 90 100

Figure 3: Process 3
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5. (Directed Graphical Models) Consider the following directed graph G

(a) (1 pts) Find a topological ordering of the variables,

(b) (2 pts) Write down the implied factorisation of the probability distribution that respects
the conditional independence structure implied by G,

(¢) (1 pts) Draw the associated factor graph,

(d) (1 pts) Suppose, each variable has two states. How many free parameters does each
conditional probability table have?

(e) (1 pts) Draw an equivalent undirected graphical model.

(6 points)



Solutions 9

6. (Partitioned Inverse Equations) We are given the following partitioned square matrix

c- (52)

We will prove via block Gaussian elimination that

g _ (A—1+A—1BN—1DA—1 —A—lBN—1>

—N"'DA! N1
where N = (C'— DA™'B).
[Hint: First find a factorisation W = Ty ZT, where W is block diagonal and T} and T3 are block

triangular with identity matrices on the block diagonal. Then argue Z = Ty 'WT, "' implies
Z_l - TQW_ITl.}

First thing to check it which Gauss transformation we will need

I X\(A B\ _ (A+XD B+XC
o1 )\pc) ™ D C

If we wish to render B + XC =0 we need X = —BC~1.

I 0\(A B\ _ A B
L 1 D C o LA+D LB+C
If we wish to render LA+ D =0 we need L = —DA™L.
ABY(I 0\ [(A+BY B
D C Y [ o D+CY C
If we wish to render D + CY =0 we need Y = —C~!D.
AB\(I U\ (A AU+B
D C 0 I - D DU+C

If we wish to render AU + B =0 we need U = —A~'B.
The 2nd and 4th lead to

1 0 A B I —A7'B _ A B I —A"'B
—DA™L T D C 0 I N 0 C—-DA'B 0 I

(A 0
~ {0 c-paA'B
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If we compute the inverse of both sides

(A; <c_pg—13>—1) - (( o ([))1(g g)(lé
-G ) (be)

Which implies

(5e) = (7)) (L

—DA~

0
LT

4B ))

0—1
—DA™! 1)

)

(6 points)

10
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7. (Factorising Gaussians)

Given the model

Tog ~ N(SC(),O,Z)
zi|lrg ~ N(x1; Az, Q)

where
1
Niwip,D) = [2n5[exp (= le =05 - )

is the multivariate Gaussian distribution, A, Q and ¥ are known matrices.

(a) (2 pts) Find the joint distribution p(zg,x1) and express it as a multivariate Gaussian.

(b) (4 pts) Find a factorisation of p(zo, 1) as p(x1)p(xe|z1) and express the factors as Gaussian
distributions.

(a) First solution, via moments

rg ~ N(z¢;0,%)

e ~ N(&0,Q)
xr, = ALC() + €
<.CE1|$0> = AZBQ

(z1) = (Azg) =0
ry = Axg+e
r12] = (Azxg+€)(Azg+ €)' = AvgmoAT + 2ex] AT +ee’
<x1$1 > = Axzoze) AT +{ <xg> AT+ Az <€T> + <6€T> Alzozo) AT + <€6 >
— AZAT+Q
Covizi] = (mz])— (z1){z]) = (z12]) = ATA" +Q
<x0$1 > = <x0x0 AT + €T> <x0x0 > AT =xAT

( ) _1 o T by ZAT - Zo
S N AY AYAT 1+ Q 7

Second solution, via canonical parameters

1
p(ro) = N(x0;0,%) ox exp (_ixJZﬂ%)

1
p(x]xe) = N(x1; Ao, Q) x exp (—5331 Q 'z, + T, TATQ ey — —[EO ATQ_lAa:g>

1 T -1 TN—-1 AT -1
p(xo, 1) X exp<_§(i(l)) (Z j—é‘llg A 14612@12 ><§?)>
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To find the covariance, we evoke the block matrix inverse equations, this leads to the following

blocks

SU4ATQIA —ATQU N\ [ A Ap

—QilA Q—l - A1TQ Ay
M= (B 4+ATQTIA) - (-ATQTHQ ) TH(-Q ) =8
Ay = — (B +ATQA) — (ATQHQ ) H-Q ') (~ATQTHQ ) =xAT
Ay = @H7T'H@HTQTTA(ETTHATQTIA) — (AT TH(-Q ) T (-ATQTH@Q )
= Q+A4%547

(b)

We just evoke the block matrix inverse
> SAT ST ATQTIA —ATQ!
AY, AYAT 4+ Q N QA Q!
L L+ T AT -1 Lo T A1 4.
p(zo, 1) o< exp —5%0 Yy — 571 Q r1+1A Q x1 — 5% A Q  Ax,

1
p(zolry) o exp <—§xg(2_1 + ATQ T A) o + xJATQ_le)

o N(zog; (S +ATQTA)TTATQ oy, (B + ATQTT AT
p(z) = N(21;0,AAT + Q)

(6 points)
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(blank page for further space)
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8. (Metropolis and Gibbs) x; and x5 are two discrete random variables taking values in {—1,1}.

Suppose we have the joint distribution p(z; = a, s = b) = m,. We further have g = 71_;, =
Ty,—1 > T1,1 = T—1,-1-

Suppose we implement a Metropolis algorithm to sample from this target distribution with the

following proposal technique: Given the current configuration z(™ = (xgn), xgn)), for each n, we

choose an index i™ € {1, 2} randomly with probability 0.5 and flip the sign of ).

(a) (1 pts) Write down the state transition diagram of the proposal distribution and indicate
the state transition probabilities,

(b) (1 pts) Find an expression for the acceptance probability as a function of g,
(¢) (1 pts) Write the pseudocode for the Metropolis sampler,

(d) (2 pts) Write down the state transition diagram of the transition Kernel T, of this
Metropolis algorithm and indicate the transition probabilities,

(e) (2 pts) Verify if detailed balance condition is satisfied by this particular Metropolis algo-
rithm (i.e., if T (z|2")w(2") = Ty (2'|z)m(x)) for all values of g.

(f) (1 pts) Suppose we also implement a deterministic scan Gibbs sampler (that is we sample
alternatingly from the full conditional distributions p(z1|z2) and p(xs|x;1)). Write down
the pseudocode.

(g) (2 pts) Write down an expression for the Gibbs transition Kernel T in terms of g.

(h) (2 pts) Verify detailed balance is satisfied the Gibbs transition Kernel T¢ for all values of
g.

The target distribution is given by

m(x) |z=(-1,-1) |z=(1,-1) |z =(-1,1) | z = (1,1)

05—g g g 05—g

(a)

The proposal
q(2'|z) r=(-1,-1)|xz=(1,-1) |z=(-1,1) | z = (1,1)
' =(-1,-1) 0 0.5 0.5 0
= (1,-1) 0.5 0 0 0.5
= (-1,1) 0.5 0 0 0.5
= (1,1) 0 0.5 0.5 0

(b) The acceptance probability

a(r — 2') = min{l, @) }
a(x — ') r=(-1,-1)|z=(1,-1) |z=(-1,1) | z = (1,1)
Y=(L-0)| 1 [ (05-g)s | 05-gJg| 1
7 =(1,-1) 1 1 1 1
7 = (—1,1) 1 1 1 1
v =(1,1) 1 (05-9)/9 | (05-49)/g 1
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S

(c)

(d

0)

20 ~ r(z)

forr=1,2,...

2l ~ ga'|e = 27)

if rand < a(x — )

(M —
else

2™ —
end

endfor

)

/
xT

x(T_l)

Tu(a'lz) = ale —a")q(@'|e) + 6(z —2') Y (1 - alz — 2'))q(a'|z)

The accept part of the Kernel

x/

15

alx = 2 )q(2|z) | z=(-1,-1) | z=z=(1,-1) r=(-1,1) |x=(1,1)
v =(=1,-1) 0 (0.5—9)/(29) | (0.5—9)/(29) 0
7 =(1,-1) 0.5 0 0 0.5
7 = (—1,1) 0.5 0 0 0.5
2 = (1,1) 0 (0.5-9)/(29) | (0.5—9g)/(29) 0
The reject part
(1—a(r —2)g(@|x) | z=(-1,-1) | z=(1,-1) r=(-1,1) |z=(1,1)
7= (-1,-1) 0 | 29—05)/C9) | Pg—05)/(29)
2 = (1, -1) 0 0 0
¥ =(-1,1) 0 0 0
7= 0 | y—05)/Cg) | 2g—05)/C)
o —x)) (I—alx —2))g@|z) |z =(-1,-1) | z=(1,-1) | z=(-1,1) | z=(1,1)
2 =(—1,-1) 0 0 0 0
7 = (1,-1) 0 (29 —0.5)/g 0 0
7' = (-1,1) 0 0 (29 —0.5)/g 0
= (1,1) 0 0 0 0
Ty (2 |x) r=(-1,-1) ] xz=(1,-1) r=(-1,1) |xz=(1,1)
v =(=1,-1) 0 (0.5 —9)/(29) | (0.5—9)/(29) 0
v’ =(1,-1) 0.5 (29 —0.5)/g 0 0.5
7 =(-1,1) 0.5 0 (29 —0.5)/g 0.5
o' = (L,1) 0 (0.5 —9)/(29) | (0.5—49)/(29) 0
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(e)
Ty(@|e)n(z) |z=(-1,-1) | x=(1,-1) | z=(-1,1) | = (1,1)
¥ =(—-1,-1) 0 (05—-g)/2 | (0.5—g)/2 0
7= (1,-1) | 0505—g) | (29—0.5) 0 05005 9)
7= (—1,1) | 05(05—g) 0 (29— 05) | 05005 —g)
o= (1,1 0 (0.5—49)/(2) | (0.5—49)/(2) 0

Ty (2 |x)m () is symmetrical, hence detailed balance is satisfied.

(f)
(0)

Lo

~ Q(%)

fort=1,2,...

ng)

:cg)

endfor

~ m(za|ry = 23

(7)

~ (i |zy = 2 V)

)

(g) Gibbs sampling uses the full conditionals m(x;|z2) and 7(za|xy)

7T<ZIZ'1|£L'2> To = -1 To = 1

r1=—1] 1—-2¢g 2q

r1 =1 2g 1—2¢g

Tea(x'|x) r=(-1L-1)|z=(1,-1) |z=(-1,1) | = (1,1)

= (-1,-1) 1—2g 1—-2g 0 0

' =(1,-1) 29 29 0 0

¥ =(-1,1) 0 0 29 29

= (1,1) 0 0 1—2g 1—2g

m(xe|zy) | wa=—1] 29 =1

r1=—1] 1—-2¢g 2g

T = ‘ 2g ‘ 1—2g ‘

Teo(x'|x) r=(-1,-1)|xz=(1,-1) |z=(-1,1) | x = (1,1)

= (-1,-1) 1—2¢g 0 1—2g 0

*=(1,-1) 0 2g 0 29

= (-1,1) 2¢ 0 2g 0

= (1,1) 0 1—2g 0 1—2g
A deterministic scan Gibbs sampler that samples first x; then x5 has the effective transition
kernel

T =Te21c

Te (2 |x) r=(-1,-1)xz=(1,-1) |z=(-1,1) | z=(1,1)

o' =(=1,-1) | (1-2g) (1-29)" | (1—29)2g | (1—29)2g

2’ =(1,-1) (29)° (29)° (1—29)2g | (1—2g)2g

a'=(-1,1) | (1—-29)2g | (1—29)2 (29)° (29)°

o' =(1,1) (1-29)29 | (1-29)29 | (1-29)° [ (1-2g)°
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It is interesting to note that for the Gibbs sampler T;7 is not symmetric

Te(2'|z)n(z) =(-1,-1) |z=(1,-1)]z=(-11) = (1,1)
o= (-1,-1)| (1-29)%(05—g) | (1—29)°g ( —29)2¢° | (1 —29)29(0.5 — g)
7' =(1,-1) (29)*(0.5 — g) (29)%9 | (1 —29)2¢° | (1—29)29(0.5— g)
o' =(-11) | (1-29)29(0.5—g) | (1—29)2¢° | (29)% (29)*(0.5 - g)

2’ =(1,1) (1—2¢)29(0.5—g) | (1—29)2¢> | (1— 29)29 (1—2¢)%(0.5 — g)

Hence the chain is not time reversible, yet, the detailed balance condition holds:

Z To(2'|2)7 ()

The individual factors of the kernel satisfy detailed balance

Ter(@|e)m(z) |z =(—-1,-1) |z=(1,-1) |z =(—-1,1) | == (1,1)
= (-1,-1) | (1-29)%/2 (1—-29)g 0 0
= (1,-1) g(1 —2g) 2g° 0 0

= (-1,1) 0 0 2g> g(1 —2g)
¥ =(1,1) 0 0 (1—-2g9)g | (1—29)*/2
Too(2!|z)m(x) =(-1,-1) |z=(1,-1) |z =(-1,1) (1,1)
= (-1,-1) | (1-29)%/2 0 (1—2g)g 0

¥ =(1,-1) 0 2g° 0 g(1 —2g)
= (-1,1) g(1 —2g) 0 2g° 0

= (1,1) 0 (1—-29)g 0 (1—29)%/2

(12 points)



