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Date: Oct. 12, 2009. Instructor: C. Say. Scribe: Ergin Özkucur.

Review
In the previous lectures, we have seen that one-way deterministic finite automata (1DFA)
are equivalent to two-way deterministic finite automata (2DFA) and they both recog-
nize regular languages. However, 2DFA have better state complexity than 1DFA.

We also have seen two cases for the one-way probabilistic finite automata (1PFA);

• In unbounded error case, for string x, |pr(x is accepted) − pr(x is rejected)|
has no positive lower bound.

• In bounded error (isolated cut-point) case, for a string x, the probability that
the machine makes an error is ε < 1

2 − δ. (Recall that a PFA with an arbitrary
cut-point has an equivalent PFA with cutpoint 1

2 )
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The bound on error of a PFA can be reduced to an arbitrary bound with a repetition
procedure called probability amplification. The error can be reduced to 2−t with O(t)
repetition.

One problem here may seem that, by the definition of a 1PFA, the input string can
be read once, however we want to simulate a 1PFA several times on an input string.
Such a 1PFA can be constructed with the idea similar to the Theorem 1.25 in [1], where
two 1DFAs are merged and executed in parallel with cartesian product of the state sets.
In 1PFA case, the transition matrix is the repeated Tensor product (⊗) of the original
1PFA, where

A⊗B =

 a11B a12B . . .
a21B a22B . . .

...
...

. . .


State complexity is high for probability amplification with combinatorial PFA.
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Figure 1: Merging PFAs
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Theorem 1. The class of languages recognized by 1PFAs with bounded error equals
the class of regular languages [2].

Proof. The idea of the proof is that we can construct a DFA for a PFA. Let the state set
of our PFA be S = {s0, . . . , sn−1}. Accept state is sn−1. Transition probabilities for
a string can be represented as n× n matrices for each symbol.

For any string x, the matrix A(x): We will look at index and show that index is

(1, 0, 0, . . . , 0)×

. . .

...

accept probability

A(x)
= (. . . , p)

p
n rows

n columns

finite. Let L be language recognised by given PFA. Recall ≡L for string indistin-
guishability.

Let x1, x2, . . . , xk be strings which are pairwise inequivalent by ≡L. So for every
i.j ≤ k, i 6= j there exists a string y such that xiy ∈ L or vice versa. Let the first row
of A(xi), for all i, be (zi1, z

i
2, . . . , z

i
n). Let p(x) denote the probabilty of acceptance of

x. For string y, let the last column of A(y) be (m1,m2, . . . ,mn)

A(xiy) = A(xi)A(y)

(1, 0, 0, . . . , 0)×

n rows

n columns

zi
1, z

i
2, . . . zi

n

×

m1

m2

...

mn

= (. . .)

p(xiy) = zi1m1 + zi2m2 + . . . zinmn (xiy accept)
p(xjy) = zj1m1 + zj2m2 + . . . zjnmn (xjy reject)

λ < zi1m1 + zi2m2 + . . . zinmn

λ ≥ zj1m1 + zj2m2 + . . . zjnmn
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since δ ≤ |p(x)− λ| for all x

2δ ≤ (zi1 − zj1)m1 + . . .+ (zin − zjn)mn

since the values of the mi ≤ 1

2δ ≤ |zi1 − zj1|+ . . .+ |zin − zjn| for any i 6= j (1)

σi = {(z1, . . . zn)|zij ≤ zj , 1 ≤ j ≤ n,
∑
j

(zj − zij) = δ}

σ = {(z1, . . . zn)|0 ≤ zi, 1 ≤ j ≤ n,
∑
j

zj = δ}

σ is an (n − 1) dimensional simplex which is a subset of the hyperplane x1 + x2 +

δ

δ

if n = 2,

x+ y = δ

. . .+ xn = δ σ has (n− 1) dimensional volume

Vn−1(σ) = cδn−1

where c is some constant not dependent on δ.
(n− 1)-dimensional volume:

• n = 2 =⇒ length of a line

• n = 3 =⇒ area of a plane

From
∑
j z

i
j = 1, (z1, . . . , zn) ∈ σi =⇒ ∑

j zj = 1 + δ and 0 ≤ zj . Thus
σi ⊆ τ where τ = {(zi, . . . , zn)|∑j zj = 1 + δ, 0 ≤ zj , 1 ≤ j ≤ n}

A point (z1, . . . , zn) ∈ σi is an interior point of σi if and only if 0 < zp − zip for
all p1, 1 ≤ p ≤ n.

Claim: σ1 and σj , i 6= j have no interior point in common.
Proof: otherwise, (z1, . . . , zn) is interior to both σi and σj then 0 < zp − zip, and

0 < zp − zjp hence

|zip − zjp| < |zp − zip|+ |zp − zjp|, 1 ≤ p ≤ n
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δ

δ

for n = 2 and k = 3
p1

p2

p3

1

1

1 + δ

1 + δ

σ2

σ1

σ3

pi is the point with coordinates (zi
1, z

i
2)

τ

zj
p zi

p
zp0

+

∑
p

|zip − zjp| <
∑
p

|zp − zip|︸ ︷︷ ︸
δ

+
∑
p

|zp − zjp|︸ ︷︷ ︸
δ

, 1 ≤ p ≤ n

From Equation 1,
∑
p |zip − zjp| < 2δ so they do not intersect.

Sum of volumes:
kcδn−1 ≤ c(1 + δ)n−1

k ≤ c(1 + δ)n−1

cδn−1

so k is finite.

State Complexity
There exists PFA M with just two states and a sequence λn; 1 ≤ n ≤ ∞, of isolated
cutpoints such that for each n, the DFA Bn with the least number of states satisfying
L(M, δn) = L(Bn) has at least n states. The PFA:

S = {s0, s1}, F = {s1}, Σ = {0, 2}

A(0) =
(

1 0
2
3

1
3

)
, A(2) =

(
1
3

2
3

0 1

)
If x = x1, x2, . . . xn ∈ Σ∗,

p(x) =
xn
3

+
xn−1

32
+ . . .+

x1

3n−1

4



p(x) = 0.xnxn−1, . . . x1 (in base 3)

λn = 0. 22 . . . 211︸ ︷︷ ︸
n+1

The cutpoint is isolated. For λ6 = 0.2222211, a string with highest p(x) below λ6 is
0.22222022 . . .. And a string with lowest p(x) above λ6 is 0.222222.

Members of the language have at least n 2’s at the end. With Myhill-Nerode theo-
rem, the DFA has n+ 1 states.
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