CMPE 542 AUTOMATED THEOREM PROVING
MIDTERM ANSWERS

1. (See the lecture notes.)

2. a)  Converting to CNF:
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Thus, we have the following set of clauses:
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H0 = {a}

H1 = {a, f(a,a), g(a)}

H2 = {a, f(a,a), g(a), f(a,f(a,a)), f(f(a,a),a), f(f(a,a),f(a,a)), g(f(a,a)),  f(a,g(a)), f(f(a,a),g(a)),

          f(g(a),a), f(g(a),f(a,a)), f(g(a),g(a)), g(g(a))}

…

HU(S) = {a, f(a,a), g(a), f(a,f(a,a)), f(f(a,a),a), f(f(a,a),f(a,a)), g(f(a,a)),  f(a,g(a)),

                 f(f(a,a),g(a)), f(g(a),a), f(g(a),f(a,a)), f(g(a),g(a)), g(g(a)), …}

b) HB(S) = {P(a,a,a), Q(a), P(a,a,f(a,a)), P(a,f(a,a),a), P(a,f(a,a),f(a,a)), P(f(a,a),a,a),

                P(f(a,a),a,f(a,a)), P(f(a,a),f(a,a),a), P(f(a,a),f(a,a),f(a,a)), Q(f(a,a)), P(a,a,g(a)),

                P(a,f(a,a),g(a)), P(a,g(a),a), …, Q(g(a)), …}

c) An interpretation I:


D = {1,2}


a = 1


f(1,1)=1, f(1,2)=1, f(2,1)=2, f(2,2)=2


g(1)=1, g(2)=2


P(1,1,1)=T, P(1,1,2)=T, P(1,2,1)=T, P(1,2,2)=T, P(2,1,1)=F, P(2,1,2)=F, P(2,2,1)=F, P(2,2,2)=F


Q(1)=T, Q(2)=F


Under I, 
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So, I falsifies S.


Corresponding H-interpretation I*:


D = HU(S)


a = a


f(x,y), where x,y(D, maps to f(x,y)(D


g(x), where x(D, maps to g(x)(D


P(a,a,a)=T, Q(a)=T,


P(a,a,f(a,a))=T, P(a,f(a,a),a)=T, P(a,f(a,a),f(a,a))=T, P(f(a,a),a,a)=T,


P(f(a,a),a,f(a,a))=T, P(f(a,a),f(a,a),a)=T, P(f(a,a),f(a,a),f(a,a))=T, Q(f(a,a))=T,


P(a,a,g(a))=T, P(a,f(a,a),g(a))=T, P(a,g(a),a)=T, …


Under I*,
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So, I* falsifies S.

d) The H-interpretation I* in (c), i.e.


{P(a,a,a), Q(a), P(a,a,f(a,a)), P(a,f(a,a),a), P(a,f(a,a),f(a,a)), P(f(a,a),a,a), P(f(a,a),a,f(a,a)),


  P(f(a,a),f(a,a),a), P(f(a,a),f(a,a),f(a,a)), Q(f(a,a)), P(a,a,g(a)), P(a,f(a,a),g(a)), P(a,g(a),a), …}


falsifies S.


The H-interpretation


{~P(a,a,a), ~Q(a), ~P(a,a,f(a,a)), ~P(a,f(a,a),a), ~P(a,f(a,a),f(a,a)), ~P(f(a,a),a,a), ~P(f(a,a),a,f(a,a)),


  ~P(f(a,a),f(a,a),a), ~P(f(a,a),f(a,a),f(a,a)), ~Q(f(a,a)), ~P(a,a,g(a)), ~P(a,f(a,a),g(a)), ~P(a,g(a),a), …}


satisfies S.

3. HU(S)={a, f(a), f(f(a)), …}

HB(S)={P(a), Q(a), P(f(a)), Q(f(a)), P(f(f(a))), Q(f(f(a))), …}

a) 
      P(a)

~P(a)


 Q(a)
    P(f(a))     ~Q(a),~P(f(a))


b) 
      P(a)

~P(a), Q(a)


  P(a)
  ~P(a)


     N


This is not a semantic tree, because P(a)([~P(a)(Q(a)] is not valid. Also, I(N)={P(a),~P(a)} contains a complementary pair.

c) 
      P(a)

~P(a)


     Q(a)
~Q(a) Q(a)    ~Q(a)


    …


That is: Begin with a tree having only root. Take the atoms from HB(S) one by one. For each atom A, create two edges for each leaf node such that the left edge is labelled A and the right edge is labelled ~A.

d) 
      P(a)

~P(a)






    N6

     Q(a)
~Q(a)


   P(f(a))
     ~P(f(a)) N5



   N1
           N4


       Q(f(a))
~Q(f(a))


      N2 
N3


N1 is an inference node. N2, N3, N4, N5 are failure nodes.

a) S(={}

i=0

S(={P(a), ~P(a)(Q(a), ~Q(f(a))}

[P(a)] ( [~P(a)(Q(a)] ( [~Q(f(a))] = [P(a)(~P(a)(~Q(f(a))] ( [P(a)(Q(a)(~Q(f(a))]

Second disjunct does not contain a complementary pair, so S( is not unsatisfiable.

i=1

S(={P(a), ~P(a)(Q(a), ~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a))) }

[P(a)] ( [~P(a)(Q(a)] ( [~Q(f(a))] ( [P(f(a))] ( [~P(f(a))(Q(f(a))] ( [~Q(f(f(a)))] =

[P(a)(~P(a)(~Q(f(a))(P(f(a))(~P(f(a))(~Q(f(f(a)))] (
[P(a)(Q(a)(~Q(f(a))(P(f(a))(~P(f(a))(~Q(f(f(a)))] (
[P(a)(~P(a)(~Q(f(a))(P(f(a))(Q(f(a))(~Q(f(f(a)))] (
[P(a)(Q(a)(~Q(f(a))(P(f(a))(Q(f(a))(~Q(f(f(a)))]

All the disjuncts contain complementary pairs, so all are eliminated.

Thus, S is unsatisfiable.

b) S(={}

i=0

S(={P(a), ~P(a)(Q(a), ~Q(f(a))}

S( is not empty.

There are no tautologies in S(.

Take P(a) as a unit clause.

There is no ~P(a) as a unit clause.

Delete every clause in S( containing P(a). ( S(={~P(a)(Q(a), ~Q(f(a))}

Delete every occurrence of ~P(a) in S(. ( S(={Q(a), ~Q(f(a))}

Take Q(a) as a unit clause.

There is no ~Q(a) as a unit clause.

Delete every clause in S( containing Q(a). ( S(={~Q(f(a))}

Delete every occurrence of ~Q(a) in S(. ( S(={~Q(f(a))}

Take ~Q(f(a)) as a unit clause.

There is no Q(f(a)) as a unit clause.

Delete every clause in S( containing ~Q(f(a)). ( S(={}

Delete every occurrence of Q(f(a)) in S(. ( S(={}


Since S( is empty, it is satisfiable.

i=1

S(={P(a), ~P(a)(Q(a), ~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a))) }

S( is not empty.

There are no tautologies in S(.

Take P(a) as a unit clause.

There is no ~P(a) as a unit clause.

Delete every clause in S( containing P(a). (
S(={~P(a)(Q(a), ~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a)))}

Delete every occurrence of ~P(a) in S(. (

S(={Q(a), ~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a)))}

Take Q(a) as a unit clause.

There is no ~Q(a) as a unit clause.

Delete every clause in S( containing Q(a). (
S(={~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a)))}

Delete every occurrence of ~Q(a) in S(. (
S(={~Q(f(a)), P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a)))}

Take ~Q(f(a)) as a unit clause.

There is no Q(f(a)) as a unit clause.

Delete every clause in S( containing ~Q(f(a)). ( S(={P(f(a)), ~P(f(a))(Q(f(a)), ~Q(f(f(a)))}

Delete every occurrence of Q(f(a)) in S(. ( S(={P(f(a)), ~P(f(a)), ~Q(f(f(a)))}

Take P(f(a)) as a unit clause.

There is ~P(f(a)) as a unit clause. So, S( is unsatisfiable.

c) Take C1=P(x) and C2=~P(x)(Q(x)

Rename C2.

( C1=P(x) and C2=~P(y)(Q(y)

Resolving with (={y/x} gives the resolvent C=Q(y)

Take C1=Q(y) and C2=~Q(f(x))

Resolving with (={f(x)/y} gives the resolvent C=F

So, S is unsatisfiable.

4. S = {P(x), P(f(a)), P(f(y))}

T = {P(t), P(f(u))}

(S = {f(a)/x, a/y}

(T = {f(u)/t}

S(S(T(T = {P(f(a)), P(f(u))}

(ST = {a/u}

(S ( (T ( (ST = {f(a)/x, a/y} ( {f(u)/t} ( {a/u} = {f(a)/x, a/y, f(a)/t, a/u}

S(T ((S ( (T ( (ST) = {P(f(a))}

We can check by the unification algorithm that ((S ( (T ( (ST) is a mgu for S(T.

a) Binary factors of C1 :

P(a,f(y)) ( Q(f(y),y) ( P(f(y),f(f(b)))  with (={a/z, f(y)/x}

P(a,z) ( Q(z,f(b)) ( P(z,f(f(b)))  with (={z/x, f(b)/y}


Binary factors of C2 :

~P(f(y),f(y)) ( ~P(f(y),z) ( ~Q(a,z)  with (={f(y)/x}

~P(z,z) ( ~P(f(y),f(y)) ( ~Q(a,z)  with (={z/x}

~P(f(y),f(y)) ( ~P(f(y),f(y)) ( ~Q(a,f(y))  with (={f(y)/x, f(y)/z}

b) Full factors of C1 : The factors shown in (a).

Full factors of C2 : The factors shown in (a) and

~P(f(y),f(y)) ( ~Q(a,f(y))  with (={f(y)/x, f(y)/z}

c) Rename variables:


C1 = P(a,x) ( Q(x,y) ( P(z,f(y)) ( P(x,f(f(b)))


C2 = ~P(u,u) ( ~P(f(v),f(v)) ( ~P(u,w) ( ~Q(a,w)

Binary resolvents:


Resolve first literal of C1 and first literal of C2 with (={a/u, a/x}


Q(a,y) ( P(z,f(y)) ( P(a,f(f(b))) ( ~P(f(v),f(v)) ( ~P(a,w) ( ~Q(a,w)


Resolve first literal of C1 and third literal of C2 with (={a/u, x/w}


Q(x,y) ( P(z,f(y)) ( P(x,f(f(b))) ( ~P(a,a) ( ~P(f(v),f(v)) ( ~Q(a,x)


Resolve second literal of C1 and fourth literal of C2 with (={a/x, w/y}


P(a,a) ( P(z,f(w)) ( P(a,f(f(b))) ( ~P(u,u) ( ~P(f(v),f(v)) ( ~P(u,w)


Resolve third literal of C1 and first literal of C2 with (={f(y)/z, f(y)/u}


P(a,x) ( Q(x,y) ( P(x,f(f(b))) ( ~P(f(v),f(v)) ( ~P(f(y),w) ( ~Q(a,w)


Resolve third literal of C1 and second literal of C2 with (={f(y)/z, y/v}


P(a,x) ( Q(x,y) ( P(x,f(f(b))) ( ~P(u,u) ( ~P(u,w) ( ~Q(a,w)


Resolve third literal of C1 and third literal of C2 with (={z/u, f(y)/w}


P(a,x) ( Q(x,y) ( P(x,f(f(b))) ( ~P(z,z) ( ~P(f(v),f(v)) ( ~Q(a,f(y))


Resolve fourth literal of C1 and first literal of C2 with (={f(f(b))/u, f(f(b))/x}


P(a,f(f(b))) ( Q(f(f(b)),y) ( P(z,f(y)) ( ~P(f(v),f(v)) ( ~P(f(f(b)),w) ( ~Q(a,w)


Resolve fourth literal of C1 and second literal of C2 with (={f(f(b))/x, f(b)/v}


P(a,f(f(b))) ( Q(f(f(b)),y) ( P(z,f(y)) ( ~P(u,u) ( ~P(u,w) ( ~Q(a,w)


Resolve fourth literal of C1 and third literal of C2 with (={x/u, f(f(b))/w}


P(a,x) ( Q(x,y) ( P(z,f(y)) ( ~P(x,x) ( ~P(f(v),f(v)) ( ~Q(a,f(f(b)))

_1111927859.unknown

_1111929796.unknown

_1111956956.unknown

_1111929842.unknown

_1111929757.unknown

_1111929631.unknown

_1111924065.unknown

