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Part |

Support Vector Machine (SVM) Theory

@ Binary Classification Problem
© Hard Margin SVM

© Soft Margin SVM

@ Regression Problem

© Regression SVM

© Kernel Functions

@ Comments
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Binary Classification Problem Definition

o Given empirical dataset (X,Y)
(Xla}/1), (X2ay2)7 R (Xna}/n) S %d X {_1a +1}

@ Separate two classes linearly
((w,x;) +b) > +1if y; = +1
((w,x;) +b) < —1if y; = —1

@ More succinctly, find a hyperplane such that
yi({w, x;) + b) > +1

@ Decision function becomes
f(x) = sgn({w,x) + b)
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Geometric Motivation for Hard Margin SVM

A @ Distance to discriminant
|(w, x;) + b|/ [|w||

o We require
yi({w, %) + b)/ [lwl|| = p

@ To obtain a unique solution
plwl=1

£ 4

Mehmet Génen Support Vector Machines and Kernel-Based Algorithms for Machine Learning



Hard Margin SVM

Optimization Problem

1
minimize = ||w||
w,b 2

subject to yillw,x;) +b)>1 i=1,...,n

Lagrangian Dual

1 n
Linmed = Iwl® = > ai(yi((w, x;) + b) — 1)
i=1
OL(w, b, @) d
— 0 = w= iYiXi
aw w ; QjyiX
OL(w, b, ) <
— 0= Y ay=0

i=1

Mehmet Gonen Support Vector Machines and Kernel-Based Algorithms for Machine Learning



Hard Margin SVM

Dual Optimization Problem

n n n
. 1
max&mlze E . Qi — 5 g g aiaj}/i}’j<xi7xj>
=

i=1 j=1
n
subject to Z aiyi =0

=il
>0 i=1,...,n

<

Decision Function

f(x) = sgn((w,x)+ b)
fx) = san(d_ aiyi(xi,x) + b)
i=1

@ Only positive «;'s contribute

@ They are called support vectors
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Hard Margin SVM

Karush-Kuhn-Tucker Theorem

a;i [yi((w,x;)) +b)—1]=0 i=1,...,n

a; >0 = yi({w,x;) +b)—1=0
aj=0 = yj({w,x;) +b) —1>0

@ x;'s with a;; > 0 are on separating hyperlanes (support vectors)

@ b can be calculated on one of these intances

(Numerically safer to get average on all x;'s with a; > 0)
@ x;'s with a; = 0 are beyond separating hyperlanes

@ No need to store them
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Geometric Motivation for Soft Margin SVM

A @ Allow misclassification
yi({w,x;) +b) > 1—¢;

@ Minimize misclassification

#(&>1)
@ Hard to solve

° Ir)?stead use total soft error

> &
=1

£ 4
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Soft Margin SVM

1 2 z
minimize = |[|W + C E i
b, 2 ” ” : gl

subject to yilfw,x;) +b)>1—-¢& i=1,...,n
&>0 i=1,...,n

Lagrangian Dual

n

Lw b &) = o [wl? FCY 63 ailyilwx) + ) — 14) Zﬁ,a
i=1 i=1

aL 7b7 b k)

W _ ij_g;“'y""

8L(w7 b7 £7 a7 IB) Z

T = 0= ;a,y,—o

8L(W,b,£,a,ﬁ) _ . )

T = 0= C=q;+p
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Soft Margin SVM

n n n
.. 1
maximize E 1 o — e E E aiajyiyi(Xi, X;)
=

i=1 j=1

n
subject to Z ajyi =0
i=1

C>a;>0 i=1,....n

v
Decision Function

f(x) = sgn((w,x)+b)

n
sgn(z a;yi(xi,x) + b)
i=1

*n
N
x
z
Il

@ Decision function does not change

@ Solve this QP with an optimization software to find «;'s
ILOG CPLEX, MATLAB's quadprog function, ...
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Soft Margin SVM

ailyi((w,xj) +b) —1+&]=0 i=1,...,n
Bi&i =0

ai=C = y((w,x;))+b)—1+&=0 &>0
C>a;>0 = y((w,x;))+b)—1+& =0 & =0
aj=0 = y,-((w,x,->+b)—1+§;>0

@ x;'s with a; = C make soft error ({; > 0) (bound support vectors)

@ x;'s with C > «; > 0 are on separating hyperlanes (in-bound
support vectors)

@ b can be calculated on one of these intances
(Numerically safer to get average on all x;'s with C > «; > 0)

@ No need to store x;'s with o¢; = 0
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Regression Problem Definition

o Given empirical dataset (X,Y)
(Xla}/1), (X2ay2)7 R (Xna}/n) S %d x R

@ Use a linear model
f(x) = (w,x)+ b

@ Use the e-insensitive error function ‘| )
(o if [y —f(x;)| < e
e(yi, f(xi)) = lvi — f(x;)] — € otherwise

=€ +€
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Regression SVM

1 n

minimize ~w|?+ ¢ (& +¢)

whg g 2 2

subject to yi—((w,xj) +b)<e+& i=1,...,n
(<W7XI>+b)_yISE+£,_ i=1,...,n

& >0 i=1,...,n
& >0 i=1,...,n

Lagrangian Dual

1 n n
Lw,b,€%,¢7,a"a7) = WP+ CY (& +&7) =3 (57¢ +57¢)
i=1 i=1

n
=Y af(e+& —yi+ (w,xi) + b)
i=1

_Za7(6+§f + yi — (w,x;) — b)
i=1
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Regression SVM

Dual Optimization Problem

n n n
- -, 1 _ _
maximize E yilaf — o) — 5 g E (af — o )(ozjr —a; ) {xi, x;)
i=1

ML
@FFoex i=1 j=1
n
=3 of +ai
el +a;)
i=1

n
subject to Y (af —a;)=0
i=1

C>af>0 i=1,...;n
C>a; >0 i=1,...,n

Decision Function

f(x) = (w,x)+b

i(af —a; ){xj,x) + b
i=1

\.‘
Py
x
z
Il
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Why Do We Need Kernels?

M

1

0)

)

\ 4

~

Define a transformation
function (¢) from input space
to feature space

¢: X—H

Map data from input space to
feature space

x — ¢(x)

(xi,xj) = (B(xi), &(x;))

Learn discriminant in feature
space

No need to calculate ¢(.)
explicitly. Just replace

(o(xi), ¢(x))) with K(xi,x;)
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How Do We Integrate Kernels Into Models?

Embed Kernel Function into Dual Optimization Model and Decision Function
max(ilmize Za, — 7ZZany,yj (xi, Xj)

i=1 j=1

max(ilmize Z o — = Z Z QajQyiyj (o(xi)s ¢(XJ)>

i=1 j=1
n
max(ilmize Za,—szaajy,yjK(x,,xJ)
i=1 j=1
f(x) = sgn Za,y, Xj,X) + b)

flx) = sgnza,y, xi), $(x)) + b)

f(x) = sgn(z a,-y,-K(x,-, X) 4F b)
i=1
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Kernels Functions

@ Advantages

o Adds non-linearity to linear models

o Works with non-vectorial data

@ Popular kernels

o Linear Kernel
K(thj) = <X,',Xj>

o Polynomial Kernel
K(xi,x;) = ({xi,x;) +1)°

o Gaussian Kernel
2
K(xi,x;) = exp(— |Ixi — xj[|* /o?)

e Sigmoid Kernel
K(xi,x;) = tanh(2(x;, x;) + 1)
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Comments on SVMs

I'= Finds global minimum (no local minimum)

= Complexity depends on support vector count not on dimensionality
of feature space

I'= Avoids over-fitting and works well with small datasets
Iz Choice of kernel and its parameters

I' 2 Multi-class classification is an open problem
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Part I

Multi-Class SVMs

© Multi-Machine Approaches
@ One-Versus-All Approach (OVA)
o All-Versus-All Approach (AVA)

© Single Machine Approaches
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One-Versus-All Approach (OVA)

v
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One-Versus-All Approach (OVA)

@ k distinct binary SVM that separates one class from others
@ One class has label +1, others —1

@ +1 labeled class of SVM with maximum output value is assigned to
test instance

@ k optimization problem with n decision variables

@ Comparison between SVM outputs may be problematic
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All-Versus-All Approach (AVA)

v
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All-Versus-All Approach (AVA)

@ k(k —1)/2 distinct binary SVM for each possible pair of classes
@ A voting scheme is required for testing

@ k(k —1)/2 optimization problem with 2n/k decision variables
(homogeneous dataset)

@ Possible variance increase due to small training set sizes
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Single Machine Multi-Class SVM

@ More natural way is to consider all classes at once

@ Following SVM learns k discriminant together

Optimization Problem
minimize = Z llwmll® + CZ Z &r

Clf2 i=1 mAy;
subject to (wy,,Xi) + by, > (Wm,Xj) + bn+2—&" i=1,....,n m#y;
§M>0 i=1,...,n m#y;

v

Decision Function

f(x) = argm[gx((wm,x>+bm)
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