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ABSTRACT on a single chip [1]. It should be noted that concurrency im-
proves the speed performance of slow multipliers. Besides,
Foefficients can be easily updated when multipliers are used
In a system. So, the benefits of multiplierless realizations
can easily be questioned. However, adder-bank solutions
are still very power-efficient. Low power is an essential is-
sue in battery-powered devices. In addition, in near future,
it will be quite common to program the hardwired connec-
tions of the adder-banks thanks to the development of recon-
figurable systems that is expected to be another dimension
in computing [2]. This will give the designer a flexibility to
update the coefficients whenever it is necessary.

In this work, an algorithm is developed for the automatic
generation of multiplierless architectures for two dimensiona
linear transforms. Though there are a number of algorithms
developed for this purpose, the algorithm presented in this
paper outperforms the previous ones: When regular CSD
(canonic-signed-digit) representation is used for the quan-
tization of scalars in the two dimensional coefficient ma-
trix, architectures employing 20%-60% fewer adders than
the origianl architectures. This is improved by an additional
15-25% if the recently-introduced CSD-4 representation is
used for the quantization of scalars.

Multiplierless realization of some transforms has already
1. INTRODUCTION been automated. These tools are basically developed for
L ) ) ) one- and two-dimensional FIR transforms Some of these
Hardware realization of DSP systems is quite common in 0- 4|5 hasically start from the system specifications and gen-
day’s technology. Development of design automation t00Is g4te SOPOT coefficients of the whole two dimensional sys-
to realize this kind of hardware from the system specifica- yom [3]-4]. In the remaining tools, the coefficients that are
tion is an active research area. already generated by some other systems are taken and the

_ Most DSP algorithms are based on linear transforms. A o, iplierless realization of the system for the user-defined
linear transform can be viewed as the multiplication of a set .yafficient precision is produced [5], [6]. The algorithm

of inputs with a set of coefficients to have a set of outputs. resented in this paper is in this second category. This al-
The coefficients can be real and/or imaginary, depending onyqrithm produces smaller architectures in CSD and CSD-4

the properties of the transform. [7] in very short run-times: When regular CSD (canonic-

.Constant coefficient multiplications have been r.ealized signed-digit) representation is used for the quantization of
using solely a bank of adders (and/or subtracters) with hard-gc a1 in the two dimensional coefficient matrix, the archi-

wired-shifting operations for the last decade. The basiC (oqres produced by the new algorithm presented here em-
reason for introducing this solution in place of multipliers ploys 20%-60% fewer adders than the original adder-based

was the relatively immense area covered by the mump"ersimplementations.Quantizing coefficients using CSD-4 base
at those times. Besides, multipliers are always known to improves the results up to 70%.

be slow devices and adder-bank solutions have been much

faster than the ones with multipliers. However, improve-  The following section sets the theoretical background of
ments in VLSI technology have provided the hardware de- {he geveloped algorithm by pointing out that the problem of
signers an almost infinite area on the chip. Today it is not realizing a 2-D linear transform with minimum number of

surprising to have 100,000 multipliers operating concurrently;qders is an NP-complete problem. In Section 3, the algo-

This work was supported throughout the Scientific Research Projects 1thm is explained. The final section presents the experi-
program of Bdjazici University mental results and concludes the work.




2. THEORETICAL BASE OF THE ALGORITHM
A two-dimensional linear transform can be written as
(1)

whereK is the coefficient matrixx is the input vector, and
y is the output vector. Coefficent matrix can be written as
the combination of linearly independent sub-matrices, i.e.

y = Kyxnx

P
K=> oK, 2

where o, is the scaling constant for the sub-mati,.
Each sub-matrix can be viewed as a system of row vectors,

Ky,
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Here, k,, . is them'th row of K, and1,, is the column
vector whosen'th entry is1 and the remaining entries are
zero. Using the rows of all sub-matrices, a set of linearly in-
dependent row vectork;, can be formed to span the space
of row vectors. Assume that the cardinality of this set is
R < P.M. Thenkj, is given by

R
Ky, = Brp. K] (4)

The scaling coefficient, . is nonzero if and only ik’
must be present in the formationkj, .
Using equations 3 and 2, the coefficient matrix can be

rewritten as
M P
K=> 1n) ok,
m p

———
k7,
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Each row of the coefficient matrik; , can also be written
using the combination of linearly independent row vec-
tors, k7.

s
K], =Y Oemk] (6)
Here,ds,, is a binary variable which i$ if and only if k7
must be present for the final implementation ofth¢h row

of the coefficient matriXK. Hence, combining Eq. 5 with
the equations 4 and 6, the most general form for computing
K can be obtained:

M R S S
K= Z L Z Z dsm <Z asﬁr,smk::> ()

In the above equation, the variables &g, o, 5,5, and

k7. Therefore, minimum number of adders to realieavill

be determined by the appropriate choice of these variables.
Eq. 7 also hints that the "minimum number of adders for
2-D linear transforms” problem for can be modelled using a
nonlinear mixed integer programming model. The selection
of linearly independerit] vectors also shows that the prob-
lem is NP-complete (the proof is detailed and omitted in this
paper). In the following section, heuristics are proposed to
solve this problem is in a short time for near-optimality.

3. THE ALGORITHM

The adder minimization algorithm mainly consists of the
following steps:

o Coefficient quantization

e Matrix decomposition (i.e., implementation of Eq. 2)

Basis vector extraction (i.e., extrdcf)
Adder minimization

¢ Rowwise minimization (i.e. implementation of Eq.

6)

Below, there will be brief explanations for each step:

1. Coefficient quantizationThe matrix entries quan-
tized with a given representation type for a given wordlength.
2. Matrix DecompositionThe matrix decomposition is
based on extracting common patterns in the quantized co-
efficients. To achieve this aim, an algorithm that realizes

multiplierless 1-D systems efficiently in a very short run-
time [8] is used in this study, because it is assumed that any
algorithm that minimizes the number of adders used in the
system should maximize the common terms between differ-
ent coefficients. The 1-D algorithm of [8] produces a tree
of minimum adders. Obviously, the tree has at mastV
leaves because there are at mb&tV different and quan-
tized coefficients inK (Eg. 1). All paths from a leaf to
the root will form a sub-tree. Assume tHAtis the forest of
such sub-trees for all leaves. The intersection of sub-trees in
a sub-forest off" is the common pattern between the related
leaves of the original tree. As the aim is the minimization of
the number of adders in the whole system, then the subfor-
est satisfying the following two conditions simultaneously
must be selected.

e The cardinality of the selected sub-forést C7T is
maximum.

e The number of adders on*, the intersection of the
sub-trees, if* is maximum.



Each leaf oft* is the« scalar of Eq. 2. Assume thét rows. Note that the signal on the newly introduced column

hasA < P leaves. Then Eq. 2 can be written as is equivalent to the addition of two inputs (i.e. columns)
N that are used to form the selected two term. The entries
f this new column is nonzero wherever a matching pattern
K = Ko+ K 8 0
Za: Fatla + ®) appears. The patterns represented by the selected two terms

are simply erased. The process continues until no two-term
Here, zero entries dK, stand for the coefficients whose \ith more than one matching pattern appears. The set of
sub-trees are not iifi*. The nonzero entries &, standfor 5| symbols and the remaining rows with unmaching pat-
the shifting and/or negation operationK’ is the residual  terns constitute the set &t basis vectorsk”. The entries
matrix which consists of all entries that are nottin The of newly added columns are the scalgrs,, . Hence, Eq.
residual matrix is regarded as the actual coefficient matrix 4 js realized. Note that each basis vedtpiis realized with
K and the above process is repeated utttils made up of  an adder bank. The number of adders kgris "symbol

solely theroot. _ _ depth”, d,., which is a term defined as the number of sym-
The aim of this iterative process is to realize Eq. 2. Yet, po|s used to realize another symbol.

since the sub-matrices must be linearly independent, itisex- 4, adder minimization: Adder minimization is done
pectgq tthp must be unique. Besides, since the objective overay.f,.,, by applying a 1-D adder minimization algo-
is minimizing the number of adders, thep should alsobe i sych as [8] in two different directions independently
unique. The iterative algorithm cannot always satisfy these obtain(a,.3,.,, k7 ) x wherex is the input vector that is

two conditions. Hence, if there are more than enge(or enriched with newly added symbols :
K,) with the same value, then the relat&d,’s (or «,’s)

must be added up and the iterative process must be repeated
until uniqueness oK, andq, is satisfied. At the end of

this process, there a® — 1 different«,, terms which are
different thanl, and onex,, term which is one. The entries

of K,, terms are only shifting and/or negation operations.

3. Basis vector extractiontteratively unique rows are
extracted from all sub-matrices, i.eK,’'s. By the term
"unique” it is meant that the rows that can be realized by
merely scaling a row that is already a member of the basis
vector set are ignored. It is obvious that the basis obtained
in this manner is not always optimum because there might
be common terms between rows and these common terms
can be shared to reduce total number of adders. Hence,
a slightly modified version of 1-D algorithm of [8] can be
used. Note that eacK,, is not necessarily a zero-one ma-
trix, none of the previously designed 1-D algorithms except
[8] can be used to solve this problem, because in [8], sym-
bols are used in p|ace of actual d|g|t values which are not The number of adders obtained from two directions need
necessar"y one or zero. In [8], the Symb0| is the "two-term” not be identical. Besides, depending on the initial coeffi-
which has exact|y two nonzero d|g|ts Separated by a num-CientS inK, one of the two directions mlght prOduce better
ber of zero d|g|ts A two-term is can be regarded as a maskresults. The direction with fewer adders is selected as the
sweeping over digits of a number to find matching patterns. final implementation style.

The two-terms with highest number of matching patterns 5. Rowwise minimizationTo realize Eq. 1, all scaled

is selected. The patterns represented by the selected twoK,x's must be added up. Note that scaled version of each
term is replaced with a symbol and the process continuesrow of the sub-matrices has already been realized in previ-
until a single symbol is found to represent the number. In ous step. While adding up the rows, some common terms
the modified version of [8] used in basis vector extraction, might be shared between different rows of the fiKal At
"two-term” is modified as a mask sweeping over the rows this stage, for each scaled inplt,.53, ,, k7 ) x for each

of matrices to find the "matching pattern”s. If a two-term rowineachK, is represented by a unique symbol.1-D algo-
in a row is the shifted and/or negated version of another rithm of [8] is applied to realize the rowwise addition with
two-term in another row, then these two two-terms are re- @ minimum adder tree. Note that this procedure is identical
garded as matching. Note that columns of matching patterngo realize Eq. 6.

must be the identical. The two-term with highest number of After these five steps is completed, the Eq. 1 is realized
matching patterns appears as a new column introduced to allvith minimum number of adders.

e Horizontal direction: Each rovk] can be realized
by a bank of adders. The inputs to the bank are the
nonzero column entries for each row. The output of
the final adder of the bank; x, is regarded as an in-
put to the set of coefficients, .3, ,,, . After applying
the 1-D adder minimization algorithm, each leaf of
the generated adder tree will be the scaled version of
thek? by .5 5, .

¢ Vertical direction: For each column, thg .3, ,,. scalars
are picked and grouped. The column is regarded as an
input to the picked scalars and 1-D adder minimiza-
tion algorithm is applied. Each leaf is the scaled ver-
sion of the input signal on that column. Leaves of the
trees of all columns are used to realize each kgw,



Table 1. Experimental Results: Number of Adders

Exp || Org | CSD| CSD-4 CSD-4
W [W+1)/2] | [(W+3)/2]
DCT8 || 200| 86 43 52
DCT.12 | 264 | 110 64 98
DCT.16 | 344 | 154 122 118
DCT.24 | 536 | 211 148 148
pp8 | 94 | 55 12 45
pp12 | 98 | 81 49 80
pp.16 | 151 | 112 88 102
pp24 || 196 | 164 136 144

4. EXPERIMENTAL RESULTS AND CONCLUSION

The algorithm is run on some examples in the literature.
These results are tabulated in Tables 1 and 2. The first table
gives the actual number of adders after the algorithm is exe-
cuted while the second table is used to demonstrate percen]
gain over the original adder count. As examples, discrete
cosine transform (DCT) and an eight-branch polyphase fil-

Table 2. Experimental Results: Percent Gain

Exp CsD CSD-4 CSD-4
W T +1)/2] | [(W +3)/2)
DCT.8 57 79 74
DCT.12 | 58 76 63
DCT.16 | 55 65 66
DCT.24 | 61 72 72
pp-8 41 87 52
pp-12 17 50 18
pp-16 26 42 32
pp-24 16 31 27
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