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CHAPTER 10:




_ Likelihood- vs. Discriminant-based

Classification

e Likelihood-based: Assume a model for p(x|C)), use Bayes’
rule to calculate P(C,| x)

g(x) = log P(C;|x)

* Discriminant-based: Assume a model for g,(x| ®,); no
density estimation

® Estimating the boundaries is enough; no need to
accurately estimate the densities inside the boundaries



/X/

Linear Discriminant

® Linear discriminant:
d
ok -
gi(Xlwi'WiO)_WiX+WiO _ZWUX]"'Wio
=1

e Advantages:
e Simple: O(d) space/computation

e Knowledge extraction: Weighted sum of attributes;
positive/negative weights, magnitudes (credit scoring)

e Optimal when p(x|C;) are Gaussian with shared cov matrix;
useful when classes are (almost) linearly separable



Generalized Linear Model

® Quadratic discriminant:

gi(xlVVi'Wi'Wio):XTWX+WiTX+Wi0

® Higher-order (product) terms:

i o S 2 o

Map from x to z using nonlinear basis functions and use a
linear discriminant in z-space

g,.<x>=zk;w,.,¢,.<x>



Two Classes 9(x)=,(x)~g,(x)
A
=N gx)=w x +wx,+w,=0 - (W1TX v Wlo)_ (WZX = W20)
o o g(x)>0 : (Wl —W, )TX 3 (Wlo v W20)
2(x)<0 =W'X+w,
C2
€ if 0
X choose{ L g(X)>-
. C, otherwise
X
X
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Multiple Classes

gi(xlwirwio):W/'TX+Wio

ChooseC,if

K

g,(x)=maxg;(x)

Classes are
linearly separable




~Pairwise Separation

.
gdij (X | Wy, Wi ): Wi X+ Wi

~ A
~
H . >0 if xeC,
12
‘/" o O g,(x)=1 <0 if xeC,
C, X © 5 ¢ don'tcare otherwise
o O vy
H5'1
++ chooseC, if
x\ Vj-‘ﬁi,gij(X)>O
H, \J\' ¢;




From Discriminants to Posteriors
Whenp (x | C;) “N(n;, 2)
gi(xlwirwio):WiTX"'Wio

1
W, =37, W= —EM,-TZ_lu,- +|OgP(Ci)

y=P(C,|x) and P(C,|x)=1-y
y>0.5
choosec,if! y/(l-y)>1 andc, otherwise

logly/(1-y)]>0
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e e, —
logit(P(C, | X)) = Iog1 EJC(C| )|() ] =log P((gl || )3
p(x]C,) )
Iog (ch )+|OgP(C2)
_log (27;) d/Z‘Z‘—l/Z exp_[— (1/2)(x i Ml)T z—l(x = pl)]_ o p(cl)
()l exp|- W/ 2)x -1, = (x—p,)] PLC.)

=W'X+w,
. 1 .
wherew =X, —p,) wo == (y + 1) 27 —py)
The inverse of logit

=W’ X+w,

i3

P(Cl|X)=Si9m°iC(WTX+W°):1+exp[—(wTX+W )
0
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~ Sigmoid (Logistic) Function

-4

1.Calculateg(x)=w"x+w, andchoosec, if g(x)>0, or
2.Calculatey = SingiC(WTX+ wo)and choose(, if y>0.5

1.2
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Gradient-Descent

® E(w|X) is error with parameters w on sample X
w*=arg min , E(w | X)

® Gradient . -
v OE ’ OE ’ OE
ow, ow,

-
ow,

® Gradient-descent:

Starts from random w and updates w iteratively in the
negative direction of gradient
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ﬁent-Descent

\ W, =w, +Aw,

E (wt*l)
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Logistic Discrimination

Two classes: Assume log likelihood ratio is linear

Iogp(xlcl)szx+w"
p(x|C,) 0
- L Ae) pleE ] PG
logit(P(C, | x))= IOgl—P(Cl e Iogm +log -
o«

h =w, +I
where w, W°+OgP(C2)

A 1
y:P(C1|X)=

1+ exp[— (WX +w, )J
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Training: Two Classes

X {xf,rf}t e "'Bernoull(yt)

1

y=P(C1|X)=

iw,wo 1 ) =104 -y

t

E=—-logl
E(w,w, | X)= zzrqogy (

1+ exp|- (WX +w, )J

t)og (1—

')
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Training: Gradient-Descent

WWO|X Zrtlogy ( t)og(l—yt)

If y =sigmoida) Z—y—yl y)

( jy oy
_,72,_ K, =

Aw, =77 ;Vf =3 -')
0 t

Aw

17



/ ‘

For j =0.....d
w; <—rand(-0.01,0.01)
Repeat

For j =0,....d
Aw; «— 0
Fort=1,... . N
o— 0
For j =0,...,d

0O +— 0+ Wy r:‘;

y «— sigmoid (o)

1, ; 5, ’ -..t
Aw; — Aw; + (1

)t
y)a’

For j =0,...,d
w; — w; + nAw;
Until convergence
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.

“K>2 Classes

X:{xt,rt}t r'|x’ "'I\/IuItK(l,yt)

log =W, X+w,
p(x1Cy) - _
T
. =
ijlexp[W,-XJero]

/({w,.,w,o},.|x>=HH(y:)<'”

E(w,,w, || X)= Zrlogy

AW, :UZ(rjt _y;>(t AW,
t

=nzt:(rf—y;)

softmax
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Fori=1,....K, For j =0,...,d, wi; — rand(—0.01,0.01)
Repeat
Fori=1....,K, For j=0....,d, Aw;; — 0
Fort=1,....N

Fori=1..... K
0; — 0
For j=0,....d
0 «— 0 + W45
Fori:=1..... K
yi = exp(0i)/ Y ;. exp(ok)
Fori=1..... K
For j=0,....d
Aw;j — Awjj + (r! —yi)mg
Fori=1.... . K
For 7 =0.....d
Wij — Wij —|—1]ﬁwij
Until convergence

t
J
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e
Example
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- Generalizing the Linear Model

® Quadratic:
Iogp(xlc’) =X WX+W/X+w,
p(xIC,)
e Sum of basis functions:
pixjc)
log =W, g(X)+w,
p(xch) ( ) :

where ¢d(x) are basis functions

e Hidden units in neural networks (Chapters 11 and 12)
e Kernelsin SVM (Chapter 13)

23



Discrimination by Regression

Classes are NOT mutually exclusive and exhaustive
r' =y'+¢where ¢ NN(O,GZ)
1
1+ exp|— (WX +w, )

.
I(w,w, | X) HF (ZGyZ)

y' =sigmoidw’x’ +w, )=
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