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CHAPTER 4:

Parametric Methods




X =1 xt},where x'~ p (x)
Parametric estimation:

Assume a form for p (x| ) and estimate 0, its
sufficient statistics, using X

e.g., N (u, 6°) where 0 ={ u, 0%}
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of 6 given the sample X
16120 = p (X 16) =TI, p (x10)

L(0]1X) = 1og 1(01X) = X log p (x10)

6" = argmax, L(6|X)
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Two states, failure/success, xin {0,1}
P () = pt(1 - p,) 1~
L (pJX) =log IT p,X¥ (1 - p,) 1~
MLE: p,= 3 x'/ N

K>2 states, x;in {0,1}
P (X1,X,...,X¢) = 1L pi
L(py,Poye-s Pl X) = log TL T pi
MLE: p;= 3 x!/ N
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p(X) = N( My 0-2)

2
exp| - X=1)

p(x)=

2T 26°

MLE for x and o¢*:

’ t
DX

N
(x' —m]
s =1

N
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Unknown parameter 6
Estimator d; = d (X;) on sample X; variance

yd N

~ s

Bias: by(d) = E|d] - 0 df:: ————— .
Variance: E [(d-E [d])?] Bl
<
Mean square error: bias

v (d,0) = E [(d-0)]
= (Eld| - 0)= + E[(d-E [d]?]

= Bias? + Variance
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Treat 6 as a random var with prior p (0)
Bayes’ rule: p (61X) = p(X10) p(6) / p(X)

p(x1X) = | p(x16) p(01X) do
Ovap = argmax, p(6|.X)
Oy = argmax, p(X|0)

Opayes = EIO1X] = | 0 p(61X) do
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Xt~ N0, 6,%) and 0 ~ N ( u, 0°)
HML = m

Onap = eBayes’ =
N/G% 1/0c°
> > M+ > > M
N/ocy+1/0 N/ocy+1/0

Elo| X]=
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g:(x)=p(x | C;)P(C;)
or equivalently

g.(x)=1og p(x | C;)+log P(C,)

2
P(XICI-)= 1 exp _(X_Hi)

2
21o, 20,

2
g.(x) = —%log 21 —log o, — (X -p) +log P(C,)

2
20,
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Given the sample X = {Xt,i’ t}’ﬁl

t_{lifxteCi

X e R V.
0if X' eC,, j#i

1

ML estimates are
2.1
— 1 n. =
N DY A
t
Discriminant becomes

g.(x) = —%log 2n—log s, - (

Sxri Xomfr
[ S = [

I Zrlt
t

P(C;)

2
2S.

1

y ;
+log P(C,)
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Likelihoods
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Likelihoods

0.4 | ! ! T

Varlances are dlfferent

Posteriors with equal priors

Two boundarles

—10 —8 —6 —4 —2 0 2 4 6
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r:f(x)+g

estimator : g(x |69) .- x x| Y

/ o

X
s~ N(0,07) L e
_.,»""ﬁf by W

plr 1x)~ N(g(x16),0°)

w E[RIx]=wx+w ,

Y

N
L£(6]X)=1og Hp(xt,rt) '
t=1

N N
= log Hp(rt | xt)+ log Hp(xt)
t=1 t=1
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L£0]X)= logH Zmﬂxp

EB]|X)=

2l -l

o)

- gl

o

26°

1 N
=-N log ZTCG——Z[
26" 1o

glx'|

o)
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t t
g(x | Wl,WO)z WX+ W,

D ri=Nwy+w, ) X
t {

drixt=wy> x'+ le(xt)2
t { {

N X |
>xt Y
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g(xt | wk,...,wz,wl,wo): Wk(xt)k + et wz(xt)2 + W, X' +Ww,

w=(D'D) D'r

17
Lecture Notes for E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.1)



Square Error: E(9 | X) = %i[}’t — g(xt | O)]
t=1 N >

r-glx' o))

_ t=1
Relative Square Error: E (e | X )_ N 2
> -7
t=1
Absolute Error: E (0|X) = >, |- g(x10)|
g-sensitive Error:

E@1X) =X, 1(r - g(x|0)>¢) (|1 - g(x10)| - ¢)
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[(r g(x xJ E[r Elr | x]y xJ+ (Elr | x]- g(x))

noise SC]LlCll’ed error

KE[” XJ - E,[g(x )]) +EXKQ(X)_EX[Q(X)])2J

bias variance
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Lecture

M samples X;={xt;, r}, i=1,....M
are used to fit g;(x), i =1,....M

Bias®(g) =

Variance(g) =

g(x)=

Notes for E Alpaydin 2004 Introduction to

Mzt:gi(x)
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Example: g{x)=2 has no variance and high bias

g{x)= 2. 1r'/N has lower bias with variance

AS we increase complexity,
bias decreases (a better fit to data) and
variance increases (fit varies more with data)
Bias/Variance dilemma: (Geman et al., 1992)
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(a) Function and data (b) Order 1

o]

0
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25¢ Best fit “min error”

e e i variance

-
[
%]
I
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2.5

1.5

05

(a) Data and fitted polynomials

1.5 2 25 3 3.5

(b) Error vs polynomial order

Best fit, “elbow”

= Training
oo Validation
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Measure generalization accuracy
by testing on data unused during training

Penalize complex models
E’=error on data + A model complexity

Akaike’s information criterion (AIC), Bayesian
information criterion (BIC)

Kolmogorov
complexity, shortest description of data
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Prior on models, p(model)

p(data | model) p(model)
p(data)

p(model | data) =

Regularization, when prior favors simpler models
Bayes, MAP of the posterior, p(model|data)

Average over a number of models with high
posterior (voting, ensembles: Chapter 15)
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